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The teleportation of Quantum Fisher Information (QFI) is central to the precision limits of dis-
tributed quantum metrology, yet it is inevitably degraded by environmental decoherence. Here we
investigate QFI teleportation under composite Pauli channels and show that a quantum switch can
improve the outcome-resolved and success-probability-weighted QFI relative to the corresponding
fixed-order protocol. The enhancement arises from a coherent reorganization of Pauli error trajec-
tories rather than from a reduction of the physical error probabilities. For the three binary pairs of
anti-commuting Pauli channels studied here, we identify a heralded branch whose normalized state
has the ideal QFI whenever that branch has nonzero probability. These findings highlight the po-
tential of utilizing quantum switches to mitigate Pauli-noise-induced QFI degradation in quantum
communication and sensing networks.
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I. INTRODUCTION

Quantum teleportation is a well-known protocol in
quantum information science that enables the transfer of
an unknown quantum state between distant parties us-
ing shared entanglement and classical communication [1–
4]. Since its original proposal, the performance of quan-
tum teleportation has been characterized by state-based
metrics, most notably the fidelity between the input and
reconstructed states. In many emerging quantum tech-
nologies, however, the figure of merit is not the faith-
ful recovery of the entire quantum state, but rather the
physical information encoded within it. This perspective
is especially relevant to quantum metrology [5–7], where
quantum states serve as carriers of unknown parameters
and the achievable estimation precision is determined by
the amount of parameter information preserved during
transmission. Quantum Fisher information (QFI) [8, 9]
is the fundamental measure of parameter sensitivity: it
quantifies the ultimate precision limit allowed by quan-
tum mechanics. QFI plays a central role in applications
ranging from quantum metrology [10, 11], distributed
quantum sensing [12–14], quantum imaging [15, 16], and
quantum gravitational detection [17, 18]. Therefore, be-
yond conventional state teleportation, the teleportation
and preservation of QFI represent a more practical task,
where maintaining the encoded metrological information
becomes more crucial than preserving the state fidelity.

However, quantum channels inevitably introduce de-
coherence [19], leading to degradation of QFI during
teleportation and limiting the achievable precision in
parameter estimation [20, 21]. Various strategies have
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been developed to mitigate the detrimental effects of
noise in quantum systems [22–27]. Dynamical decou-
pling, for instance, suppresses decoherence by apply-
ing external control pulses that average out unwanted
system-environment interactions; it is particularly effec-
tive against dephasing and slowly fluctuating noise [28–
30]. Quantum error correction provides a more gen-
eral framework by encoding quantum information into
protected subspaces, although this approach usually de-
mands substantial additional physical resources and op-
erational overhead [31, 32]. Recently, weak measure-
ment and its reversal (WMMR) have emerged as promis-
ing approaches for suppressing amplitude damping noise.
These techniques can probabilistically recover lost quan-
tum entanglement [33–35], QFI [36, 37] and teleporta-
tion fidelity [38–40]. Despite these advances, existing
techniques tend to be effective only against specific noise
structures or at the cost of additional control resources.
In realistic quantum communication platforms, Pauli-
type decoherence remains one of the most prevalent er-
ror mechanisms [41, 42], affecting systems such as pho-
ton polarization systems [43, 44], superconducting cir-
cuits [45, 46], and other qubit-based architectures. In
such scenarios, information carriers usually experience
sequential Pauli channels with a definite causal order,
where the accumulation of multiple noise processes be-
comes unavoidable and leads to progressive degradation
of quantum resources.

Unlike the above approaches, which manipulate the
system-environment interaction or encode information
into protected subspaces, indefinite causal order (ICO)
offers a different strategy: it controls noisy quantum pro-
cesses by modifying the causal structure of quantum op-
erations [47–50]. In conventional quantum information
protocols, quantum channels are assumed to act in a def-
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inite temporal sequence, where one operation must pre-
cede another. In contrast, ICO allows different causal
orders of quantum operations to exist in a coherent su-
perposition. A representative realization of ICO is the
quantum switch [51], where an auxiliary control qubit
determines the order in which two quantum channels are
applied. When the control qubit is prepared in a super-
position state, the target system simultaneously expe-
riences alternative evolutions corresponding to different
channel orders, enabling a coherent combination of pro-
cesses such as E1 ◦ E2 and E2 ◦ E1.

The quantum switch has demonstrated a series of
counterintuitive advantages in quantum information pro-
cessing [52–57]. It has been shown to enhance communi-
cation performance by increasing achievable channel ca-
pacities and improving information transmission through
noisy environments [55, 58, 59]. Remarkably, the quan-
tum switch can activate communication through chan-
nels that are individually incapable of transmitting in-
formation, for instance, enabling transmission through
zero-capacity channels [60–62]. Beyond communication,
quantum switches have also demonstrated advantages
in channel and state discrimination [63, 64], quantum
parameter estimation [65–68], entanglement distribution
[69], and quantum gate teleportation [70]. These results
indicate that the superposition of causal orders provides
a mechanism for manipulating quantum processes that
is qualitatively distinct from conventional approaches
based on fixed causal structures. In this paradigm, the
causal structure itself becomes a quantum degree of free-
dom, opening new possibilities for controlling decoher-
ence and protecting quantum resources in quantum in-
formation tasks.

Although quantum switches have demonstrated advan-
tages in quantum communication and state transmission,
their ability to protect metrological information, quanti-
fied by QFI, in distributed teleportation scenarios has
received much less attention. In this work, we investi-
gate quantum-switch-assisted teleportation of QFI under
composite Pauli noise, as shown in Fig. 1(a). By de-
riving analytical expressions for the output states and
the corresponding QFI under single- and dual-switch
configurations, we show that the switch can provide
a higher outcome-resolved, success-probability-weighted
QFI than the corresponding fixed-order protocols for the
three representative binary channel pairs considered here.
For specific control outcomes (the |−⟩ branch in the
single-switch case and the |−−⟩ branch in the dual-switch
case), the conditional teleported state has the ideal QFI
and is related to the ideal input by a unitary operation
whenever the selected branch has nonzero probability.
The unitary correction conditioned on the herald is de-
terministic, whereas the herald itself occurs with proba-
bility Q− (or Q−−). The enhancement originates from
a coherent reorganization of Pauli error trajectories, not
from a reduction of their physical probabilities. Finally,
we propose a verification scheme based on a linear-optical
photonic platform.

The present quantum-switch protocol instead leaves
the two channel maps unchanged and coherently con-
trols their order. For the three binary models studied
here, the nonzero commutator sector contains one known
Pauli operation, so the switch provides a control-tagged,
exactly correctable branch without redundant logical en-
coding or measurement-strength optimization. The re-
source reduction relative to full QEC is obtained at the
cost of a path/control degree of freedom per indepen-
dently switched arm, coherent access to both orders,
interferometric stabilization, control readout, and feed-
forward.

The remainder of this paper is organized as follows.
In Sec. II, we introduce the theoretical preliminaries, in-
cluding QFI and the quantum switch. In Sec. III, we
study single-switch-assisted teleportation of QFI under
composite Pauli channels and compare its performance
with conventional fixed-order protocols. In Sec. IV, we
further extend the protocol to distributed QFI teleporta-
tion using dual quantum switches. In Sec. V, we present a
discussion of the underlying causal-reorganization mech-
anism. An experimental verification scheme is proposed
in Sec. VI. Finally, Sec. VII summarizes the main con-
clusions and discusses possible future developments.
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FIG. 1: Schematic illustrations of
quantum-switch-assisted QFI teleportation. (a) In the

single-switch protocol, the photon sent to Bob is
subjected to two Pauli channels E1 and E2, whose order

is coherently controlled. (b) An auxiliary qubit
prepared in |ψ⟩C = (|0⟩+ |1⟩)/

√
2 coherently controls

the orders E2 ◦ E1 and E1 ◦ E2.

II. THEORETICAL PRELIMINARIES

In this section we briefly review the two conceptual
pillars of this work: QFI and the quantum switch.
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A. QFI

QFI quantifies the ultimate precision achievable when
estimating a parameter encoded in a quantum state. Un-
like classical Fisher information, which is tied to a specific
measurement, QFI is obtained by maximizing the classi-
cal Fisher information over all possible positive operator-
valued measures (POVMs). For any unbiased estimator,
the variance of the estimate is bounded from below by
the quantum Cramér–Rao bound [71]:

∆2ϕ ≥ 1

NFϕ
, (1)

where N denotes the number of independent measure-
ments and Fϕ is the QFI with respect to the parameter
ϕ. Preserving QFI during quantum information process-
ing is therefore central to high-precision quantum sensing
and distributed metrology.

For a parameter-dependent density matrix ρϕ, the QFI
is defined via the symmetric logarithmic derivative (SLD)
operator Lϕ, which satisfies ∂ρϕ

∂ϕ = 1
2 (Lϕρϕ + ρϕLϕ).

The QFI is then given by Fϕ = Tr
(
ρϕL

2
ϕ

)
. Using the

spectral decomposition ρϕ =
∑

i λi|i⟩⟨i|, the QFI can be
explicitly calculated as [72, 73]

Fϕ = 2
∑
i,j

∣∣⟨i|∂ϕρϕ|j⟩∣∣2
λi + λj

, (2)

where the sum runs only over terms with λi + λj > 0.
For a single-qubit system, the density matrix can be

parameterized by the Bloch vector ω = (ωx, ωy, ωz)
T as

ρϕ =
1

2
(I + ω · σ) , (3)

where σ = (σx, σy, σz) is the vector of Pauli matrices.
In this representation, the QFI takes the compact form
[74, 75]:

Fϕ =

{
|∂ϕω|2 , if |ω| = 1,

|∂ϕω|2 + (ω·∂ϕω)2

1−|ω|2 , if |ω| < 1.
(4)

For |ω| = 1 the state is pure and the second term van-
ishes; for |ω| < 1 the additional term accounts for the
contribution of the state’s mixedness to the accessible
information. We employ this Bloch-vector formalism
throughout the paper to evaluate the QFI of teleported
states after transmission through noisy quantum chan-
nels. For notational simplicity, we omit the subscript ϕ
in what follows.

B. Quantum Switch

In conventional quantum information processing,
quantum operations follow a fixed causal structure, with

their temporal order specified in advance. For two quan-
tum channels, the evolution is restricted to either E2 ◦ E1
or E1 ◦ E2. As a result, when a quantum state passes
sequentially through several noisy channels, decoherence
accumulates according to the fixed channel order; there
is no freedom to control noise propagation beyond the
choice of the sequence itself.

ICO allows different orders of quantum operations to
coexist in a coherent superposition rather than in a classi-
cal probabilistic mixture. The quantum switch provides
a physical realization of this idea [51]: an auxiliary con-
trol qubit coherently determines the order in which two
quantum channels are applied. The causal structure is
therefore promoted from a fixed background to a control-
lable degree of freedom.

To illustrate this mechanism, we consider two quan-
tum channels E1 and E2 with Kraus operators E(1)

i and
E

(2)
j , respectively. As shown in Fig. 1(b), the quantum

switch employs a control qubit whose state coherently
determines the order of the two channels. When the con-
trol qubit is prepared in the state |0⟩, the target system
undergoes the sequence E2 ◦ E1, whereas |1⟩ corresponds
to the reverse order E1 ◦ E2. When the control qubit is
initialized in the superposition state

|+⟩C =
|0⟩+ |1⟩√

2
, (5)

the target system simultaneously experiences both or-
ders in a coherent superposition. The resulting evolution
is a coherent superposition of the two causal sequences,
not a classical mixture of the two. This coherent control
of causal order distinguishes the quantum switch from
conventional noise-control methods based on modifying
channel parameters or system dynamics.

Formally, the quantum switch is a higher-order quan-
tum transformation. It is a supermap that takes quan-
tum channels as input and produces a new effective chan-
nel [76, 77]. For an input state ρ and a control state ρC ,
the output state is

S(E1, E2)(ρ⊗ ρC) =
∑
ij

Wij(ρ⊗ ρC)W
†
ij , (6)

where Wij are the Kraus operators of the effective chan-
nel induced by the quantum switch on the joint target-
control system, given by

Wij = E2jE1i ⊗ |0⟩C⟨0|+ E1iE2j ⊗ |1⟩C⟨1| . (7)

Here, E1i and E2j are Kraus operators of E1 and E2, re-
spectively. The expression in Eq. (7) shows that the
control degree of freedom coherently combines the two
causal sequences. For Pauli channels, the two measure-
ment outcomes of the control qubit separate commuting
and anti-commuting error trajectories. This separation
forms the physical basis of the QFI enhancement, which
will be discussed in Sec. V in detail.
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III. QUANTUM SWITCH ENHANCES QFI
TELEPORTATION UNDER COMPOSITE PAULI

NOISE

Pauli channels provide an effective description when
the physical process is Pauli diagonal or when an explicit
twirling operation is justified. We assume that both Pauli
channels E1 and E2 are given in Kraus forms [78]:

Emk =
√
pmkσk m = 1, 2, k = 0, 1, 2, 3, (8)

where σ0 = I, σ1 = X, σ2 = Y, σ3 = Z denote
the identity and three Pauli operators, respectively. The
coefficient pmk represents the probability associated with
the k-th Pauli error on the m-th channel with

∑
k pmk =

1 for each m.
For clarity, pmk is an error probability, not a parame-

ter that measures decoherence monotonically over its full
interval. For a binary Pauli channel

E(p)
P (ρ) = (1− p)ρ+ pPρP, (9)

the Bloch components perpendicular to P are multiplied
by 1− 2p. The stochastic mixing is maximal at p = 1/2,
whereas p = 1 is the deterministic and reversible unitary
operation P .

The three pairs X+Y , X+Z, and Y +Z are algebraic
benchmark cases spanning the three pairs of orthogonal
Pauli axes; each notation describes two sequential binary
channels, not one microscopic fiber process. With |0⟩ =
|H⟩ and |1⟩ = |V ⟩, X swaps |H⟩ and |V ⟩, Z applies their
relative phase, and Y combines a swap with a relative
±i phase. A realistic birefringent fiber more generally
produces the time- and frequency-dependent rotation

U(ω, t) = exp

[
− i

2
δ(ω, t) n̂(ω, t) · σ

]
, (10)

rather than a discrete Pauli flip. Slow temperature and
mechanical perturbations change the retardance δ and
the birefringent axis n̂, generating polarization drift [79,
80]. For a nearly fixed principal axis, removal of the mean
rotation followed by ensemble averaging over unresolved
retardance fluctuations gives a dephasing channel [81].

An experimentally reconstructed polarization channel
can be written as

Efib(ρ) =
3∑

µ,ν=0

χµνσµρσν . (11)

After alignment with the principal axes and ensemble
averaging, an approximately diagonal χ reduces to a
Pauli channel. Two approximately independent, Pauli-
diagonal stages with different dominant axes can moti-
vate the composite pairs studied here.

In practical quantum communication networks, trans-
mitted quantum states rarely experience a single isolated
error process. Instead, they may undergo a sequence of
different Pauli errors originating from multiple propaga-
tion stages, imperfect local operations, or interactions

with heterogeneous environments. Such scenarios lead
to composite Pauli noise, in which several independent
Pauli errors act successively on the same quantum sys-
tem. As we will show, when these channels operate with
a fixed causal order, the accumulated decoherence can ac-
celerate the degradation of both entanglement and QFI.

A. QFI Teleportation under Fixed Causal Order

Before investigating the advantage of ICO for QFI tele-
portation, we first establish the baseline: QFI telepor-
tation under a conventional fixed causal structure. We
assume the parameter ϕ is encoded in the initial state

|ψ⟩in = cos
θ

2
|0⟩+ eiϕ sin

θ

2
|1⟩. (12)

Alice prepares a maximally entangled resource state

ρAB = |Φ+⟩AB⟨Φ+|, (13)

where |Φ+⟩AB = (|00⟩+ |11⟩) /
√
2 is the Bell state. One

particle of the entangled pair is transmitted from Al-
ice to Bob through the noisy quantum channel. We
assume that the transmitted particle experiences two
Pauli channels, E1 and E2. Under a fixed causal order,
the overall evolution is described by the channel com-
position E2 ◦ E1(ρAB). For the independent Pauli chan-
nels considered here, the sequential composition E2 ◦ E1
and E1 ◦ E2 produce identical effective channels, i.e.,
E2 ◦E1 (ρAB) = E1 ◦E2 (ρAB). This invariance reflects the
absence of causal control in the fixed-order framework.

The shared state after transmission through the noisy
channels is

ρfoAB =

3∑
i,j=0

EB
2j E

B
1iρAB

(
EB

1i

)† (
EB

2j

)†
, (14)

where the superscript “fo” stands for fixed order. Here,
EB

k,i = I(A) ⊗ E
(B)
k,i (k = 1, 2) represent the composite

Kraus operators associated with particle B, which under-
goes noisy channels E1 and E2, respectively, while particle
A remains noise-free.

Substituting Eq. (8) into Eq. (14) yields the compact
form

ρfoAB =

3∑
i=0

(ai + bi)(I ⊗ σi)ρ(I ⊗ σi)
†, (15)

where the coefficients ai and bi are determined by the
error probabilities of the two sequential channels:

a0 = p10p20 + p11p21 + p12p22 + p13p23,

a1 = p10p21 + p11p20, (16)
a2 = p10p22 + p12p20,

a3 = p10p23 + p13p20,



5

and

b0 = 0,

b1 = p12p23 + p13p22, (17)
b2 = p11p23 + p13p21,

b3 = p11p22 + p12p21.

The coefficients ai and bi arise from different classes of
Pauli error pairs. In a fixed causal structure, these two
classes add incoherently, such as ai+bi in Eq. (15), yield-
ing an effective Pauli channel. In the quantum switch sce-
nario, however, the control measurement separates them,
the ai and bi are routed to different conditional branches,
and this separation is the origin of the QFI enhancement.

After Alice performs the standard teleportation proto-
col, the output state at Bob’s side is

ρfoout = [(a0 + a3 + b3)α
2 + (a1 + a2 + b1 + b2)|β|2] |0⟩ ⟨0|

+ [(a1 + a2 + b1 + b2)α
2 + (a0 + a3 + b3)|β|2] |1⟩ ⟨1|

+ [(a0 − a3 − b3)αβ
† + (a1 − a2 + b1 − b2)αβ] |0⟩ ⟨1|

+ [(a1 − a2 + b1 − b2)αβ
† + (a0 − a3 − b3)αβ] |1⟩ ⟨0| ,

(18)
where α = cos θ

2 and β = eiϕ sin θ
2 .

Applying the Bloch-vector formalism of Eq. (4), the
QFI retained under the fixed causal order is

F fo =

{
M, if |ω| = 1,

M + (B2−A2)2 sin4 θ sin2 2ϕ

4(1−|ω|2) , if |ω| < 1,
(19)

where M = sin2 θ(A2 sin2 ϕ + B2 cos2 ϕ), |ω| =√
N + C2 cos2 θ, N = sin2 θ(A2 cos2 ϕ + B2 sin2 ϕ), A =

a0 + a1 − a2 − a3 + b1 − b2 − b3, B = a0 − a1 + a2 − a3 −
b1 + b2 − b3, and C = a0 − a1 − a2 + a3 − b1 − b2 + b3.

This result serves as the fixed-order benchmark against
which the quantum-switch-assisted protocol will be com-
pared. In the next subsection, we replace the fixed causal
sequence with a coherent superposition of channel orders,
the quantum switch, and examine whether causal control
can overcome the limitations of conventional noise accu-
mulation.

B. QFI Teleportation under single quantum switch

In the quantum-switch-assisted protocol, the ordering
of the two noisy channels is controlled by an auxiliary
qubit, rather than being fixed in advance. Consequently,
the particle transmitted to Bob simultaneously experi-
ences two alternative causal trajectories, corresponding
to E2 ◦ E1 and E1 ◦ E2. This higher-order control of quan-
tum channels leads to a joint state of the target system
and the control qubit, where the causal degree of freedom
becomes correlated with the noisy evolution.

For two Pauli channels with Kraus operators EB
1i and

EB
2j , the quantum-switch evolution yields the joint target-

control state
ρqsABC = S(E1, E2)(ρAB ⊗ ρC)

=
1

4

∑
ij

({
EB

2j , E
B
1i

}
ρAB

{
EB

2j , E
B
1i

}†
⊗ |+⟩C⟨+|

+
{
EB

2j , E
B
1i

}
ρAB

[
EB

2j , E
B
1i

]†
⊗ |+⟩C⟨−|

+
[
EB

2j , E
B
1i

]
ρAB

{
EB

2j , E
B
1i

}†
⊗ |−⟩C⟨+|

+
[
EB

2j , E
B
1i

]
ρAB

[
EB

2j , E
B
1i

]†
⊗ |−⟩C⟨−|

)
,

(20)

where {., .} and [., .] denote the anti-commutator and
commutator, respectively.

Because the control qubit is correlated with the tar-
get system, extracting a usable entanglement resource
requires measuring it. We measure the control qubit
projectively in the basis {|+⟩ , |−⟩}, where |±⟩ = (|0⟩ ±
|1⟩)/

√
2. The outcome |+⟩ selects the anti-commutator

contribution of Eq. (20), while |−⟩ selects the commuta-
tor contribution. Each outcome yields a different effec-
tive entangled state shared between Alice and Bob.

ρ+AB =
1

4Q+

∑
ij

{
EB

2j , E
B
1i

}
ρAB

{
EB

2j , E
B
1i

}†
,

ρ−AB =
1

4Q−

∑
ij

[
EB

2j , E
B
1i

]
ρAB

[
EB

2j , E
B
1i

]†
,

(21)

whereQ+ andQ− represent the probabilities of obtaining
the outcomes |+⟩ and |−⟩. This two-branch decomposi-
tion separates the contributions of commuting and anti-
commuting Kraus-operator pairs, providing a trajectory-
level description of the Pauli-channel evolution.

The physical content of Eqs. (20) and (21) can be read
directly at the level of each error pair. The two order
combine as A(±)

ij = E2jE1i ± E1iE2j . If the pair com-
mutes, A(−)

ij = 0 and that trajectory is tagged by the |+⟩
control outcome. If it anti-commutes, A(+)

ij = 0 and the
trajectory is tagged by |−⟩. Thus, the control measure-
ment acts as a coherent trajectory label: it does not make
either physical error less likely, but prevents the two al-
gebraic sectors from being mixed in the same conditional
state. The complete routing is summarized graphically
in Fig. 2(a) for the binary X + Y example and Fig. 2(b)
for two independent identical channel pairs.

In this section only Bob’s qubit experiences the noise,
so the conditional entangled states reduce to

ρ+AB =
1

Q+

3∑
i=0

ai (I ⊗ σi) ρAB (I ⊗ σi) ,

ρ−AB =
1

Q−

3∑
i=0

bi (I ⊗ σi) ρAB (I ⊗ σi) ,

(22)

Here, Q+ =
∑3

i=0 ai and Q− =
∑3

i=0 bi. The coeffi-
cients ai and bi are the unnormalized trajectory weights



6

(a) Single switch: trajectory routing for the binary 𝑋 + 𝑌 example

physical error operator relation algebraic sector conditional output
𝐼 in ℰ!, 𝐼 in ℰ" 𝑝𝑞

𝑋 in ℰ!, 𝐼 in ℰ" 𝑝𝑞

𝐼 in ℰ!, 𝑌 in ℰ" 𝑝𝑞

𝑋 in ℰ!, 𝑌 in ℰ" 𝑝𝑞

𝐼𝐼 = 𝐼𝐼

𝐼𝑋 = 𝑋𝐼

𝑌𝐼 = 𝐼𝑌

𝑌𝑋 = −𝑋𝑌

trajectories 𝐼𝐼, 𝑋𝐼, and 𝐼𝑌
𝑄# = 1 − 𝑝𝑞

𝑋𝑌 trajectory only, 
𝑄$ = 𝑝𝑞； 𝑍𝜌%&'$ 𝑍 = 𝜌()

(b) Dual switch: product of two independent local switches

local switch A
+:𝑄# = 1 − 𝑝𝑞
−:𝑄$ = 𝑝𝑞

local switch B
+:𝑄# = 1 − 𝑝𝑞
−:𝑄$ = 𝑝𝑞

⊗

joint control outcome and probability

| + +⟩
1 − 𝑝𝑞 "

| + −⟩
𝑝𝑞 1 − 𝑝𝑞

| − +⟩
𝑝𝑞 1 − 𝑝𝑞

| − −⟩
𝑝𝑞 "

𝑍*⊗𝑍+ 𝑍𝜌%&'$$(
)

𝑍*
⊗𝑍+ = 𝜌()

FIG. 2: Error-trajectory routing underlying quantum-switch-assisted QFI teleportation. (a) For the binary X + Y
example, the commuting Kraus events II, XI, and IY are routed exclusively to the |+⟩C anti-commutator branch,
with Q+ = 1− pq. For the other trajectory, the two orders give Y X = −iZ and XY = iZ; they cancel at the |+⟩C

port and add at the |−⟩C port. Thus, Q− = pq, and the minus branch contains one known Z rotation, up to a
global phase. A Z operation restores the ideal state without requiring knowledge of p, q, or ϕ. The switch labels the
algebraic sectors but does not alter the physical trajectory probabilities. (b) For two independent identical channel

pairs, the joint outcomes are the product of the local labels. The | − −⟩ branch occurs with Q−− = (pq)2 and carries
ZA ⊗ ZB ; because (ZA ⊗ ZB)ρ

−−
out (ZA ⊗ ZB) = ρin, the Bell resource and teleported state are ideal in this symmetric

branch.

in the anti-commutator and commutator branches, re-
spectively; division by Q± produces the conditional Pauli
distributions.

After obtaining the conditional entangled resources,
Alice and Bob perform the standard teleportation pro-
tocol. The two branches lead to different output states
and, consequently, to different amounts of preserved QFI.
For the |+⟩ branch, the corresponding output state is

ρ+out =
1

Q+

{[
(a0 + a3)α

2 + (a1 + a2) |β|2
]
|0⟩ ⟨0|

+
[
(a1 + a2)α

2 + (a0 + a3) |β|2
]
|1⟩ ⟨1|

+
[
(a0 − a3)αβ

† + (a1 − a2)αβ
]
|0⟩ ⟨1|

+
[
(a1 − a2)αβ

† + (a0 − a3)αβ
]
|1⟩ ⟨0|

}
.

(23)

Using the Bloch-vector representation introduced previ-
ously, the corresponding QFI for the encoded phase pa-

rameter ϕ is

F+ =


M+

Q2
+
, if |ω+| = 1,

M+

Q2
+
+

(B2
+−A2

+)2 sin4 θ sin2 2ϕ

4(Q+)4(1−|ω+|2)
, if |ω+| < 1,

(24)

where M+ = sin2 θ(A2
+ sin2 ϕ + B2

+ cos2 ϕ),
|ω+| = 1

Q+

√
N+ + C2

+ cos2 θ, N+ = sin2 θ(A2
+ cos2 ϕ +

B2
+ sin2 ϕ), A+ = a0+a1−a2−a3, B+ = a0−a1+a2−a3,

and C+ = a0 − a1 − a2 + a3.
For the |−⟩ branch, the output state is

ρ−out =
1

Q−

{[
b3α

2 + (b1 + b2)|β|2
]
|0⟩ ⟨0|

+
[
(b1 + b2)α

2 + b3|β|2
]
|1⟩ ⟨1|

+
[
−b3αβ† + (b1 − b2)αβ

]
|0⟩ ⟨1|

+
[
(b1 − b2)αβ

† − b3αβ
]
|1⟩ ⟨0|

}
.

(25)
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Then, the QFI can be obtained as

F− =


M−
Q2

−
, if |ω−| = 1,

M−
Q2

−
+

(B2
−−A2

−)2 sin4 θ sin2 2ϕ

4(Q−)4(1−|ω−|2)
, if |ω−| < 1.

(26)

Here, M− = sin2 θ(A2
− sin2 ϕ + B2

− cos2 ϕ),
|ω−| = 1

Q−

√
N− + C2

− cos2 θ, N− = sin2 θ(A2
− cos2 ϕ +

B2
− sin2 ϕ), A− = b1 − b2 − b3, B− = −b1 + b2 − b3, and

C− = −b1 − b2 + b3.
Given the probabilistic nature of the two measurement

outcomes, the metrological information retained by pre-
serving the labeling of control outcomes can be quanti-
tatively characterized by the outcome-resolved QFI

Fqs = Q+F+ +Q−F−. (27)

Equation (27) provides the theoretical basis for compar-
ing the quantum-switch-assisted protocol with the fixed-
order scheme. In the following, we apply this framework
to representative composite Pauli noise configurations
and demonstrate that causal superposition can modify
QFI degradation and, under certain conditions, enable
perfect QFI recovery in a selected conditional branch.

Because the branch probabilities Q± are independent
of the encoded phase ϕ in the present model, Eq. (27) is
also the QFI that retains the control-outcome label. If
both labeled outcomes are used, no event need be dis-
carded at this stage. If only the perfectly recoverable
|−⟩ branch is selected, however, the information per in-
put trial is Q−F− rather than F−.

C. Single-Switch-Assisted QFI Teleportation under
Typical Pauli Channels

To illustrate the performance improvement brought by
the quantum switch, we now analyze three representative
composite Pauli channels. For each case, we substitute
the specific error probabilities into the general formalism
and compare the QFI teleportation performance between
the fixed-order and single-switch-assisted configurations.

1. Bit-flip (X) and Bit-phase-flip (Y ) channels

We first consider composite noise consisting of a bit-flip
(X) channel and a bit-phase-flip (Y ) channel. The error
probabilities are p10 = 1−p, p11 = p, p20 = 1−q, p22 = q,
with all other probabilities being zero. For comparison,
we first consider fixed-order teleportation. Substituting
the above probabilities into Eq. (18), Bob’s output state

becomes

ρfoout,XY =
[
(p̄− q + 2pq)α2 + (p+ q − 2pq) |β|2

]
|0⟩ ⟨0|

+
[
(p+ q − 2pq)α2 + (p̄− q + 2pq) |β|2

]
|1⟩ ⟨1|

+
[
(p̄− q)αβ† + (p− q)αβ

]
|0⟩ ⟨1|

+
[
(p− q)αβ† + (p̄− q)αβ

]
|1⟩ ⟨0| , (28)

where we use the notation □̄ = 1−□.
When the quantum switch is introduced, the causal re-

lation between the two channels becomes coherently con-
trolled. The output evolution is separated into two con-
ditional branches according to the measurement outcome
of the control qubit. For the |+⟩ branch, the resulting
state is

ρ+out,XY =
1

1− pq

{
[p̄q̄α2 + (p+ q − 2pq)|β|2] |0⟩ ⟨0|

+ [(p+ q − 2pq)α2 + p̄q̄|β|2] |1⟩ ⟨1|
+ [p̄q̄αβ† + (p− q)αβ] |0⟩ ⟨1|
+[(p− q)αβ† + p̄q̄αβ] |1⟩ ⟨0|

}
. (29)

This branch remains affected by the Pauli errors.
In contrast, the |−⟩ branch exhibits a different behav-

ior. After substituting the X + Y noise parameters into
the general expression, the output state becomes

ρ−out,XY = α2 |0⟩ ⟨0|+ |β|2 |1⟩ ⟨1| −αβ† |0⟩ ⟨1| −αβ |1⟩ ⟨0| .
(30)

This state differs from the ideal input state only by a
known unitary transformation. Therefore, after apply-
ing the corresponding ϕ-independent unitary operation,
the original quantum state can be perfectly recovered:
Zρ−out,XYZ = |ψ⟩in⟨ψ|. This example makes the error-
trajectory picture explicit. As illustrated in Fig. 2(a),
the anti-commuting error has weight pq and satisfies
[X,Y ] = 2iZ, so it is routed exclusively to the |−⟩
branch. Consequently, Q− = pq and the normalized
branch differs from the input only by the operation Z.
The factors p and q cancel from the normalized state
in Eq. (30). The remaining trajectories contain at least
one identity operation, populate the |+⟩ branch with
Q+ = 1 − pq, and retain a probability-dependent Pauli
mixture. This explains intuitively why Eqs. (29) and (30)
have very different dependence on p and q.

This result highlights a central point: the quantum
switch does not reduce the physical error probabilities.
Rather, it separates the anti-commutator and commu-
tator contributions of Eq. (20) into distinct conditional
branches, one of which can become correctable by a
parameter-independent unitary. The advantage is a con-
sequence of causal reorganization, not noise suppression.

We now quantify the enhancement by comparing the
QFI under the fixed-order and quantum-switch protocols.
The analytical expressions for F fo

XY and F+
XY can be ob-

tained from Eqs. (19) and (24), but their closed forms
are too complicated to display; we therefore present the
results graphically. Figure 3 compares the QFI behavior
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FIG. 3: Single-switch-assisted QFI of the teleported
qubit under X + Y noise as both error probabilities are

varied synchronously from 0 to 1 along the diagonal
q = p, with θ = ϕ = π/2.

under fixed causal order and single-switch-assisted tele-
portation for the composite X + Y Pauli noise. In the
fixed-order scenario, the sequential action of two non-
commuting Pauli channels produces an effective Pauli
mixture, where different error trajectories are added inco-
herently. Consequently, the encoded phase information
gradually decreases as the noise probability approaches
the maximally stochastic point 1/2, leading to a pro-
nounced decrease of F fo

XY (dashed line).
In contrast, the quantum switch does not suppress ei-

ther the X or Y error probability. Instead, it decomposes
the evolution into branches governed by the commuta-
tor and anti-commutator of the Kraus operators. The
fact that F−

XY remains unity whenever Q− > 0 confirms
Eq. (30). The |+⟩ branch retains a probability-dependent
Pauli mixture. Retaining the control record makes the
outcome-resolved average Fqs

XY at least as large as the
QFI obtained after the record is discarded, with strict
gains away from equality points. The enhancement can
be further quantified by

∆F = Fqs −F fo. (31)

The nonnegative value of ∆F throughout the parameter
space, with equality at special boundary points, quanti-
fies the advantage of retaining the control label in the
considered X + Y model.

In practice the phase ϕ is unknown, so we also evaluate
the phase-averaged QFI,

⟨F⟩ = 1

2π

∫ 2π

0

F(ϕ)dϕ. (32)

The quantity ⟨F⟩ is an arithmetic average of local QFIs.
At each value of ϕ, the local QFI assumes a locally unbi-
ased estimation problem and permits the optimal mea-
surement to depend on the operating point. Averaging

FIG. 4: Phase-averaged QFI ⟨F⟩XY as a function of the
error probabilities p and q for the composite X + Y

channel at θ = π/2. (a) Fixed-order QFI ⟨F⟩foXY; (b)
conditional QFI of the |+⟩ branch ⟨F⟩+XY; (c) the
outcome-resolved QFI ⟨F⟩qsXY; and (d) the
quantum-switch enhancement
∆ ⟨F⟩XY = ⟨F⟩qsXY − ⟨F⟩foXY.

those already optimized local quantities therefore does
not define a single globally implementable measurement.
In a Bayesian estimation problem, by contrast, the phase
is assigned a prior distribution, and one optimizes one
parameter-independent measurement and estimator for a
prior-averaged cost (or its Bayesian information bound);
the prior information and the global measurement con-
straint enter before the optimization [82]. In general,
that optimization does not commute with the phase av-
erage. We use ⟨F⟩ only as a working-point-independent
diagnostic for comparing how the same channels retain
local parameter sensitivity.

Figure 4 further demonstrates that the enhancement
provided by the quantum switch is not restricted to a
particular phase-estimation working point. By averaging
the QFI over the unknown phase parameter, the depen-
dence on a specific encoding phase is removed, allowing
the intrinsic influence of causal reorganization to be re-
vealed. For the fixed-order protocol, the phase-averaged
QFI exhibits a strong degradation in the intermediate
noise regime, as shown in Fig. 4(a). This originates from
the fact that the composite X+Y channel becomes max-
imally random when both error probabilities approach
comparable values, resulting in severe decoherence of the
encoded parameter. Notice that p = 1 (or q = 1) corre-
sponds to a deterministic X (or Y ) operation rather than
maximal decoherence. Hence, the recovery of QFI when
p and q increase beyond 1/2 should be understood as a
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crossover from stochastic Pauli mixing to a determinis-
tic unitary operation, rather than as a reversal of mono-
tonically increasing noise. The quantum-switch-assisted
protocol changes this behavior qualitatively. Although
the |+⟩ branch still suffers from residual decoherence,
the |−⟩ branch isolates the anti-commuting error trajec-
tories. Therefore, the outcome-resolved QFI ⟨F⟩qsXY is
no smaller than ⟨F⟩foXY for this model. The positive en-
hancement region in Fig. 4(d) confirms that the advan-
tage of the quantum switch is a structural consequence of
causal-order superposition rather than a state-dependent
optimization.

2. Bit-flip (X) and Phase-flip (Z) channels

We now consider composite noise consisting of a bit-
flip (X) channel and a phase-flip (Z) channel. Unlike
the X + Y case, the two error types have qualitatively
different effects: X interchanges the computational ba-
sis states, while Z directly degrades the phase coherence
that carries the metrological information. The X + Z
combination therefore isolates the effect of causal super-
position on phase-sensitive decoherence.

We set p10 = 1− p, p11 = p, p20 = 1− q, p23 = q, with
all other error probabilities to be zero. Substituting these
parameters into the general expressions derived above,
the output state under fixed causal order is obtained as

ρfoout,XZ =[p̄α2 + p|β|2] |0⟩ ⟨0|+ [pα2 + p̄|β|2] |1⟩ ⟨1|
+[p̄(1− 2q)αβ† + p(1− 2q)αβ] |0⟩ ⟨1|
+[p(1− 2q)αβ† + p̄(1− 2q)αβ] |1⟩ ⟨0| .

(33)

In the fixed-order scenario, the phase coherence terms
contain the factor 1 − 2q from the phase-flip channel.
Their magnitude decreases as q approaches the maxi-
mally stochastic point 1/2 and increases again as the
channel approaches the deterministic Z operation at
q = 1.

Under the single-switch-assisted protocol, the two
causal branches exhibit distinct behaviors. For the |−⟩
measurement outcome, the output state reduces to
ρ−out,XZ = |β|2|0⟩⟨0|+ α2|1⟩⟨1| − αβ|0⟩⟨1| − αβ†|1⟩⟨0|.

(34)
This state can be transformed into the original input
state through an appropriate unitary operation, yielding
F−

XZ = sin2 θ. Therefore, the perfect-transmission branch
observed in the X + Y case also appears for this binary
X + Z pair, for which [X,Z] = −2iY .

For the |+⟩ branch, however, the output state remains
affected by the residual phase noise,

ρ+out,XZ =
1

1− pq

{
[p̄α2 + pq̄|β|2] |0⟩ ⟨0|

+ [pq̄α2 + p̄|β|2] |1⟩ ⟨1|
+ [p̄(1− 2q)αβ† + pq̄αβ] |0⟩ ⟨1|
+[pq̄αβ† + p̄(1− 2q)αβ] |1⟩ ⟨0|

}
.

(35)

FIG. 5: Phase-averaged QFI ⟨F⟩XZ as a function of the
error probabilities p and q for the composite X + Z

channel at θ = π/2. (a) Fixed-order QFI ⟨F⟩foXZ; (b)
conditional QFI of the |+⟩ branch ⟨F⟩+XZ; (c) the
outcome-resolved QFI ⟨F⟩qsXZ; and (d) the
quantum-switch enhancement
∆ ⟨F⟩XZ = ⟨F⟩qsXZ − ⟨F⟩foXZ.

Although the two conditional states clearly demon-
strate the commutation-based separation of Pauli error
trajectories, a comparison at a single phase-estimation
working point does not fully reveal the difference between
the X +Y and X +Z composite channels. In particular,
the single-switch-assisted QFIs of these two noise models
coincide at θ = ϕ = π/2.

To understand this apparent equivalence, we consider
the equatorial input state with θ = π/2. Under fixed
causal order, the Bloch vectors corresponding to the X+
Y and X + Z channels can be written as

ωfo
XY(ϕ) =

(1− 2q) cosϕ
(1− 2p) sinϕ

0

 , (36)

and

ωfo
XZ(ϕ) =

 (1− 2q) cosϕ
(1− 2p)(1− 2q) sinϕ

0

 , (37)

respectively. At ϕ = π/2, the tangent vector ∂ϕω is di-
rected entirely along the x axis. Since the two channels
possess the same x-direction contraction factor, namely
1 − 2q, they yield the same local QFI at this working
point. A similar relation holds for the |+⟩ branch, while
their |−⟩ branches both preserve the ideal QFI. Conse-
quently, the equality observed along p = q is therefore a
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particular slice of a more general working-point, rather
than evidence that the two composite channels are phys-
ically equivalent. To avoid drawing conclusions from this
special phase point, we first average the local QFI over
the full phase interval. The phase average QFI ⟨F⟩ sam-
ples both equatorial directions and therefore reveals the
different anisotropic contractions generated by the X+Y
and X + Z channels.

Figure 5 illustrates the resulting phase average QFI
landscapes. Figure 5(a) shows a pronounced horizontal
valley around q = 1/2. At this point, the phase-flip chan-
nel is maximally stochastic between I and Z. The output
state is maximally mixed for the equatorial input, yield-
ing ⟨F⟩foXZ = 0, independently of p. Figure 5(b) shows
that the |+⟩-branch QFI is generally nonmonotonic. This
behavior results from the conditional removal of the XZ
trajectory and the subsequent renormalization of the re-
maining commuting sector. In particular, for p = 1 the
|+⟩ branch contains only the deterministic X operation,
whereas for q = 1 it contains only the deterministic Z
operation. The large conditional QFI near these bound-
aries therefore reflects an increasingly deterministic con-
ditional channel. Taking both control outcomes into ac-
count, the outcome-resolved QFI of the single-switch pro-
tocol is presented in Fig. 5(c). The enhancement there-
fore becomes particularly pronounced when the contribu-
tion of perfectly preserved |−⟩-sector is counted. The en-
hancement in Fig. 5(d) is a direct manifestation of causal
error-trajectory factorization. It is not difficult to under-
stand that the largest enhancement occurs around p = 1
and q = 1/2. At this point, the fixed-order channel pro-
duces an unflagged equal mixture of the X and XZ tra-
jectories, which completely erases the phase information.
The quantum switch, in contrast, routes the X and XZ
trajectories to different control outcomes.

Although the phase-averaged QFI provides a working-
point-independent characterization of the overall metro-
logical performance, the averaging procedure removes the
directional response of the X + Z channel on the equa-
torial Bloch plane. It therefore does not reveal whether
the enhancement is distributed uniformly over ϕ or con-
centrated around particular phase-estimation working
points. The difference becomes apparent when θ = π/2
and ϕ = π. The fixed-order QFIs are F fo

XY(π) = (1−2p)2

and F fo
XZ(π) = (1 − 2p)2(1 − 2q)2. This clearly indi-

cates that X + Z has an additional attenuation factor
induced by the phase-flip channel. The distinction per-
sists in the |+⟩ branch because F+

XY(π) =
(

1−2p+pq
1−pq

)2

,

whereas F+
XZ(π) =

(
1−2p−2q+3pq

1−pq

)2

.
A quantitative explanation follows along the diagonal

p = q = r used in Fig. 6. For θ = π/2, ϕ = π, and
0 ≤ r < 1, Eq. (35) gives

F+
XZ(r) =

(
1− 3r

1 + r

)2

,
dF+

XZ

dr
=

8(3r − 1)

(1 + r)3
. (38)

Thus, the |+⟩-branch QFI decreases to zero at r = 1/3
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FIG. 6: Single-switch-assisted QFI of the teleported
qubit under X + Z noise as both error probabilities are
varied synchronously from 0 to 1 along the diagonal
q = p. Results for F fo

XY and F+
XY are plotted for

comparison. The other parameters are θ = π/2 and
ϕ = π.

and increases for r > 1/3. This turnover does not re-
sult from an increasing commutator weight: the |+⟩ out-
come contains the commuting trajectories II, XI, and
IZ, with total probability Q+ = 1 − r2, whereas the
anti-commuting XZ trajectory is in the |−⟩ branch with
Q− = r2. Within the normalized |+⟩ state, the three
surviving trajectories act with opposite signs on the di-
rection of the equatorial Bloch vector. Their signed fac-
tor is (1− 3r)/(1 + r); it cancels at r = 1/3 and regains
magnitude as the conditional channel approaches a more
deterministic Pauli operation. The rise at large r there-
fore reflects conditional normalization and a crossover
from stochastic mixing toward a deterministic unitary,
not a monotonic reduction of physical noise. When r ap-
proaches 1, the growing probability Q− = r2 of the per-
fectly correctable branch separately contributes to the
outcome-resolved average in Eq. (27).

3. Bit-phase-flip (Y ) and Phase-flip (Z) channels

To complete the set of anti-commuting Pauli pairs, we
consider the remaining combination: a bit-phase-flip (Y )
channel followed by a phase-flip (Z) channel. The corre-
sponding probabilities are chosen as p10 = 1 − p, p12 =
p, p20 = 1− q, p23 = q, with all other probabilities being
zero.

Unlike the X+Y and X+Z cases, this combination re-
places X with Y . Since X and Y are related by a unitary
rotation around the Z axis, the causal-reorganization
mechanism is expected to remain unchanged, with only
the ϕ-dependence of the resulting QFI modified.

Substituting these parameters into the general expres-
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sions derived previously, the fixed-order output state is
obtained as

ρfoout,YZ =[p̄α2 + p|β|2] |0⟩ ⟨0|
+[pα2 + p̄|β|2] |1⟩ ⟨1|
+[p̄(1− 2q)αβ† − p(1− 2q)αβ] |0⟩ ⟨1|
+[−p(1− 2q)αβ† + p̄(1− 2q)αβ] |1⟩ ⟨0| .

(39)

As in the previous noise models, the quantum switch
separates the evolution into two conditional branches.
For the |−⟩ branch, the output state becomes

ρ−out,YZ = |β|2|0⟩⟨0|+ α2|1⟩⟨1|+ αβ|0⟩⟨1|+ αβ†|1⟩⟨0|.
(40)

After a suitable unitary operation, this state is equivalent
to the original input state, yielding F−

YZ = sin2 θ.
For each of the three binary Pauli pairs considered in

this work, the perfect conditional-QFI recovery follows
from Pauli anti-commutation. The three possible pairs
of distinct Pauli axes satisfy

[X,Y ] = 2iZ, [X,Z] = −2iY, [Y, Z] = 2iX, (41)

showing that the commutator generates the third Pauli
operator, up to its order-dependent sign and the factor i.
Consequently, each of these three binary noise configura-
tions exhibits the same causal reorganization mechanism:
its sole non-commuting trajectory is routed to the condi-
tional |−⟩ branch as a single correctable Pauli rotation.

The |+⟩ branch remains affected by residual noise and
is given by

ρ+out,YZ =
1

1− pq

{
[p̄α2 + pq̄|β|2] |0⟩ ⟨0|

+ [pq̄α2 + p̄|β|2] |1⟩ ⟨1|
+ [p̄(1− 2q)αβ† − pq̄αβ] |0⟩ ⟨1|
+[−pq̄αβ† + p̄(1− 2q)αβ] |1⟩ ⟨0|

}
.

(42)

We emphasize that the phase-averaged QFI in the
Y +Z model is exactly equal to that in the X+Z model
shown in Fig. 5, because replacing X by Y corresponds
to a unitary basis transformation, which changes only the
representation of the recovered rotation but not the un-
derlying error-factorization principle. Therefore, the QFI
enhancement observed in the Y + Z model provides an
additional confirmation, within the three binary models
studied here, that the advantage originates from Pauli
algebra rather than from one specific Pauli pair.

IV. DUAL QUANTUM SWITCHES FOR
DISTRIBUTED QFI TELEPORTATION

The single-switch results of Sec. III show that, for
the binary composite Pauli channels considered here, the
control outcome separates branch-dependent Pauli sec-
tors. In the |−⟩ branch, this separation enables perfect
QFI recovery after a conditional unitary operation. In
a distributed network, the entangled pair may instead
be supplied by a third party, Charlie, so that both pho-
tons pass through noisy transmission arms. We first treat
independent local channels, for which the joint map fac-
torizes and one local switch is assigned to each arm. The
dual-switch configuration is then a tensor-product exten-
sion of the single-switch causal control [47].

A. Distributed QFI Teleportation without
Quantum Switches

We now assume that particles A and B experience the
channel sequences E1 → E2 and E3 → E4, respectively. To
distinguish this scenario from the single-arm case of Sec.
III, we use the superscript or subscript “D” to indicate
that noise acts on both distribution arms. The entangled
state after transmission through the four noisy channels
is

ρfo,DAB =

3∑
i,j,m,n=0

(
EA

2j ⊗ EB
4n

) (
EA

1i ⊗ EB
3m

)
ρ
(
EA

1i ⊗ EB
3m

)† (
EA

2j ⊗ EB
4n

)†
, (43)

where the Kraus operators for all four channels are

Emk =
√
pmkσk m = 1, 2, 3, 4, k = 0, 1, 2, 3, (44)

with
∑
k

pmk = 1 for each m, ensuring that each channel

is completely positive and trace-preserving.

Substituting Eq. (44) into Eq. (43) and simplifying

yields

ρfo,Dout =

3∑
i,j=0

(ai + bi)(cj + dj)(σi ⊗ σj)ρ(σi ⊗ σj)
†, (45)

where c0 = p30p40 + p31p41 + p32p42 + p33p43, c1 =
p30p41+p31p40, c2 = p30p42+p32p40, c3 = p30p43+p33p40,
d0 = 0, d1 = p32p43 + p33p42, d2 = p31p43 + p33p41,
and d3 = p31p42 + p32p41. The coefficients ai + bi and
cj +dj characterize the effective Pauli-error distributions
on Alice’s and Bob’s arms, respectively. Their product
(ai+ bi)(cj +dj) is the explicit independence assumption
used in the analysis below.

After Alice performs the standard teleportation proto-
col, the output state at Bob’s side is
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ρfo,Dout =
{
[(a0 + a3 + b3)(c0 + c3 + d3) + (a1 + a2 + b1 + b2)(c1 + c2 + d1 + d2)]α

2

+ [(a0 + a3 + b3)(c1 + c2 + d1 + d2) + (a1 + a2 + b1 + b2)(c0 + c3 + d3)]|β|2
}
|0⟩ ⟨0|

+
{
[(a0 + a3 + b3)(c1 + c2 + d1 + d2) + (a1 + a2 + b1 + b2)(c0 + c3 + d3)]α

2

+ [(a0 + a3 + b3)(c0 + c3 + d3) + (a1 + a2 + b1 + b2)(c1 + c2 + d1 + d2)]|β|2
}
|1⟩ ⟨1|

+
{
[(a0 − a3 − b3)(c0 − c3 − d3) + (a1 − a2 + b1 − b2)(c1 − c2 + d1 − d2)]αβ

†

+ [(a0 − a3 − b3)(c1 − c2 + d1 − d2) + (a1 − a2 + b1 − b2)(c0 − c3 − d3)]αβ} |0⟩ ⟨1|
+
{
[(a0 − a3 − b3)(c1 − c2 + d1 − d2) + (a1 − a2 + b1 − b2)(c0 − c3 − d3)]αβ

†

+ [(a0 − a3 − b3)(c0 − c3 − d3) + (a1 − a2 + b1 − b2)(c1 − c2 + d1 − d2)]αβ} |1⟩ ⟨0| .

(46)

Applying the Bloch-vector formalism yields the QFI of
the output state

F fo,D =

{
MD, if |ωD| = 1,

MD +
(B2

D−A2
D)2 sin4 θ sin2 2ϕ

4(1−|ωD|2)
, if |ωD| < 1,

(47)
where MD = sin2 θ(A2

D sin2 ϕ + B2
D cos2 ϕ), |ωD| =√

ND + C2
D cos2 θ, ND = sin2 θ(A2

D cos2 ϕ + B2
D sin2 ϕ),

AD = (a0 + a1 − a2 − a3 + b1 − b2 − b3)(c0 + c1 − c2 −
c3 + d1 − d2 − d3), BD = (a0 − a1 + a2 − a3 − b1 +
b2 − b3)(c0 − c1 + c2 − c3 − d1 + d2 − d3), and CD =
(a0−a1−a2+a3−b1−b2+b3)(c0−c1−c2+c3−d1−d2+d3).

B. QFI Teleportation Enhanced by a Dual
Quantum Switch Configuration

Unlike a single quantum switch that coherently con-
trols the order of operations on a single system, the
dual quantum switch can simultaneously manipulate the
causal order of two independent arms. The overall evo-
lution under the dual switch is described by a supermap
S(E1, E2, E3, E4), which acts on the entangled state ρAB

along with a two-qubit control state ρC1C2
that de-

termines the causal order. Specifically, the two con-
trol qubits are each prepared in the |+⟩ state, so that
ρC1C2

= |++⟩ ⟨++|. The dual-switch evolution yields
the joint state

S(E1, E2, E3, E4)(ρAB ⊗ ρC1C2
)

=
∑

i,j,m,n

Wijmn(ρAB ⊗ ρC1C2
)W†

ijmn, (48)

where Wijmn is a four-index Kraus operator acting
jointly on the two targets and two controls; it is the ten-
sor product of the two local switch Kraus operators of
Eq. (7). For the two independent local switches, its ex-
plicit form is

Wijmn = (EA
2jE

A
1i ⊗ EB

4nE
B
3m)⊗ |00⟩C1C2

⟨00|+ (EA
2jE

A
1i ⊗ EB

3mE
B
4n)⊗ |01⟩C1C2

⟨01|
+(EA

1iE
A
2j ⊗ EB

4nE
B
3m)⊗ |10⟩C1C2

⟨10|+ (EA
1iE

A
2j ⊗ EB

3mE
B
4n)⊗ |11⟩C1C2

⟨11| .
(49)

The dual-switch maps the initial superposition control
state |++⟩ onto four conditional branches, corresponding
to the four outcomes of measuring the two control qubits
in the {|++⟩ , |+−⟩ , |−+⟩ , |−−⟩} basis. After measuring
the two control qubits, the four conditional entangled
states are

ρ++
AB =

1

Q++

3∑
i,j=0

aicj (σi ⊗ σj) ρAB (σi ⊗ σj)
†
,

ρ+−
AB =

1

Q+−

3∑
i,j=0

aidj (σi ⊗ σj) ρAB (σi ⊗ σj)
†
, (50)

ρ−+
AB =

1

Q−+

3∑
i,j=0

bicj (σi ⊗ σj) ρAB (σi ⊗ σj)
†
,

ρ−−
AB =

1

Q−−

3∑
i,j=0

bidj (σi ⊗ σj) ρAB (σi ⊗ σj)
†
.



13

The normalization factors Q++ =
3∑

i,j=0

aicj , Q+− =

3∑
i,j=0

aidj , Q−+ =
3∑

i,j=0

bicj , and Q−− =
3∑

i,j=0

bidj are the

probabilities of the four control outcomes |++⟩, |+−⟩,
|−+⟩, and |−−⟩, respectively. The explicit forms of the
corresponding output states and QFIs are given in Ap-
pendix A.

The outcome-resolved QFI over the four branches is
then

Fqs,D =
∑
µ,ν

QµνFµν , µ, ν ∈ {+,−}. (51)

Because Qµν is independent of ϕ, Eq. (51) is exactly the
QFI of the state

∑
µ,ν Qµν |µν⟩⟨µν| ⊗ ρµνout when the two-

bit control record is retained and all four tagged branches

are processed. Selecting only one branch instead gives
the information contribution QµνFµν per input trial, be-
fore source, transmission, Bell-measurement, and detec-
tion losses are included.

C. Example: Identical Pauli X + Y Noise for Alice
and Bob

As a concrete example, we consider identical X + Y
composite noise on both arms, i.e., E1 = E3 and E2 = E4.
In this case, the coefficients are p10 = p30 = 1− p, p11 =
p31 = p, p20 = p40 = 1 − q, and p22 = p42 = q, with all
other pmk equal to zero.

In the absence of quantum switches, the fixed-order
output state is

ρfo,Dout =
({

[(p̄− q + 2pq)2 + (p+ q − 2pq)2]α2 + [2(p̄− q + 2pq)(p+ q − 2pq)]|β|2
}
|0⟩ ⟨0|

+
{
[2(p̄− q + 2pq)(p+ q − 2pq)]α2 + [(p̄− q + 2pq)2 + (p+ q − 2pq)2]|β|2

}
|1⟩ ⟨1|

+
{
[(p̄− q)2 + (p− q)2]αβ† + [2(p̄− q)(p− q)]αβ

}
|0⟩ ⟨1|

+
{
[2(p̄− q)(p− q)]αβ† + [(p̄− q)2 + (p− q)2]αβ

}
|1⟩ ⟨0|

)
.

(52)

When the quantum switches are involved, we can derive the specific forms of ρµνout, as shown in the following equa-
tion.

ρ++
out =

1

(1− pq)2
({

[p̄2q̄2 + (p+ q − 2pq)2]α2 + [2p̄q̄(p+ q − 2pq)]|β|2
}
|0⟩ ⟨0|

+
{
[2p̄q̄(p+ q − 2pq)]α2 + [p̄2q̄2 + (p+ q − 2pq)2]|β|2

}
|1⟩ ⟨1|

+
{
[p̄2q̄2 + (p− q)2]αβ† + [2p̄q̄(p− q)]αβ

}
|0⟩ ⟨1|+

{
[2p̄q̄(p− q)]αβ† + [p̄2q̄2 + (p− q)2]αβ

}
|1⟩ ⟨0|

)
,

ρ+−
out =ρ−+

out =
1

pq(1− pq)

({
pqp̄q̄α2 + pq(p+ q − 2pq)|β|2

}
|0⟩ ⟨0|

+
{
pq(p+ q − 2pq)α2 + pqp̄q̄|β|2

}
|1⟩ ⟨1|

+
{
−pqp̄q̄αβ† − pq(p− q)αβ

}
|0⟩ ⟨1|+

{
−pq(p− q)αβ† − pqp̄q̄αβ

}
|1⟩ ⟨0|

)
,

ρ−−
out =α2 |0⟩ ⟨0|+ |β|2 |1⟩ ⟨1|+ αβ† |0⟩ ⟨1|+ αβ |1⟩ ⟨0| ,

(53)

where Q++ = (1 − pq)2, Q+− = Q−+ = pq(1 − pq),
and Q−− = (pq)2. Moreover, the two local commutator
operations are ZA and ZB , and (ZA ⊗ ZB)|Φ+⟩ = |Φ+⟩,
which explains why ρ−−

out equals the ideal input directly
in this symmetric case.

Figure 7 extends the trajectory-separation mechanism
to the explicitly assumed case in which both photons ex-
perience independent binary X + Y channel pairs. As
summarized in Fig. 2(b), the four control outcomes are
the Cartesian product of the local commuting and anti-
commuting labels. In the | − −⟩ branch, each arm con-

tains the single commutator [X,Y ] and hence a known
local Pauli rotation. Because QFI is invariant under
parameter-independent unitaries, the branch already has
the ideal QFI; the inverse rotations restore the ideal state
and standard measurement basis. For identical arms,
Q− = pq on each arm and therefore Q−− = (pq)2; the
normalized branch has unit QFI, but its contribution
per launched pair is Q−− before Bell-measurement in-
efficiency and optical loss.

The comparison between Fqs,D and F fo,D therefore
establishes a tensor-product extension for independent,
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FIG. 7: Dual-switch-assisted QFI of the teleported
qubit under X + Y noise as both error probabilities are
varied synchronously from 0 to 1 along q = p. The other
parameters are θ = ϕ = π/2.

locally addressable channel sequences. It does not es-
tablish that two switches are universally necessary. The
factorization in Eq. (43) assumes a joint Kraus structure
Kim = EA

1i ⊗ EB
3m and product trajectory weights. A

correlated Pauli channel instead has a general joint dis-
tribution Pµν in Ecorr(ρ) =

∑
µ,ν Pµν(σµ⊗σν)ρ(σµ⊗σν),

and common-mode fluctuations can also generate collec-
tive rotations or decoherence-free sectors. In such cases,
a single control degree of freedom that coherently orders
two correlated global maps depends on the physical dila-
tion and correlation structure. The error-trajectories un-
der correlated noise may not be strictly distinguishable.
Thus, the dual-switch architecture is the natural per-arm
construction for the independent-noise model analyzed
here, whereas correlated noise requires a separate joint-
channel analysis.

V. PHYSICAL INTERPRETATION OF
QUANTUM-SWITCH-ASSISTED QFI

TELEPORTATION

The conditional trajectory separation demonstrated in
Secs. III and IV does not reduce the physical error prob-
abilities. It follows from the coherent addition or sub-
traction of the two order amplitudes in Eq. (21). For the
Pauli Kraus operators E1i =

√
p1iσi and E2j =

√
p2jσj ,

the two sectors have a particularly transparent algebraic
interpretation.

(i) Commuting Pauli trajectories. If E1i and E2j

commute, as for identical Pauli matrices or an identity–
Pauli pair, then [E1i, E2j ] = 0 and {E1i, E2j} = 2E1iE2j .
That trajectory therefore appears only in the |+⟩ branch.
Several such trajectories can produce different effective
Pauli operations, so their unresolved mixture generally
retains decoherence.

(ii) Anti-commuting Pauli trajectories. For two

distinct nonidentity Pauli matrices, {E1i, E2j} = 0 and

[E1i, E2j ] = 2E1iE2j = 2i
√
p1ip2j

∑
k

ϵijkσk, (54)

where ϵijk is the Levi–Civita sign. The two equalities
are identical: the factor of i and the ordering-dependent
sign are already contained in the product E1iE2j through
σiσj = i

∑
k ϵijkσk. Reversing the order flips this sign,

so the trajectory appears only in the |−⟩ branch.
The control result identifies the commuting versus

anti-commuting sector; it does not, in general, identify
every Kraus trajectory inside that sector. Exact uni-
tary recovery is therefore not guaranteed for an arbitrary
multi-component Pauli channel. It holds for each of the
three binary pairs studied here because the nonzero |−⟩
sector contains only one simultaneous-error trajectory:
XY ∝ Z, XZ ∝ Y , or Y Z ∝ X. Conditioned on the
|−⟩ herald, that known rotation can be inverted without
knowledge of ϕ, and the normalized state has the ideal
QFI.

This mechanism also distinguishes the present proto-
col from WMMR [36, 37]. WMMR employs a tunable
weak pre-measurement followed by a reversing measure-
ment to probabilistically filter damaging trajectories and
has been developed mainly for amplitude-damping noise
in the cited QFI-teleportation studies. By contrast, the
quantum switch does not require weak measurement op-
eration: stable interference between the two channel or-
ders separates the output into two algebraic error sectors,
which are identified by the control measurement. Both
protocols are conditional. In the present scheme, once
the desired herald is obtained, for example |−⟩ or | −−⟩,
the residual Pauli error is known and its inverse can be
applied deterministically by feed-forward; however, the
heralding event itself is probabilistic, with a probability
that depends on p and q. Thus, the advantage demon-
strated here is conditional recoverability for the three
binary Pauli models considered.

More broadly, the quantum switch is complementary
to established protection methods rather than a univer-
sally superior replacement. Dynamical decoupling modi-
fies the system–environment evolution through fast, cal-
ibrated pulse sequences and can operate without post-
selection when the control bandwidth is sufficient. It
is particularly effective for slowly varying or spectrally
structured noise, but is limited by environmental time
scales and pulse imperfections [22, 28, 29]. Quantum
error correction can protect a logical subspace against
a broader designed error set, at the cost of redundant
physical qubits or modes, ancillas, syndrome extraction,
and recovery gates [26, 31, 32]. WMMR, as described
above, trades conditional output quality against success
probability. The dedicated comparison is summarized in
Table I.
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TABLE I: Comparison of quantum-noise protection strategies.

Method Mechanism Main resources Recovery and rate characteristics

Dynamical
decoupling

Pulse-based averaging of
system-environment

coupling

Fast calibrated pulses and
direct system access

Usually unconditional; mainly suited
to slow or structured noise; no
intrinsic postselection penalty

Quantum error
correction

Redundant encoding,
syndrome extraction, and

recovery

Multiple qubits/modes,
ancillas, gates, and

measurements

Broad designed-noise applicability;
unconditional logical recovery in the

fault-tolerant regime

WMMR Weak pre-measurement
and measurement reversal

Tunable measurements
and reversal operation

Conditional enhancement with a
fidelity-success-probability trade-off

Quantum
switch

Coherent control of
channel order

Control/path qubit,
coherent switching,

interference, port readout,
feed-forward

Conditional exact recovery for the
selected Pauli sector without
redundant encoding; success

probability Q− = pq (or Q−−)

VI. EXPERIMENTAL FEASIBILITY ON A
PHOTONIC PLATFORM

The quantum-switch-assisted QFI teleportation pro-
tocol proposed in this work is compatible with existing
linear-optical technology. Since standard quantum tele-
portation has been demonstrated on photonic platforms
[2]. The additional requirement for our protocol is the co-
herent control of two alternative channel sequences, i.e.,
the quantum switch. A photonic implementation is nat-
ural because the polarization and spatial-mode degrees
of freedom of a single photon can serve as the target and
control qubits, respectively [47, 49, 50].

Figure 8 gives a complete module-level layout. We as-
sign the entangled-photon source and quantum-switch in-
terferometer to the central node Charlie, the input-state
preparation and Bell-state measurement (BSM) to Alice,
and the conditional correction and tomography to Bob.
Charlie generates a polarization-entangled pair |Φ+⟩AB

by spontaneous parametric down-conversion (SPDC) in
a barium borate (BBO) crystal pumped by laser pulses.
Photon A is sent to Alice. The polarization of photon
B is sent to Bob through the switched channel, while
its spatial mode is the control qubit, a natural photonic
encoding used in quantum-switch experiments.

At beam splitter 1 (BS1), photon B is coherently di-
vided between the two paths that implement E2 ◦ E1 and
E1 ◦ E2. The two paths are recombined at a second beam
splitter (BS2), which interferometrically recombines the
paths and effectively measures the control qubit in the
basis {|+⟩, |−⟩}. Such a measurement projects the target
polarization state onto the commuting or anti-commuting
contributions of the Pauli error trajectories. Both mea-
surement results may be retained as a classical label for
the outcome-resolved QFI of Eq. (27); alternatively, the
|−⟩ port can herald the exactly correctable branch of a
binary channel pair.

The stochastic Pauli maps can be implemented by ap-

plying I or the selected Pauli rotation with calibrated
probabilities, using synchronized electro-optic polariza-
tion modulators or time-multiplexed wave-plate settings.
X and Z are obtained with suitable half-wave-plate ori-
entations, while Y is obtained with a calibrated QWP–
HWP–QWP sequence.

At Alice, the unknown input photon and photon A
overlap on the explicitly shown 50:50 beam splitter; tem-
poral, spectral, and polarization indistinguishability at
this beam splitter produces the Hong–Ou–Mandel in-
terference required for a photonic BSM. The two out-
put modes are analyzed by QWP–HWP–PBS stages and
single-photon detectors. With passive linear optics and
no auxiliary photons, at most two of the four polariza-
tion Bell states are unambiguously identified, so the in-
trinsic BSM success probability satisfies ηBSM ≤ 1/2. Al-
ice sends the identified Bell outcome to Bob. Bob also
records the BS2 output port, applies the corresponding
correction, and reconstructs the teleported polarization
state with QWP–HWP–PBS tomography and two detec-
tors.

The useful heralded count rate scales schematically as

Ruse ≃ Rtrial TATB ηswηBSMηdetQsel, (55)

where TA and TB collect transmission, coupling, and
path-dependent loss, ηsw includes switch visibility and
port-routing efficiency, ηdet collects the required detec-
tion efficiencies, and Qsel = pq for the single-switch |−⟩
branch. For two independent identical arms, Qsel = (pq)2

for | − −⟩. Thus, unit conditional QFI does not imply
a unit-rate protocol. Finite interference visibility causes
leakage between the commutator and anti-commutator
sectors; unequal path loss changes the conditional trajec-
tory weights; multipair emission, detector dark counts,
mode mismatch, and feed-forward latency further reduce
the measured advantage.

For the dual-switch configuration, two independent
control qubits are introduced to coherently manipulate
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FIG. 8: Experimental proposal. Charlie owns the SPDC entangled-pair source and the phase-stabilized quantum
switch. BS1 prepares the spatial control; the solid green path realizes E1 followed by E2, the solid purple path
realizes the reverse order, and BS2 resolves the |+⟩ and |−⟩ output ports. Alice overlaps the unknown input photon
and photon A on a 50:50 beam splitter to produce Hong–Ou–Mandel interference; QWP–HWP–PBS analyzers and
detector pairs implement the polarization-resolved BSM. Bob actively routes the control ports and measures the
output with QWP–HWP–PBS tomography. Orange and blue denote the photon-A/BSM and photon-B paths,
respectively. HWP: half-wave plate; QWP: quarter-wave plate; PBS: polarizing beam splitter; BS: 50:50 beam
splitter; D: single-photon detector.

the two channel pairs. Experimentally, this can be
achieved by extending the single-switch interferometric
architecture with an additional path-control system. The
joint measurement of the two control qubits allows the
extraction of the conditional branches |++⟩, |+−⟩, |−+⟩,
and | − −⟩, which correspond to the four causal config-
urations analyzed in this work. Overall, the proposed
protocol is compatible with existing photonic quantum
information technologies. Recent experimental demon-
strations of ICO-enhanced quantum metrology on pho-
tonic platforms provide a direct technological pathway
toward verifying this work [67, 83].

VII. CONCLUSIONS

We have investigated the teleportation of phase QFI
through sequential Pauli channels under fixed, single-
switch, and dual-switch causal structures. Measuring the
path control separates commuting and anti-commuting
Pauli trajectories. For each binary pair X + Y , X + Z,
and Y +Z, the nonzero |−⟩ sector contains one known ef-
fective Pauli operation. Its normalized state already has

the ideal QFI by unitary invariance, while a parameter-
independent feed-forward correction restores the ideal
state and standard measurement basis. For two inde-
pendent noisy arms, the dual-switch result is the cor-
responding tensor-product construction and the | − −⟩
branch is corrected arm by arm. We attribute the un-
derlying mechanism not to a reduction in the physical
noise strength but to the reorganization between causal
trajectories, a causal-reorganization that factorizes error
paths according to their commutation relations.

We emphasize that the QFI enhancement demon-
strated here is conditional: it relies on post-selecting
specific measurement outcomes of the control qubit(s).
In an unconditional setting, e.g., without access to the
control measurement results, the advantage disappears,
since the four branches average to the fixed-order result.
The observed QFI recovery is therefore a consequence
of causal-reorganization-assisted error-path factorization,
not a cancellation of environmental decoherence. On the
other hand, the present analysis is restricted to indepen-
dent single-qubit Pauli channels. Therefore, these con-
clusions cannot be directly generalized to the case of cor-
related Pauli noise, because the error-trajectories under
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correlated noise may not be strictly distinguishable.

Potential uses include distributing phase- or frequency-
encoded probes between remote sensors, protecting
polarization-encoded reference frames and interferomet-
ric signals across segmented links, and supplying tagged
metrological entanglement to network nodes whose lo-
cal channels are well approximated by calibrated binary
Pauli maps. Practical deployment requires a coherent
and phase-stable superposition of channel orders, high-
visibility mode matching at both the switch and Bell-
measurement beam splitters, low and balanced optical
loss, efficient port-resolved control measurement, fast
classical feed-forward, and careful accounting of posts-
election. Passive linear-optical BSM efficiency, multi-
pair emission, detector inefficiency, and the Q− = pq
[or Q−− = (pq)2] branch probability directly constrain
the useful count rate; stabilizing multiple switches is an
additional scalability challenge. Future work should in-
corporate optimizing the information rate rather than
conditional QFI alone, and determine whether common-
mode or correlated noise can be exploited with a shared-
control global switch. Extensions to non-Pauli channels

and multiparameter estimation are also open.
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Appendix A: Details of the four branches of Eqs.
(50) and (51)

In this appendix, we give the explicit output states and QFIs obtained by Bob for the four joint outcomes of the
two control qubits. Conditional expressions are understood only where the corresponding Qµν is nonzero.

First, consider the case in which the two control qubits are projected onto |++⟩. The resulting output state at
Bob’s end is

ρ++
out =

1

Q++

({
[(a0 + a3)(c0 + c3) + (a1 + a2)(c1 + c2)]α

2

+ [(a0 + a3)(c1 + c2) + (a1 + a2)(c0 + c3)]|β|2
}
|0⟩ ⟨0|

+
{
[(a0 + a3)(c1 + c2) + (a1 + a2)(c0 + c3)]α

2

+ [(a0 + a3)(c0 + c3) + (a1 + a2)(c1 + c2)]|β|2
}
|1⟩ ⟨1|

+
{
[(a0 − a3)(c0 − c3) + (a1 − a2)(c1 − c2)]αβ

†

+ [(a0 − a3)(c1 − c2) + (a1 − a2)(c0 − c3)]αβ} |0⟩ ⟨1|
+
{
[(a0 − a3)(c1 − c2) + (a1 − a2)(c0 − c3)]αβ

†

+ [(a0 − a3)(c0 − c3) + (a1 − a2)(c1 − c2)]αβ} |1⟩ ⟨0|) .

(A1)

Applying Eq. (4), we obtain the corresponding QFI as

F++ =


M++

Q2
++
, if |ω++| = 1,

M++

Q2
++

+
(B2

++−A2
++)2 sin4 θ sin2 2ϕ

4(Q++)4(1−|ω++|2)
, if |ω++| < 1,

(A2)

Here M++ = sin2 θ(A2
++ sin2 ϕ + B2

++ cos2 ϕ), |ω++| = 1
Q++

√
N++ + C2

++ cos2 θ, N++ = sin2 θ(A2
++ cos2 ϕ +

B2
++ sin2 ϕ), A++ = (a0 + a1 − a2 − a3)(c0 + c1 − c2 − c3), B++ = (a0 − a1 + a2 − a3)(c0 − c1 + c2 − c3), and

C++ = (a0− a1− a2+ a3)(c0− c1− c2+ c3). Similarly, for the other three control-basis states |+−⟩, |−+⟩, and |−−⟩,
the respective output states are as follows.

For the |+−⟩ outcome,
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ρ+−
out =

1

Q+−

({
[(a0 + a3)(d0 + d3) + (a1 + a2)(d1 + d2)]α

2

+ [(a0 + a3)(d1 + d2) + (a1 + a2)(d0 + d3)]|β|2
}
|0⟩ ⟨0|

+
{
[(a0 + a3)(d1 + d2) + (a1 + a2)(d0 + d3)]α

2

+ [(a0 + a3)(d0 + d3) + (a1 + a2)(d1 + d2)]|β|2
}
|1⟩ ⟨1|

+
{
[(a0 − a3)(d0 − d3) + (a1 − a2)(d1 − d2)]αβ

†

+ [(a0 − a3)(d1 − d2) + (a1 − a2)(d0 − d3)]αβ} |0⟩ ⟨1|
+
{
[(a0 − a3)(d1 − d2) + (a1 − a2)(d0 − d3)]αβ

†

+ [(a0 − a3)(d0 − d3) + (a1 − a2)(d1 − d2)]αβ} |1⟩ ⟨0|) .

(A3)

The associated QFI is

F+− =


M+−
Q2

+−
, if |ω+−| = 1,

M+−
Q2

+−
+

(B2
+−−A2

+−)2 sin4 θ sin2 2ϕ

4(Q+−)4(1−|ω+−|2)
, if |ω+−| < 1,

(A4)

Here M+− = sin2 θ(A2
+− sin2 ϕ + B2

+− cos2 ϕ), |ω+−| = 1
Q+−

√
N+− + C2

+− cos2 θ, N+− = sin2 θ(A2
+− cos2 ϕ +

B2
+− sin2 ϕ), A+− = (a0 + a1 − a2 − a3)(d1 − d2 − d3), B+− = (a0 − a1 + a2 − a3)(−d1 + d2 − d3), and

C+− = (a0 − a1 − a2 + a3)(−d1 − d2 + d3).
For the |−+⟩ outcome,

ρ−+
out =

1

Q−+

({
[(b0 + b3)(c0 + c3) + (b1 + b2)(c1 + c2)]α

2

+ [(b0 + b3)(c1 + c2) + (b1 + b2)(c0 + c3)]|β|2
}
|0⟩ ⟨0|

+
{
[(b0 + b3)(c1 + c2) + (b1 + b2)(c0 + c3)]α

2

+ [(b0 + b3)(c0 + c3) + (b1 + b2)(c1 + c2)]|β|2
}
|1⟩ ⟨1|

+
{
[(b0 − b3)(c0 − c3) + (b1 − b2)(c1 − c2)]αβ

†

+ [(b0 − b3)(c1 − c2) + (b1 − b2)(c0 − c3)]αβ} |0⟩ ⟨1|
+
{
[(b0 − b3)(c1 − c2) + (b1 − b2)(c0 − c3)]αβ

†

+ [(b0 − b3)(c0 − c3) + (b1 − b2)(c1 − c2)]αβ} |1⟩ ⟨0|) ,

(A5)

yielding the QFI expression,

F−+ =


M−+

Q2
−+
, if |ω−+| = 1,

M−+

Q2
−+

+
(B2

−+−A2
−+)2 sin4 θ sin2 2ϕ

4(Q−+)4(1−|ω−+|2)
, if |ω−+| < 1,

(A6)

Here M−+ = sin2 θ(A2
−+ sin2 ϕ + B2

−+ cos2 ϕ), |ω−+| = 1
Q−+

√
N−+ + C2

−+ cos2 θ, N−+ = sin2 θ(A2
−+ cos2 ϕ +

B2
−+ sin2 ϕ), A−+ = (b1 − b2 − b3)(c0 + c1 − c2 − c3), B−+ = (−b1 + b2 − b3)(c0 − c1 + c2 − c3), and C−+ =

(−b1 − b2 + b3)(c0 − c1 − c2 + c3).
Finally, for the |−−⟩ outcome, the output state reads,

ρ−−
out =

1

Q−−

({
[(b0 + b3)(d0 + d3) + (b1 + b2)(d1 + d2)]α

2

+ [(b0 + b3)(d1 + d2) + (b1 + b2)(d0 + d3)]|β|2
}
|0⟩ ⟨0|

+
{
[(b0 + b3)(d1 + d2) + (b1 + b2)(d0 + d3)]α

2

+ [(b0 + b3)(d0 + d3) + (b1 + b2)(d1 + d2)]|β|2
}
|1⟩ ⟨1|

+
{
[(b0 − b3)(d0 − d3) + (b1 − b2)(d1 − d2)]αβ

†

+ [(b0 − b3)(d1 − d2) + (b1 − b2)(d0 − d3)]αβ} |0⟩ ⟨1|
+
{
[(b0 − b3)(d1 − d2) + (b1 − b2)(d0 − d3)]αβ

†

+ [(b0 − b3)(d0 − d3) + (b1 − b2)(d1 − d2)]αβ} |1⟩ ⟨0|) .

(A7)
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Consequently, the QFI takes the form,

F−− =


M−−
Q2

−−
, if |ω−−| = 1,

M−−
Q2

−−
+

(B2
−−−A2

−−)2 sin4 θ sin2 2ϕ

4(Q−−)4(1−|ω−−|2)
, if |ω−−| < 1,

(A8)

Here M−− = sin2 θ(A2
−− sin2 ϕ + B2

−− cos2 ϕ), |ω−−| = 1
Q−−

√
N−− + C2

−− cos2 θ, N−− = sin2 θ(A2
−− cos2 ϕ +

B2
−− sin2 ϕ), A−− = (b1 − b2 − b3)(d1 − d2 − d3), B−− = (−b1 + b2 − b3)(−d1 + d2 − d3), and C−− = (−b1 −

b2 + b3)(−d1 − d2 + d3).
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