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Efficient long-distance entanglement distribution is a key requirement for a global quantum internet. Quantum
repeaters overcome photon loss in optical fibers, offering a route to long-distance entanglement distribution. Here, we
study heralded quantum repeater architectures that are based on two-photon interference and integrate local or remote
swapping. We derive an analytical expression for the entanglement distribution time as a function of transmission dis-
tance for both heralded local-swapping and remote-swapping schemes. This expression provides physical insight into
how repeaters overcome channel loss in long-haul fibers. Considering a realistic quantum memory, we present theoret-
ical curves showing the effect of finite memory lifetime on the entanglement distribution time. By comparing optimal
distribution times over distances up to thousands of kilometers, we determine the optimal nesting architectures for the
single-repeater channel in each scheme and compare the optimal distribution rates and entanglement fidelities of these
schemes at various distances. Finally, by examining the limiting cases of zero channel loss, zero device loss, and lossless
repeater systems, we find fundamental performance bounds for quantum repeaters. These results provide practical design
principles for scalable quantum repeater networks and pave the way toward continent-scale quantum communication.
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1. Introduction

The quantum internet interconnects quantum information
processors via quantum communication. 141 A central task
is the distribution of entanglement between remote nodes,
which underpins distributed quantum computing, >~*! quan-
tum sensor networks, °'?) and global-scale quantum com-
munication. !371®] Photons serve as natural flying qubits for
long-distance transmission, enabling entanglement between
distant stationary qubits. ['’2>] However, photonic signals suf-
fer from exponential attenuation in optical fibers, which fun-
damentally limits the achievable distance for direct entangle-
ment distribution. To overcome this challenge, quantum re-
peaters have been proposed to mitigate photon loss in quan-
tum communication channels. *?7] By dividing a long chan-
nel into shorter segments, quantum repeaters first establish in-
dependent entangled states in each segment and then perform
nested entanglement swapping to extend the entanglement dis-
tance. Consequently, quantum repeaters represent a promising
approach for long-distance entanglement distribution.
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The Briegel-Diir-Cirac-Zoller (BDCZ) scheme proposes
combining segmented entanglement establishment with nested
local swapping for long-distance entanglement distribu-
tion. [?°] The Duan-Lukin-Cirac-Zoller (DLCZ) scheme pro-
vides a seminal framework based on atomic ensembles and
linear optics, designed for a specific experimental imple-
mentation. 2’} Over the past two decades, all key compo-
nents of the DLCZ scheme have been experimentally re-
alized, ?®3% with further advances including multiplexing-
enhanced quantum memories, (1% telecom-wavelength pho-
ton interfaces, ['72%22-23] the post-selected scheme with lo-
cal swapping, 371 and heralded entanglement swapping. [3%3°]
These developments have laid the foundation for large-scale
repeater networks. To date, a complete theoretical framework
for calculating the entanglement distribution time has been es-
tablished for the post-selected scheme with local swapping. 1371
However, it remains an open question how to calculate the
distribution time for heralded schemes with remote or local
swapping. Furthermore, optimizing the nested architecture of
a quantum repeater channel to minimize the distribution time

is an important open issue requiring further investigation.



In this work, we calculate the entanglement distribution
time for quantum repeater schemes that are based on two-
photon interference and that combine local or remote swapping
with a heralded scheme. Specifically, we derive a theoretical
formula that explicitly relates the distribution time to the trans-
mission distance; this formula serves as the key analytical tool
for our subsequent analysis. Guided by the physical insight
provided by this formula, we analyze the underlying mech-
anism by which quantum repeaters overcome channel loss in
long-distance fiber transmission. Considering a realistic quan-
tum memory, we present theoretical curves showing the ef-
fect of finite memory lifetime on the entanglement distribution
time. By comparing the optimal distribution times over dis-
tances up to thousands of kilometers, we identify the optimal
nesting architectures for the single-repeater channel in each
scheme. When mode multiplexing is considered, we compare
the optimal distribution rates of the heralded schemes and the
post-selected scheme at various distances. Under realistic de-
vice efficiencies, the heralded scheme with remote swapping
always yields a larger distribution rate than either the heralded
scheme with local swapping or the post-selected scheme with
local swapping. Furthermore, by comparing the entanglement
fidelity of these schemes, we find that remote swapping can
mitigate the decline in fidelity with distance more effectively
than local swapping under the same nested architecture. Fi-
nally, we extend our theoretical analysis to extreme parameter
regimes, including the limiting cases of zero channel loss, zero
device loss, and lossless repeater systems. These results pro-
vide design guidelines for large-scale quantum repeater net-
works.

The paper is organized as follows. In Sec. 2, we introduce
two quantum repeater schemes based on two-photon interfer-
ence, each of which combines local or remote swapping with
a heralded scheme. In Sec. 3, we calculate the entanglement
distribution time for these schemes and derive theoretical for-
mulas that relate the distribution time to the transmission dis-
tance. We also define ratio functions that provide an intuitive
explanation of the physical mechanism by which quantum re-
peaters overcome fiber channel loss. In Sec. 4, we analyze in
detail how quantum repeaters mitigate channel loss over long
distances, using plots of distribution time as a function of dis-
tance (derived from the theoretical formula) together with ratio
functions. Furthermore, we present theoretical curves showing
the effect of finite memory lifetime on the entanglement dis-
tribution time when a realistic quantum memory is considered.
In Sec. 5, we identify the optimal nesting architectures for the

single-repeater channel in each scheme by comparing the op-

timal distribution times over distances up to thousands of kilo-
meters. In addition, we compare the optimal distribution rates
and entanglement fidelities of these schemes. In Sec. 6, we
find fundamental performance bounds for quantum repeaters
in extreme parameter regimes, such as zero channel loss, zero
device loss, and lossless repeater systems. Finally, Sec. 7 sum-
marizes our findings and outlines prospects for future work.
The theoretical details and supplementary information are pro-
vided in the Appendices.

2. Schemes of quantum repeaters
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Fig. 1. Schemes of quantum repeaters. (a) Local swapping. For entangle-
ment swapping between nodes N, and N3, blue photons stored in the QMs
are simultaneously read out and subjected to a BSM. (b) Remote swapping.
The swapping operation between nodes N, and Nj is remotely implemented
with a distance Lg. Blue photons are converted via QFCs to the orange pho-
tons at telecom wavelength, and then transmitted through fibers to a BSM.
(c) Quantum repeater with heralded scheme. (i)-(iii) denote the entanglement
generation (EG), the first entanglement swapping (1st ES), and the second en-
tanglement swapping (2nd ES) for a nested quantum repeater. For the heralded
scheme, when swapping (2) fails, swapping (1) does not need to be recreated.
Swapping (3) can be completed only after swapping (2) is successfully re-
generated (cyan \/ ). Red \/ or X denotes success or failure of the swapping
operation. Cyan \/ or X represents success or failure for entanglement distri-
bution. BSM: Bell-state measurement. PBS: Polarization beam splitter. BS:
Beam splitter. SPD: Single-photon detector. QM: Quantum memory. QFC:
Quantum frequency converter. EPS: Entangled photon source. AP: Photon in
the atomic operating band. TP: Telecom-wavelength photon.

In a quantum repeater architecture, a communication
channel is divided into segments by intermediate nodes. En-

tanglement is first generated within each segment and subse-



quently extended over long distances via sequential entangle-
ment swapping. 227! In Fig. 1(a), we present a realistic re-
peater scheme based on two-photon interference, denoted as
local swapping. For a nesting level o, the total channel length
L is divided into 2° segments, each of length Lj = L/2°.
Telecom-wavelength photons are widely employed for long-
distance entanglement distribution. Motivated by this consid-
eration, we introduce a modified repeater architecture incor-
porating remote entanglement swapping, as shown in Fig. 1(b)
and denoted as remote swapping. In this case, the channel is
divided into 2°! — 1 segments with length Lg = L/Q2°T - 1),
where the distance required for remote entanglement swapping
is assumed to be equal to the elementary link length. As a re-
sult, for a given nesting level o and total channel length L,
remote swapping achieves finer segmentation than local swap-
ping.

The extension of entanglement relies on sequential en-
tanglement swapping, where each successful swapping oper-
ation doubles the entanglement distance for local swapping
[Fig. 1(c)]. In the conventional approach, BSMs at entan-
glement swapping are performed only after entanglement has
been successfully established in all segments. [31:3237:40411 A
failure in any BSM results in the failure of the entire distribu-
tion process. However, success can be verified a posteriori,
for example via Bell inequality tests. *7) Thus, this approach
is referred to as the post-selected scheme. Alternatively, BSM
outcomes can be used to herald successful entanglement swap-
ping in real time. As illustrated in the inset of Fig. 1(c), in
this heralded scheme, a failed swapping operation affects only
the corresponding segment, while previously established en-
tanglement links are preserved. The failed segment can then
be regenerated without restarting the entire protocol, enabling
more efficient entanglement distribution.

Combining this heralded scheme with local swapping and
with remote swapping yields two quantum repeater schemes
based on two-photon interference. For both heralded schemes,
with local or remote swapping, long-distance entanglement
distribution can be achieved by using a BSM scheme that
projects onto the orthogonal-polarization Bell state, i.e., the
state 1/\/5(|H)1 V), + |V)1|H),), where n labels the quan-
tum node. The scheme for long-distance distribution of polar-

ization entanglement is discussed in detail in Appendix A.

3. Theoretical model of quantum repeater

For the heralded scheme with local swapping, when en-

tanglement is successfully established in an elementary link

(e.g., including two nodes), the time required for entanglement

creation is given by [+]
L(l
eH _ 0 1
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where P(;’H = (p, D)z(nc)2(n;’R)2nBSM(nd)2 is the success prob-
ability for entanglement creation in an elementary link. Here,
p.p denotes the generation probability of entangled photon
pairs. The fiber transmittance for local swapping is given by
ne, = 10~ @iberx0-SLE10

coefficient. Furthermore, #,, 1,4, and nggy represent the con-

, where ag,., 1s the fiber attenuation

version efficiency of QFC, the detection efficiency of SPD,
and the heralding efficiency of BSM, respectively. The factor
Lg/cy corresponds to the classical communication time over
one elementary link of length L7. Upon successful creation,
the elementary link produces an entangled state that is either
|H),|V )41 0f [V),|H), ., with the subscript n labeling the
quantum nodes.

We now consider the entanglement distribution time for
o = 1, which includes elementary links 1 and 2. When
both elementary links 1 and 2 succeed, each with probability
P(‘)’H , the waiting time for both to succeed is T(;’H ng P(;’H ,

H
aH _ _1 3_2P(;l
where \/0 = P(‘)Z_H W

both elementary links 1 and 2 to succeed. This derivation

is the average number of tries for

is presented in Appendix B. Thus, upon successful creation,
there are 2 possible combinations of the resulting entangled
states: (|H, Va), [Hy, Vi), (11, Hy), Vs Hy)), (1Hy V),
|V3, Hy)), and (|Vy, H,), |H3, V})). Among these, two com-
binations, (|H;,V5), |Hs,V,)) and (|V;, H,), |V3, Hy)), are
compatible with the first heralded entanglement swapping.
Conditioned on elementary links 1 and 2 having established
entangled states that satisfy the requirements for the first her-
alded entanglement swapping, the accumulated waiting time
becomes T(;’H ng P(;’H X 2. Here, the factor 2 denotes the re-
ciprocal of the probability of satisfying the first heralded en-
tanglement swapping. After completion of the first heralded

entanglement swapping, the total time for a successful distri-

bution is
H
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Here, Pl"H = ngSMln‘l"H is the success probability of the

first heralded entanglement swapping, with n‘l”H = 1/Q2 -
U 1371 Here, Nasm = (17,,1)211,351\,1(;1(,)2 is the overall BSM
efficiency at entanglement swapping for local swapping. 7,
is the storage efficiency of QM. The term (2/2)(Lg/c0) corre-



sponds to the classical communication time for heralding en-
tangled states at o = 1.

When all
four elementary links (1-4) succeed, each with probability

We now consider the case of ¢ = 2.

P(;’H, the waiting time for all four to succeed is given by
L 1 3-2p3H 3Py
co PEH 2Pt 2—(pIH Y2

pendix B. There are 2* possible combinations of entangled

. This derivation is presented in Ap-

states. Among these, 2% combinations, namely (|H 1:V2)s
|H3’I/4>)’ (lI/17H2>9 |I/3’H4>)9 (|H5’1/6>9 |H77V8>)n and
(IVs, Hg), |V, Hg)), are compatible with the first her-

alded entanglement swapping. Consequently, the accumu-
L_3L3—2PgH 3-2(pyHy? % 22
co PEH 2—piH 2—(pEH Y2
once the elementary links have established entangled states

lated waiting time becomes

that satisfy the requirements for the first heralded entan-
glement swapping. Here, the factor 2% denotes the recip-
rocal of the probability of satisfying the first heralded en-
tanglement swapping. Once the two ¢ = 1 links are
completed, there are 2> possible combinations of entangled
states: (| Hy. V. Hy, V), | Hs. Vi, Hy. Vi), (Vi Hy. Vs, Hy),
Vs, He, V3, Hg)), (IHy, V2, H3, Vi), Vs, He, V7, Hg)), and
(IV1, Hy, V5, Hy), |Hs, Vs, Hy, V). Among these, two com-
binations, namely (|H;,V,, Hs,V,), |Hs, Vg, Hy,V3)) and
(|V1, Hy, V3, Hy), |Vs, Hg, V7, Hg)), are compatible with the
second heralded entanglement swapping. Hence, once the
1 links have established entangled states that sat-

isfy the requirements for the second heralded entangle-

(0 =

ment swapping, the accumulated waiting time becomes
L 3—2p¢H 3o(potly? LY 3-2p*H

L o % pLg i L— % 2. Here, the
co PHT 2-pel o—(pedly2 co P 2—p

factor 2 is the reciprocal of the probability that the entangled

states are compatible with the second heralded entanglement
swapping. Thus, after completion of the second heralded en-
tanglement swapping, the total entanglement distribution time
is

LY 3=2PfH3-o(piHy

T(XH [ 22
2 PAH 2 pefl g ety G
2L 13- alf
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where PZ“H = ngSM(n‘l"H )2/77;’H is the success probability

of the second heralded entanglement swapping, with ngH =
n‘l”H 12 - n‘l"H Nasw)- 137 The term (4/2)(Ly/cy) corresponds
to the classical communication time for heralding entangled
states at ¢ = 2.

We now extend the analysis to higher nesting levels. For
o = 3, when all eight elementary links (1-8) succeed, each
with probability P(;’H , the waiting time for all eight to suc-

ceed is given by i—f F'(‘)’;H 32__2;‘,;7[: 32__2((;:5: ))22 32__2((?: :. There are
28 possible combinations of entangled states. Among these,
23 combinations are compatible with the first heralded entan-
glement swapping. Among the 2° compatible combinations at
the first level, 2 combinations are compatible with the second
heralded entanglement swapping. Finally, among the 2> com-
patible combinations at the second level, two combinations
are compatible with the third heralded entanglement swap-
ping. Thus, after completion of the third heralded entangle-

ment swapping, the total entanglement distribution time is

Ly g 3-2RT3-2RTY
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where P3”H = ngSM(ngH )2/;1‘3”H is the success probability

of the third heralded entanglement swapping, and ng’H =
ngH/(Z - nangSM). [37] The term (8/2)(Lg/cy) corresponds
to the classical communication time for heralding entangled
states at ¢ = 3.

For ¢ = 4, when all sixteen elementary links
(1-16) each with probability P(;’H , the

waiting time for all sixteen to succeed is given by
L 1 3-2PfH 3-2(peHy? 3-0(pgH) 3-2(PgHHE
co P 2—pfH 2—(pEH Y2 2—(PFHHY 2-(PFHR
216 possible combinations of entangled states. Among these,

succeed,

There are

2* combinations are compatible with the first heralded entan-
glement swapping. Among the 2* compatible combinations,
23 are compatible with the second heralded entanglement
swapping. Among these 23 combinations, 22 are compatible
with the third heralded entanglement swapping. Finally,
among these 2> combinations, two are compatible with the
Thus, when the

fourth heralded entanglement swapping is completed, the total

fourth heralded entanglement swapping.



time is given by
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where PfH =y (82 meH

of the fourth heralded entanglement swapping, and r]ZH =
n‘S’H /(2 — n‘S’H Nasm)- [37] The term ( 16/2)(Lg/c) corresponds
to the classical communication time for heralding entangled

is the success probability

states at 0 = 4. Generalizing to arbitrary o, after completing
the o-level heralded entanglement swapping, the entanglement

distribution time can be expressed as

T =T0H + Tg,H + T

aH\2°7!
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with the conditions 6 —1 > Oando —i > 0 fori € [2,0].
Here, PgH = (- )2nBSM
for entanglement swappmg at nesting level o, where ngH =
B2 =m0 P and niig = (1, npsm(a)*
Using the same reasoning and calculation method, we can

“H s the success probability

also derive a formula that relates the entanglement distribution
time to the distribution distance for the heralded scheme with

remote swapping, as follows:

/" =17 + TﬂH +1H
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Here, 0 =1 > 0,0 —i > 0, and i € [2,0]. PoﬂH =

(P, D)Z(nc)z(ntﬂ R)anSM(nd)2 is the success probability of cre-
ating entanglement in one elementary link. The fiber trans-
B 10—(aﬁberX0.5Lg)/10

mittance for remote swapping is 7,, =

The factor Lg/co corresponds to the classical communica-
it
o

tion time over an elementary link of length Lg .
(na_l)anSM/ngH is the success probability for o-level her-
alded entanglement swapping, with nf,’” = g ?1/(2 -
Pl G DB Here, nho, = )27l P rpsm(ng)? s
the overall BSM efficiency at entanglement swapping for re-

mote swapping. The terms Tﬂ H Tﬁ " and Tﬂ

v represent, re-

spectively, the waiting time until all elementary links of length
Lg have successfully generated entanglement, the cumulative
waiting time incurred during intermediate heralded swapping
operations, and the waiting time for the last heralded swapping
step to complete.

According to Egs. (6)-(7), we can further obtain the en-
tanglement distribution rate of the quantum repeater scheme

when mode multiplexing is considered, **l as follows:

M M

aH __ BH _

R _T:H’ o _TﬁH' 3
(o2

Here, M denotes the effective enhancement through multi-
plexing. In addition, to facilitate the explanation of the mech-
anism by which quantum repeaters overcome channel loss, we
define a ratio function that compares entanglement distribution
times for adjacent nesting levels o. For the two quantum re-
peater schemes based on two-photon interference, these ratio

functions are defined as follows:

y _n "
aH,c,0-1 — Ta_H’ pH,c,0—-1 — TﬂH : ©)
o-1 o—1

4. Physical interpretation of quantum repeater

Using Egs. (6)-(7), we obtain the theoretical curves of the
two quantum repeater schemes at different nesting levels (e.g.,
c=01,...
illustrated in Figs. 2(a)-2(b). Furthermore, we plot the theo-

,4) with realistic quantum device efficiencies, as

retical curves of the ratio functions for the two schemes using
Eq. (9), as shown in Figs. 2(c)-2(d). These device efficiencies
include the generation probability of EPS p,, = 0.046, [43]
the fiber attenuation coefficient agp,, = 0.146 dB/km, 44!
the QFC efficiency ., = 0.57, (451 and the SPD efficiency

s = 0.95.14] In addition, the QM storage efficiency 7, is
assumed to be time-dependent, i.e., 77,, = 7,,ge” " "ifetime | where

Hmo = 0.87 and 7)o me = 1 ms. [47:48] For each scheme, the en-
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Fig. 2. Entanglement distribution time of two quantum repeater schemes. (a), (b) Theoretical curves of the heralded scheme with local swapping (T;H ) and

the heralded scheme with remote swapping (Tgﬂ H). Points A,g-Dyy and Agp-Dyy are crossover points of entanglement distribution times between adjacent
o values for these schemes, respectively. (c), (d) Ratio function graphs of the corresponding schemes. Points A, y-D,y and Ayy-Dyyy represent crossover
points when the ratio J equals 1. Points E, ;-H,y and Ezp-H gy denote values of the ratio J at L, = 0.01 km. The parameters are as follows: p,p, = 0.046,

Agper = 0.146 dB/km, nggy = 1/2, 5, = 0.57, n; = 0.95, 1,,0 = 0.87, Tjjgeime = 1 ms, and cgpe, = 2 X 10° km/s.

tanglement distribution time as a function of distance exhibits
crossover points between different nesting levels ¢. These
points, indicated in Figs. 2(a)-2(b), define characteristic dis-
tances L, at which increasing the nesting level (i.e., inserting
additional repeater nodes) becomes advantageous for optimiz-
ing the performance of multi-node quantum repeaters.

Taking the heralded scheme with local swapping as an ex-
ample, we illustrate this behavior. As shown in Fig. 2(a), direct
entanglement distribution (¢ = 0) is optimal for distances on
the order of 24 km. For distances between A, (24.1 km) and
B,y (48.3 km), a single nesting level (¢ = 1) minimizes the
distribution time. Similarly, the intervals between B,y and
C, > and between C, g and D, g, correspond to optimal nest-
ing levels of 6 = 2 and 6 = 3, respectively. This behavior
reflects a fundamental trade-off between the characteristic dis-
tance and the number of nodes in quantum repeater design.

To illustrate this trade-off more specifically, we present
the theoretical curve of the ratio function for the heralded
scheme with local swapping, obtained using Eq. (9), as shown
in Fig. 2(c). At very short distances (e.g., L, = 0.01 km),
the ratio function values increase with the nesting level o, as
indicated by points E, y-H, g in Fig. 2(c). This increase re-
flects the fact that adding more quantum nodes introduces ad-
ditional initial system losses, which arise from the longer wait-
ing time for elementary-link entanglement creation and from

imperfect device efficiencies, including the EPS generation

probability (p,p), the QM storage efficiency (1,,), the QFC
conversion efficiency (7,), the SPD detection efficiency (#,),
and the BSM heralding probability (7zgy;). At these extremely
short distances, the fiber transmittance 7,y is approximately
unity. Thus, points E, z-H , g represent the ratio of initial sys-

tem losses between adjacent nesting levels o.
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Fig. 3. Entanglement distribution time versus memory performance. (a) Dis-
tribution time versus storage time for the heralded scheme with remote swap-
ping. The theoretical curves of distribution time as a function of storage time
(r) are shown for different values of 7j;pime- (b) Comparison of distribu-
tion times for three repeater schemes. For 7j;pime = 100 ms, the distribu-

tion times of the heralded scheme with remote swapping (Tzﬂ H), the heralded
scheme with local swapping (Tz"’H ), and the post-selected scheme with lo-

cal swapping (Tz”‘P ) are compared. The parameter values are p,, = 0.046,
Afiper = 0.146 dB/km, BsM = 172, e = 0.57, ng = 0.95, Mo = 0.87,
Chiber = 2 X 10° km/s, o = 2, and L = 500 km.

As the fiber distance increases, the channel loss becomes
non-negligible. A higher nesting level o divides the total dis-
tance L, into more segments, i.e., L,/L; = 2° for local swap-
ping, thereby reducing the fiber-channel loss, which is given
by njg = 10~ [@ierx0-5(L6/2)] Thysg, although a repeater archi-
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Fig. 4. Optimal nesting architectures and distribution rates of quantum repeater schemes. (a) Optimal distribution times under realistic device efficiencies. (b)
Optimal nesting architectures under realistic device efficiencies. For the distribution distance L ranging from 10 km to 2000 km (e.g., 10 km, 50 km, 100 km,
150 km, ...), the optimal distribution times (Thpt) and optimal nesting architectures (cgyy ) for two quantum repeater schemes are obtained through theoretical
calculation. (c) Optimal distribution rate considering multiplexing (M = 25). The orange circles, blue squares, and purple triangles represent the optimal

distribution rates of the heralded scheme with remote swapping (RgH), the heralded scheme with local swapping (RZH ), and the post-selected scheme with local
swapping (R%F), respectively, under realistic device efficiencies (i.e., p,p = 0.046, agp,, = 0.146 dB/km, ngspy = 172, . = 0.57, 5, = 0.95, 1,9 = 0.87,

Tlifetime = 1 MS, and cgpe, = 2X 10° km/s). However, the hollow yellow circles represent the optimal distribution rate of RgH under near-ideal device efficiencies
(i.e., pop = 0.23, tper = 0.091 dB/Km, gy = 1/2, 17, = 0.95, ; = 0.95, ,, = 0.95, and ¢, = 2% 10° km/s). The gray dashed lines represent the comparison
of the optimal distribution rates of these repeater schemes at distances of 500 km and 1000 km, respectively.

tecture with larger ¢ introduces more system loss at very short

distances, it incurs less fiber-induced loss as L increases.

o
When the ratio function decays to unity, the corresponding dis-
tances mark the crossover points between entanglement distri-
bution times for adjacent ¢ in Fig. 2(a). At these crossover
points, the increase in distribution time caused by the initial
system loss from adding more nodes is exactly balanced by
the decrease caused by the reduction in fiber loss achieved
through finer segmentation. Consequently, for distances L,
beyond the characteristic distance corresponding to the inter-
section point, finer segmentation (i.e., larger o) becomes the
dominant factor in reducing the distribution time; conversely,
for distances shorter than that, lower initial system loss (i.e.,
smaller o) prevails. Furthermore, changes in parameter condi-
tions shift these characteristic distances and the corresponding
optimal nesting levels accordingly. Hence, these characteris-
tic distances and optimal nesting levels provide quantitative
guidelines for designing and scaling multi-node quantum re-
peater networks.

To investigate the influence of memory performance on
the entanglement distribution time, we take the case of L =
500 km and ¢ = 2 as an example. By incorporating a time-
dependent memory efficiency (e.g., #,, = nmoe_f/ Tiferime ) [48]
into the analytical expression, we obtain the theoretical curves
of the entanglement distribution time versus storage time for
different memory lifetimes, as shown in Fig. 3(a). For longer
memory lifetimes, the entanglement distribution time grows
more slowly as the storage time increases. Therefore, contin-
ually improving the lifetime of quantum memories can help

reduce the time required for successful entanglement distribu-

tion. In Fig. 3(b), we compare the distribution times of three
repeater schemes when 7y = 100 ms. 91 Compared with
the post-selected scheme (Tz””‘D ), the heralded schemes (TZ“H
and Tzﬂ H) can reduce the time overhead when quantum mem-
ories with finite lifetimes are considered. For the two heralded
schemes, the distribution-time curves for remote swapping and
local swapping intersect as the storage time increases, corre-
sponding to a characteristic storage time. When the storage
time is shorter than this characteristic time, remote swapping
achieves lower time overhead than local swapping. This ad-
vantage mainly arises because, under the same nested architec-
ture and distribution distance, remote swapping enables finer
segmentation than local swapping, thereby improving the fiber
transmittance (n[ﬂ r > N;g)- However, once the storage time ex-
ceeds this characteristic time, local swapping becomes more
advantageous in reducing the distribution time. This reversal
occurs mainly because remote swapping introduces additional
losses during entanglement swapping, such as imperfect QFC
efficiency and channel loss. As the storage time increases, the
memory efficiency decays exponentially, making the overall
BSM efficiency of remote swapping much lower than that of
local swapping (i.e., néSM < 1nggyy)- At the characteristic
storage time, the reduction in distribution time achieved by
finer segmentation to mitigate fiber loss is exactly offset by
the increase in distribution time resulting from the lower over-
all BSM efficiency caused by the additional losses.
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Fig. 5. Comparison of entanglement fidelity for quantum repeater schemes.
The red solid line represents the entanglement fidelity of an elementary link.
The green and blue solid lines represent the fidelities for remote swapping un-
der two different entanglement swapping architectures (cg = 1 and 6y = 2),
whereas the green and blue dash-dotted lines represent those for local swap-
ping under two different entanglement swapping architectures (6; = 1 and
o; = 2). The gray dashed line indicates the fidelity threshold for successful
teleportation. The parameters used are p,p, = 0.23, agp, = 0.091 dB/km,
ng =095, =095, F, =099, 1, =095, nggy = 1/2,andd = 1 X 1073
(see Appendix D for the definitions of d and Fp).

5. Optimal nesting architecture of a quantum re-
peater channel

We compare the optimal entanglement distribution times
of the two quantum repeater schemes under realistic device ef-
ficiencies, together with their corresponding optimal nesting
architectures, as shown in Figs. 4(a) and 4(b). For the her-
alded schemes, remote swapping consistently outperforms lo-
cal swapping in terms of distribution time, as illustrated by
the comparison between T2 and Tf " in Fig. 4(a). This is
mainly attributable to two factors. First, for identical nest-
ing architectures, remote swapping enables finer segmentation
than local swapping (e.g., 2°F! — 1)/2° € [1,2)). Second,
for different nesting architectures, remote swapping introduces
less initial system loss than local swapping. At L = 500 km,
T;’H ~ 889 s, whereas Toﬂ B x 115 s, yielding a reduction
factor of ~7.7. This performance difference mainly originates
from the initial system loss introduced by the repeater nodes.
At L = 500 km, remote swapping requires only half the num-
ber of nodes (oon;. = 2, n = 8) compared with local swap-
ping (oonr. = 3, n = 16) in Fig. 4(b). A larger number of
quantum nodes # introduces greater initial system loss. Thus,
although remote swapping (Lg/Lg = 7) has slightly fewer seg-
ments than local swapping (L,/Lg = 8), it incurs less initial
system loss, which becomes the dominant factor. However,
at L = 1000 km, T;"H ~ 14542 s, while TfH ~ 1094 s,
corresponding to a reduction factor of ~13.3. For the same

nesting architecture (ogny, = 3, n = 16) in Fig. 4(b), remote

swapping (LG/Lg = 15) divides the total distance into finer
segments than local swapping (L,/Lg = 8), thereby improv-

pla
ing the fiber transmittance as given by ntﬁ ]/za = 107 [@iberx05Lg ]

and ﬂ,ﬁ R > MR

For short-distance entanglement distribution at L =
100 km with M = 1 under realistic device efficiencies, the
distribution rates are RgH ~ 0.3 bits/s for the heralded scheme
with remote swapping, R%? ~ 0.12 bits/s for the heralded
scheme with local swapping, and RﬁP ~ 0.02 bits/s for the
post-selected scheme with local swapping. However, these
rates are relatively low, mainly because currently realized
practical quantum devices have non-ideal efficiencies, includ-
ing the extremely low EPS generation probability, the QM
There-

fore, to improve the distribution rate, we believe that efforts

storage efficiency, the QFC efficiency, and so on.

should focus mainly on two aspects: (i) improving realistic de-
vice efficiencies and (ii) employing mode-multiplexing tech-
niques. [*3°% As shown in Fig. 4(c), using an effective mul-
tiplexing enhancement factor of M = 25,5! we compare
the optimal distribution rates of these schemes under realistic
and near-ideal device efficiencies, respectively. The near-ideal
device parameters used are p,, = 0.23,52 = 095,53
e = 095,54 and agp,, = 0.091 dB/km. %) The theoretical
calculation for the post-selected scheme with local swapping is
detailed in Appendix C. Under realistic device efficiencies, the
heralded scheme with remote swapping consistently outper-
forms the other two schemes in terms of optimal distribution
rate. At L = 100 km, R?? ~ 0.5 bits/s and R?¥ = 3 bits/s,
whereas RgH ~ 7.5 bits/s, yielding an enhancement factor of
~ 15 relative to R%P. At L = 1000 km, RO exceeds R and
RﬁP by factors of ~10 and ~2000, respectively, with the three
rates being ~0.02 bits/s, ~0.002 bits/s, and ~0.00001 bits/s.
When the near-ideal device efficiencies are considered, RgH ~
596 bits/s at L = 100 km and R?" ~ 4 bits/s at L = 1000 km,
yielding the enhancement factors of ~ 79.5 and ~ 200 relative
to RgH under realistic device efficiencies, respectively.
Although the above comparison focuses on the entan-
glement distribution rate, the entanglement fidelity of these
schemes is also an important figure of merit. As shown in
Fig. 5, we plot the theoretical curves of entanglement fidelity
versus distance for remote swapping and local swapping under
near-ideal device efficiencies; the derivation of the fidelity for-
mula is given in Appendix D. As the nested architecture o in-
creases, the initial fidelity at short distances decreases, primar-
ily because the larger number of nodes introduces additional
loss into the link. At long distances, however, a larger nested

architecture has an advantage over a smaller one in terms of
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Fig. 6. Entanglement distribution time under extreme parameter conditions. (a)-(c) Distribution time for the heralded scheme with remote swapping under various
ideal conditions, including zero channel loss, zero device loss, lossless Bell-state measurement, and a lossless repeater system. For each panel, the results are
shown for nesting levels ¢ = 0, 1,2,3,4. The parameters used are as follows: in (a), p,p = 0.23, nggy = 1/2, 1, = 0.95, . = 0.95, agp,e, = 0 dB/km, and
ng =095 in(b), pop = Lngsm = L, 1, = 1, 1. = 1, e, = 0.091 dB/km, and 7, = 1; and in (¢), p,p = 1, 1gsm = 1, #1,, = 1, 1. = 1, @gper = 0 dB/km, and

g =1.

fidelity. When the fidelity threshold for successful teleporta-
tion is taken into account (€.g., Fijreshoid = %) (561 there is
a trade-off in quantum repeater design between the initial fi-
delity, which is affected by the nested architecture, and the
distribution distance. In addition, for the same nested archi-
tecture, remote swapping can mitigate the decline in fidelity
with distance compared with local swapping, thereby facilitat-
ing entanglement distribution over longer distances. This is
mainly because, for the same nested architecture and distance,
remote swapping enables finer segmentation than local swap-
ping, thereby reducing channel loss. These results allow us to
determine the optimal entanglement fidelity under near-ideal
device efficiencies. In practice, however, for quantum repeater
schemes based on two-photon interference, an EPS with both
a high entangled-photon-pair generation probability and neg-
ligible noise is desirable. Unfortunately, currently available
spontaneous parametric down-conversion (SPDC) sources that
generate polarization-entangled photon pairs introduce multi-
photon-pair noise at high generation probabilities, thereby de-
grading the fidelity of the entangled photon pairs. °7! Thus, to
resolve the trade-off between the generation probability and
multi-photon noise, a near-ideal photon-number-resolving de-
tector scheme [°®! or a multiplexing architecture at low genera-
tion probability [*?! is provided. For SPDC sources, Appendix
E discusses the trade-off between generation probability and fi-
delity, as well as its implications for entanglement-distribution
fidelity.

6. Analysis of quantum repeater under extreme
parameter conditions

Under extreme parameter conditions, we plot the theoret-
ical curves of the entanglement distribution time as a function

of distance for the heralded scheme with remote swapping at
nesting levels 0 = 0, 1,2, 3,4, as illustrated in Figs. 6(a)-6(c).
When channel loss is set to zero while other losses are retained,
the curves for different nesting levels exhibit no crossover
points, and a higher nesting level yields a longer distribution
time, as depicted in Fig. 6(a). This behavior arises because a
larger nesting level requires more quantum nodes, which in-
troduces additional initial system losses due to imperfect de-
vice efficiencies and finite BSM heralding efficiency. In the
absence of channel loss, these initial system losses become the
dominant factor governing the distribution time over the entire
range of distances.

When the channel loss is nonzero while all other losses
vanish, a higher nesting level yields a shorter entanglement
distribution time over the entire distance range, as shown in
Fig. 6(b). This occurs because, in the absence of initial system
loss, a larger nesting architecture divides the distance into finer
segments, thereby reducing the impact of channel loss on the
distribution time. This case clearly illustrates the limiting per-
formance of quantum repeaters when they are affected solely
by channel loss. Naturally, when all losses are set to zero (e.g.,
a lossless repeater system), the theoretical curves of the distri-
bution time versus distance for different nesting architectures
become identical, as depicted in Fig. 6(c); in this case, the dis-
tribution time is governed only by the classical communication
time. Thus, under these extreme parameter conditions, the be-
havior predicted by our derived Eq. (7) for the heralded scheme
with remote swapping is consistent with theoretical expecta-
tions.



7. Conclusion and outlook

In this work, we have calculated the entanglement distri-
bution time for quantum repeater schemes that combine local
or remote swapping with a heralded scheme. A key result of
our work is an analytical formula that explicitly relates the dis-
tribution time to the transmission distance, providing a general
tool for assessing the performance of such repeater architec-
tures. Guided by this formula, we have elucidated the physical
mechanism by which quantum repeaters mitigate the detrimen-
tal effects of channel loss in long-distance fiber transmission.
Considering a realistic quantum memory, we have presented
theoretical curves showing the effect of finite memory lifetime
on the entanglement distribution time. Through a systematic
comparison of the optimal distribution times across distances
up to thousands of kilometers, we have determined the optimal
nesting configurations for a single-repeater channel. Consid-
ering mode multiplexing, we have compared the optimal dis-
tribution rates of the heralded schemes and the post-selected
scheme at various distances under realistic device efficiencies.
Furthermore, by comparing the entanglement fidelity of these
schemes, we find that remote swapping can mitigate the de-
cline in fidelity with distance more effectively than local swap-
ping under the same nested architecture. Finally, by examin-
ing the limiting cases of zero channel loss, zero device loss,
and completely lossless repeater systems, we have found the
fundamental performance bounds for quantum repeaters. Our
work expands the theoretical framework for quantum repeater
protocols and deepens the understanding of their operational
dynamics, thereby supporting the future development of scal-
able quantum networks.

This work establishes quantitative guidelines for the de-
sign of large-scale quantum repeater networks, including op-
timal node placement and architecture selection at continental
distances. Several directions may further improve repeater-
based quantum communication. First, beyond the binary-tree
segmentation considered here, alternative network topologies
could be explored, [°*%2] particularly in regimes where en-
tanglement generation and swapping are performed concur-
rently, potentially reducing both node requirement and dis-
tribution time. Second, hybrid quantum network architec-
tures that integrate fiber-based repeaters with free-space or
satellite links may overcome the limitations of fiber loss and
enable global-scale connectivity. (34 Third, continued ad-
vances in key hardware components, including entangled pho-
ton sources, (%7 quantum memories, [**7% quantum trans-

[71-73] [74]

ducers, and low-loss optical fibers, will be essential
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for approaching the ultimate performance limits of quantum

repeater networks.

Appendix A: Quantum repeater schemes with two-
photon interference

For a quantum repeater scheme based on single-photon
interference, all Bell state measurements (BSMs) in Fig. 7 em-
ploy the scheme shown in illustration (ii). When either single-
photon detector D1 or D2 in a BSM clicks, entanglement is
successfully established in the corresponding elementary link,
yielding photon-number entangled states of the form |1,,,0,,, 1)
or |0,, 1,,1), where the subscript n labels the quantum nodes.
Achieving such photon-number entanglement requires that, in
each elementary link, only one of the entangled photon sources
is excited to generate entangled photon pairs, thereby limiting
the excitation probability of the entangled photon sources to
approximately one percent. After all swapping operations are
completed, long-distance entanglement is established in the
form of photon-number entangled states between the begin-
[15,0g) and [Op, 1), with sub-
scripts B and E denoting the beginning and ending nodes, re-

ning and ending nodes, i.e.,

spectively.
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Fig. 7. Quantum repeater schemes with single-photon interference and two-
photon interference. (a) Entanglement generation (EG) of every elementary
link. In illustration (i), every elementary link consists of one BSM station
and two nodes. Every node includes the EPS, QFC, and QM. (b) Entangle-
ment swapping (ES) is completed when entangled states in all elementary
links have been created. Here, if all BSMs are implemented via the single-
photon interference scheme (illustration (ii)), photon-number entanglement
can be achieved. Conversely, if all BSMs rely on the two-photon interference
scheme (illustration (iii)), polarization entanglement can be realized. BSM:
Bell-state measurement. PBS: Polarization beam splitter. BS: Beam splitter.
SPD: Single-photon detector. QM: Quantum memory. QFC: Quantum fre-
quency converter. EPS: Entangled photon source. AP: Photon in the atomic
operating band. TP: Telecom-wavelength photon.

For a quantum repeater scheme based on two-photon
interference, all BSMs in Fig. 7 employ the configuration

shown in illustration (iii). As shown in illustration (i)



of Fig. 7, when the entangled photon sources at nodes 1
and 2 simultaneously generate polarization-entangled pho-
ton pairs, ie., [@) = UV2(H) IV)ig + V)L H)ig)
and |@,) = 1/V2(H)y,[V)og + V)21 H)ag). the blue
photons at nodes 1 and 2 are stored in quantum mem-
ories (QM; and QM,), respectively. The subscripts 1L
and 1R (2L and 2R) denote the left and right blue pho-
tons at node 1 (node 2), respectively. Meanwhile, their
partners are converted to telecom-wavelength photons (or-
ange) via quantum frequency converters (QFCs) and trans-

mitted through fiber channels to a BSM station. So,

the overall entangled state of the two nodes is |®,) =
12(H ) IV I RIH )2 L1V )ar + [H) LIV )RV )2r | H)og +
WL H) RIH)op IV )or + VLI H ) RIV )2 1 H )2 R)-

If the orange photons from the two nodes have identi-
cal polarizations—either [V');g|V ), or |H) g|H ),;—then
only a single detector at the BSM station (one of D3-D6) reg-
isters a click, indicating the detection of two photons. In this
case, however, the states |V') g|V ),y and | H), g| H ), canbe
distinguished by which detector fires: D4 or D5 for the former,
and D3 or D6 for the latter. Consequently, no entangled state
is generated. Conversely, when the orange photons are or-
thogonally polarized—|V'), g| H ),y or |H ) g|V ), —eXactly
two of the four BSM detectors click simultaneously (e.g., D3
and D4, D5 and D6, D3 and D5, or D4 and D6). Such an
event projects the blue photons onto the orthogonal polariza-
tion state, i.e., |H )|V )og Or |V);|H)yg. Therefore, the
orthogonal-polarization case in the heralded scheme enables
long-distance entanglement distribution for quantum repeaters
based on two-photon interference. When every BSM station
in all elementary links registers a double-detector click, entan-
glement is independently established in every elementary link.
Thus, each elementary link produces entangled states of either
|H),|V),4q0r|V),|H),, . Since these two states correspond
to the Fock states |1,,0,,;) and |0,, 1,,,), respectively, the
theoretical framework for quantum repeater protocols based
on single-photon interference becomes directly applicable to
the long-distance distribution of photon-photon entanglement
along a single chain. Upon completion of nested entanglement
swapping, long-distance entanglement is established as a po-
larization-entangled state between the beginning and ending
nodes, i.e., 1/\V2(1H) 5|V ) + V) | H) ).
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Appendix B: Waiting time for success in two in-
dependent events

When the entanglement creation of an elementary link is
treated as an independent event, the waiting time for an ele-
mentary link with success probability P, follows a geometric
distribution (in units of Ly/c), **i.e.,

p() = (1 - PR, (B1)

Here, L/c is the classical communication time for an elemen-
tary link. Thus, for an elementary link with successful entan-

glement creation, its average waiting time can be written as

(1) = Z tp(t) = Z t(1 - Py)~'Py= % (B2)
=0 t=0 0

To attempt the first entanglement swapping, the entan-
glement creations of two adjacent elementary links must both
succeed. We treat these two elementary links, which require
successful entanglement creation, as two independent events.
Hence, the corresponding waiting time is the maximum of the
waiting times of the two independent events, each following
the distribution given by an elementary link. Now, we define
the distribution of the waiting time for both independent events
to succeed as j(f), and the corresponding average waiting time
as (f). So, taking into account all cases in which we have to
wait until time ¢ for at least one of the two links to succeed, the
distribution is

t—1

Bty = p()* +2p(0) Y, p(k). (B3)
k=1
The corresponding average waiting time is
(@ = 1h0)
=2 tp()( Y, pk) + 3p(0)
=0 k=1

When substituting Eq. (B1) into Eq. (B3) and simplifying, we
obtain the explicit expression for p(¢) in terms of P, as follows:

Bty =Py(1 — P)* 2+ 2Py(1 — Py

(BS)
x[1 == P)~'1.

By substituting Eq. (B5) into Eq. (B4), the average waiting
time for both independent events to succeed is further simpli-



fied to
@ = th(t)
t=0
[60]
t=0
[s0]
= ) 2tPy(1 = P2
t=0

o0
tPI(1 = P2 + ) 2tPy(1 — Py~
=0

(B6)

Considering Eq. (B2), we can obtain Y2 #(1— Py~ = 1/P;
and Y2 (1 — P)*~2 = 1/(2Py — P})*. Thus, Eq. (B6) is
finally simplified to

@ =% + (P2 =2P) Y i(1 - P>
0 =0 (B7)
_3-2p
T Q2-P)P)’

In addition, Eq. (B7) is also referred to as the average num-
ber of tries for both independent events to succeed, 37 je.,
(23__130}))‘;)0. So, according to Eq. (B2) and Eq. (B7),
we can respectively obtain that the average waiting time for

Vo =

a single elementary link to successfully create entanglement
is (t) = %, and the average waiting time for two indepen-
dent elementary links to successfully create entanglement is
(D) = g = (VP

According to Eq. (B4), we can obtain that the expression
inside the parentheses (e.g., E;:l plk) + % p(1)) is bounded by
1. Thus, one must have

() <2(). (B8)

One also has

() <(P). (B9)

Since waiting for two independent successes has to take at least

as long as waiting for a single success, we define

(f) 3-2P
(n 2-k

with 1 < f < 2. Here, f is understood as the coefficient given

f (B10)

by the ratio of the average waiting time for two independent
events both to succeed to that for one event alone.
Now, using Eq. (B7), we consider the average waiting

time for the successful entanglement creation of j elementary
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links (j =2°,06 =1,2,3,...), as follows:
o 20‘—1
L 1 3-2(F)
(o) = 5 [ [ =5 (B11)
Pt 2-(Ry)
For example, 2° elementary links are considered. According
to Eq. (B11), the average waiting time is

1 3=2P,3—2(Py)*3—2(Py)*

- . B12
Py2—-Py 2—(P)? 2—(P)* (B12)

(fo3) =

We explain the meaning of Eq. (B12) as follows. The aver-

age waiting time for two independent elementary links both

L 3_250 . On this basis, we further consider two
]

additional elementary links both succeeding, whose average

1 3-2P) 3-2(Py)*

Py 2—Py 2—(Py)? °
consisting of two elementary links, are treated as two indepen-

to succeed is

waiting time is Here, two combinations, each

dent events. Finally, building upon the previous results, we

further consider four additional elementary links all succeed-
1 3-2R) 3-2(Ry” 3-2(Ry)*

Py 2—Py 2—(Py)? 2—(Pp* "
Here, two combinations, each consisting of four elementary

ing, whose average waiting time is

links, are treated as two independent events. Hence, based on
the successful entanglement creation of all elementary links,
we also consider the accumulated average waiting time for en-
tanglement swapping operations at different nesting levels in

the same manner as described above.

Appendix C: Theoretical calculation for the post-
selected scheme with local swapping

For the post-selected scheme with local swapping, the to-
tal distance L is equally divided into 2° segments of length
Lg = L/2°, where o denotes the nesting level of entanglement
swapping. Let us now consider the case of heralding an entan-
gled state with orthogonal polarization. When entanglement is
successfully created in an elementary link, e.g., between nodes
1 and 2, the time required for successful entanglement distri-

bution in that link is [*%

La
Ty=—2L1 1)
¢ Fo
where P, is the success probability for creating entangle-
ment in an elementary link. Specifically, Py = 2p,s1.1gH4

for the BSM based on single-photon interference, and P,
(Peu)z(’?c )z(nt”R)anSM(nd )? for the BSM based on two-photon
interference considered in this work. Here, p,p (p,s) denotes
the generation probability of entangled photon pairs (the prob-

ability of single atomic excitation). The fiber transmittance



for local swapping is given by n7, = 10~ @aiberX0SLG)10 -y

thermore, #,., #7,,, and ygy represent the conversion efficiency
of QFC, the storage efficiency of QM, and the heralding effi-
ciency of BSM, respectively. The factor L{/c, corresponds to
the classical communication time over one elementary link of
length L.

Now, we consider the first post-selected entanglement
swapping between elementary links 1 (nodes 1 and 2) and 2
= 1.

dent binomial events (i.e., entanglement creation or swapping),

(nodes 3 and 4) for the case o When two indepen-

each with success probability P_, are both required to succeed,
3-2P,  [37.42]
-P,)P,"

Hence, for entanglement creation in elementary links 1 and

the average number of tries is given by v, =

2, each with probability P,, the average number of tries is
v o= 2R

o= (2_P0)P0. . . .
both elementary links to succeed is Tyv Py, as shown in Ap-

From Eq. (C1), the average waiting time for

pendix B. Consequently, when the entanglement swapping op-
eration is treated as instantaneous (i.e., the swapping time over-

head is neglected), the time required to establish entanglement
is [42]
is

L 1
T, = -0 05 (C2)
€0 1

where P, = (1/2)(n/n;) is the success probability of the first
/2 — ).
Here, 7 is given by #,,n, for the BSM based on single-photon

post-selected entanglement swapping, with 7,

interference, and by (11,,,)2;1]351\,[(17,1)2 for the BSM based on
two-photon interference considered in this work. Generaliz-
ing to o-level post-selected entanglement swapping, the total
time required to successfully distribute entanglement between
the beginning and ending nodes is [*?!

T, =k ! (C3)
c = EVOVIVZ VG_IFD_

Here, P, = (1/2)[(n,_ 1)2;1/116] is the success probability of o-
level entanglement swapping, with n, = #,_1/(2—n,_n). The
factor 1/2 arises from the probability that the entangled states
generated in neighboring links are compatible with the sub-
sequent entanglement swapping. The factor #,, represents the
overall efficiency, incorporating the efficiencies of the relevant
quantum devices and the probability of heralding Bell states.
Eq. (C3) inherits this instantaneous-swapping approximation.

For the BSM with single-photon interference, each ele-
mentary link produces entangled states of two types: |1,,0,, )
and |0,, 1, 1), where the subscript » labels the quantum nodes.
When o = 1, adjacent elementary links can exhibit four possi-
ble combinations of these entangled states: (|11,0,), |15,04)),

(111, 02), 103, 14)), (104, 15), 105, 14)), and (|0}, 1), |13, 04)).
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Among these, only two, i.e., (|1;,0,), |15,04)) and (|0, 1),
|05,1,4)), are compatible with the first post-selected entan-

glement swapping (o 1). An analogous situation holds
for higher nesting levels o. Consequently, the success prob-
ability of entanglement swapping (P,) contains a factor of
1/2. When the BSM based on single-photon interference is
employed in the quantum repeater protocol, the elementary-
link entanglement-creation probability and the entanglement-
swapping success probability are given respectively by ng =
2p, sncn,“Rﬂd and P°f (1/2)((;76 ' S)Z “PimeL), where
[ 1S/(2 Mo 15’75 ). ng"
cause the quantum repeater scheme based on single-photon in-

= g, and nSs = 1. Be-

terference requires suppression of multi-photon events, the ex-
citation probability p,¢ is limited to approximately 0.01. Un-
der these conditions, Eq. (C3) can be further approximated as
TeE ~ (L3eo)312)°/(PLE PrE ... peE). BT

For the BSM based on two-photon interference, the suc-
cess probability of entanglement creation in an elementary link
is P"‘P (P. D)z(ﬂc)z(ﬂ, R)anSM(nd) and the success proba-
bility for entanglement swapping at nestlng level o is P“P
A2)lng? )2nBSM/n,,P],
and ng = (1, nsm(ng)’.
gled states |H ),V ), and |V'),|H ), are analogous to the

with 7g" P2 = nZ min)

In thlS scheme, the entan-

photon-number entangled states |1),]0),,; and |0),]1),.,, re-
spectively. By replacing P, and P, in Eq. (C3) with PS‘P
and P2P, we obtain the entanglement distribution time for the

quantum repeater protocol based on two-photon interference:

P
TaP _ Lo aP aP aP P ap _ _32PT
0 0 1 2 Vo= IPc(rlP (2 PaP)PaP

the average number of tries required for two 1ndependent bi-

Here, v

nomial events (e.g., entanglement creation or swapping), each
with probability Pi“P , to both succeed, with i € [0,6 — 1].
When mode multiplexing is considered, the entanglement dis-

tribution rate is given by R%* = M/T*F.

Appendix D: Entanglement fidelity of quantum
repeater schemes

For quantum repeater schemes based on two-photon in-
terference, each EPS generates a polarization-entangled state
|®*) = 1/A\/2(|H)|V) + |V)|H)), which is one of the four
Bell states. For a realistic EPS (such as an SPDC source), the
fidelity of the generated entangled state is assumed to be F,.

When Fj, is not perfect, a symmetrized state (e.g., a Werner



state) is given by [7°]

1-F
Wi = Rl @} + —— |07 )(@7]|
(D1)
1-Fy oo 1=F
+—— ¥ WY I+ ——I¥ W7,

where |®7) UN2(IHY V) — [V H)) and |¥%) =
1/\/§(|H)|H) + [V)|V)). The first term represents the de-
sired entanglement generated by the EPS, whereas the latter
three terms correspond to the erroneous states caused by im-
perfect fidelity.

We now show that the quantum repeater scheme takes two
Werner pairs of fidelity Fj as input, performs a swapping op-
eration on the particles at a BSM (e.g., 0 = 0), and yields a

new pair with fidelity (2676771

D2
3 3 3 (b2)

1

Here, the parameter # represents the quality of the projection
onto the basis states and is assumed to be perfect (i.e., # = 1).
Since a BSM based on two-photon interference is considered,
we assume perfect single-qubit operations (i.e., p; = 1) and
focus solely on the imperfection of two-qubit operations (p,).

Thus, due to the imperfect operation, the average fidelity of

the two-qubit operation is given by [78-80]
F=pt P2 (D3)
2 D

where D = 2¢ is the dimension of the relevant subspace of the
Hilbert space for a qubits.

For a two-qubit system, the relationship between the aver-
age fidelity and the parameter p, is expressed as F = 4—1‘ + % Da-
Furthermore, the average fidelity can be interpreted as the cor-
rectness rate of performing a BSM within a quantum repeater

link. Hence, a simplified model relates the average fidelity to

1 +0.25d
ny+d

Here, 7 and d denote the total transmittance and the total dark

the link where the BSM is performed, namely, F =~

count probability of the communication link, respectively. The
total dark count probability is d = R,t,,, where R is the dark-

811 For

count rate and ¢, is the detection-window duration
short distances (e.g., n;, > d), we obtain F ~ 1; however,
whenn; < d, F ~ 0.25, which represents the lower bound of
fidelity induced by fully random noise in a two-qubit entangled

system. Thus, the parameter p, can be written as

4 +025d |

p2 3 nL+d _)

; (D4)
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By substituting Eq. (D4) into Eq. (D2) and simplifying, the
fidelity for long-distance entanglement distribution is given by

n,+025d | 4F,—14F,—1
n+d 4 3 3

F= %(1+4( ). (D5)
Thus, the fidelity of the entangled state generated by the 6 = 0
link depends primarily on the fidelity of the entangled pho-
ton pairs (F), the total transmittance (), and the total dark

count probability (d) of the communication link. For o
0, n, = pganntanBSMnﬁ, where 7, is the fiber transmit-
tance. To determine the fidelity of the entangled state gen-
erated at higher nesting levels, one can simply recursively it-
erate Eq. (D5), with n; replaced by the success probability at
the entanglement-swapping operation.

Appendix E: Impact of SPDC sources on entan-
glement fidelity

1.00
A —— L=50 km
[ L=100 km
C \ L=200 km
0.75] \ — L=atiiim
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v "
| / =
=) / Y
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Fig. 8. Entanglement fidelity (F) versus generation probability (p,p) for the
SPDC source. For entanglement generation in a single elementary link (¢ =
0), theoretical curves of F versus p, p, are presented for various distances. The
parameters used are agp,, = 0.091 dB/km, 5, = 0.95, 5. = 0.95, #,, = 0.95,
fpsm = 1/2,and d = 1 x 1075

Under ideal conditions in which multimode effects are ne-
glected, the quantum state generated by the SPDC process is
a two-mode squeezed vacuum state, whose Fock-state expan-

sion is (2]

(ET)

[Psppe) = V1= |42 Y] 4"|n,n).
n=0

Here, |A|? is the squared magnitude of the squeezing param-
eter and is proportional to the pump intensity. When pulsed
pump light is launched into an SPDC crystal, the probability
of generating entangled photon pairs is proportional to |A|?;
that is, p,p = |A|%.183] Thus, the probability that the SPDC



source generates n entangled photon pairs is

P(n) =1 = p.pr,p- (E2)
According to Eq. (E2), when the SPDC crystal is excited by
pulsed pump light, the total probability of generating entan-
gled photon pairs, the probability of generating exactly one
entangled photon pair, and the probability of generating mul-
tiple entangled photon pairs are respectively given by

00
2
Ptotal = 2 P(n) = peD’Pl = (1 - peD)peD’PnZZ = pe]_)'
n=1

(E3)

When the SPDC source produces exactly one photon pair,
the system is in an ideal polarization-entangled state. Under
perfect measurement conditions, its fidelity is F; = 1. How-
ever, when the SPDC source produces two or more photon
pairs, because conventional threshold detectors cannot resolve
the photon number, these multi-pair events are misidentified as
single-pair events and are included in the coincidence counts.
The equivalent fidelity of the multi-pair photon state relative to
the ideal single-pair state is F,5, = 0.5. When only multi-pair
photon noise is taken into account, the fidelity of the entangled
photon pairs generated by the SPDC source can be expressed
as

_PIXF1+Pn22XFn22
0=

=1-05p,p. (E4)

Potar

According to the above equation, the generation probability of
entangled photon pairs exhibits a linear negative correlation
with their fidelity. In the weak pump region (p,p < 1), multi-
pair photon events are extremely rare, and the fidelity is very
close to 1; however, in the strong pump region, multi-pair pho-
ton events dominate, and the fidelity approaches 0.5.

By substituting Eq. (E4) into Eq. (DS5), we plot the theoret-
ical curves of the entanglement fidelity as a function of the gen-
eration probability for different distances, as shown in Fig. 8.
The entanglement fidelity first increases and then decreases
with increasing generation probability. When the generation
probability is relatively low, multi-photon events are rare and
have little impact on the fidelity of the entangled photon pairs;
consequently, the entanglement fidelity increases monotoni-
cally with the generation probability. However, when the gen-
eration probability is relatively high, multi-photon events have
a more pronounced impact on the fidelity, causing the entan-
glement fidelity to decrease monotonically as the generation
probability increases. In addition, as the distance increases, the
maximum entanglement fidelity decreases, while the genera-

tion probability required to achieve this maximum increases.

15

This behavior mainly arises from the following reasons: First,
the reduced transmittance of the quantum channel lowers the
entanglement fidelity. Second, although an increased gener-
ation probability enhances the entanglement fidelity, it also
introduces multi-photon noise, which further reduces the en-
tanglement fidelity.

Resolving the trade-off between the generation probabil-
ity and multi-photon noise of SPDC sources remains an im-
portant direction for future exploration. A near-ideal photon-
number-resolving detector (PNR) can, in principle, completely
eliminate the trade-off between fidelity and generation proba-
bility by post-selecting and discarding multi-pair events. 5554
However, fabricating near-ideal PNR detectors is extremely
difficult due to limitations such as the cryogenic operating en-
vironment, the trade-off between detection efficiency and dark
counts, and the finite fidelity at high photon numbers. [8%-8¢]
Therefore, adopting a multiplexing architecture at low gen-
eration probability has become another important technical
approach for balancing the generation probability of SPDC

sources and the fidelity of entangled photon pairs. [>*-87]
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