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We theoretically demonstrate ultra-wideband resonant high-order harmonic generation

(HHG) driven by quantum light. The resonant HHG spectra generated by the bright squeezed

vacuum (BSV) state exhibit nearly twice the bandwidth compared to typical non-resonant

HHG driven by BSV, enabling the cutoff to approach approximately 400 eV. The underlying

mechanism of this significant broadening is analyzed by examining the yield of fluctuation

amplitude-dependent coherent harmonics. We find that this broadening results from the weak

sensitivity of the coherent harmonic yield to the fluctuation amplitude of BSV. Furthermore,

by analyzing the dependence of the cutoff energy of resonant HHG on the BSV intensity

and wavelength, we propose a revised formula for estimating the cutoff energy of BSV-driven

resonant HHG.
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1. Introduction

High-order harmonic generation (HHG) is an

extreme nonlinear process involving the interaction

of ultra-short, intense laser pulses with matter. It

has found a broad range of applications, including

high-resolution imaging [1], ultrafast spectroscopy

[2], and attosecond science [3–7]. Coherent-light-

driven HHG from gases [8–13], liquids [14], and

solids [15] has significantly advanced over the past

several decades. In recent years, quantized-light-

driven HHG has gradually attracted attention due

to developments in experimental quantum optics

that have effectively improved the efficiency of gen-

erating thermal and squeezed states. For instance,

the bright squeezed vacuum (BSV) state has been

employed for second-, third-, and fourth-harmonic

generation [16]. Thermal light generated by super-

luminescent diodes or optical amplifiers has been

shown to enhance two-photon fluorescence [17] and

second-harmonic generation [18], respectively. No-

tably, ultra-short BSV pulses with output pow-

ers approaching 350 MW have been experimentally

demonstrated [19,20], along with the regulation and

control of their optical properties [21–23].

The quantized light driver provides an addi-

tional degree of freedom in the atomic HHG pro-

cess, enabling effects such as extending the har-

monic spectrum [24], modifying electronic trajec-

tories [25,26], and generating attosecond pulses
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[27]. HHG emitted from solids driven by BSV

light has been demonstrated experimentally [28,29].

To date, research on quantized-light-driven HHG

has rapidly advanced in both theory and exper-

iment. Although the foundational theory is well

established, further theoretical investigation is re-

quired to fully understand unconventional HHG

processes involving specialized targets or drivers.

For instance, the influence of atomic structure, such

as excited atomic states, on quantized-light-driven

HHG remains unclear.

In this paper, we theoretically investigate

BSV-driven HHG from a resonant-potential atomic

system featuring a metastable state. An ad-

ditional transition between the metastable and

ground states induces resonance at a specific har-

monic order. Our simulations demonstrate that the

HHG spectra of the resonant-potential atom driven

by BSV exhibit an exceptionally broad bandwidth.

The cutoff energy of BSV-driven HHG from the

resonant-potential atom is more than twice that of

a Coulomb-potential atom under identical driving

intensities. We explain this significant extension by

analyzing the yield contribution of coherent har-

monic components, corresponding to the fluctua-

tion amplitudes of BSV, to the total spectrum. Ad-

ditionally, we examine the influence of BSV inten-

sity and wavelength on the cutoff energy. Since the

conventional analytical cutoff formula is invalid for

estimating the cutoff energy of the resonant HHG

spectrum, we propose a revised formula by identi-

fying the dependence of harmonic yield on driving

intensity and wavelength.

2. Theoretical method

The joint density matrix ρ(t) of interac-

tion between the intense quantized electromagnetic

field and the atom satisfies the time-dependent

Schrödinger equation [30]:

ih̄
∂ρ(t)

∂t
=
[
Ĥ0,ρ(t)

]
, (1)

where the Hamiltonian is composed of the atomic

Hamiltonian, the electromagnetic-field Hamilto-

nian, and their interaction term: Ĥ0 = ĤA + ĤF +

d̂ · Ê(t). The term ĤA refers to the field-free

bound electron, ĤF is the Hamiltonian of the elec-

tromagnetic field, and d̂ · Ê(t) is the electric-dipole

interaction between the electron and the quantized

electromagnetic field. Ê(t) denotes the quantized

electric-field operator. Gorlach et al. proposed [24]

a method for solving the joint density matrix for

a single-mode light field by employing the general-

ized Glauber P representation. According to this

method, considering the limit of a small single-

photon field amplitude, the density matrix can be

written in the form

ρ(t) =

∫
d2αQ(α) |ϕα(t)⟩⟨ϕα(t)|

⊗
∏

(k⃗1σ1), (k⃗2σ2)
̸=(k0σ0)

|γα
k⃗1σ1

⟩⟨γα
k⃗2σ2

|, (2)

where Q(α) is the Husimi function of the P rep-

resentation, and ϕα(t) is the electron wavefunction

driven by a coherent state light field whose ampli-

tude is denoted by the complex variable α. The

squeezed state γα
k⃗1σ1

, whose mode is denoted by

k⃗1σ1, is related to the induced dipole dα:

γα
k⃗1σ1

=
i

ℏ
ϵ(1)dα(ω) · e⃗σ, (3)

where ϵ(1) refers to the so-called single-photon am-

plitude, which is determined by the volume of quan-

tization V : ϵ(1) =
√

ℏω/2ε0V . The semi-classical

dipole induced by a coherent-state field is

dα(ω) =

∫
eiωt

〈
ϕα(t)

∣∣∣d̂∣∣∣ϕα(t)
〉
dt. (4)

Taking the diagonal components of the elec-

tron state matrix, the density matrix of the emis-
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sion field is

ρF(t) = TrA
[
ρ(t)

]
=

∫
d2αQ(α) ∥ϕα(t)∥2

×
∏

(k⃗1σ1), (k⃗2σ2)
̸=(k⃗0σ0)

|γα
k⃗1σ1

⟩⟨γα
k⃗2σ2

|. (5)

Here ∥ϕα(t)∥2 = ⟨ϕα(t)|ϕα(t)⟩. For the normalized

TDSE solution, ∥ϕα(t)∥2 = 1. The total energy of

the emission field is written as

Eemit =
∑
k⃗σ

Tr
[
ρF(toff)a

†
k⃗σ
ak⃗σ
]

=
∑
k⃗σ

∫
d2αQ(α) ∥ϕα(toff)∥2|γαk⃗σ|

2, (6)

where the creation and annihilation operators a†
k⃗σ

and ak⃗σ only act on the squeezed states γα
k⃗1σ1

and

γα
k⃗2σ2

. Therefore, the frequency-dependent energy

density of the emission field is simplified as
dEemit

dω
=

ω4

6π2ε0c3

∫
d2αQ(α) |dα(ω)|2, (7)

where ε0 and c denote the vacuum permittivity and

the light speed. The dimensionless coherent state

α is related to the classical electric-field amplitude

by the single-photon field amplitude: Eα = 2ϵ(1)α.

The Husimi function of the squeezed vacuum state

is given by

Q(α) =
1

8π(ϵ
(1)

)
2
|α|2

exp
(
− |α|2

2|α|2

)
. (8)

The semi-classical dipole dα(ω) is calculated

by numerically solving a one-dimensional time-

dependent Schrödinger equation (1D-TDSE) in the

presence of a classical laser field. In atomic units

(a.u.), the 1D-TDSE is written in the form [31]

i
∂

∂t
ψ(x, t) =

[
−1

2
∇2 + V0(x) + xE(t)

]
ψ(x, t).

(9)

Here, a one-dimensional resonant potential in-

volving a metastable state is employed. It is a

hydrogen-like model for describing ionic HHG in-

volving the transition from the bound state to the

autoionizing state. And it can well reproduce the

resonant HHG spectrum using a low-dimensional

calculation when the accurate contribution weights

of time-domain trajectories are not required. A sig-

nificant difference from the conventional Coulomb

potential is that this potential possesses a double-

shoulder structure [32], as shown in Fig. 1(a). This

potential is written as

V0(x) = − ε+
ε

1 + e(β+x)/γ

+
ε

1 + e(β−x)/γ
+

δ

(x2 + η)
(
1 + e(x+β)/γ

)
+

δ

(x2 + η)
(
1 + e(β−x)/γ

) . (10)

The relevant parameters are set as follows: ε = 1.5,

β = 1.27, γ = 0.23, δ = 14, and η = 1.4. Then the

ground-state and the metastable-state eigenvalues

are −15.78 eV and 32.65 eV, respectively. In the

simulations, the B-spline basis expansion method

and the split-operator technique are employed for

solving the initial state and time-dependent wave-

functions, respectively. To ensure numerical con-

vergence, the reasonable temporal grids 32768 over

a duration of 9 o.c. and spatial grids 4096 on x=-

400 ∼ 400 a.u. are set. And the absorbing bound-

ary is at x = 380 a.u.
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Fig. 1. The model potential (a); The metastable-state (b) [33] and continuum-state (c) probability of the resonant-potential

atom as a function of energy.

This potential barrier can lead to the exis-

tence of harmonic resonance associated with the

metastable state - ground state and the continuum

state - ground state transitions. As pointed out by

Tudorovskaya et al. [32], the metastable-state prob-

ability (the modulus squared of the metastable-

state coefficient) obtained via the projection tech-

nique shows the position of the resonance, i.e.,

ℏω = 32.65+ 15.78 ≈ 48 eV, as shown in Fig. 1(b).

In addition, this potential barrier leads to a min-

imum in the HHG spectrum, which is presented

by the continuum-state probability, as shown in

Fig. 1(c). This minimum located at 130 eV cor-

responds to the spectral minimum of the photon

energy ℏω = 130+15.78 ≈ 146 eV. The continuum-

state probability is extracted from the total wave-

function with the assistance of a mask function

[33,34]:

c

(
p2

2

)
=

∫
dt

∫
dx ψ(x, t)M(x)e−ixp, (11)

where the mask function is

M(x) =

0, |x| ≤ xb,

1− exp
[
−σ(|x| − xb)

]
, else.

(12)

3. Results and discussion

3.1.Spectral characteristics of resonant

HHG driven by BSV

First, we present the spectral characteristics

of the BSV-driven resonant HHG by numerically

solving Eq. (7). In the calculations, the intensity of

BSV light with a wavelength of λ0 = 800 nm is set

as Ivac = 1
2
ε0c|Evac|2 = 1014 W/cm2. This inten-

sity magnitude has been achieved through advance-

ments in photonic-crystal fiber technology; for ex-

ample, a femtosecond BSV pulse with an intensity

of 3.5×1014 W/cm2 (pulse energy approximately

350 nJ for a beam spot diameter of ∼ 10 µm) was

demonstrated in a relevant experiment [20]. Mean-

while, the short pulse duration is chosen consid-

ering a short lifetime of the metastable state of

the target atom, which is approximately 1.3 op-

tical cycles (o. c.) for an energy-level width of

∼ 0.0071 a.u. The driving envelope is expressed in

the form of

f(t) =


sin2

(
πt
2ton

)
rising edge,

1 plateau,

sin2
(

π(t−tp)
2toff

)
falling edge.

(13)

Here the pulse plateau that is slightly longer than

the lifetime is set as 2 o. c., and the rising and

falling edges are both 3.5 o. c.
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Fig. 2. The BSV-driven HHG spectra with the resonant potential

(black line) and the soft-Coulomb potential (blue line). The res-

onant HHG exhibits a resonant peak near 48 eV and a minimum

around 146 eV.

In Fig. 2, we present a comparison of the

harmonic spectra generated from atoms modeled

with resonant-potential and soft-Coulomb poten-

tials, both driven by BSV light. For both types

of atomic samples, identical driving intensities and

the same ground-state eigenvalues were used to en-

sure a fair comparison. The spectra of the two sam-

ples exhibit significant differences. In addition to

the distinctive features of the resonant peak (pho-

ton energy ~48 eV) and a minimum (photon energy

~146 eV), the HHG spectrum from the resonant-

potential atom shows a pronounced broadening of

the plateau compared to that of the soft-Coulomb

potential atom. The cutoff energy of the former

reaches approximately 280 eV, whereas that of the

latter is around 100 eV. The spectral plateau of the

latter can be predicted by an analytical formula [24]

Ecutoff =
3.05Ip

(4ℏ)2/3(2πc)2
I2/3vacλ

2
0 + Ip. (14)

According to Eq. (14), the estimated cutoff energy

is ∼ 108 eV. However, obviously, this formula is

invalid for predicting the spectral plateau of the

resonant HHG.
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Fig. 3. Comparison of the HHG cutoff energies (Eα0
c = Ip +

3.17Uα0
p ) with two types of potentials: the coherent-harmonic in-

tensity Yα (black solid circles), Husimi distribution Qα (red hollow

squares), and the product QαYα (blue solid squares) as functions of

the fluctuation amplitude Eα with the Coulomb potential (a) and

the resonant potential (c); and the corresponding spectra with the

Coulomb potential (b) and the resonant potential (d).

To clarify the broadening difference between

the two atomic samples, we extract the yield contri-

bution of coherent harmonics corresponding to dif-

ferent fluctuation amplitudes. According to Eq. (7),

for an arbitrary fluctuation amplitude of BSV, this

contribution is determined by both the coherent-

harmonic intensity Yα and the Husimi distribution

Qα. In Fig. 3, these quantities and their product

are shown as functions of Eα. For the Coulomb-

potential atom, the integral intensity over 108–

124 eV increases rapidly and then decreases with

fluctuation amplitude. For the resonant-potential

atom, the integral intensity over 232–465 eV grows

much more slowly over a broader amplitude range.

Consequently, the product QαYα peaks at a larger

effective amplitude for the resonant system. The

most probable amplitudes determined from QαYα

correspond to ponderomotive energies of approxi-

mately 30 eV and 80 eV for the Coulomb and res-

onant potentials, respectively. The cutoff energies

Ip + 3.17Uα0
p of the coherent harmonics associated

with these amplitudes agree with the cutoffs of the

corresponding BSV-driven HHG spectra, as shown

in Figs. 3(b) and 3(d). Thus, the cutoff of BSV-
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driven resonant HHG can be determined from the

most probable fluctuation amplitude.

3.2.Dependence of the HHG cutoff on

the BSV intensity and wavelength

Next, we present the influence of BSV inten-

sity and wavelength on the cutoff energy of the res-

onant harmonic spectrum. Fig. 4 compares three

resonant-harmonic samples with different intensi-

ties. The coherent-harmonic intensity Yα has a sim-

ilar amplitude Eα dependence for all three samples,

whereas the Husimi distribution broadens with in-

creasing BSV intensity. Consequently, the most

probable amplitude increases with BSV intensity

and the resonant harmonic spectrum broadens con-

tinuously, as shown in Fig. 4(d).

Fig. 5 compares three harmonic samples at

wavelengths of 800, 1000, and 1200 nm. Although

the most probable fluctuation amplitude decreases

as the wavelength increases, the ponderomotive en-

ergy, which depends on both amplitude and wave-

length, increases. The cutoff energy of the coher-

ent HHG driven by the most probable amplitude

therefore increases with wavelength, and the corre-

sponding BSV-driven harmonic spectrum broadens

continuously, as illustrated in Fig. 5(d).
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3.3.Empirical formula of the cutoff en-

ergy of the BSV-driven resonant

HHG

Finally, to effectively estimate the cutoff en-

ergy of the BSV-driven resonant HHG, we revise

Eq. (14) proposed by Gorlach et al.. Through nu-

merical calculation, the cutoff energy as a function

of the BSV intensity and wavelength is shown in

Fig. 6. The corresponding empirical fitting formula

can be expressed as

Ecutoff = aIσvac
(
W/cm2

)
λϑ

l (nm) + b, (15)

where the four fitted coefficients are a = 47.26,

b = 0, σ = 0.3, and ϑ = 0.8, respectively. Obvi-

ously, these coefficients differ from those in Eq. (14)

because Eqs. (14) and (15) are derived using two

different methods. In the approach proposed by

Gorlach et al. [24], the derivation of Eq. (14) is

based on the assumption of complete recombina-

tion probability; that is, the coherent-harmonic in-

tensity can be replaced by the ionization probabil-

ity when all continuum-state electrons recombine

to the ground state. In this approach, the ioniza-

tion probability is approximated using the ADK

model [35]. Both of these substitutions may intro-
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duce unavoidable errors in estimating the coherent-

harmonic intensity, especially for HHG from the

resonant-potential atom. For example, in the BSV-

driven resonant HHG shown in Fig. 2, because the

resonant-potential barrier with a double shoulder

structure is wider than the Coulomb-potential bar-

rier, the ionization probability for the resonant-

potential atom could be significantly overestimated

by the ADK model, which is typically accurate only

for the Coulomb potential. Consequently, the cut-

off energy estimated by Eq. (14) is much smaller

than the value obtained from numerical calcula-

tions for the BSV-driven resonant HHG.
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Fig. 6. The cut-off energy as a function of the BSV intensity (a)

and wavelength (b).

4. Conclusion

It is theoretically demonstrated that the BSV-

driven high-order harmonic generation (HHG)

spectrum can be significantly broadened by em-

ploying a resonant potential. The spectrum of res-

onant HHG exhibits nearly twice the bandwidth

compared to conventional HHG from atoms with

a Coulomb potential. To elucidate the mecha-

nism behind this substantial broadening, we ana-

lyze the yield contributions of coherent harmonics

corresponding to different fluctuation amplitudes of

BSV within the total spectrum. The yield increases

more slowly with fluctuation amplitude in the case

of the resonant-potential atom than in the usual

Coulomb-potential atom, leading to this broaden-

ing effect. To effectively predict the cutoff energy of

BSV-driven resonant HHG, we present the depen-

dence of resonant HHG on BSV intensity and wave-

length, and propose an empirical formula based on

fitting the numerical results.
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