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Fermi’ s golden rule (FGR), whose origins date back to the early days of quantum mechanics,

has recently been extended to non-Hermitian systems.

However, generalizations of FGR to

non-Hermitian systems have largely been built upon the biorthogonal basis formalism, which pre-

supposes the diagonalizability of the Hamiltonian. The problem becomes much more complicated

when the Hamiltonian possesses exceptional points (EPs), where the eigenvectors coalesce and the

Hamiltonian becomes defective (non-diagonalizable). In this work, by computing the evolution of

the associated Jordan block in the interaction picture, we derived FGR for systems containing an
EP of order 2. We found that in the short-time limit, the transition probability P exhibits an

anomalous t* scaling, rather than P o t* as in non-Hermitian systems without EPs. On the other

hand, in the long-time limit, the system exhibits a Squared-Lorentzian resonance lineshape that is

sharper than the conventional Lorentzian profile observed in a non-Hermitian system without EPs.

Numerical simulations verify the analytical results.
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I. INTRODUCTION

Linear response theory (LRT) and the associ-
ated Fermi’s golden rule (FGR) constitute the rigorous
mathematical foundation for describing the macro-
scopic response and microscopic quantum transitions
of physical systems subjected to weak external pertur-
bations [1-7]. This formalism has been extensively
used in standard quantum mechanics to study both
linear and nonlinear dynamical behaviors, and now it
begins to be extended to non-conservative systems [8—
12].

In standard quantum mechanics, the Hamiltonian
is assumed to be Hermitian. However, nonequilibrium
and open systems are effectively described by non-
Hermitian Hamiltonians. In recent years, research
on non-Hermitian physics has progressed remarkably
in both experiments and theory [13-22]. Benefiting
from the development of synthetic dimensions and

precise quantum control, non-Hermitian Hamiltonians

have been successfully realized across diverse physical
platforms, including classical photonics [23-25], open
quantum systems [26-28], and cold atoms [29, 30]. At
the heart of this fast-growing field lies a key goal: ex-
tending the basic principles of standard quantum me-

chanics to the non-Hermitian realm.

To date, generalizations of LRT and FGR to
non-Hermitian systems have been achieved primar-
ily by employing the biorthogonal basis [31]. How-
ever, these existing frameworks inherently rely on the
assumption of diagonalizability of the Hamiltonian,
and this assumption breaks down at non-Hermitian
exceptional points (EPs) [32-40], where not only the
eigenvalues but also the corresponding eigenstates co-
alesce. Although recent studies on non-Hermitian sen-
sors have revealed that the steady-state response at an
EP under continuous-wave driving exhibits a squared-
Lorentzian profile, the microscopic, time-domain tran-
sition dynamics driven by a time-dependent perturba-

tion exactly at an EP remains a open question.



In this work, we derive an anomalous FGR for
defective non-Hermitian systems that possesses an ex-
ceptional point of order 2 (EP2). By formulating the
time-dependent perturbation theory within the inter-
action picture, we unveil the unique quantum transi-
tion dynamics at an EP2. We demonstrate that in
contrast to the conventional FGR predicting a short-
time transition probability scaling as P o t2, the co-
alesced system exhibits an anomalous P oc t* scal-
ing in the short-time limit. Furthermore, it is also
found that the system exhibits exotic dynamical re-
sponse in the long-time limit, that is, a steady-state
squared-Lorentzian resonance profile, as opposed to
the ordinary Lorentzian lineshape observed in non-
Hermitian systems without EPs. Our analytical pre-
dictions are verified by exact numerical simulations.
This theoretical framework repairs the breakdown of
standard perturbation theory at EPs, and provides a
microscopic time-domain perspective for understand-
ing transient signal transduction at non-Hermitian de-
generacies, which may inspire novel dynamic schemes

for weak-signal detection.

II. MODEL AND BREAKDOWN OF
CONVENTIONAL FGR

In this work, we study a three-level system con-
taining an EP of order 2, whose Hamiltonian, in its
mathematically simplest form (the Jordan canonical

form), is given by (we use natural units i = 1 through-

out):
E, 0 0
Ho=|o0 E, J (1)
0 0 E,

The basis {|1),]2),|3)} employed here has the follow-
ing properties: |1) is a Hermitian eigenstate, i.e., its
eigenvalue F; is real and it is orthogonal to both |2)
and |3); |2) is an eigenstate with a generally complex
eigenvalue denoted E., = € — iy (¢,7 € R), where
€ is the resonance energy, and v > 0 is the dissi-

pation rate; |3) is a generalized eigenstate satisfying

(Ho — Eep) 3) = J|2) # 0.

In this basis, both the unperturbed time-

evolution operator Up(t) = e ot and its inverse
Uy '(t) = et can be written as upper triangular
matrices:
e~ tEat 0
Uot)=| 0 e Bt —iJteFert [, (2)
0 0 e tEept
and
ettt 0
Uo_l(t> — 0 eiEept Z'JteiEept . (3)
0 0 eiFert

Note that the time evolution within the excited-state
subspace acquires an algebraically growing term pro-
portional to ¢ (specifically, the off-diagonal element
—iJt), in stark contrast to the purely exponential be-
havior found in Hermitian systems as well as in non-
Hermitian systems without EPs.

Now we add a harmonic perturbation V(¢) =

Vet at time ¢ = 0, where

0 00
Vo1 0 0 (4)
Va1 00

v:

In Hermitian systems, or non-Hermitian systems
without EPs, the (right) eigenstates {|¢,)} of the
Hamiltonian form a complete set in the Hilbert space.
Consequently, for an arbitrary initial state [1g), we
can expand it as |1)g) = >, ¢, |¢n). Assuming that
the state evolves into [¢(t)) = Y c,(t)e " Ent|p,) at
an arbitrary time ¢, the expansion coefficients ¢;(t) can
be calculated using the projection (¢;|¥(t)), or the
biorthogonal projection (x;|¢(t)) for non-Hermitian
systems, where |x;) is one of the left eigenvector of
the Hamiltonian. However, for the case where the
spectrum of the Hamiltonian contains an EP of order
2, i.e., formed by the coalescence of two eigenstates.
the eigenstates do not form a complete basis. Since
the Hamiltonian is defective, the state cannot be ex-

pressed using the aforementioned simple expansion.



In the following, we rederive FGR for non-
Hermitian systems with EP2 within the interaction
picture. In the Schrdédinger picture, the state vector
contains all the dynamical information and is simul-
taneously affected by the intrinsic evolution of the
system and by the perturbation, making it difficult
to disentangle their respective contributions. By con-
trast, the interaction picture isolates the transition dy-
namics from the non-Hermitian background evolution,
thereby clarifying the physical picture of “transition”
and making the first-order perturbation approxima-
tion mathematically straightforward and natural. It
is also worth noting that while the exact dynamics
can be directly solved in the Schrédinger picture (as
we will employ later for numerical verification), the
interaction picture analytically unveils how the Jor-
dan block directly modifies the effective perturbation

Hamiltonian with an algebraic time-dependence.

III. FIRST-ORDER PERTURBATION
EXPANSION IN THE INTERACTION PICTURE

We start from the Schrodinger equation. The to-
tal Hamiltonian of the system is H(t) = Hy+V (t), and
the state vector satisfies the following time-dependent

Schrédinger equation:
i [U(t) = [Ho+ V()] [0(2). (5)

To treat the time-dependent perturbation, we
transform to the interaction picture. The state vec-
tor in the interaction picture, denoted by |¥,(t)), is
defined as

W) = Ug ' (8) [%(2)) - (6)
We expand the state vectors in two pictures as
W) = {Ci(1),Ca(1),C5(t)}T, and [¥4(t) =
{c1(t), ca(t), c3(t)}7, respectively. Then we readily ob-

tain:
C1 (t) Cl (t)eiElt
ca(t) | = | [Cao(t) +iJtCs(t)]etBert |, (7)
C3 (t) 03 (t)eiEept

Cy(t) ci(t)e Bt
Cg(t) = [Cg(t) — thCg(t)]e_iEe”t . (8)
Cg (t) C3 (t)eiiEept

Combining Eq. (5) with Eq. (6) yields the evo-

lution equation for the interaction picture state:
0 ~
rn (W (t) = Vi(t) V(1)) 9)

with V7 (t) = Uy (£)V (£)Uy(t) being the perturbation
operator in the interaction picture. The above equa-

tion can be further computed as follows:

P Cq (t) G (t)
ZE Ca (t) = U0_1<t)V(t)U0(t) C2 (t)
cs(t) cs(t)
0 00 c1(t)
= (‘/21 +Z.Jt‘/31)€i2t 00 Cg(t)
Vi ei#t 00/ \es(t)
0
= | (Va1 +4JtV31)e™ e (t) | » (10)
V‘gleiztcl (t)

where z = E,, — Iy — w is the complex detuning,
or it can be explicitly written as z = A — iy, with
A = e — E; — w being the real detuning.

We assume that the system is entirely in the
ground state |1) at t = 0, i.e., ¢;(0) = 1,¢2(0) =
¢3(0) = 0. If we confine our discussion to the case of
weak perturbation and assume that the coefficients do
not change much during time ¢, then, as a first-order
approximation, we can substitute ¢;(t) ~ ¢;(0) = 1
into the above equation, which gives the decoupled

differential equations satisfied by ¢3(¢) and e3(%):
ics(t) = Varet. (11)

ZCQ(t) = (‘/21 + thVEgl)eiZt. (12)
Integrating the above equations yields

1— eizt

t
Cg(t) = —Z‘/:g,l/ 6iZTd7' = ‘/:31 y (13)
0 Z
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red solid lines are obtained from the analytical expressions,
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be: 1 =02, e=1,v=0.08, J =05 w=1, Voy =0,
V31 = 0.01.

and

t
Cg(t) = —Z/ (‘/21 + iJT‘/zgl)eiZTdT
0

- %(1 ety - i@em. (14)

The above result is obtained within the interac-
tion picture. However, it should be noted that in non-
Hermitian systems, “transition” and “dissipation”
represent two competing physical processes, which are
The in-

teraction picture exclusively accounts for pure transi-

both physically genuine and indispensable.

tions, whereas the Schrodinger picture yields the real-
istic observational outcomes that incorporate the in-
trinsic background dissipation. Thus, tn order to cor-
respond to the physical observables measured in re-
alistic non-Hermitian experiments, it is necessary to

transform back to the Schrédinger picture.

Substituting Eqs. (13) and (14) into Eq. (8), we

have

e—iBept _ p—i(B1tw)t

CS(t) = ‘/31 ;

z

(15)
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K] 2. Steady-state resonance lineshape. The blue and red
solid lines are obtained from the analytical expressions, Eqgs.
(20) and (21), respectively, while the dark blue and dark
red dashed lines are from direct numerical solutions of the
Schrédinger equation Eq. (5). The blue curve corresponds to
the Lorentzian lineshape, while the red curve corresponds to
the squared-Lorentzian lineshape. The parameters are set to
be: E1 =02,e=1,v=0.08, J =0.5, Vo1 =0, V31 = 0.01,
t = 100.

and
Vor2 — JVs ) .
Cy(t) :%[eﬂ&pt _ efz(Eler)t]
_ i@e_iEept' (16)
z

This is the analytical result obtained under the
first-order perturbation approximation. In what fol-
lows, we separately discuss the response behaviors in

the short-time and long-time limits.

A. Short-time Anomalous Dynamics

To investigate the short-time dynamics, we per-

—iBEept

form a Taylor expansion on the terms e and

e~ UF1+@)t in the limit ¢t — 0, respectively: e *Fert
1 —iE,t — E2t?/2 and e (Bl & 1 — (B 4 w)t —
(E; + w)?*t?/2. Substituting the expansions into Eq.
(15) and Eq.

order term, we obtain, respectively,

(16), and retaining only the leading-

Ps(t = 0) = |Cs(t = 0)]2 ~ |Va1 22, (17)



i.e., P3 oc 2, which is in agreement with the behavior
observed in Hermitian systems and in non-Hermitian
systems far from the EPs (see Appendix A and Ap-
pendix B for details), and,

1
Py(t = 0) = Co(t = 0) ~ TPV Pt!, (18)

exhibiting an anomalous t* scaling law. In the above
calculation, the parameter V5; is set to be zero.

As we have previously pointed out, state |3) is a
generalized eigenstate that satisfies Hy [3) = E., |3) +
J |2), which implies that, owing to the presence of the
off-diagonal coupling term .J, the probability ampli-
tude of state |3) will spontaneously flow into state |2).
Setting V51 = 0 effectively forbids any direct transi-
tion from state |1) to state |2). Thus, state |2) can

only be pumped through a coherent two-step cascade:
1) =5 13) 5 12) (19)

In this way, the anomalous response can be prevented
from being masked by the ordinary background, thus
enabling the detection of the response specific to the
EP system. From an experimental perspective, the
condition V5; = 0 can be realized by symmetry selec-
tion rules or spatial mode matching in realistic plat-
forms. For instance, in atomic or molecular non-
Hermitian systems, this selective excitation can be
strictly enforced by optical dipole selection rules. If
state |1) shares the same parity as state |2), which is
opposite to that of state |3), then the direct transi-
tion from state |1) to state |2) is intrinsically forbid-
den. Furthermore, in macroscopic platforms such as
coupled whispering-gallery-mode microcavities or su-
perconducting microwave circuits, Vo; = 0 naturally
arises from the spatial arrangement of the setup. By
placing the external driving waveguide (state |1)) such
that it couples solely to the first cavity (state |3)), the
direct excitation to the remote second cavity (state
|2)) is physically blocked, i.e., Vo1 = 0.

Eq. (18) indicates that the coalescence of eigen-
states gives rise to exotic dynamics, i.e., P, o t* in-

stead of P, o< t2, in the short-time transition proba-

bility.

Fig.1 presents a comparison between the re-
sults obtained by direct numerical solution of the
Schrodinger equation, i.e., Eq. (5) and those derived
from the analytical expressions in Egs. (17) and (18).
To illustrate the short-time dynamical behavior, the
time ¢ is confined to the interval [0,5]. The two sets

of results are found to be in good agreement.

B. Steady-state Anomalous Resonance Profile

We now turn to the steady-state response (¢ —
00). Owing to the presence of factor e=7* (noting that
v > 0, i.e., dissipation is present), the term e~ et in
Eqgs. (15) and (16) vanishes at t — oo. Accordingly,

the steady-state behavior can be derived:

Vol [Val?
P — |C. 2 _ [Var — 20
1(00) = [Caloo) P = L2 = 58 (20)
and (V5 is also set to 0),

2 2 217 |2
Py(oo) = [Cafoo)f? = ITVSE PRIV o)

|2[* (A% +172)2

As a function of the driving frequency w, Eq. (20) ex-
hibits a conventional Lorentzian resonance peak that
centered at w = € — Ey, with a full width at half maxi-
mum equal to 2. This steady-state response is identi-
cal to that observed in non-Hermitian systems without
EPs (see Appendix B for details).

Eq. (21), on the other hand, manifests a squared-
Lorentzian lineshape, which indicates that in the pres-
ence of EPs, the absorption spectrum exhibits sharper
resonant features, as shown in Fig.2.

Fig.2 presents a comparison between the re-
sults obtained by direct numerical solution of the
Schrédinger equation, i.e., Eq. (5) and those derived
from the analytical expressions in Egs. (20) and (21).
We can see that the two sets of results are in good
agreement.

We finally note that, recently, it has been demon-
strated in non-Hermitian photonics and sensors that

the steady-state transmission spectrum at an EP



of order M can exhibit a Lorentzian response or a
super-Lorentzian response of order My, with M, =
2,3,...,M, see, for example, Ref. [9], which inves-
tigated the steady-state/frequency-domain response
of driven EP systems. Meanwhile, our present
work in fact explores the microscopic time-domain
mechanism at an EP by developing FGR applica-
ble to the defective Hamiltonian, and fills the the-
oretical gap resulting from the breakdown of the

biorthogonal-basis-based FGR.

IV. CONCLUSIONS AND DISCUSSIONS

In this work, we derive FGR for the non-
Hermitian systems with an EP of order 2. In or-
der to isolate the transition dynamics from the non-
Hermitian background evolution, the majority of our
calculations is carried out in the interaction picture.
For consistency with experimental results, we even-
tually revert to the Schrodinger picture and present
the analytical solution within the first-order pertur-
bation approximation. We have separately discussed
the responses in the short-time limit and those in the
long-time limit (the steady-state response), and found
that in the short-time limit, the transition probability
exhibits an anomalous t* scaling. And in the long-
time limit, the system exhibits a Squared-Lorentzian
resonance lineshape.

Our theory can be experimentally validated by
mapping the abstract three-level model onto a realis-
tic physical platform: two coupled optical whispering-
gallery-mode microcavities or superconducting mi-
crowave resonators. Consider two coupled resonators
(denoted as mode a and mode b) with identical reso-
nant frequency wy but asymmetric decay rates v, and

~p. The effective non-Hermitian Hamiltonian is given

by
Hcav - w0 e 8 (22)
Ko wo— i

where & is the inter-cavity coupling strength. By tun-
ing the system parameters to satisfy k = [y1 — 12|/2,
the system coalesces into a EP2. In this context, the
initial state |1) in our model corresponds to the ex-
ternal continuous-wave driving field acting as the un-
perturbed source, and a weak incoming signal acts as
the time-dependent perturbation V'(¢) that predomi-
nantly couples into one of the cavities. Such highly
controllable microcavity platforms have already been
widely used in steady-state EP sensing, making our
time-domain theoretical predictions highly accessible

for experimental verification.

It should be noted that, while the ultimate sen-
sitivity limit in practical sensors strictly depends on
the signal-to-noise ratio involving complex noise dy-
namics, this t* algebraic growth that appears in our
anomalous FGR provides a novel transient temporal
window that could be potentially exploited to rapidly
outpace static technical noises during the initial de-

tection stage.

Finally, for an EP of order N, the correspond-
ing Jordan block introduces higher-order polynomial
terms (up to t¥~1!) in the time-evolution operator.
It is thus physically expected that a sequential cas-
cade transition through these higher-order generalized
eigenstates could lead to an even steeper transient al-
gebraic scaling. However, rigorously formulating the
transition dynamics for arbitrary N-th order EPs re-

mains an open question for future investigations.
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K5k A: FGR in Hermitian systems

For a Hermitian system, since the eigenstates
{|¢n)} of the unperturbed Hamiltonian H, form a
complete set in the Hilbert space H, for an arbi-
trary initial state [¢)p), we can expand it as [¢)y) =
S, @n |¢n). If we turn on a perturbation V' (t) at time
t = 0, then, at an arbitrary time ¢ the state |¢)g)

evolves into:

() =D an(t)e

Pn) ; (A1)

which obeys the time-dependent Schrédinger equa-

tion:
A1) = (Fo + V() b (0)) = i ().

Substitute Eq. (A1) into Eq. (A2) and we obtain:

[Ho + V(t) — i%] Zan(t)e_iE”t |pn) =0. (A3)

(A2)



Multiplying the above equation with (¢¢| from the
left, and with the help of (¢;|¢;) = d; j, we have:

ihdaé“t(t) — Z an(t) <¢f|f/(t)|¢n> giwsnt

(A4)

n
where wy,, = By — E,.

Now, we assume that the initial state is one of
the eigenstates of Hy, say |ps), i€, an(0) = Oy If
we confine our discussion to the case of weak pertur-
bation, then, as a first-order approximation, we can
substitute a,(t) = J,; into (A4), which gives

A s ent (as)
The above equation integrates to
t A
ag(t) = —i /0 {6V ()l ) ermdr. (A6)

Now, we assume that the time-dependent distur-
bance V(t) is harmonic with the angular frequency
w, and has the form: V(t) = Ve ™! where V is

time-independent.

Substituting the above expression into Eq.(A6),

we arrive at

A t . .
as(t) = i {,\Vlas) [ erereterar,
0

ei(w‘fifw)t -1

== (61V10:) (A7)

Wyeg — W

Further, with the help of the formula e — 1|2 =
4sin*(0/2), the above equation can be written as:
2 4sin®[(wp; — w)t/2]

(wpi —w)?

(A8)
In the limit ¢ — 0, the approximation sin*[(w; —
w)t/2] ~ [(wp; — w)t/2]* holds, which yields

Pres(t) = las () = |(¢1V]6)

R 2
Pt = 0) =~ (g VIe)| £t (A9)

that is, the short-time transition probability is pro-
portional to ¢2.

On the other hand, according to one of the defi-
nitions of J-function:

5(zx) = lim isinQ(tx/2)

C oo 21 t(2/2)2 (A10)

in the ¢ — oo limit, we have:

4sin’[(wp; — w)t/2]

= 2mtd(wyp; — w)

(wri —w)?
=2mté(Ey — E; —w), (All1)
Thus, Eq.(A8) can be written as:
Pioyp(t — 00) = 2rt | {6V 16 ) CS(By - B - w).
(A12)

The above expression is the transition probability in

the long-time limit given by the conventional FGR.

M5 B: FGR in non-Hermitian systems without EPs

We now consider a non-Hermitian Hamiltonian
Hy +# ﬁg, whose right and left eigenstates satisfy the

biorthogonality relation:

HO|¢7L> :Enlgbf»’ <Xn|-HO :En <Xn’7

<Xn|¢m> = 5nm7 (Bl)
and whose eigenvalues are generally complex:
E, =€, —ivn, (B2)

where € is the resonance energy, and « is the dissipa-
tion rate.

In the absence of EPs, the results for the non-
Hermitian system can be derived directly by following
the procedure established for the Hermitian case. In
the non-Hermitian setting, Eq. (A7) should accord-

ingly be rewritten as:

t
ag(t) = —1 <Xf|V|¢z>/ e~ T T T,
0

ei(wfi —w)t _ 1

=~ (ulVien) (B3)

Wi —

where

with wg and I' being real transition frequency and rel-
ative width parameter, respectively. The exact ex-

pression for the transition probability to a single final



state can be readily derived:

2 2t 1 — 2 cos(At)
A? 4 T2

Pis(®) = | (/17 16) (8B5)

where A = wy — w is the Real detuning.
In the limit ¢t — 0, e ~ 1 + 't + T'%#2/2, e*'t ~
1420t + 2122, cos(At) ~ 1 — A?t?/2. Thus, we have:
et 41— 2" cos(At) = (A% + T2)t? (B6)

where only the leading-order term in ¢ is retained.
Substituting this into Eq. (B8) gives:

. 2
Pronslt = 0) ~ (sl Va2 o £

(B7)

that is, as in the Hermitian case, for non-Hermitian

systems without EPs, the transition probability is pro-
portional to ¢? in the short-time limit.

We now turn to the long-time limit, which corre-
sponds to the steady-state response of the system. In
this regime, we consider the case I' < 0. As t — oo,

the transient term e?'* and e!* decays to zero, and we

obtain:
NN
Pz-_,f(t—>oo):’<Xf|V|¢i> ATT?
NN 1
_ M— B
(s V164) o B

which is independent of time. Viewed as a func-
tion of the driving frequency w, it exhibits an exact
Lorentzian lineshape centered at the resonance fre-
quency wp, with a full width at half maximum equal

to 2I'.
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