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Abstract

The key advantage of phased array technology lies in its ability to achieve beam steering via beamforming
and significantly improve the signal-to-noise ratio (SNR). However, classical phased array, based on the
coherent superposition of electromagnetic waves, is constrained by classical physics in both capabilities. In
this work, we propose a quantum-enhanced phased array architecture exploiting the quantum coherence of
N-photon entangled states. The coherent-state-based phased array (CPA) follows the conventional phased-
array beamforming principle, and its beam pattern represents the angular distribution of the average light
intensity. In contrast to the CPA, the beam pattern of the NOON-state-based phased array (NPA) represents
the angular distribution of the intensity correlation of N entangled photons. Beamforming calculations for
the NPA and CPA show that when the NPA forms a normalized beam pattern of the same shape as that of
the CPA, the array aperture of the NPA can be reduced by a factor of N compared with that of the CPA.
Furthermore, we explore the effects of different parameters on the SNR gains of the NPA and CPA systems,
revealing the fundamental differences in their SNR performance. The results show that NPA achieves higher
SNR gain than CPA under certain parameter conditions. Finally, calculations based on detection parameters

demonstrate that the NPA enables a longer detection range under identical transmit power levels.
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1. Introduction

Radar is a system that acquires target information by transmitting electromagnetic waves into space
and processing their reflected echoes. However, classical radars, relying on classical physics principles, are
fundamentally constrained in target detection capabilities by classical physical limits. Since the advent
of quantum mechanics in the early 20th century [1], researchers have sought to exploit quantum physics
to achieve performance beyond classical limits. Notably, such explorations have seen significant advances
in quantum information technology, where quantum coherence and entanglement have been exploited to
drive key progress in quantum sensing, communication, and computation =

Quantum radar, an emerging concept in recent years with the advancement of quantum information
science, which breaks through the performance limit of classical radar by utilizing quantum resources
and quantum technology S Among the various quantum-radar protocols, quantum illumination has

been the most extensively studied. Its quantum advantage is typically obtained in the low-brightness
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regime, where the average signal photon number per spatiotemporal mode is much smaller than unity e

To extend quantum illumination beyond a single sensing channel, quantum radar arrays and quantum
illumination networks employing multiple parallel channels have been proposed. In 2019, Luong et al. o
conducted some preliminary explorations into the possibility of building quantum radar arrays. Wang et

[19]
al.

explored multiple two-photon entangled sources to enhance signal power and attain improved signal-
to-noise ratio (SNR) in 2024. More recently, Zhao et al. o proposed a quantum illumination network using
multiple two-mode squeezed vacuum (TMSV) states, demonstrating quantum advantages in multi-target
detection and parameter estimation. In these architectures, multiple quantum radar units or signal-idler
channels operate in parallel, and the quantum enhancement arises primarily from signal-idler correlations
and joint processing of the received signals and retained reference modes.

Related advances have also been made in quantum-enhanced sensing and distributed sensor networks.
In distributed architectures, quantum resources are shared among spatially separated sensing nodes, and
the measurement outcomes from different nodes are jointly processed. Entangled sensor networks have
been demonstrated for angle-of-arrival estimation, radio-frequency signal classification, and quantum po-

e Beyond distributed networks, squeezed-light schemes have been applied to

sitioning and ranging g
enhance radio-frequency signal resolution and optomechanical acceleration sensing el Multipartite en-
tanglement has been employed to realize an optomechanical sensor network =

Although the quantum radar arrays and distributed quantum sensing schemes discussed above differ
in their specific tasks and quantum resources, they generally employ multiple spatial channels to acquire
signal information in parallel and jointly process the resulting measurements. In contrast, phased array
technology forms a directional beam by controlling the relative phases of the signals emitted by differ-
ent array elements, so that the radiated fields interfere constructively in a prescribed spatial direction.
This enables precise beam steering and improves the output SNR compared with mechanically scanned
radars . However, classical phased arrays remain subject to classical limits in beamforming and SNR
enhancement. In quantum metrology, the high order interference of NOON states has been widely used to

#*% " Motivated by this high order quan-

achieve phase sensitivity beyond the standard quantum limit
tum coherence, we introduce NOON states into a phased array architecture to explore quantum enhanced
beamforming and SNR improvement.

In this paper, we propose a quantum enhanced phased array architecture based on N photon entangled
states. By exploiting high order quantum coherence and controlling the phases of individual array elements,
the system generates directional beams and realizes beam steering. Using quantum correlation functions,
we analyze the beamforming characteristics of the NOON state phased array (NPA) and the coherent state
phased array (CPA). The results show that, for identical normalized beam patterns, the NPA reduces the
required array aperture by a factor of N compared with the CPA. We further evaluate their SNR gains in
noisy environments and show that the NPA can outperform the CPA under specific parameter regimes.
Finally, calculations based on representative detection parameters indicate that the NPA can achieve a

longer detection range than the CPA under the same transmit power.

2. The classical phased array

The core principle of conventional phased array relies on electromagnetic wave superposition. By
phase coherence, it produces constructive interference to enhance beam intensity in a target direction,

while simultaneously generating destructive interference to suppress signals elsewhere. This phased control



Fig. 1. Schematic diagram of the classical phased array. The total process is divided into four stages. Step
I: Signal generation, after the signal is generated by each phase shifter, it is controlled by the initial phase.
Step II: Signal transmission, the modulated signal is transmitted through each antenna and interfered
with in free space. Step III: Signal reception, each antenna receives signals from the far field. Step IV:
Signal processing and detection, the signal received by each antenna first passes through a phase shifter

and then enters an adder for beamforming.

mechanism enables rapid electronic beam steering and high-gain beamforming, essential for multi-target
tracking and adaptive spatial signal processing.

Fig. 1 illustrates the schematic of a one-dimensional linear phased array. This system employs phase
shifting across array elements to control beam direction: each radiating element is connected to a phase
shifter, which adjusts the relative phase distribution. Consequently, the electromagnetic wavefront of the
array is reconfigured, achieving beam scanning. Assuming the linear array’s axis is oriented at 0°, with
element spacing d, and considering the far-field condition (where each antenna element transmits/receives
signals in the same direction), let the incident angle be 6. The wave path difference between two adjacent
antenna elements is given by:

A = kdsin 6. (1)

Here, k = 2w/, which is the wave number, and \ is the wavelength of the signal. Therefore, the phase

difference between any two antenna elements is:

27d
Ay = Y - sin 6. (2)
This is also the relationship between the beam steering angle in a uniform linear antenna array and
the phase shift of each antenna element’s phase shifter. By adjusting the phase shifters of adjacent
array elements, the beam can be steered to a target direction for signal transmission or reception. The
electromagnetic field after interference at the target point or the electromagnetic field entering the adder

can be expressed as:
M—1

E(e) — Z Ameim(kdsineoanp)’ <3)

m=0

where A,, is the amplitude, k is the wave number, 6, is the angle at which the target is located, and
Ay = kdsinf is the phase difference between two neighbouring unit phase shifters. When 6 = 6y,
this yields the maximum value of the antenna pattern. Thus, varying the phase difference Ay between
adjacent antennas in the linear array allows us to adjust the direction of the array beam’s maximum,

which refers to the direction 6.



3. Quantum-enhanced phased array

3.1.Preparation and practical constraints of multi-mode NOON states

Before presenting the quantum phased array model, we briefly describe the preparation of the M-
mode N-photon NOON state used as the entangled resource in our scheme. Various methods for preparing
NOON states have been discussed in the literature = . Among them, Ref. o presents a scheme in
which multi-mode NOON states are generated from a fixed-total-photon-number input state with the
assistance of Fock-state filters. In this scheme, a deterministic N-photon Fock state is distributed into
M optical modes by a splitter network with phase compensation, producing a fixed-total-photon-number
multi-mode state. A cascade of Fock-state filters (FSFs) “is then used to conditionally remove the
components in which photons are distributed among multiple modes. As a result, only the terms where
all N photons occupy a single mode remain, yielding the target M-mode N-photon NOON state

0) = \/1M(|N,0,~~ ) [0, N, -+ 0) -+ [0, ,0,N)). @)

Although the above preparation scheme can, in principle, be extended to larger photon and mode
numbers, the complexity of the required optical network increases rapidly with both M and N. Conditional
filtering, photon loss, and imperfect interference further reduce the generation efficiency and state fidelity.
Consequently, current experimental realizations of multimode NOON states remain largely limited to the
few-photon and few-mode regime 2

Maintaining multimode coherence also requires stable relative phases among all optical paths. For a
small number of paths, active stabilization can be implemented using auxiliary locking fields and feedback
control . For networked fiber links, classical stabilization channels can be used to stabilize individual
links and distribute a common phase reference el Extending these techniques to a large array would
require a scalable multi-path phase-control architecture, with increasingly stringent stability requirements
as M and N increase.

Despite these practical limitations, the multimode NOON state provides a well-defined multiphoton
phase response and enables analytical beamforming expressions in terms of M and N. It therefore serves
as a suitable theoretical benchmark for demonstrating the operating principle of multiphoton spatial
beamforming. Given the proof-of-principle theoretical scope of this work, the following analysis assumes

ideal preparation, distribution, and phase stabilization of the multimode NOON state.

3.2.Quantum-enhanced phased array

In this section, we model the quantum phased array by analogy to the classical phased array. Fig.
2 illustrates the quantum phased array setup ( M-mode N-photon NOON state case). We establish
a one-to-one correspondence with the classical phased array’s operational process, indicating that the
corresponding quantum phased array model can likewise be decomposed into four distinct stages.

Step I: The M-mode N-photon NOON state prepared above (Eq. (4)) is distributed into the M
transmission paths of the array, with the j-th mode routed to the j-th path. Photonic phase shifters ¢;
(j =1,2,--- , M) are then integrated into the corresponding optical paths to modulate the phase of each
mode before transmission. This mode-dependent phase modulation controls the spatial emission direction
of the quantum phased array and enables beam scanning.

Step IT The quantum coherent superposition (QCS) describes the quantum interference occurring in

free space, and its fundamental physical mechanism can be analogized to Young’s double-slit interference
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Fig. 2. The schematic of quantum phased array design. ¢; and ¢} (j = 1,2,---, M) represent the
photonic phase shifters in the transmission and reception paths, respectively. The symbol 6, denotes the
target angle, indicating that the signals received by each antenna originate from the direction of 8,. The
first QCS corresponds to the quantum interference of the transmitted signal at the target, whereas the
second QCS refers to the quantum coherent superposition of the received signals after phase compensation.

D1-Dg denote the single-photon detectors used for N-fold coincidence detection.

—where each slit is analogous to an antenna in a quantum phased array. Once the quantum states are
generated, each antenna emits them into free space. The emitted quantum states subsequently interfere
in free space, and the direction of maximum intensity in the resulting interference pattern corresponds to
the beam steering direction of the quantum phased array. Thus, the mathematical model of this QCS is
expressed as:
M
EE =" asme™ VA0 (m =1,2,--- M), (5)
m=1
where ag,, denotes the annihilation operator for each antenna mode. These operators obey the standard
photon commutation relations: [dSm,&g”] = Omn- AYo = Omi1 — ©m = kdsinfy denotes the phase
difference induced by the path difference between adjacent antennas. Here, d is the spacing between the
antennas, 6 is the angle of the point target, and k = 27/ (where A denotes the optical wavelength).
Step III The quantum beam splitter (BS) model is used to model the noisy and lossy channel, the

output field operator can be described as:
M
Ej%_l = Z bmei(m_l)Awoa (6)
m=1

where Bm = /Nasm + /1 —napm, apm denotes the annihilation operator for the noise photon mode,
and 7 denotes the total transmissivity. In realistic radar scenarios, thermal noise arises during both for-
ward signal propagation from the transmitter to the target and the subsequent return path to the receiver.

[37-39] . . .
, we assume identical noise temperatures

Following the established model in quantum illumination
for both paths. This allows the entire process to be effectively described by a single thermal noise field,
as shown in Fig. 2.

The signal reception at an angle 6, by the M antennas is modeled by a single-input multiple-output
beam splitter (SMBS). This model splits a single input mode into M output channels, thereby distributing
the received signal across the M output paths.

Step IV After the transmitted quantum signal is reflected by the target, it is received by each antenna
as a planar wavefront. Due to differences in the propagation path to each antenna, phase variations arise
among the received signals. A photon phase shifter ¢, is placed after each receiving antenna to compensate
for these phase differences. By setting appropriate values for the M phase shifters, the signal from the

scanning angle # can be enhanced. Specifically, the phase shifters modulate the phase of the incident signal



from the target direction to compensate for the optical phase discrepancies, thereby enabling quantum
coherent superposition.

For a uniform linear array, the phase shift factor applied to the m-th antenna is e "™&¢(

m =
2,3,--- M), where Ap = kdsinf = 2mwdsinf/A, and X is the optical wavelength. Once phase com-
pensation is applied to each received signal, quantum coherent superposition is performed. The objective
of this QCS process is to concentrate the signal energy from direction 6y into the output, corresponding
to the adder module shown in Step IV of Fig. 1. Defining the phase difference as A¢ = Apy — Ap =

kd (sin 6y — sin #), the output field operator can be expressed as:

M

Bp= Y bl )

m=1

Finally, the selected output mode obtained after quantum coherent superposition is split into K channels
by a 1 x K beam-splitter network and detected by K single-photon detectors D; — Dg. Here, K > N
provides at least N output channels, allowing an N-photon event to produce detection clicks in IV distinct
detectors. Detection events occurring at N detectors within the same coincidence window are identified
and recorded by the coincidence-processing unit as an IN-fold coincidence event. This coincidence-detection
scheme has been experimentally demonstrated for multimode NOON states = By varying the steering
angle, the measured N-fold coincidence rate yields the Nth-order directional response of the NPA. The
next section provides a detailed analysis of beamforing in the N-photon entangled states and coherent

states.

4. Quantum phased array beamforming

4.1.The CPA beamforming

First, we consider the scenario in which the signal emitted by the quantum phased array consists of
classical light with an average photon number of N. This corresponds to the case where M receiving
antennas receive coherent states incident from the direction 6y. Let |a) denote a coherent state with
an average photon number of N, written as the tensor product |a) = |ay)|az)---|an), where each

mode |a,,) is generated by independent and identical laser sources.

oo n

) = e F S jm(af)" 10). 8)

n=0 .

For the coherent state |a,), the eigenvalue equation a|a,,) = oy, |ay,) holds, where «,, is the eigen-
value of the annihilation operator @ acting on the eigenstate |a,,). The average photon number per

antenna is given by (| a'a|am) = |o,|* = £, Then the field operator at the detection point  is:

(9)

Here, dgp, (m =1,2,--- , M) represents the annihilation operator of the signal photons on each antenna
mode. Ap = Apg — Ap = kd(sinfy —sinf), Apy denotes the phase difference caused by the path
difference of the target signal arriving at different array elements, and Ay denotes the phase difference

compensated by the photonic phase shifters for enhancing the signal in the target direction.



For a CPA, the optical fields emitted by different array elements possess well-defined relative phases
and interfere coherently at the field-amplitude level, following the same beamforming principle as a clas-
sical phased array. The resulting directional beam is therefore formed through first-order interelement

interference and is characterized by the first-order correlation function

I. = (a| B (z) Ef (2) |a) = % (M +2 2_: mcos (M — m)Ad)) . (10)

m=1

This quantity gives the average optical-intensity distribution in space and therefore directly represents
the beam pattern of the CPA. The Nth-order correlation function can also be calculated or measured
for the coherent output field. However, the normally ordered Nth-order correlation of a coherent state
factorizes into products of first-order correlations. Consequently, the resulting Nth-order coincidence
response describes only the multiphoton detection statistics of the already formed first-order beam and
does not constitute the beamforming result of the CPA e

When the array receives a signal from an angle 6, the antenna pattern reaches its maximum value

at 6 = 6y. Thus, the pointing angle 6 of the array beam must satisfy:

. A
6 = arcsin <27TdAg0> = bp. (11)

Fig. 3 shows the radiation pattern of the CPA when the number of array elements M = 10, the number
of photons emitted N = 4, and the array element spacing d = A/2. Specifically, Fig. 3(a) illustrates the
radiation pattern when the beam is steered to the normal direction (§ = 0°). By varying the inter-element
phase shift Ay, the beam direction can be flexibly adjusted. Fig. 3(b) shows the radiation patterns for
beam pointing angles of § = 20° and 6 = 40°, respectively. This result highlights a key advantage of

phased array—flexible and rapid beam steering without physical movement.
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Fig. 3. The patterns of the CPA, where the number of array antenna elements M = 10, the number of
photons emitted N = 4, and the spacing between the array elements is A/2. (a) The CPA pattern with a
beam pointing angle § = 0°. (b) The CPA pattern with beam pointing angle § = 20° and 6 = 40°.

4.2. The NPA beamforming

Next, we consider the case of a quantum phased array employing an entangled state. As illustrated

in Fig. 2, under ideal conditions with no noise or losses and when the transmitted signal is prepared in



a NOON state, the receiving antenna array receives an M-mode N-photon NOON state |¥) from the
angle 6.

Unlike the CPA, whose beamforming is governed by first-order field interference and average intensity
measurements, the quantum coherence of a NOON-state signal is manifested through Nth-order quantum
interference. Therefore, the beamforming pattern of the NPA is obtained from the Nth-order correlation
measurement, corresponding to the coincidence response of N photons. The corresponding Nth-order

correlation function is calculated as
N1 ML
I, =Tr [[)Eg () Eg (2) ES (z)--- EE (:r)] = N!+ 2M' Z (M —m)cos (mNA®). (12)
m=1

Fig. 4 shows the Nth-order correlation pattern of the NPA for M = 10, N = 4, and a beam pointing
angle of 8 = 0°. Similar to the CPA case in Fig. 3, the directional maximum of the NPA pattern
can be steered by adjusting the phase difference between adjacent antennas. For the NPA, the main
lobe represents the direction of maximum intensity correlation, or equivalently the strongest coincidence
response, while grating lobes correspond to undesired coincidence peaks away from the target direction.

As shown in Fig. 4(a), when the NPA element spacing is d = A/2, the main lobe becomes narrower
than that of the CPA in Fig. 3(a), but additional grating lobes appear. In contrast, when the spacing
is reduced to d = A\/8, as shown in Fig. 4(b), the grating lobes are eliminated and the normalized NPA
pattern has the same shape as the normalized CPA intensity pattern in Fig. 3(a). More generally, for
an N-photon NOON state, choosing d = A\/(2N) makes the normalized NPA pattern identical in shape
to that of the CPA with d = A\/2. This behavior originates from the phase super-resolution effect of
N-photon entangled states, where the Nth-order interference depends on the accumulated phase NAg¢

[28-30]
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Fig. 4. The patterns of the NPA, where the number of array antenna elements M = 10, the number of
photons emitted N = 4, and the beam pointing angle § = 0°. (a) The NPA pattern with an array element
spacing of A\/2. (b) The NPA pattern with an array element spacing of A/8.

The comparison is performed under identical resource constraints, including the total average trans-
mitted photon number and the number of array elements. The CPA and NPA are evaluated using the
observables that directly characterize their respective beamforming responses, namely the average inten-
sity for the CPA and the Nth-order intensity correlation for the NPA. Accordingly, the comparison focuses

on the directional patterns generated by their distinct beamforming mechanisms under the same resource



constraints.

From a practical perspective, both photon loss and the finite preparation efficiency of the NOON
state should be considered. We first consider the effect of uniform photon loss on beamforming. When
all array elements experience the same transmissivity 7, the normalized beam pattern remains unchanged
because the loss introduces only an angle-independent attenuation factor. However, the beamforming
signals are attenuated differently for the two schemes. Relative to the lossless case, the main-lobe peak
satisfies I;"*(n) /I**(1) = n™ for the NPA and I(n)/I;"**(1) = 7 for the CPA, where I and I}"*
denote the corresponding main-lobe peak values. Thus, the Nth-order beamforming signal of the NPA is
more sensitive to photon loss than the first-order signal of the CPA.

Another practical factor is the finite preparation probability of the NOON state. Fig. 4 describes the
normalized beam pattern conditioned on the successful preparation of the target NOON state. Therefore,
the preparation probability does not change the normalized beam shape itself, but determines the number

of useful NOON states available per unit time. Its effect on the SNR performance is discussed below.

5. SNR gain analysis of quantum phased arrays

5.1.The SNR gain analysis

The phased array enhances the target signal while suppressing interference through beam forming,
thereby effectively improving the SNR. The following separately discusses the SNRs of the CPA and NPA.
In the presence of noise and loss in the received signal, the photon annihilation operator at each receiving
antenna is expressed as:

by = \/Masm + /1 — Nagm, (m=1,2,--- | M), (13)
where ag.,, @, denote the annihilation operators of the signal and noise at the m-th antenna and 7 is
the total transmissivity.

In the case of the coherent state, the density operator of the echo received by the array is expressed
as ps = pe ® pp, where p. = |a) (| is the density operator of the coherent state with an average photon
number of Ng and pp represents the noise component. Consequently, the field operator at the detector

can be written as: ) ) ) A
E;r (32) =b + b2eiA¢ + 4 bMei(M_l)A¢

. . 14
B3 () = [B2 ()] ()
The intensity distribution of the coherent state detected at point x is given by:
X X N M-1
I.=Tr [ﬁc @ ppkys (z) B (J?)} = Np+ nﬁs (M +2 Z mcos (M — m)Acb) , (15)
m=1

where Ng and Np denote the total number of signal and noise photons received by the array, respectively.
When the array antenna receives a signal from the target direction, each phase shifter adjusts the signal
phase to align it with the phase required by the target direction, while simultaneously achieving precise
compensation for the phase difference between array elements. At this point, the signals output by all
array elements undergo in-phase coherent superposition, ultimately enabling the phased array to generate
maximum output signal power. It is therefore necessary to set A¢p = Apy — Ap = 0, and the array’s

output SNR is defined as follows:

N M—1
=5 (M 42
" < i n;lm> _ MN

SNR(out) =
(out) Np Np

(16)



The number of input signal and noise photons per antenna are respectively:
Ns:nNS/MaNb:NB/M' (17)

The average input SNR for each antenna is

N 7’]NS
SNRin 18
@ =N, T N, (18)
Thus, the SNR gain can be derived as
G: = SNR(out)/SNRin) = M. (19)

In the case of an entangled state, when the echo received by the array is subject to noise and loss,
the received quantum state can be described as a mixed state ps = p; ® pp, where p, is the density
operator of the NOON state and pp represents the noise component. In the Heisenberg picture, the field
operators evolve according to Eq. (14). For an Ng-photon multimode NOON state, Ng denotes the fixed
total photon number and M denotes the number of spatial array modes. In each component, all Ng
photons occupy one array mode, while the identity of the occupied mode is coherently superposed over
the M possible paths. Accordingly, the correlation order is chosen as N = Ng, and the corresponding

Ngth-order correlation measurement of the received signal is expressed as:

A~ A

I, =Tt |py ® ppE5 (2) - 5 (@) Bf (@) B (@)]

2Ng! et 2 N
=n"s [ Ng! - M — m)cos (mNsAg) | + Ng! ( > INgNs =, 20
< s i ;( ) cos (mNg ¢> s Z Ns—j) 1’ Np (20)

In quantum optics, the Ngth-order coincidence count rate R. is proportional to the Ngth-order
poa Therefore, the output SNR of the NPA is defined as the ratio of the

true coincidence count rate to the accidental coincidence count rate. The latter includes both the purely

correlation function I,

background-induced coincidence events and the mixed accidental coincidences caused by signal-background

photons within the coincidence window:
RN 77NS NslM

'(NL] I (RpT) ™™

SNR (out)y = (21)

Ng—1
Ns!(Rp)¥TNs~' + Ry, ) NS[

Here, Ry, denotes the emission rate of the Ng-photon NOON states. The quantity Ng = MnpBTi, is
the total number of background photons accumulated over the integration time Ti,¢, and Rg = MngB is
the corresponding effective background count rate. Here, M is the number of antennas, B is the receiver
bandwidth, and np is the average background photon number per electromagnetic spatiotemporal mode,
calculated from the Planck thermal-noise formula. The coincidence-window width is denoted by T,
Propagation loss, receiving coupling efficiency, and detector quantum efficiency are included in the total
transmissivity n, while dark counts and other detector-related background events are included in Rp.
The above expression gives the ensemble-averaged SNR determined by the mean true- and accidental-
coincidence rates. For a finite integration time T}, the measured coincidence counts exhibit Poisson
statistical fluctuations. The simulations below assume a sufficiently long integration time such that enough
coincidence events are accumulated and finite-count fluctuations remain small.

To simplify the notation, we define

10



Ng—1 2
Ng! , ;
_ | NsmNs—1 | S 7 Ns—j
Xp = Ng!(MnpB)"*TNs~1 4+ Ry, ; NS’L'!(NS _j)!} n (MngBT,)"57. (22)
Analogously, the input and output SNRs are derived as follows:
Ns Np Ns
Ry nNs Ng!M
SN Riouy = =5 (24)
B

The resulting SNR gain of the NPA is obtained as:

RNSﬁNs_l (NS — ].)'MNB
XB '

To account for the finite preparation efficiency, we define P, as the probability of successfully preparing

the target NOON state in each preparation trial. The corresponding NOON state emission rate is written
as
Ry, = PRy, (26)

where Ry is the preparation trial rate. Fig. 5 presents the variation of the SNR gain for both CPA (G,
from Eq. (19)) and NPA (G,, from Eq. (25)) with respect to different parameters. In Fig. 5(a), the SNR
gain is plotted against the number of antennas M for Ng = 2 and Ng = 3. G, exhibits a gradual increase
with M, whereas G, remains nearly constant for Ng =2 and even decreases for Ng = 3. This behavior
occurs because, in higher-order correlation measurements (Ng > 2), increasing M amplifies the relative
contribution of noise in the NPA scheme, thereby reducing its SNR gain.

Fig. 5(b) shows that G. remains unchanged with increasing Ng, while G, grows exponentially. For
Ng > 2, the NPA can achieve significantly higher SNR gains than the CPA. Fig. 5(c) and 5(d) illustrate
that G, decreases with increasing Np and increases with increasing 7, respectively. Fig. 5(e) further
shows the dependence of G, on P,. As P, increases, the effective NOON-state emission rate increases,
resulting in a higher SNR gain.

It is noteworthy that the NPA and CPA exhibit a significant difference in SNR, gain. For the CPA,
the gain exhibits a simple linear positive correlation with the number of antennas, which is consistent
with the classical characteristic of SNR gain for classical phased arrays. In contrast, the gain of the
NPA depends on multiple parameters, including M, Ng, n, and Ng. Since the SNR gain of the NPA
is not solely determined by M, it offers several quantum advantages over the CPA in enhancing SNR
performance. For instance, under ideal conditions, the NPA can achieve the same SNR gain as the CPA
with fewer antennas, highlighting its potential advantage for system miniaturization. (as shown in Fig.
5(a)). Moreover, the SNR gain of the NPA can be further increased by raising the signal photon number
Ng (Fig. 5(b)), reducing the noise photon number Ng (Fig. 5(c)), or improving the transmissivity n (Fig.

5(d)).

5.2.The maximum detection range

Based on the above-derived SNR gain, we investigate the maximum detection range of the NPA

relative to the CPA in specific detection scenarios by introducing the radar equation (lidar equation for

the optical band), which is expressed as i

_ PtATUnnsys

P,
4 R?

(27)
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Fig. 5. Variation of the SNR gain for the NPA (G,) and the CPA (G.) with different parameters. (a) G,
and G, versus M, where M ranges from 10 to 10*. (b)—(e) Variations with Ng, N, n, and P,, respectively.
The simulation parameters are T, = 107%s, n = 0.1, Tj,; = 1s, Ng =2, M = 10%, np = 107*, B~ 1/T,,
and Np = MnpBT,. For Figs. 5(a)-5(d), Ry, = 1. For Fig. 5(e), Ryy = P, R, with R, = 10*s™ 1.

12



In this equation, the transmissivity is given by n = e %% = ¢72K% where K is the attenuation coefficient
and L = 2R is the round-trip propagation distance through the lossy medium, with R being the one-way
detection range. The received and transmitted signal powers, P, and P, are expressed in photon-number
units. The transmitted signal has an average photon number of Ng, i.e., P, = Ng. Additionally, o denotes
the target reflectivity, and 7,,, denotes the optical system transmission efficiency, and A, is the effective
aperture area of the receiving array.

According to Eq. (27), the received powers of the CPA and NPA are identical and can be written as

the unified formula below:

NsMNonn
[ q __ sYs
P’ =Pl = —(47r)2R2 , (28)
The noise power received by both arrays is given as:
P’ = P! = Np, (29)

Therefore, in specific radar detection scenarios with full-link power loss, the input SNR for both

architectures is calculated as:

NgMN2onn,, .
SNER(,, =SNR!, = S22 TMsys IMMsy
(47)°R?Np

It should be noted that Egs. (18), (23), and (30) all describe the input SNR of the array. Their

essential difference lies in how the received signal power is modeled. In Egs. (18) and (23), the received

; (30)

power is taken as P. = nNg, reflecting only the link attenuation. In contrast, Eq. (30) derives the received
power from the lidar equation (Eq. (27)), which represents a more complete physical model incorporating
the full round-trip signal path—transmission, target reflection, and reception.

Next, using the SNR gains of the CPA and NPA from Egs. (19) and (25), the output SNR in the

radar detection scenario is computed as follows:

N M2X261m,..
SNR;, = G.SNR;,, =~ 7Mss, (31)
(47'(') R2NB
2 2 Ng _ |
SNR! . =G,SNR!, = M TeysT Ns (Ns — D! (32)
(47)°R2X 5

The simulation parameters are listed in Table 1. For A = 2 ym and room temperature (T = 300 K), the

atmospheric attenuation coefficient is taken as K = 0.1dB/km = 0.023km™".

Based on the previously
calculated thermal noise photon number, the total number of noise photons received by the array is
Np ~ 1072 x M. The minimum detectable SNR (SNR,,i,) is defined as the threshold output SNR
required for reliable target detection after array signal processing. The maximum detection range, Ry ax,
is defined as the distance at which the actual SNR equals SNR,,;, in Egs. (31) and (32).

Fig. 6 shows that the output SNRs of both the NPA and CPA decrease monotonically with increasing
detection range. For a prescribed SNR,,;, = 13 dB, the corresponding maximum detection ranges are
approximately RZ .~ 3.02 cm for the NPA and R;,, ~ 0.04 cm for the CPA. These results show that,
under the same average photon-number condition, the NPA provides a longer detection range than the
CPA. It should be noted that the relatively small photon number used in the simulation leads to small
absolute detection ranges for both schemes. To enable the comparison shown in Fig. 6, a large number

of array elements M is used to ensure that both the CPA and the NPA exceed the prescribed detection

13



Table 1. Simulation parameters. A represents the wavelength of the transmitted signal, o is the target
reflectivity, Ng is the total number of signal photons, M is the number of antennas, K is the attenuation
coefficient, 7,,, is the transmission efficiency of the optical system, SN Ry, is the minimum detectable

SNR, and Np is the total number of noise photons.

AMpm) o Ns M K(m™!) Nsys SN Rin(dB) Ng

2 09 2 10 0.023x107% 0.8 13 1072 x M

70
60 SNR,

SNR
50 ¢

- — —SNR_ =13dB

40 o Rgnax
30

20

SNR (dB)

10

-10

-20

30 , , , , , , , )
0.5 1 15 2 25 3 35 4
The detection range (cm)

Fig. 6. Variation of NPA and CPA output SNR with detection range. The intersection points RZ, and
RC

¢ ox Tepresent the maximum detection ranges of the NPA and CPA, respectively.

threshold. The results should therefore be regarded as a theoretical illustration of the relative advantage

of the NPA rather than as a prediction of practical array size or radar performance.

6. Conclusion

In summary, by analogy with the conventional phased-array model, this work proposes a quantum-
enhanced phased-array architecture. Within this framework, we first calculate the beamforming of the
NPA and CPA. Our analysis demonstrates that the NPA reduces the required array aperture by a factor of
N relative to the CPA while generating identical normalized beams with the same shape. Subsequently, we
quantify the SNR gains of the NPA and the CPA separately, and analyze the effects of different parameters
on them. The result shows that under certain parameter conditions, the NPA can achieve a higher SNR
gain than the CPA. Finally, by incorporating radar equations, we demonstrate that the NPA is able to
detect longer ranges than the CPA at identical transmit power levels.

It should be emphasized that all results presented in this work constitute a theoretical proof-of-
principle analysis under idealized conditions. The well-defined multiphoton interference characteristics of
the multimode NOON state allow closed-form beamforming expressions to be derived for arbitrary photon
number N and array-element number M. It therefore serves as a suitable benchmark for demonstrating
the core principle of quantum-enhanced phased-array beamforming, despite its sensitivity to loss and
imperfections “ . The proposed framework is not restricted to multimode NOON states and can be

extended to other quantum resources, as illustrated by the two-element TMSV-based example presented
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in the Appendix A.

Appendix A: TMSV-state beamforming in a quantum phased ar-
ray

Among the alternative quantum resources that can be incorporated into this framework, squeezed
states and continuous variable Gaussian entangled states have a well-established experimental basis in
state preparation and phase control. Zheng et al. have experimentally demonstrated squeezed vacuum
states and continuous variable entangled states with precise phase control H4% These quantum resources
have further been applied to squeezing enhanced radio frequency signal sensing and distributed quantum

[23,24] . . . . .
These experimental advances motivate the consideration of Gaussian

positioning and ranging
entangled states as promising resources for future implementations of quantum phased arrays.

For a general M-element quantum phased array based on Gaussian entangled states, the beamforming
behavior depends on the complete multimode covariance matrix and the linear optical network used
to distribute the quantum correlations. Since a closed-form beamforming expression for an arbitrary
number of modes is generally difficult to obtain, we consider a TMSV state in a two-element array as a
representative example. The TMSV state is written as

oo

D (1) (tanhr)"|n, n). (33)

n=

1
coshr

§) =

As shown in Fig. 7, its two modes are mixed by a balanced beam splitter and transmitted through two
phase-controlled array elements. The mode operators incident on the two transmitting elements are
. ay + ag —ay + as

asi1 = ; age = G (34)

' aR 1 ',

Tarcet Quantum
TMSV Hg coherence
states ! measurement

a
' RZ'

Fig. 7. Schematic of the two-element TMSV-state quantum phased array.
After phase compensation, with the fixed phase bias included in A¢, the output field is expressed as
Ef = ag1 + e®%ag,. (35)
The corresponding second-order detection response is
G® = (¢| EpER ELEY |€) (36)
=8NJ +4N;s (14 Ng) sin® Ag,

where Ng = sinh® r is the average photon number in each TMSV mode. This result demonstrates that the
phase-sensitive second-order correlations originating from the TMSV resource can produce a directional

response.
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Fig. 8. Normalized directional responses of the coherent-state and TMSV-derived two-element arrays for

different interelement spacings. (a) Both arrays have d = A\/2. (b) The coherent-state array has d = \/2,
whereas the TMSV-derived array has d = \/4.

As shown in Fig. 8, for the same spacing d = \/2, the TMSV-derived array exhibits a narrower main
lobe than the coherent-state array, accompanied by additional side peaks. When its spacing is reduced to
d = A/4, it has the same normalized beam pattern as the coherent-state array with d = A\/2. This result
demonstrates that the TMSV-derived array can reproduce the normalized beam pattern of the coherent-

state array with half the element spacing, thereby reducing the physical aperture required to achieve the
same directional response.
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