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After a brief description of hybrid superconducting-normal nanostructures and a brief introduction of the An-

dreev reflection, we present a theoretical investigation of the electron tunneling through a normal-metal/quantum-

dot/superconductor (N-QD-S) system where multiple discrete levels of the QD is considered.

By using the

nonequilibrium-Green- function (NGF) method, the current I is obtained and studied in detail. We find that the

Andreev tunneling shows clear resonant behavior, as obtained in previous works. Moreover, the current I versus the

gate voltage V exhibits different kinds of peaks, depending on the bias voltage, the level-spacing of the QD, and the en-

ergy gap of the superconducting electrode. Besides, in I-V characteristics extra peaks superimposed on the conventional

current plateaus emerge, which stem from the resonant Andreev reflections.
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I. INTRODUCTION

Since early 1990s, the tremendous development
of the nanofabrication technology has made it possi-
ble for manufacturing various hybrid superconducting-
normal (S-N) structures, leading to the emergence of a
very active research field. As a review of the achieve-
ments of early 1990s, the International Symposium
on “Mesoscopic Superconductivity ” was held in Karl-

sruhe, Germeny in 1994.01

What is interesting in hybrid S-N nanostrutures?
It is well known that the essential fearture of meso-
scopics is the phase coherence of carriers, electrons or
holes; while the superconductivity is a macroscopic
quantum condensate with the coherence of Cooper
pairs. How these two coherence effects couple with
each other? The key mechanism is Andreev reflection,
which causes the interplay of the above two kinds of
coherences possible, and makes this new field of the
condensed matter physics a very fruitful one. It was
proposed by Andreev [2l that an electron is reflected
from N-S interface in a peculiar way. Because of the
energy gap of the superconductor, an electron incom-
ing from normal metal with an energy e below the
gap is forbidden to enter the superconductor. How-
ever, the incoming electron with the energy € and up-
spin may pick up an electron with the energy —e and

down-spin, both entering into the superconductor and

forming a Cooper pair; meanwhile a hole with a up-
spin is left and going back to the normal metal. Al-
though Andreev reflection is a second order process,
it dominates for the clean N-S interface at low tem-
peratures and small bias, since the conventional first

order processes are forbidden.[?4!

I. MAIN PROPERTIES OF ANDREEV RE-
FLECTION

The basic properties of Andreev reflection (AR)
are: (1) Retro-reflection: the group velocities of the in-
cident electron and Andreev reflected hole are in oppo-
site directions (perfect only for the electron incoming
at the Fermi level). (2) AR is a two-particle process,
by which the normal current in N is converted into
supercurrent in S. (3) AR is a phase coherent process:
the Andreev reflected hole(electron) carries phase in-
formation both from the incident elctron(hole) and

from the the superconductor.!®4

Because the combination of mesoscopics and su-
perconductivity, a number of novel and interesting ef-
fects appear, including the quantization of the max-
imum supercurrent of the superconducting quantum
point contacts (SQPC); the enhanced conductance os-
cillations in Aharonov-Bohm ring with superconduct-
ing “mirrors”; the enhanced shot noise in N-S junc-
tions; the AR bound states in SNS structures; the
even-odd asymmetry in N-SQD-N and S-SQD-S sys-
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tems; the supercurrent control and reverse in SNS;
the nonequilibrium and proximity effects in systems
with ferromagnetic elements; the hybrid systems with

carbon nanotube; ete.[t3=9]

Works we have done for mesoscopic hybrid S-
N structures include: (1) For the electron transport
through a mesoscopic hybrid multiterminal resonant-
tunneling system which contains a normal central re-
gion coupled to multiple superconducting leads, a gen-
eral expression of the current is derived. This formula
can be used to describe the case with time-dependent
external fields applied to any parts of the system, arbi-
trarily finite voltages, and any kinds of interactions in
the central region;'°! (2) Resonant Andreev reflection
in a N-QD-S system;['!! (3) Photon-assisted Andreev
tunneling through a mesoscopic system;? (4) Con-
trol of the supercurrent in a four-terminal Josephson

[13] and some others.

junction;

Here we only present our theoretical investigation
for the electron tunneling through a N-QD-S struc-
ture, a normal quantum-dot connected to two leads,
one is a normal metal and the other is a supercon-
Different from Refs.[14] and [15] where only

a single level of the QD has been considered, here

ductor.

we assume that the QD has discrete multiple lev-
els, but the intra-dot Coulomb interactions will be
neglected for simplicity. Using the nonequilibrium-
Green-function(NGF) method, the current formula
has been derived. The dependence of the current
I upon the gate-voltage, the bias voltage, the level-
spacing of the QD, and the energy gap of the su-
perconducting electrode have also been studied in
detail [11:12]

m. MODEL AND FORMULATION

We assume that the system under consideration

is described by the following Hamiltonian!*¢-17]

H(t) = H., + Hg + Haot + Hr(7), (1)

where
H: — 0 T
L= (GL,k - BUL)GL,kaaL,kG
k,o

Z o
HR = 6R,paR,paa’R:PC’

p,o

+ Z {A*aR’PiaRv—PT + Aa%v—ma%,pl}

Hgor = Z( — eVi)el Cio, (2)

1,0

Ht = Z [tLa}: ko Cio T+ tECiTUaL,ka'i|

k,o,t

+ Z [ 16”RTaR poCio T tre ‘e“RTcT aR,pa} .
pyoyi

where Hy, describes the noninteracting electrons in the
left normal-metal lead, aiko (ar,ko) are the creation
(annihilation) operators of the electron in the left lead,
and vy, is the voltage of the left lead. Hp describes
the right superconducting lead with the energy gap A.
Hgot is the Hamiltonian of the quantum dot with mul-
tiple discrete energy levels, characterized by the index
1 and spin o. For simplicity, the intra-dot electron-
electron Coulomb interaction has been neglected. V,
is the gate voltage which controls the energy levels in
the dot. Ht denotes the tunneling part of the Hamil-
tonian, and ¢, (v = L, R) is the hopping matrix and is
assumed to be independent of the state k of the leads
and the dot-state (i,0) for simplicity. In order to ob-
tain the Hamiltonian (1) and (2), we have performed
a unitary transformation similar to Ref.[16], so that
the voltage of the right lead, vr, appears as a phase

factor in the hopping elements.
Since the current is conserved, it is enough to cal-
culate the current from the left lead to the QD. From
the evolution of the total number operator of the elec-

trons in the left lead, Ny, = Zk " a£ koaL,k05[18’19]

I(7) :—e<NL(T) >

:E < [NL,H]

:—Re Z t, K Cio(T

k,i,o

g, 4o (1) ><, (3)

where the Green function < A(7)|B(7") >< is defined
as: < A(7)|B(7") ><=1i < B(7')A(r) >. With the
help of Dyson’s equation, using the exact Green func-
tions of the electron in the left lead (normal-metal)
without the coupling between the dot and the lead,
taking a replacement of the sum over k£ by an integral
over energy with the help of the density of states in
the left lead, and introducing the linewidth function
It (w) = 27|ty |?pr(w), then Eq.(3) becomes to

I( :——I /_FL/ dT’ 1u) B’UL)(T ‘r)

[« ea@ledy () > fuw)

2%

+<wwmwm>ﬂ

=- / ST / " grteilwmen)(r=r)

: [G (1, ™) fu(w) + G=(r, 7], (4)
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where fr(z) = [exp(z/kgT)+ 1]~ is the Fermi distri-

bution function with 7 the temperature, and we have

G™(r,7') = Fif(£T F ') Z

< {CiT(T),C}T(TI)} > < Aeip(r),¢5 (7))} >
i < {CL(T),C;T(T’)} > < {C:-ri(T),le(T/)} >

introduced the Nambu representation (2 x 2 matrix)
of the Green functions G (7,7') and G=(r,7’):[16:20]

, . < cj. (Teir(T) > < e (e (r) >
G(rr) =iy It T s . (6)

2%

After a tedious calculation (details see Refs.[11]
and [12]), we finally obtain the following current for-

mula:
I=1,+1,
with
2el? [dw =, |2
Iy = hL/g‘G12 [fu(w + evr, — evr)
— fu(w — ev, + evgr)], (7)
2el, I dw ~ |2 |2
Il :%/TPR(LU) ‘Gll‘ +‘G12
T

_2Ap. [éh(wxéb@yﬂ

|l

[fu(w + evy, — evr) — fr(w)]. (8)

The formulas of the current, Eqgs.(7) and (8), are
the central results of this paper. The current I, rep-
resents the contribution from the Andreev reflection.
The current I; consists of three different processes:! 1!
(1) The conventional electron tunneling through the
system, ie., the term It I'rpr|GY,(w)[?; (2) An elec-
tron incident from the left lead will convert into a
holelike in the right superconducting lead, i.e., the
term I',IRpr|Ghy(w)|?, corresponding to a “branch
crossing” process in the BTK’s theory;?! (3) An
electron (or a hole) incident from the left lead tun-
nels into the right superconducting lead, picks up a
quasi-particle (or a quasi-hole) in the superconductor

and creates (or annihilates) a Cooper pair, i.e., the

term —FLFRﬁRmRe[éLG’{;]. At zero temperature,
if [eV| < A one has I} = 0, i.e., only the Andreev re-
flection process contributes to the current. However,
when |eV| > A, all of the processes mentioned above

make the contributions to the current.
IV.DIFFERENT SERIES OF RESONANT
ANDREEV REFLECTION PEAKS
On the basis of the current formulas, Egs.(7),

and (8), we investigate the properties of the current

< ch(T’)cT

W) > <eu(r)el (r) >

I versus the gate voltage V. Unlike the system of N-
QD-N in which the current I versus the gate voltage
Ve at small bias V' exhibits a single series of equally
spaced resonance peaks. Now with one of the leads
replaced by a superconducting lead, the situation be-
comes more complicated. In the following we shall
discuss in detail two different cases for eV < A and
eV > A. We set (1) the temperature T = 0, (2) the
voltage of the right leads vg = 0 due to the gauge
invariance, and carry out all calculations in units of

h=e=1.
A. The case with V < A

In this case only the Andreev reflection current I4
exists. Figure 1 presents I vs V; at different bias. In
numerical studies, we have assumed that the QD has
10 discrete levels with equal level-spacing. These lev-
els move downward as V increases. At small bias, I
vs V, exhibits a single series of peaks with equal spac-
ing (marked with “A” in Fig.1(a)). Notice that these
resonance peaks are not due to the conventional res-
onant tunneling, because the conventional tunneling
is completely forbidden for V' < A. Insteadly, these
peaks come from the Andreev reflections. When the
energy of a state-i of the QD is lined up with the
chemical potential of the right superconducting lead,
ur (ur = —vR is set to be zero), then an electron in-
cident from the left lead with the energy € = pur can
tunnel into the state-i of the QD, leading to a hole
propagating back to the state-i in the QD and the
creation of a Cooper pair in the right superconduct-
ing lead because of Andreev reflection (see Fig.2(a)).
As aresult, a current peak emerges in the I —V, curve.
Notice that in this Andreev reflection process the in-
cident electron and the reflected hole go through the
same state-i of the QD. If the energy level is not lined
up with pgr, the Andreev reflection will be very weak,
corresponding to a very small Andreev reflection cur-

rent [4.
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Fig.1. The current I vs the gate voltage Vg for

V < A. The QD has 10 states with equal level-
= 0 at Vg = 0. Other
parameters are chosen as I, = I'r = 0.01, A = 1.

spacing, Ae = 0.2; and ¢g

(a), (b), and (c) corresponding to three different bias:
V =0.02, 0.15, and 0.25, respectively.
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Fig.2. A Schematic diagram for the Andreev reflec-
tions: (a) the Andreev reflection through the state-
itself; (b) the Andreev reflection through two states,
the state-i and state-(z + 1).

Gradually increasing the bias V', the basic feature
of I-V, does not change much, as long as V' < A¢/2,
where Ace is the level-spacing of the QD. Hence the cor-
responding differential conductance dI/dV is almost
zero for V < Ae/2. However, when V is greater than
Ae/2, a series of extra peaks emerges in the I-V, curve
(marked with “B” in Fig.1(b)). The B-type peaks are
located in the middle of the A-type peaks with the
same peak spacing as that of the A-type peaks, but
have much larger amplitudes than that of the A-type
peaks (approximately doubled).

The B-type peaks are originated from the follow-
ing Andreev reflection. For a certain gate voltage Vg,
two neighboring states of the QD, say €; and €;41, sat-

isfy two conditions: the chemical potential of the right

superconducting lead, ug, is located in the middle of
the two levels; while both of these two levels are below
the chemical potential of the left lead, pg,(ur, = —vr).
So an electron incident with energy € = €;41 (or €;)
tunnels from the left lead through the left barrier into
the QD’s state-(i + 1) (or state-i), then Andreev re-
flected at the right barrier as a hole back to the QD’s
state-i (or state-(¢ + 1)), with a Cooper pair created
in the superconductor in the meantime(see Fig.2(b)).
Notice that in the B-type Andreev reflection both
state-(i + 1) and state-i contribute to the current,
while the A-type Andreev reflection only involves a
single state, so B-type peak has approximately twice
the amplitude as that of A-type peak. If V < Ae/2,
the B-type Andreev reflection can not happen at zero
temperature.

When V is less than Ae the amplitude of the A-
type peak is smaller than that of the B-type peak.
As the bias V is larger than Ae (within the energy
range of I'), the amplitude of the A-type peak becomes
larger than that of B-type peak and eventually reaches
a height three times it original value (see Fig.1(c)).
The positions of A-type peaks do not change. In fact,
for a certain gate voltage V;, a QD’s state-i will line
up with the chemical potential ugr, so the Andreev re-
flection through the state-i itself replaces the original
A-type peak. Meanwhile, not only the state-(i4+1) and
the state-(z — 1) are just at Ae and —Ae, respectively,
both of them are below the left chemical potential pur,
as well, due to the condition V' > Ae. So the Andreev
reflection can also occur through the state-(i 4+ 1) and
state-(i—1). Now three states (i—1), ¢, and (i+1) con-
tribute to the A-type peaks, resulting a much higher
peak.

In the above numerical calculation, we have as-
sumed that the energy levels in the dot are equal-
spacing. If the level-spacing are unequal, the results
will be more complicated. Generally, the interval be-
tween peaks of each type becomes different from peak
to peak. Here we consider a special case of the quan-
tum dot with 10 energy levels and the level-spacig as:
Ae€; = 0.17 for even i, Ae; = 0.23 for odd 7, and ¢g = 0
at Vo =0 (A€ = €541 —
of V> Ag;.
(compare to Fig.1(c)), the original A-type peaks are
splitted into two peaks (marked with “A;” and “Ay”

in Fig.3). For the unequal level-spacing case, the two

€;). Figure 3 shows the case

In contrast to the equal-spacing case

peaks from above mentioned two kinds of Andreev re-
flections no longer overlap completely. So one sees a

series of splitted two-peak resonances.
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Fig.3. The current I vs the gate voltage Vi for V- < A.
The QD has 10 states but with unequal level-spacing:
Ae; = 0.17 for even i, Ae; = 0.23 for odd i, and €9 = 0
at Vz = 0. The other parameters are the same as in

Fig.1(c).

In the rest part of this paper, we will keep the

assumption of equal level-spacing for simplicity.
B. The case with V > A

In the case of V. > A, all kinds of the processes
contribute to the current I, including Andreev reflec-
tion and all three kinds of the tunneling processes

mentioned above, i.e., both I4 and I; are non-zero.
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Fig.4. The current I vs the gate voltage Vi for V> A.
The QD has 10 states with equal level-spacing; and
€g = 0 at Vz = 0. Other parameters are chosen as
I''y=Ir =002, A=1,and V = 1.04. (a) and (b)
correspond to Ae = 0.8 and 1.2, respectively.

Here we studied IV, for V slightly larger than A
(see Fig.4). The difference between Fig.4.(a) and (b)
is due to the different level-spacing of the QD’s states.

A€ and the gap A. The height of the C-type peak is
the smallest one.

In the following calculation, we fix the parame-
ters as indicated in Fig.4.(a), and set Ae = 0.8. Since
€; = €] — V, which varies with the gate voltage Vj, the
state €4 is just below the chemical potential pr, and
above the gap A when V, = 2.2 (see Fig.5(a)). So
the conventional electron and quasi-particle tunneling
processes are allowed, leading to the C-type peaks.
With the increase of the gate voltage, each level of
the QD moves downward. When V; = 2.4, the state
€3 is lined up with the chemical potential ur, and the
energy difference between the state €4 or €5 and ug are
equal (See Fig.5(b)). So the Andreev reflection can oc-
cur through either the state es itself or or other two
states €4 and €3, leading to the A-type peaks with the
largest amplitude (See Fig.4(a)). As V, is increased
further at V, = 2.8, the energy difference between the
state €, or state €3 and pr are equal (not shown here),
and both of €3 and ¢4 are below the chemical potential
of the left lead, pur,. Then the Andreev reflection oc-
curs through the states €4 and €3, corresponding to the
B-type peaks. For the case with symmetric barriers
(as assumed in our calculations), i.e. It = IR, the
maximum probability of the Andreev reflection can
reach one, but the conventional transmission proba-
bility is less than one because I1, # I'rpr. Therefore
the height of the C-type peak is the smallest one.

(a) (b)
€4 €4
// - A /11/’/,/’ - — A
] €3 //
L €3
/ """"" O / /] [ 1) O
s €2 7/ €2
7 N
////// _A 7 & : _A
Fig.5. A schematic diagram for the tunneling pro-

cesses responsible for the C-type and the A-type
peaks. (a) and (b) describe the positions of the QD’s
states, and show the related conventional tunneling(C-
type) and the Andreev tunneling(A-type) processes,

respectively.
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V. THE I-V CHARACTERISTICS

We consider the case in which the levels of the
QD vary with the bias V as (for symmetric barri-
ers): €; = €) —V/2. The I-V curve exhibits (fig-
ures omitted) extra peaks superimposed on the con-
ventional plateaus. No plateau appears until V > A;
then plateaus emerge with approximate equal inter-
val. Notice that even for V' < A the extra peaks with
equal interval due to the Andreev reflections can still
emerge. This is because for a certain bias V' which
satisfies the conditions of the resonant Andreev reflec-
tion, the current I increases drastically and a peak
emerges. When the bias V is increased slightly, the
condition of the resonant Andreev reflection is vio-
lated, and hence the current I drops rapidly. The
difference of the relative heights of the peaks is deter-

mined by the different number of states participating

in the resonant Andreev reflections.

VI. CONCLUSIONS

In this paper, we have studied the electron tunnel-
ing through the system of a quantum dot with multiple
discrete levels and coupled to two leads in which one is
superconducting. The resonant behavior and the res-
onant conditions for Andreev reflection are discussed.
The resonant behavior can be clearly seen from I—
Ve. For the N-QD-S system with multiple levels, the
I-V, curve has more complicated resonance patterns,
with different kinds of peaks, depending on the bias
V', the level-spacing of the QD, and the energy gap
of the superconducting electrode. From the study of
I —V curves we found some extra peaks superimposed
on the conventional current plateaus, originated from

Andreev reflections.
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