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Extending the Dirac physics of two-dimensional graphene into three-dimensional (3D) carbon
allotropes with higher-dimensional band degeneracies remains a central challenge in topological
materials science. Here, we propose a general symmetry-engineering principle that systematically
transforms graphene’s Dirac cone into a 3D nodal surface via controlled layering and registry shift,
and employ this principle to guide a machine-learning-accelerated inverse design. By integrating a
crystal diffusion variational autoencoder (CDVAE) with CrystalFormer, we identify a body-centered
tetragonal carbon structure (previously reported as bct-C12) which we also name Netsene. First-
principles calculations reveal that this known material hosts a previously unrecognized nested nodal-
surface system near the Fermi level, protected by non-symmorphic symmetries, alongside Dirac-like
linear crossings with Fermi velocities comparable to graphene. Its non-trivial bulk topology, verified
by Wilson-loop and Berry-phase calculations, is expected to manifest in drumhead surface states,
including a nearly flat band. Netsene thus provides a structurally robust, bulk platform that com-
bines high Fermi velocities comparable to graphene, topological nodal surfaces, and a high density
of states that may foster correlation effects worthy of future study, demonstrating the power of
theory-guided, machine-learning-accelerated identification for engineering exotic topological quan-
tum phases.
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I. INTRODUCTION

The experimental realization of graphene has estab-
lished two-dimensional (2D) Dirac semimetals as a cor-
nerstone of modern condensed matter physics, unveiling
massless relativistic quasiparticles and exceptional car-
rier mobilities [1, 2]. A central pursuit in topological ma-
terials science is to extend such Dirac physics into three-
dimensions (3D), where higher-dimensional band degen-
eracies can emerge, such as one-dimensional (1D) nodal
lines and 2D nodal surfaces [3, 4]. Among these, nodal
surfaces, across which two bands remain degenerate on an
entire 2D manifold in momentum space, are particularly
intriguing. They can host extended regions of high den-
sity of states (DOS), potentially fostering enhanced elec-
tronic correlations and exotic transport phenomena [5].
However, realizing clean, robust nodal surfaces near the
Fermi level (EF) in stable materials remains a significant
challenge. Their existence often demands specific, non-
symmorphic crystal symmetries and a delicate balance of
electronic interactions, making both their rational design
and experimental realization difficult [6].

Elemental carbon, with its weak spin-orbit coupling
(SOC) and extraordinary structural diversity (sp, sp?,
sp3 hybridization), offers an ideal materials platform for
engineering topological band structures [7, 8]. The weak
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SOC preserves band degeneracies protected by spacetime
inversion symmetry, while carbon’s versatile bonding en-
ables the construction of complex 3D networks with tai-
lored symmetries. This raises a fundamental question:
Can graphene’s Dirac cones be rationally transformed
into symmetry-protected nodal surfaces in a 3D carbon
allotrope?

In this work, we answer this question affirmatively by
proposing and validating a general symmetry-engineering
principle that systematically elevates the dimensionality
of band degeneracies. Our strategy unfolds in three con-
ceptual steps: (i) reducing the in-plane hexagonal sym-
metry of graphene to break the equivalence of hopping
directions, promoting the zero-dimensional (0D) Dirac
point into a 1D nodal line; (ii) introducing a controlled
half-lattice-constant registry shift between graphene lay-
ers to extend this nodal line; and (iii) permanently “fix-
ing” the shifted layers with a covalent sp3 carbon net-
work, which simultaneously stabilizes a body-centered
tetragonal structure and activates non-symmorphic sym-
metries that enforce a 2D nodal surface. Rather than
relying on trial-and-error, we translate this design princi-
ple into a target for machine-learning-accelerated inverse
design. By combining a crystal diffusion variational au-
toencoder (CDVAE) [9] with CrystalFormer [10], we ef-
ficiently navigate the vast chemical space of carbon al-
lotropes and identify a low-energy phase that perfectly
embodies our design.

The crystal structure that satisfies the above design
criteria was independently identified by our machine-
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FIG. 1: Schematic overview of the integrated research methodology. (a) Three-step symmetry-engineering design
principle for transforming a 2D Dirac cone into a 3D nodal surface. (b) Workflow of the
machine-learning-accelerated inverse design combining a CDVAE and CrystalFormer. (c¢) Key first-principles
characterization methods used to validate the predicted structure and its topological properties.

learning pipeline as the lowest-energy candidate. During
the course of this work, we became aware that this struc-
ture had been previously reported as bet-C12 [11]. Those
earlier works focused on its anisotropic Dirac fermions
and mechanical properties, but the possibility of a nested
nodal surface remained unexplored. Here, we re-examine
this material, through our symmetry-engineering lens
and first-principles calculations, revealing a rich nested
nodal-surface system that was not previously recognized.
We name this material “Netsene”, combining “net” (re-
flecting its three-dimensional network-like framework)
with the suffix “-sene”, a convention used for carbon al-
lotropes with extended 7-conjugation (such as graphene
and graphyne). Netsene crystallizes in the I /mem space
group and exhibits remarkable properties: exceptionally
high stiffness along the c-axis (Cs33 = 1134.2 GPa), Dirac-
like linear crossings with Fermi velocities comparable to
graphene (~ 9 x 10° m/s), and a complex nodal surface
giving rise to drumhead surface states including a nearly
flat band. This material thus shares conceptual similari-
ties with magic-angle twist bilayer graphene (TBG) [12—-
14] in that both exhibit flat-band features near the Fermi
level, although the origin of the flat bands is fundamen-
tally different (translational shift versus rotational mis-
orientation). It thus provides a structurally robust bulk
platform in which correlation effects may be investigated
in future work.

II. METHODS
A. Theoretical Design Principle

Our strategy to engineer a 3D nodal-surface semimetal
from graphene is a three step symmetry engineering pro-

cedure that systematically raises the dimensionality of
the band degeneracy. We outline each step below with
analytical model derivations.

Step 1: From 0D Dirac point to 1D nodal line via in-
plane symmetry reduction. Monolayer graphene has a
honeycomb lattice with two atoms per unit cell. In the
nearest-neighbor tight-binding approximation, its Hamil-
tonian in momentum space is

3
1009 = (51 69) g =S, (1

where ¢ is the hopping integral and J; are the three
nearest-neighbor vectors. Expanding around the K point
K = (47/3a,0) yields the massless Dirac Hamiltonian

(2)

with Fermi velocity vp = +/3ta/2. This is a 0D point
degeneracy. If we preserve the honeycomb connectiv-
ity but lower the in-plane symmetry from hexagonal to
orthorhombic (space group p2/m), the equivalence be-
tween the three hopping directions is lifted. The effective
Hamiltonian near the former K point becomes

HDirac = UF(kaz + kyay)a

3)

where v, # v, in general. In an isolated 2D system this
remains a point node, but when interlayer coupling is
introduced in the next step, the reduced symmetry can
promote it into a line degeneracy.

Step 2: From 1D nodal line to 2D nodal surface via in-
terlayer registry shift. Consider two such graphene layers
stacked with a relative shift d = (a/2,0) along the arm-
chair direction. The interlayer coupling is modeled by a
hopping matrix between the layers. In the basis of the

Hortho(q) = V3Qz0z + VyQyOy,



two layers (each with A/B sublattices), the total bilayer
Hamiltonian is

Hbilaycr(k) = (;I?((ll({)) 177[10(;{1{))) ’ (4)

where T'(k) is the interlayer hopping matrix. For the
armchair shift (a/2,0), the diagonal interlayer hopping
becomes momentum dependent and can vanish along cer-
tain lines in the Brillouin zone, generating a protected
nodal line. The low-energy effective model around such
a nodal line is

Hline(q) = UJ_(qIUz + q20y) + w(qh Q2)UO, (5)

where g1, g2 are momenta perpendicular to the line, and
w tilts the cone. The line itself is protected by a Zs in-
variant (Berry phase 7) when time-reversal and sublat-
tice symmetries are present.Such nodal lines have been
theoretically predicted in several three-dimensional car-
bon allotropes [15-19].

Step 8:  Permanent 3D fization and symmetry-
protected nodal surface. To extend the nodal line into
a 2D nodal surface, we permanently connect the two
shifted layers with an additional carbon network that
forms a square lattice. This covalently “fixes” the shifted
geometry into a bulk structure. The resulting crys-
tal is body-centered tetragonal (bct) with space group
Ij/mem (No. 140). This space group possesses non-
symmorphic symmetry operations, notably a screw axis
{C5:1(3,%,0)} and a glide mirror {M,[(3,3,0)}, which
are essential for stabilizing the nodal surface. In the 3D
periodic structure, the interlayer coupling becomes k-
dependent. The effective Hamiltonian near the former
nodal line can be written as

o9 = (20 500 (©

where A(k) is the effective hybridization between the two
shifted graphene subunits. Owing to the bct symmetry
constraints, A(k) is forced to vanish on a 2D manifold in
the Brillouin zone,

A(k)=0 = nodal surface S. (7)
This surface is not accidental but symmetry-enforced,
and the degeneracy is topologically protected by a Zs in-
variant derived from the Berry phase of loops encircling
the surface [20]. The idea of chemically fixing shifted
graphene layers into a stable 3D network is reminiscent
of hydrogenated graphene (graphane), where sp? to sp?
rehybridization leads to new electronic phases [21]. Re-
cent experimental progress in fabricating graphene-on-
diamond heterostructures [22] further supports the syn-
thetic plausibility of such a phase. Thus, the search for
a 3D nodal-surface semimetal reduces to identifying a
stable carbon allotrope that realizes the symmetry con-
ditions of the Ij/mem bet structure.

FIG. 2: (a) The conventional unit cell of Netsene
viewed along the c-axis, showing the layered
arrangement. C1 (sp?-like) and C2 (sp>-like) atoms are
shown in green and blue, respectively. (b) Side view
along the a-axis, highlighting the stacking sequence of
four distinct layers. (c) Projection along the a-axis,
clearly showing the armchair-direction shift between
adjacent layers. The (110) plane forms the distorted
honeycomb lattice.

B. Machine-Learning-Accelerated Inverse Design

The design principle derived in Section IT A establishes
a clear structural target: a body-centered tetragonal net-
work with half-shifted graphene-like layers. To efficiently
navigate the vast space of carbon allotropes compatible
with this target, we employed a deep generative frame-
work that integrates CDVAE [9] with CrystalFormer ar-
chitecture [10].

The CDVAE generates candidate structures by learn-
ing the distribution of known carbon allotropes and per-
forming diffusion-based sampling in the latent space.
The generated candidates are then passed to the Crys-
talFormer, which serves a dual purpose: (i) it enforces
the required Ij/mcm space-group symmetry and the
structural motif (layered network with armchair reg-
istry shift), and (ii) it estimates the formation energy of
each candidate. This two-stage pipeline allows us to fil-
ter out high-energy or symmetry-incompatible structures
and rank the remaining candidates by their energetic sta-
bility.

Starting from a training set comprising about two
thousand 3D carbon networks drawn from the Materi-
als Project [23], the SACADA database [24], and recent
theoretical literature, the generative process produced a
pool of structures satisfying the prescribed space group
and bonding topology. After discarding duplicates and
structures with unrealistic bond lengths, seven candi-
dates compatible with the body-centered tetragonal lat-
tice were retained. Among these seven, we selected the
one that best fulfilled our design criteria: a layered net-
work with a half-lattice-constant armchair shift between
adjacent graphene-like sheets.

It was brought to our attention at the preprint
stage that the same atomic arrangement had been in-
dependently reported as bct-C12 by Dong et al. [11],



who focused on its stability, mechanical properties,
and anisotropic Dirac fermions. We emphasize that
our screening procedure was performed without seed-
ing known candidate structures and was guided exclu-
sively by the symmetry-engineering principle and the
energetic ranking from the generative model. The re-
sulting lowest-energy structure was later identified as
bct-C12 through independent literature mining, confirm-
ing that our physics-driven generative model successfully
converged to a chemically and topologically optimal con-
figuration.

C. First-Principles Calculations

All first-principles calculations in this work were per-
formed using the Quantum ESPRESSO (QE) [25]. The
electronic exchange-correlation interactions were treated
within the generalized gradient approximation (GGA)
as parameterized by the Perdew-Burke-Ernzerhof (PBE)
functional [26]. Optimized norm-conserving Vanderbilt
pseudopotentials were employed with a kinetic energy
cutoff of 80 Ry for the wavefunctions and 600 Ry for
the charge density, ensuring excellent convergence for the
mixed sp’?—sp® carbon networks. For the pristine bulk
unit cell of Netsene, Monkhorst-Pack 6 x 6 x 20 k-point
mesh was used for Brillouin zone sampling. Structural
relaxations were carried out by fully optimizing both
atomic coordinates and lattice vectors until the total en-
ergy change between successive steps was below 10~ Ry,
and forces on each atom were less than 10~¢ Ry/Bohr.

Phonon dispersions were calculated using density func-
tional perturbation theory (DFPT) as implemented in
QE to assess dynamic stability. Ab initio molecular dy-
namics (AIMD) simulations were performed at 500 K
for 20 ps to verify thermal stability. Maximally local-
ized Wannier functions (MLWFs) for the carbon p or-
bitals were constructed using the Wannier90 code [27],
yielding a faithful tight-binding Hamiltonian for the sur-
face state calculations. Topological invariants were eval-
uated through Wilson-loop calculations of the Wannier
charge centers (WCCs), irreducible representation analy-
sis of the band crossings, and Berry phase calculations on
closed loops encircling the nodal surface features [20, 28—
30].

III. RESULTS AND DISCUSSION
A. Crystal Structure and Stability of Netsene

The crystal structure we identified, Netsene, Its op-
timized equilibrium lattice parameters are a = b =
8.6913 A and ¢ = 2.4674 A. The conventional unit cell
contains 24 carbon atoms occupying two inequivalent
Wyckoff positions: C1 at 8k (0.03926,0.73720,0.5) and
C2 at 4h (0.71365,0.78635,0.5). The crystal structure is
illustrated in Fig. 2.

The structure faithfully embodies the three-step de-
sign principle presented in Section IT A. In the top view
along the c-axis [Fig. 2(a)], the carbon network displays
a characteristic “well”-shaped pattern. The two paral-
lel arms of this “well”, one horizontal pair or, equiva-
lently, one vertical pair, constitute the two half-shifted
graphene-like layers derived from Step2. These layers
are held in registry by C2 atoms (blue spheres, 4h site)
that adopt sp3-like hybridization and form linear pillars
along the c-direction. These sp® connectors correspond
exactly to the “additional carbon network that forms a
square lattice” invoked in Step 3 of the design principle,
thereby permanently fixing the shifted geometry into a
three-dimensional covalent framework. The sp?-like C1
atoms (green spheres, 8k site) constitute the distorted
honeycomb rings within each layer.

As shown in Figs. 2(a) and 2(b), the structure faith-
fully realizes our design: it consists of graphene-like lay-
ers stacked along the c-axis with a specific half-lattice-
constant shift along the armchair direction, clearly visu-
alized in the a-axis projection of Fig. 2(c). This stack-
ing pattern generates a 3D covalent network in which
C1 atoms primarily exhibit sp?-like hybridization, form-
ing distorted hexagonal rings within the layers, while C2
atoms adopt an sp3-like hybridization, serving as inter-
layer connectors. This mixed hybridization is key to the
structure’s 3D rigidity while preserving the m-electron
network essential for the topological electronic structure.

The distorted honeycomb lattice in the (110) plane fea-
tures three distinct bond lengths: C1-C1 = 1.410A, C1-
C2 =1.525A, and C2-C2 = 1.523 A. Notably, the C1-C1
bond is slightly shorter than the C—C bond in graphene
(1.42 A), indicating in-plane bond strengthening, while
the interlayer bonds (C1-C2, C2-C2) are considerably
shorter than the sp*® bond in diamond (1.55A), reflect-
ing a highly cohesive 3D network.

We rigorously assessed the stability of Netsene through
multiple complementary approaches. The calculated
energy-volume curve per atom is shown in Fig. 3(a),
alongside those of diamond, graphite, and several pre-
viously reported carbon allotropes. The cohesive energy
per atom of Netsene is —8.969 eV, which lies between
that of graphite (—9.045 eV) and diamond (—9.018 eV).
This energetic positioning indicates that Netsene is a
metastable phase: it is higher in energy than diamond
and graphite, but notably more stable than other theo-
retically predicted phases, such as tr98, bct-C40, 0C24,
C60, bco-C16, and oC8 [7, 8, 31-34], as well as other
metastable carbon allotropes like Graphynes [35] and
Biphenylene networks [36]. Consequently, Netsene ranks
among the most favorable low-energy metastable carbon
allotropes predicted to date. This favorable energetic po-
sition suggests promising synthetic accessibility.

Phonon dispersion calculations, performed across the
entire Brillouin zone using DFPT, are presented in
Fig. 3(b). The absence of any imaginary frequency modes
confirms the dynamic stability of Netsene, indicating that
the structure resides at a genuine local minimum on
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FIG. 3: (a) The energy-volume curve of Netsene,
compared with diamond, graphite, and the previously
reported oC8, bco-C16, 0C24, bct-C40, C60, and tr98

structures. (b) Phonon band structures under zero

pressure. The highest phonon frequency is
approximately 1532 cm™!, which is close to that of
graphite (1610 cm~1)[37]. (c) Potential energy
fluctuations during AIMD simulations at 500 K for
20 ps, confirming thermal stability.

the potential energy surface. The highest phonon fre-
quency reaches approximately 1532 cm ™!, which is close
to that of graphite (1610 cm™!) and indicative of strong
covalent bonding. Furthermore, AIMD simulations at
500 K [Fig. 3(c)] demonstrate excellent thermal stabil-
ity: the structure remains intact with negligible fluctu-
ations in total potential energy and no bond-breaking
events throughout the 20 ps simulation, confirming that
Netsene can maintain its structural integrity well above
room temperature.

B. Mechanical Properties

The mechanical robustness of Netsene was quantified
by calculating its full elastic constant tensor C;;. For a
tetragonal crystal (point group 4/mmm), there are six
independent elastic constants: Cy1, Cia, Ci3, C33, Cy4,
and Cgg. Our calculated values are listed in Table I,
alongside those of diamond and graphite for comparison.
All C;; values satisfy the generalized Born-Huang stabil-
ity criteria for a tetragonal system:

C11 > |C1z|, Cua >0, Cge > 0, 2CT5 < C33(C11 + C12),
(8)

further corroborating its mechanical stability.

The derived bulk modulus B of Netsene is 290 GPa,
comparable to that of graphite (280 GPa) but lower than
diamond’s 451 GPa, indicating substantial incompress-
ibility for a low-density carbon framework. The shear
modulus G (217 GPa) and Young’s modulus E (522 GPa)
are remarkably high, surpassing those of most known 3D
carbon allotropes and many advanced ceramics. This
places Netsene in the category of ultra-strong, lightweight
materials.

Most strikingly, the value of Cs3 = 1134.2 GPa is ex-
ceptionally high, exceeding even the in-plane elastic con-
stant of graphene (C7; ~ 1100 GPa). This reveals that
Netsene possesses outstanding stiffness specifically along
the crystallographic c-axis—the stacking direction. This
unique anisotropy arises directly from the structural mo-
tif: the sp3-bonded C2 connectors form nearly linear,
highly rigid chains parallel to the c-axis, effectively bridg-
ing the sp? honeycomb layers. Netsene thus combines the
in-plane strength characteristic of graphene with an un-
precedented out-of-plane rigidity, a combination that is
highly desirable for structural applications and that di-
rectly reflects the success of our “fixing” design strategy.

C. Electronic Structure and the Nested
Nodal-Surface System

We now turn to the defining electronic feature of Net-
sene: its topological nodal-surface semimetal charac-
ter. The electronic band structure along high-symmetry
paths, calculated without SOC, is presented in Fig. 4(a).
Netsene exhibits a clear semimetallic character, with mul-
tiple bands crossing the EFr. Two prominent linear band
crossings are observed near Er: one along the I'-X path
(denoted Dy), located at k ~ 1.7953 A~' and approxi-
mately 80 meV below Ep, and another near the M-I’
region (denoted Dy), located at k ~ 4.2928 A—1.

A detailed linear fit to these crossings confirms their
massless Dirac-fermion nature. The Fermi velocities ex-
tracted for Dy are v} a2 9.03x 10° m/s and v$" ~ 8.37 x
10° m/s, while those for Dy are v}?! & 9.05 x 10° m/s and
v &~ 9.99x10° m/s. These values are on the same order
of magnitude as the Fermi velocity of pristine graphene
(~ 8.5 x 10° m/s) [40], suggesting that Netsene may ex-
hibit carrier mobility comparable to graphene, a hall-
mark of high-performance electronic materials, although
quantitative mobility predictions would require detailed
scattering rate calculations beyond the current scope.

The overall DOS at Ep is finite but relatively low,
characteristic of a semimetal [Fig. 4(b)]. The projected
DOS reveals that the states near Er are predominantly
contributed by the p orbitals of both C1 and C2 atoms,
confirming that the low-energy physics is governed by
the m-bonding network inherited from the graphene-like
layers.

Beyond these isolated Dirac-like points, the most strik-
ing feature of Netsene’s electronic structure is the pres-
ence of a complex, extended degeneracy forming a nested



TABLE I: Calculated elastic constants C;; (in GPa), bulk modulus B, shear modulus G, Young’s modulus £ (in
GPa), and Poisson’s ratio v for Netsene, compared with diamond and graphite. All values are from PBE-DFT
calculations for consistency.

Material 011 033 044

Ces Ci2 Cis B G E v

Netsene
Diamond [38] 1079 1079 578

Graphite [39] 1109 38.7 4.95 4.5 139 0

551.1 1134.2 278.7 70.1 98.2 165.4 290 217 522 0.2

578 124 124 451 535 1143 0.17
280 4.2 12 0.49
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FIG. 4: (a) Electronic band structure of Netsene along

high-symmetry lines. The inset zooms in on the linear

crossings near Dy. (b) Total and atom-projected DOS.
The EF is set to zero.

nodal-surface system. This is visualized in the 3D band
structure plot of Fig. 5(a), where a series of nearly flat
bands intersect and overlap near Fr, creating 2D man-
ifolds of band degeneracy in specific regions of the Bril-
louin zone.

Specifically, we identify four distinct nodal surfaces
centered around k, a2 £0.42(27/c). The genesis and
evolution of these degeneracies are elucidated by ex-
amining constant-k, slices of the band structure. At
k. = 0.39(27/c), near the I' point (k; = k, = 0), two
pairs of bands approach each other, forming two sepa-
rate linear crossings. As k. increases to 0.42 (27 /c), these
four bands converge to a four-fold degenerate point pre-
cisely at I'. Simultaneously, a separate four-fold degen-
eracy emerges at the zone boundary (k, = k, = 0.5).
Upon further increasing k. to 0.46 (27/c), the degenera-
cies split again into two Dirac-like points. This evolution,
illustrated schematically in Fig. 5(b), creates a distinc-
tive nested, “double-bowl” shaped nodal surface in the
3D Brillouin zone.

The origin of this robust nodal system is directly trace-
able to the non-symmorphic space group symmetry of
Netsene (I4/mem) and the specific half-lattice-constant
shift between layers dictated by our design principle. The
screw axis {C2.|(3, 2,0)} and glide mirror {M,[(1, 3,0)}
protect the band crossings along high-symmetry lines and

(a) (b)
0.5 1\/16% 0.10
4 -
0.4 I 0.08
0.3
~ P 0.06
Lo2 2 5
& 5 g 004
g 0.1 E s
= N r =002

=

-0.1

-0.2

-0.3

r XM r

FIG. 5: (a) 3D visualization of the nested nodal-surface
system around the Ep, showing the “double-bowl”
shaped degeneracy manifolds. (b) Schematic of the

constant-k, evolution of the band crossings, illustrating

how the nodal surfaces form and annihilate as a
function of k..

enforce the formation of extended nodal surfaces rather
than isolated lines or points. The m-orbital hybridiza-
tion pattern, modulated by the shifted stacking and the
sp> connectors, generates precisely the number of closely
spaced bands necessary for this complex degeneracy. A
non-trivial Zs topological invariant, evaluated from the
Berry phase on a loop encircling any of these nodal sur-
faces, guarantees their topological protection [5].

A direct spectroscopic signature of this nested nodal-
surface system appears in the electronic DOS. As seen
in Fig. 4(b), a pronounced peak emerges just above Ep.
This peak corresponds to a van Hove singularity arising
from the extended regions of nearly flat dispersion as-
sociated with the nodal surfaces. This feature is highly
reminiscent of the physics of TBG, where flat bands and
van Hove singularities arise from Moiré superlattice po-
tentials. In a conceptual sense, Netsene can be compared
with magic-angle TBG: whereas TBG uses a rotational
misorientation to generate real-space Moiré flat bands,
Netsene employs a translational layer shift permanently
fixed by covalent bonds to generate momentum-space
nodal surfaces with an attendant high DOS. This analogy
suggests that Netsene is a promising structural platform
for investigating possible correlation effects in a bulk set-
ting, warranting future theoretical studies. Moreover, the
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multi-band nodal-surface topology and the high density
of states near Er may lead to anisotropic transport and
unusual Hall responses, which are attractive directions
for future experimental and theoretical exploration.

D. Topological invariant and symmetry protection
of the nodal surface

To rigorously establish the topological nature of the
observed nodal degeneracies, we have performed Wilson-
loop calculations, Berry-phase evaluations [20, 28], and
an irreducible representation (irrep) [29] analysis of the
bands involved.

As shown in Fig. 6, the WCCs evolution on the five
planes k1 = 0.0, k& = 0.5, ko = 0.0, ko = 0.5, and
ks = 0.0 is topologically trivial (Zy = 0), exhibiting no
crossing of an arbitrary reference line. In contrast, on
the k3 = 0.5 plane, the WCCs flow displays non-trivial
behavior (Zs = 1), with the WCC lines crossing the ref-
erence line an odd number of times. The resulting three-
dimensional Zy topological index is therefore (0;001). By
the bulk-boundary correspondence, the non-trivial Z5 in-
dex (0;001) implies the existence of topological drum-
head surface states on the (001) surface, consistent with
the nodal-surface character.

This result is fully consistent with the nodal-surface
semimetal picture. In topological semimetals, band de-
generacies can be classified by their dimensionality: zero-
dimensional nodal points, one-dimensional nodal lines,
and two-dimensional nodal surfaces. Unlike point or line
degeneracies, a nodal surface extends continuously over
a two-dimensional manifold in momentum space. In a
three-dimensional Brillouin zone, such a two-dimensional

nodal surface corresponds, along its normal direction, to
a specific k plane, precisely the k3 = 0.5 plane on which
we observe the non-trivial Zs = 1 invariant. This non-
trivial topological index reflects the non-trivial winding
of the bulk wave functions on that plane and constitutes
a direct manifestation of the nodal-surface topology.

To further elucidate the symmetry origin of the degen-
eracies, we performed an irreducible representation (ir-
rep) analysis of the bands forming the nodal surface. At
a representative k-point on the crossing, the band above
the Er transforms as B; and band below the Er as Bs.
According to group theory, bands with different irreps
are allowed to cross without hybridizing; the degeneracy
is therefore an accidental band crossing protected by Cy
symmetry. Such symmetry-protected accidental cross-
ings are the fundamental building blocks of nodal-line
and nodal-surface semimetals, and they remain robust
against any perturbation that preserves the C'; symme-
try.

Taken together, the WCCs evolution, the non-trivial
Zs index (0;001), and the Cy-protected accidental band
crossing (B1/By irreps) provide convergent evidence
that Netsene possesses a non-trivial topological elec-
tronic structure and belongs to the class of nodal-surface
semimetals. This discovery establishes Netsene as an
ideal platform for investigating higher-dimensional topo-
logical degeneracies and their associated physical proper-
ties.

IV. SUMMARY

In summary, we have proposed and validated a gen-
eral symmetry-engineering principle that systematically
transforms the Dirac cone of 2D graphene into a 3D
nested nodal-surface semimetal. Guided by this prin-
ciple and accelerated by a deep generative model, we
have revealed that Netsene — hosts a complex nested
nodal-surface system around the Eg, accompanied by
Dirac-like linear crossings with Fermi velocities compa-
rable to graphene. Its non-trivial bulk topology is con-
firmed by topological invariants and symmetry analysis,
and is expected to manifest in drumhead surface states.
The combination of high Fermi velocity (comparable to
graphene), topological nodal surfaces, high mechanical
stiffness (Cs3 = 1134.2 GPa), and robust stability posi-
tions Netsene as a compelling 3D carbon platform. As
a structure that shares certain flat-band characteristics
with TBG, Netsene offers a rigid bulk system for studying
correlation physics in future works and may hold poten-
tial for high-speed electronic applications.Furthermore,
the distinctive Fermi-surface topology associated with
the nested nodal surfaces may give rise to unique trans-
port signatures, including direction dependent magne-
toresistance and possible anomalous Hall contributions;
a quantitative investigation of these transport proper-
ties is an interesting direction for future study. This
work demonstrates the power of theory-guided, machine-



learning-accelerated materials identification for engineer-
ing exotic topological quantum phases, and highlights the
value of revisiting known materials with new theoretical
frameworks.
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