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Abstract

This paper proposes a multi-scroll memristive Hopfield neural network (M-HNN) and applies it to air-

ground collaborative synchronization search tasks. To be specific, a hyperbolic-tangent memristive synapse

is first constructed to generate a chaotic multi-scroll M-HNN with a controllable number of scroll attractors,

and the memristor flux is then employed as the driving signal for mobile robot motion control. By exploiting

the ergodic property of the designed multi-scroll M-HNN, the search capability of the chaotic mobile robot

is enhanced. When the air-ground collaborative search task is further considered, the problem can be

reformulated as a synchronization tracking control problem for a chaotic mobile robot guided by a chaotic

unmanned aerial vehicle (UAV). To address this problem, a critic-only integral reinforcement learning (IRL)-

based synchronization strategy is developed to minimize the synchronization tracking error. Finally, the

dynamics of the multi-scroll M-HNN are analyzed, and the effectiveness and superiority of the proposed

synchronous coverage search algorithm are validated.

Keywords: Memristive Hopfield neural network, multi-scroll chaos, memristor, drive-response synchro-

nization, mobile robot, integral reinforcement learning
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1. Introduction

In coverage search and inspection tasks, especially in air-ground collaborative search scenarios, autonomous

agents are often required to achieve uniform and efficient spatial coverage in unknown or weakly structured

environments [1], [2]. To this end, chaotic dynamical systems have been widely employed as motion-driving

mechanisms within path planning and coverage control frameworks [3], [4], [5]. Under conditions of limited com-

putational precision, classical low-dimensional dynamical models or conventional neural network-based chaotic
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generators often exhibit periodic or quasi-periodic behaviors over long-term evolution, thereby limiting tra-

jectory diversity and exploration efficiency. In contrast, nonlinear dynamical driving mechanisms with higher

complexity can generate non-periodic, persistently exciting trajectories, thereby enhancing global coverage per-

formance [6]. Therefore, developing nonlinear models with higher dynamical complexity and stronger ergodic

properties is crucial for improving the coverage performance of autonomous agents.

In the study of nonlinear dynamics in neural networks, chaotic behavior has attracted considerable at-

tention due to its inherent non-periodicity and ergodic properties. Building on the study of chaotic behavior

in neural networks, researchers have explored the application of chaotic systems in robot path planning and

coverage search tasks [7], [8]. These studies demonstrate that classical chaotic systems can provide a founda-

tion for generating complex motion patterns; however their attractor structures are relatively limited and often

insufficient to support highly unpredictable and diverse trajectories. As a result, multi-scroll chaotic attractors

have gradually become a research focus [9], [10], [11].

Memristors, owing to their intrinsic memory effects and strong nonlinearity, provide an effective means for

constructing multi-scroll chaotic systems, and M-HNNs have emerged as an important framework for gener-

ating such multi-scroll chaotic dynamics [12], [13], [14]. Several studies have demonstrated the realization of

multi-scroll attractors using M-HNNs. For example, pulse-controlled memristors embedded in Hopfield neural

networks can generate symmetric multi-double-scroll attractors [15], and both multi-scroll attractors and coexist-

ing attractors that split into centrosymmetric chaotic attractors can be induced by memristive synaptic coupling

in cyclic neural networks [16]. Beyond M-HNN-based realizations, multi-scroll chaotic attractors have also been

achieved in fractional-order systems through nonlinear switching mechanisms with circuit validation [17]. More

broadly, chaotic dynamics in memristive neurons and M-HNNs have been extensively investigated, providing a

general dynamical background for the development of multi-scroll M-HNNs [18].

Nevertheless, existing methods for constructing multi-scroll attractors in M-HNNs often rely on complex

nonlinear functions or parameter-coupling mechanisms, leading to limited controllability of scroll structures

and limited ergodic performance. To address these issues, this paper proposes a novel memristive synapse and

constructs a structurally simple yet dynamically tunable multi-scroll memristor-based neural network, thereby

providing persistently exciting and ergodic nonlinear driving signals for coverage search tasks.

In coverage search and inspection scenarios, multiple mobile robots are typically required to operate within

a cooperative framework to improve task efficiency and system robustness. To achieve this, the drive-response

architecture has been widely adopted due to its simplicity and scalability. When air-ground cooperative cov-

erage search tasks are further considered, the problem can be equivalently reformulated as a synchronization

tracking control problem between an UAV and a chaotic mobile robot. In this formulation, the ground chaotic

mobile robot is regarded as the drive system that generates complex and ergodic trajectories for environment

exploration, whereas the UAV acts as the response system, synchronizing with and tracking the ground robot

to achieve cooperative coverage and information complementarity. From a control perspective, the air-ground

cooperative coverage task is therefore cast as an optimal synchronization tracking problem of drive-response

chaotic systems.

The rich and random-like chaotic dynamics generated by the multi-scroll M-HNN enable the ground mobile

robot to achieve high workspace coverage during environmental exploration. However, chaotic synchronization is
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highly sensitive to both initial-condition mismatches and deviations during the synchronization process [19], [20],

which makes synchronization between the UAV and the ground mobile robot more challenging. Traditional

synchronization methods for chaotic systems, such as adaptive sliding mode control [21] and adaptive active

or optimal control [22], have been widely investigated, demonstrating robustness to system uncertainties but

often requiring complex design. In addition to these classical approaches, optimization-based strategies have

been explored for chaotic synchronization. For example, a particle swarm optimization-based approach has

been proposed for optimal synchronization of chaotic systems [23], and a PID controller tuned via particle

swarm optimization has also been developed for chaotic synchronization [24]. Although these approaches are

theoretically well established, they often involve complex computations or implementation challenges when

applied to high-dimensional or strongly nonlinear chaotic systems.

In recent years, reinforcement learning (RL) and its continuous-time extensions have shown significant po-

tential in nonlinear optimal control [25]. These methods approximate solutions to the continuous-time Hamilton-

Jacobi-Bellman (HJB) equation through online policy iteration, enabling continuous improvement of control

performance [26], [27], [28]. IRL has been applied to adaptive neural network control for continuous-time non-

linear MIMO systems, demonstrating adaptability and suitability for online continuous-time optimization [29].

Moreover, off-policy IRL methods have been developed for continuous-time multi-agent nonzero-sum games,

providing a flexible framework for learning optimal policies in multi-agent systems [30]. Building on these de-

velopments, this paper proposes a critic-only IRL optimal synchronization control strategy [31] for the UAV to

minimize the impact of synchronization errors within a performance optimization framework.

Based on the above motivation, this paper proposes an air-ground collaborative coverage search framework

that enhances search coverage and improves air-ground coordination performance. The main contributions

of this paper are summarized as follows: (1) A structurally simple and readily extendable memristor model is

designed to construct a controllable multi-scroll M-HNN, providing nonlinear driving signals with high dynamical

complexity and strong ergodicity for coverage search tasks. (2) To address synchronization tracking error induced

by the sensitivity of chaotic systems to initial conditions, an optimal synchronization tracking control strategy

based on critic-only IRL is proposed, achieving high-precision drive-response synchronization for mobile robot

systems while optimizing synchronization tracking performance online.

The remainder of this paper is organized as follows. Section II introduces the memristor model and con-

structs the proposed multi-scroll M-HNN, which is then integrated with the kinematic model of mobile robots.

Section III presents the design of the synchronization controller, along with a convergence analysis to theoreti-

cally validate the proposed control strategy. Section IV provides simulation results to validate the multi-scroll

dynamical properties and synchronization tracking performance. Finally, Section V concludes the paper and

discusses potential directions for future research.

2. Model Construction

2.1.Memristor Model

Based on the flux-charge relationship of memristors [32], the piecewise memristor model in [15] is adopted

to construct the multi-scroll M-HNN, which is expressed as follows:
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
im = w(φf )ν,

w(φf ) = a+ b sin(φf ),

dφf

dt = cfν − dH(φf ),

(1)

where a, b, cf and d are positive parameters, ν, im, φf (f = 1, 2), and w(φf ) denote the memristor’s voltage,

current, internal magnetic flux, and the flux-controlled memductance, respectively, the core term H(φf ) is

constructed as a sum of hyperbolic tangent functions to regulate the number of scrolls and is specifically

designed as

H(φf ) =


H1(φf ) = φf −m

[
N∑
i=0

tanh(n(φf − (2i+ 1)m)) +
N∑
i=0

tanh(n(φf + (2i+ 1)m))

]
,

H2(φf ) = φf −m

[
N∑
i=0

tanh(n(φf − 2im)) +
N∑
i=0

tanh(n(φf + 2im))− tanh(nφf )

]
,

(2)

where N is a nonnegative integer and m > 0, n > 0 are design parameters.

When N = 1, m = 1, n = 50, the graphs of H1(φf ) and H2(φf ) are shown in Fig. 1.
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Fig. 1. Profiles of (a) H1(φf ) and (b) H2(φf ).

For a given nonnegative integer N , selecting H1(φf ) yields a multi-scroll attractor with 4N + 6 scrolls,

whereas selecting H2(φf ) yields a multi-scroll attractor with 4N + 4 scrolls.

To analyze the hysteresis characteristics of the constructed memristors, the parameters are set as a =

1.01, b = 1, N = 1, m = 1, and n = 50. The dynamic response of the memristor to external stimuli

can be characterized by its hysteresis loop, which intuitively reflects the evolution of memductance under

sinusoidal voltage excitation with varying frequency. A sinusoidal voltage source ν = A sin(2πft) is applied

as the excitation signal to control the fingerprints of the memristor model, where the amplitude is fixed at

A = 3 V, and the excitation frequency is selected as f = 0.5, 0.8, 1, and 5 Hz. As shown in Fig. 2(a), for the

sum of hyperbolic tangent functions H(φf ) = H1(φf ), the hysteresis loop continuously contracts with increasing

excitation frequency. Similarly, the sum of hyperbolic tangent functions H(φf ) = H2(φf ) in Fig. 2(b) exhibits

the same trend.
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Fig. 2. Memristor current-voltage characteristics at different frequencies: (a) H(φf ) = H1(φf ) and (b) H(φf ) = H2(φf ).

2.2.Memristive Hopfield Neural Network

For a multi-scroll M-HNN composed of ζ coupled neurons, the state equation for the i-th neuron is given

by

Ci
dxi

dt
= − xi

Ri
+

ζ∑
j=1

Wij tanh (xj) + Ii, (3)

where Ci, xi, and Ri represent the membrane capacitance, membrane voltage, and membrane resistance of the

i-th neuron, respectively. The nonlinear function tanh(·) serves as the neuron activation function, while Wij

denotes the synaptic weight from neuron j to neuron i. The external input current, Ii, is typically set to zero.

By replacing the connection weights in the neural network with memristive synapses, a multi-scroll M-HNN

is constructed. The multi-scroll M-HNN proposed in this section is illustrated in Fig. 3, and its synaptic weight

matrix W is defined as follows:

W =


W11 W12 W13

W21 W22 W23

W31 W32 W33

 =


2.09 −1.16 k1w(φ2)

2.1 1.5 k2w(φ1)

−4.77 0.2 −0.7

 , (4)

where the memductance function w(φf ), f = 1, 2, represents the flux-controlled memductance of the f -th

memristive synapse and is measured in siemens (S), with φf denoting the corresponding magnetic flux. The

coefficients k1 and k2 are dimensionless scaling factors that regulate the contribution of the memductive synapses.

For numerical simulations, the state variables, time, and model parameters are nondimensionalized, with the

same symbols retained for notational simplicity. The resulting dimensionless dynamics are given by



ẋ1 = −x1 + 2.09 tanh(x1)− 1.16 tanh(x2) + k1w(φ2) tanh(x3),

ẋ2 = −x2 + 2.1 tanh(x1) + 1.5 tanh(x2) + k2w(φ1) tanh(x3),

ẋ3 = −x3 − 4.77 tanh(x1) + 0.2 tanh(x2)− 0.7 tanh(x3),

φ̇1 = 3.3 tanh(x2)− 0.9H(φ1),

φ̇2 = 1.5 tanh(x1)− 0.9H(φ2),

(5)

The equilibrium points of system (5) are determined by setting all time derivatives to zero, i.e., ẋ1 = ẋ2 =

ẋ3 = φ̇1 = φ̇2 = 0. This procedure transforms the original dynamical system into a set of algebraic equations
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Fig. 3. Network topology of the multi-scroll M-HNN.

with respect to the variables x1, x2, x3, φ1, φ2. The resulting equilibrium state equations are expressed as follows:

0 = −x1 + 2.09 tanh(x1)− 1.16 tanh(x2) + k1w(φ2) tanh(x3),

0 = −x2 + 2.1 tanh(x1) + 1.5 tanh(x2) + k2w(φ1) tanh(x3),

0 = −x3 − 4.77 tanh(x1) + 0.2 tanh(x2)− 0.7 tanh(x3),

0 = 3.3 tanh(x2)− 0.9H(φ1),

0 = 1.5 tanh(x1)− 0.9H(φ2).

(6)

Since directly solving equation (6) is computationally challenging, an equivalent reformulation is introduced

to determine all equilibrium points of the system [33], [34]. To be specific, equation (6) can be rewritten as

x1 = tanh−1

(
0.9

1.5
H(φ2)

)
,

x2 = tanh−1

(
0.9

3.3
H(φ1)

)
,

x3 = tanh−1

(
1

k1w(φ2)
(x1 − 2.09 tanh(x1) + 1.16 tanh(x2))

)
,

l1 = −x2 + 2.1 tanh(x1) + 1.5 tanh(x2) + k2w(φ1) tanh(x3),

l2 = −x3 − 4.77 tanh(x1) + 0.2 tanh(x2)− 0.7 tanh(x3).

(7)
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Fig. 4. l1, l2 and their intersection points.
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Table 1. Equilibrium points, eigenvalues, and equilibrium types.

Equilibrium Points Eigenvalues Equilibrium Types

(0.0000, 0.0000, 0.0000,−4.0000,−4.0000) 0.8843, −0.4972± 1.5391i, −0.9000, −0.9000 index-1

(0.0000, 0.0000, 0.0000,−4.0000,−2.0000) 0.8863, −0.4981± 1.5309i, −0.9000, −0.9000 index-1

(0.0000, 0.0000, 0.0000,−4.0000, 0.0000) 0.8852, −0.4976± 1.5354i, −0.9000, −0.9000 index-1

(0.0000, 0.0000, 0.0000,−4.0000, 2.0000) 0.8842, −0.4971± 1.5398i, −0.9000, −0.9000 index-1

(0.0000, 0.0000, 0.0000,−4.0000, 4.0000) 0.8861, −0.4980± 1.5317i, −0.9000, −0.9000 index-1

(−0.5550,−0.1424, 1.7204,−4.5186,−4.8404) 0.4103± 1.2686i, −0.8694, −0.9010, −0.9058 index-2

(0.5482, 0.1427,−1.6982,−3.4803,−3.1680) 0.4207± 1.2618i, −0.8929± 0.0394i, −0.9044 index-2

(−0.5535,−0.1456, 1.7151,−4.5302,−2.8386) 0.4093± 1.2687i, −0.8615, −0.8978, −0.9148 index-2

(0.5471, 0.1450,−1.6940,−3.4720,−1.1694) 0.4195± 1.2623i, −0.8951± 0.0317i, −0.8973 index-2

(−0.5530,−0.1467, 1.7132,−4.5342,−0.8380) 0.4105± 1.2671i, −0.8743, −0.9011± 0.0057i index-2

(0.5491, 0.1409,−1.7013,−3.4866, 0.8331) 0.4195± 1.2634i, −0.8947, −0.8966± 0.0297i index-2

(−0.5549,−0.1426, 1.7201,−4.5193, 1.1597) 0.4105± 1.2683i, −0.8717, −0.9024± 0.0037i index-2

(0.5486, 0.1420,−1.6994,−3.4828, 2.8324) 0.4207± 1.2619i, −0.8930± 0.0391i, −0.9042 index-2

(−0.5538,−0.1449, 1.7162,−4.5277, 3.1610) 0.4093± 1.2689i, −0.8612, −0.8977, −0.9152 index-2

(0.5470, 0.1452,−1.6937,−3.4714, 4.8305) 0.4197± 1.2621i, −0.8944± 0.0334i, −0.8993 index-2

To identify the intersections, the implicit functions l1 and l2 are represented by the blue and red curves,

respectively, as shown in Fig. 4. It can be clearly observed that there are 15 intersection points in Fig. 4,

corresponding to 15 equilibrium points. The Jacobian matrix of system (5) is given by

J =



−1 + 2.09h1 −1.16h2 k1w2h3 0 k1w
′
2 tanh(x3)

2.1h1 −1 + 1.5h2 k2w1h3 k2w
′
1 tanh(x3) 0

−4.77h1 0.2h2 −1− 0.7h3 0 0

0 3.3h2 0 −0.9H′(φ1) 0

1.5h1 0 0 0 −0.9H′(φ2)


, (8)

where h1 = sech2(x1), h2 = sech2(x2), h3 = sech2(x3), wf = w(φf )(f = 1, 2), w′
f = b cos(φf ), and H′(φf ) =

dH(φf )/dφf .

By evaluating the Jacobian matrix at each equilibrium point, the corresponding eigenvalues can be obtained

to characterize its local stability and equilibrium type. To be specific, the 15 equilibrium points shown in Fig. 4

are substituted into the Jacobian matrix (8), and the resulting eigenvalues are listed in Table 1. Based on the

signs of the real parts of these eigenvalues and the distribution of complex-conjugate eigenvalues, 10 of the 15

equilibrium points are identified as index-2 saddle-focus equilibrium points.

The multi-scroll M-HNN system exhibits multi-scroll chaotic behavior under suitable parameter settings.

For example, when k1 = 0.35, k2 = 1.18, m = 1 (using H1(φ2) and N = 1) and initial conditions (0.1, 0, 0, 0, 0),

numerical simulation results show that the system can generate a 10-scroll chaotic attractor as shown in Fig. 5.

From a dynamical perspective, the constructed hyperbolic-tangent summation terms introduce multiple

nonlinear transition regions within different intervals of the magnetic-flux state φ2, giving rise to multiple index-

2 saddle-focus equilibrium points. The system trajectories exhibit local spiral motion around these equilibrium

points, with each index-2 saddle-focus equilibrium points corresponding to one scroll of the attractor. Further

investigation reveals that the number of scrolls in the attractor is primarily determined by the activation function

H(φ2) and the parameters N and m. With other parameters fixed (e.g., n = 50) and under the same initial
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Fig. 5. Attractor with 10-scroll generated by H1(φ2) with N = 1.

conditions, the following rules can be summarized:

When m = 1: If the activation function is H1(φ2), the system generates a 4N + 6 scroll chaotic attractor;

if the activation function is H2(φ2), the system generates a 4N + 4 scroll chaotic attractor.

When m = 0: The system invariably produces only a 2-scroll chaotic attractor, regardless of the form of

H(φ2).

A detailed analysis of the system’s dynamics, including phase portraits, bifurcation diagrams, Lyapunov

exponent spectra, and Poincaré sections, is presented in Section 4.

2.3.Chaotic Mobile Robot System Construction

Our prior work has revealed the existence of multi-scroll chaotic attractors within the proposed multi-scroll

M-HNN model. Building upon this result, this section further incorporates the chaotic dynamics to drive the

ground mobile robot for air-ground collaborative coverage search. Chaotic systems exhibit extreme sensitivity

to initial conditions, a property that generates complex and non-repeatable dynamic behavior. When this

chaotic dynamic characteristic is incorporated into robotic controllers, the robot can produce highly irregular

and unpredictable motion trajectories. The paths produced by this method exhibit excellent ergodicity and

strong randomness, enabling efficient area coverage. The structural schematic of the two-wheeled differential-

drive robot is shown in Fig. 6(a). Precise motion is achieved by controlling the speeds of its two drive wheels.

The robot’s pose is defined by its planar coordinates (X,Y ) and orientation θ, and its kinematic model is

presented as follows: 
Ẋ

Ẏ

θ̇

 =


cos θ 0

sin θ 0

0 1


V

ω

 , (9)

where (X,Y ) represent the robot’s position in the Cartesian coordinate system, while V and ω denote its linear

and angular velocities, respectively. By coupling the dynamics of the multi-scroll M-HNN with the kinematic

model of the mobile robot, a chaotic mobile robot system is constructed. The complete system dynamics are

expressed as follows:
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Fig. 6. Mobile path planning diagram: (a) schematic of mobile robot’s motion on a plane, (b) presents the diagram of the mirror

reflection principle.



ẋ1 = −x1 + 2.09 tanh(x1)− 1.16 tanh(x2) + 0.35w(φ2) tanh(x3),

ẋ2 = −x2 + 2.1 tanh(x1) + 1.5 tanh(x2) + 1.18w(φ1) tanh(x3),

ẋ3 = −x3 − 4.77 tanh(x1) + 0.2 tanh(x2)− 0.7 tanh(x3),

φ̇1 = 3.3 tanh(x2)− 0.9H(φ1),

φ̇2 = 1.5 tanh(x1)− 0.9H(φ2),

Ẋ = V cos(θ),

Ẏ = V sin(θ),

θ̇ = ω.

(10)

where ω = 0.05φ2. The magnetic flux φ2 is selected as the driving signal for the ground robot to perform

coverage search and to provide synchronization signals for the UAV. A key requirement in the robot operation

is that its trajectory must remain within the predefined workspace at all times. To enforce this boundary

constraint, a mirror mapping method is adopted. The basic idea is to automatically adjust the trajectory of

the robot whenever the next position predicted by the dynamic model of the robot falls outside the prescribed

workspace. To be specific, should the robot’s trajectory cross the left or right boundaries (i.e., X < Xmin or

X > Xmax), its horizontal coordinate is mirrored with respect to the corresponding boundary line. The position

is updated as follows:

X =

2Xmin −X, if X < Xmin,

2Xmax −X, if X > Xmax.

(11)

This reflection is symmetric about a vertical axis, which transforms the heading angle θ according to:

θ = π − θ. (12)

Notably, the alternative expression θ = −π − θ is mathematically equivalent after normalization to the

interval [−π, π]. Similarly, if the trajectory attempts to cross the top or bottom boundaries (i.e., Y < Ymin or
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Y > Ymax), the vertical coordinate is mirrored:

Y =

2Ymin − Y, if Y < Ymin,

2Ymax − Y, if Y > Ymax.

(13)

The corresponding reflection about a horizontal axis updates the heading angle as:

θ = −θ. (14)

This approach not only provides a simple boundary-handling mechanism but also enhances operational

efficiency by maintaining continuous motion.

To evaluate the effectiveness of the proposed strategy, the coverage rate (C) is used as an efficiency metric,

representing the surface area covered by the robot during its operation [35]. It is expressed as:

C =
1

M

M∑
i=1

I(i), (15)

where C denotes the coverage rate, M denotes the total number of cells, while I(i) is an indicator function that

determines whether the i-th cell in the discretized workspace has been covered. If the robot trajectory enters

cell i at least once, then I(i) = 1; otherwise, I(i) = 0. The coverage rate is therefore defined as the ratio of the

number of covered cells to the total number of cells, serving as a key metric for efficiency.

3. Synchronization Tracking Controller Design

When further considering the air-ground collaborative search task, this problem can be transformed into

the synchronization tracking control of a chaotic mobile robot by a UAV. To ensure consistent cooperative

behavior between the drive system and the response system under complex nonlinear dynamics, a performance

index incorporating the synchronization error and control effort is introduced to formulate the synchronization

tracking task as an optimal control problem. To clearly illustrate the complete implementation procedure of the

proposed air-ground collaborative coverage framework, from multi-scroll chaotic signal generation and ground-

robot motion to UAV synchronization control and coverage evaluation, Fig. 7 presents the overall control flow

of the proposed framework.

Off-Policy IRL

Drive System

Response 

System
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Error System
Critic Network

( )v t

û

Control Policy

Critic Network 

Weight Update
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Fig. 7. Overall Flowchart.
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3.1. Synchronization Tracking Scheme

To transform the collaborative synchronization requirement into a tractable control problem, we first estab-

lish the drive-response synchronization scheme. The dynamic model (10) of the chaotic mobile robot is selected

as the drive system, and the response system is constructed by augmenting control inputs as follows:

ẏ1 = −y1 + 2.09 tanh(y1)− 1.16 tanh(y2) + 0.35w(φs2) tanh(y3) + u1,

ẏ2 = −y2 + 2.1 tanh(y1) + 1.5 tanh(y2) + 1.18w(φs1) tanh(y3) + u2,

ẏ3 = −y3 − 4.77 tanh(y1) + 0.2 tanh(y2)− 0.7 tanh(y3) + u3,

φ̇s1 = 3.3 tanh(y2)− 0.9H(φs1) + u4,

φ̇s2 = 1.5 tanh(y1)− 0.9H(φs2) + u5,

Ẋs = V cos(θs) + u6,

Ẏs = V sin(θs) + u7,

θ̇s = ωs + u8,

(16)

where ωs = 0.05φs2. The variables Xs, Ys, and θs denote the position coordinates and heading angle of the

response system, respectively. The subscript s is used throughout this section to distinguish the response-system

states from the corresponding drive-system states. Define the synchronization tracking error as ei = yi−xi (i =

1, 2, 3), e4 = φs1 − φ1, e5 = φs2 − φ2, e6 = Xs −X, e7 = Ys − Y, e8 = θs − θ.

The resulting dynamic behavior of the synchronization tracking error system is as follows:

ė1 = −e1 + 2.09 tanh(x1 + e1)− 1.16 tanh(x2 + e2) + 0.35w(φ2 + e5) tanh(x3 + e3)

− 2.09 tanh(x1) + 1.16 tanh(x2)− 0.35w(φ2) tanh(x3) + u1,

ė2 = −e2 + 2.1 tanh(x1 + e1) + 1.5 tanh(x2 + e2) + 1.18w(φ1 + e4) tanh(x3 + e3)

− 2.1 tanh(x1)− 1.5 tanh(x2)− 1.18w(φ1) tanh(x3) + u2,

ė3 = −e3 − 4.77 tanh(x1 + e1) + 0.2 tanh(x2 + e2)− 0.7 tanh(x3 + e3)

+ 4.77 tanh(x1)− 0.2 tanh(x2) + 0.7 tanh(x3) + u3,

ė4 = 3.3 tanh(x2 + e2)− 0.9H(φ1 + e4)− 3.3 tanh(x2) + 0.9H(φ1) + u4,

ė5 = 1.5 tanh(x1 + e1)− 0.9H(φ2 + e5)− 1.5 tanh(x1) + 0.9H(φ2) + u5,

ė6 = V cos(θ + e8)− V cos(θ) + u6,

ė7 = V sin(θ + e8)− V sin(θ) + u7,

ė8 = 0.05e5 + u8.

(17)

For convenience, we define the synchronization tracking error vector v = [e1, e2, e3, e4, e5, e6, e7, e8]
T , the

control input u = [u1, u2, u3, u4, u5, u6, u7, u8]
T . Here, u6 and u7 denote the auxiliary velocity compensation

commands along the inertial X- and Y -directions for the UAV response system, respectively. In practical imple-

mentation, they can be mapped to the desired horizontal velocity commands of the UAV autopilot. Moreover,

u8 represents the yaw-rate compensation command. Thus, the dynamic characteristics of the synchronization

tracking error system (17) can be uniformly described in the following form:

v̇(t) = F (v(t)) +Gu(t), (18)
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where the nonlinear functions F (v(t)) and G(v(t)) are expressed as

F (v(t)) =



−e1 + 2.09 tanh(x1 + e1)− 1.16 tanh(x2 + e2) + 0.35w(φ2 + e5) tanh(x3

+ e3)− 2.09 tanh(x1) + 1.16 tanh(x2)− 0.35w(φ2) tanh(x3)

−e2 + 2.1 tanh(x1 + e1) + 1.5 tanh(x2 + e2) + 1.18w(φ1 + e4) tanh(x3

+ e3)− 2.1 tanh(x1)− 1.5 tanh(x2)− 1.18w(φ1) tanh(x3)

−e3 − 4.77 tanh(x1 + e1) + 0.2 tanh(x2 + e2)− 0.7 tanh(x3 + e3)

+ 4.77 tanh(x1)− 0.2 tanh(x2) + 0.7 tanh(x3)

3.3 tanh(x2 + e2)− 0.9H(φ1 + e4)− 3.3 tanh(x2) + 0.9H(φ1)

1.5 tanh(x1 + e1)− 0.9H(φ2 + e5)− 1.5 tanh(x1) + 0.9H(φ2)

V cos(θ + e8)− V cos(θ)

V sin(θ + e8)− V sin(θ)

0.05e5



,

G = I8 =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1



.

Base on the synchronization error system (18), consider the following value function:

V (t) =

∫ ∞

t

e−α(τ−t)r(v(τ), u(τ))dτ, (19)

where α > 0 is a discount factor, and the exponential term e−α(τ−t) serves as a decay factor that attenuates

future costs and promotes convergence of the value function. r(v(τ), u(τ)) = v(τ)⊤Qv(τ) + u(τ)⊤Ru(τ) is the

running cost. This function incorporates the costs on the state and the control input. The matrices Q and R

are positive definite. Define the HJB equation as follows

H(u,∇V ) = vTQv + uTRu− αV +∇V T (F +Gu) = 0, (20)

where ∇V = ∂V/∂v. Applying the stationarity condition ∂H(u,∇V )/∂u = 0 gives the optimal control input

as

u∗(v(t)) = −1

2
R−1GT∇V ∗. (21)

By substituting the optimal solution for the control u∗, given by (21), back into the HJB equation (20):

vTQv − 1

4
(∇V ∗)TGR−1GT∇V ∗ − αV ∗ + (∇V ∗)TF = 0. (22)
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It is evident from equation (21) that the determination of the optimal control policy u∗ depends on the

optimal value function V ∗. This indicates that the core of this problem reduces to solving the HJB equations

given by (22). However, (22) is a highly nonlinear partial differential equation (PDE), for which analytical solu-

tions are generally intractable. To address this challenge, this paper employs an IRL approach to approximately

solve the HJB equation, thereby circumventing the difficulty of direct analytical derivation.

Algorithm 1 Model-Based RL Algorithm

1: Initialization: Start with an initial admissible stabilizing control policy u0(x).

2: for i = 0, 1, 2, . . . until convergence do

3: 1) Policy Evaluation: For a given control policy ui, find the value function Vi by solving the following

Bellman equation:

vTQv + uT
i Rui − αVi +∇V T

i (F +Gui) = 0. (23)

4: 2) Policy Improvement: Update the control policy using the obtained value function Vi:

ui+1(v(t)) = −1

2
R−1GT∇Vi. (24)

5: end for

3.2.Off-Policy IRL for Synchronization Tracking

To obtain the optimal control policy given in (21), it is necessary to solve the HJB equations presented in

(22). However, this set of equations consists of nonlinear PDEs, for which an analytical solution is generally

intractable. Policy iteration (PI) is among the most widely used methods to overcome this difficulty [36], [37].

We adopt policy iteration as the underlying framework and then derive an off-policy IRL implementation that

allows the optimal policy to be learned from data without explicitly solving the HJB PDE. The PI method

approximates the solution of the HJB equations through an iterative procedure, such as Algorithm 1, and its

convergence is theoretically guaranteed. That is, as the number of iterations approaches infinity (i → ∞), the

value function Vi(v) and the control policy ui(v) converge to the optimal solutions V ∗
i (v) and u∗

i (v), respectively.

This convergence is established because the iteration process is essentially a Newton’s iteration sequence that

converges to the unique solution of the HJB equation (22).

A major limitation of conventional PI is that it typically requires explicit knowledge and evaluation of

system dynamics within each policy evaluation step. To relax this requirement, this study employs an off-policy

IRL framework, which enables the policy to be updated directly from system data without explicitly computing

the system equations in closed form. In this sense, the synchronization controller is obtained while still operating

within the established system dynamics. As a first step, the dynamics in equation (18) are rewritten as follows:

v̇ = F +Gui +G(u− ui), (25)

where the policy ui = [ui,1, . . . , ui,8]
T ∈ R8. Differentiating Vi(v) along the system dynamics (25) and using the

optimal control from (24) gives

dVi(v)

dt
= ∇V T

i (F +Gui) +∇V T
i G(u− ui)

= αVi − vTQv − uT
i Rui − 2uT

i+1R(u− ui).

(26)
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Multiplying both sides of (26) by e−α(τ−t) and subsequently integrating with respect to τ yields the following

off-policy IRL Bellman equation:

e−αTVi(v(t+ T ))− Vi(v(t)) =

∫ t+T

t

e−α(τ−t)(−vTQv − uT
i Rui)dτ

+

∫ t+T

t

e−α(τ−t)(−2uT
i+1R(u− ui))dτ.

(27)

It can be seen from equation (27) that the solution can be obtained without explicitly using the system dy-

namics F (v). Therefore, we replace equation (23) in Algorithm 1 with equation (27). To justify this substitution,

we will subsequently prove the equivalence between equation (23) and equation (27).

Theorem 1 Let Vi(v) ∈ C1(Ω), where C1(Ω) denotes a function space on Ω with continuous first-order

derivatives. Assume Vi(v) ≥ 0, Vi(0) = 0. Then Vi(v) is the solution of (27) if and only if it is the solution of

(23).

Proof. Dividing both sides of the off-policy IRL Bellman equation (27) by T , and taking the limit as T → 0,

yields

lim
T→0

e−αTVi(v(t+ T ))− Vi(v(t))

T

+ lim
T→0

∫ t+T

t

e−α(τ−t)(vTQv + uT
i Rui)

T
dτ

+ lim
T→0

∫ t+T

t

e−α(τ−t)2uT
i+1R(u− ui)

T
dτ

= 0.

(28)

Applying L’Hopital’s rule to the first, second, and third terms of (28) respectively, we get

lim
T→0

e−αTVi(v(t+ T ))− Vi(v(t))

T
= lim

T→0
(−αe−αTVi(v(t+ T )) + e−αT V̇i(v(t+ T )))

= −αVi +∇V T
i (F +Gui +G(u− ui)),

(29)

lim
T→0

∫ t+T

t

e−α(τ−t)(vTQv + uT
i Rui)

T
dτ = lim

T→0
e−αT (vTQv + uT

i Rui)

= vTQv + uT
i Rui,

(30)

lim
T→0

∫ t+T

t

e−α(τ−t)2uT
i+1R(u− ui)

T
dτ = lim

T→0
e−αT 2uT

i+1R(u− ui)

= 2uT
i+1R(u− ui).

(31)

Substituting (29)-(31) in (28) yields

−αVi +∇V T
i (F +Gui +G(u− ui)) + vTQv + uT

i Rui + 2uT
i+1R(u− ui) = 0. (32)

The Bellman equation (23) is obtained by substituting the updated policy ui+1 from equation (24) into

equation (32). The proof is thus complete.

To approximate the unknown function Vi(v) in Equation (27) using system data, we employ a critic-only

neural network structure. According to the policy improvement equation (24), the control policy is directly
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determined by the gradient of the value function. Therefore, approximating Vi(v) alone is sufficient to obtain

the control policy, without requiring an additional actor network. The feasibility of this method is guaranteed

by the universal approximation theorem. Accordingly, the output of the critic neural network is given by

V̂i(v) = WT
i Φ(v), i = 0, 1, 2, . . . (33)

where Φ(v) = [Φ1, . . . ,Φl]
T ∈ Rl and Wi ∈ Rl is the weight vector of the critic neural network. From (24) and

(33), the control policies are given by

ûi(v) = −1

2
R−1GT∇ΦT (v)Wi, i = 0, 1, 2, . . . (34)

where ∇Φ(v) = [∂Φ1/∂v . . . ∂Φl/∂v]
T is the Jacobian matrix of Φ(v). Then, substituting (33)-(34) in (27) yields

the integral Bellman error (IBE)

εi(t) = e−αT V̂i(v(t+ T ))− V̂i(v(t))−
∫ t+T

t

e−α(τ−t)(−vTQv − uT
i Rui)dτ

−
∫ t+T

t

e−α(τ−t)(−2uT
i+1R(u− ui))dτ

= WT
i (e−αTΦ(v(t+ T ))− Φ(v(t))) +

∫ t+T

t

e−α(τ−t)vTQvdτ

+
1

4

∫ t+T

t

e−α(τ−t)WT
i ∇ΦGR−1GT∇ΦTWidτ −

∫ t+T

t

e−α(τ−t)WT
i+1∇ΦGudτ

− 1

2

∫ t+T

t

e−α(τ−t)WT
i+1∇ΦGR−1GT∇ΦTWidτ.

(35)

For notation simplicity, define

h∇Φ(v(t)) = e−αTΦ(v(t+ T ))− Φ(v(t)),

hGΦ(v(t)) =

∫ t+T

t

e−α(τ−t)∇ΦGR−1GT∇ΦT dτ,

hGu(v(t)) =

∫ t+T

t

e−α(τ−t)∇ΦGudτ,

η(v(t)) =

∫ t+T

t

e−α(τ−t)vTQvdτ.

Then, expression (35) can be rewritten as

εi(t) = WT
i h∇Φ(v(t)) +

1

4
WT

i hGΦ(v(t))Wi −
1

2
WT

i+1hGΦ(v(t))Wi −WT
i+1hGu(v(t)) + η(v(t))

= WT
i+1h(v(t))− zi(t),

(36)

where

h(v(t)) = −1

2
hGΦ(v(t))Wi − hGu(v(t)), (37)

zi(t) = −WT
i h∇Φ(v(t))−

1

4
WT

i hGΦ(v(t))Wi − η(v(t)). (38)

To determine the weight vector Wi+1 for the critic network at iteration i + 1, we seek to minimize the

Bellman error from (36) in a least-squares sense. This is achieved using system data collected at N distinct

time instants {tk}Nk=1, where N ≥ l (l being the number of elements in W ).

To be specific, for each sample point tk, the Bellman error equation (36) can be rearranged into a linear

regression form with respect to the unknown weight vector Wi+1:

WT
i+1h(tk) ≈ zi(tk), (39)
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where h(tk) and zi(tk) are defined in (37) and (38), respectively, and can be computed from the collected data

and the current weight vector Wi.

To compute Wi+1, the equations corresponding to all N samples are stacked into a single matrix equation.

Accordingly, the regressor matrix H and the target vector Zi are defined as follows:

H = [h(t1), h(t2), . . . , h(tN )], (40)

Zi = [zi(t1), zi(t2), . . . , zi(tN )]. (41)

Using these definitions, the system of N regression equations can be compactly written as:

WT
i+1H ≈ Zi. (42)

The problem of determining the optimal Wi+1 is thereby cast as a standard least-squares optimization,

which aims to minimize the sum of squared residuals ∥WT
i+1H − Zi∥2F . The corresponding solution is obtained

from the classical normal equation, provided that the matrix HHT is invertible:

Wi+1 = (HHT )−1HZT
i . (43)

Based on the weight update law (43), an offline iterative learning procedure is outlined in Algorithm 2.

The algorithm first executes the data measurement phase (Step 1) to collect and preprocess system operation

data. It then proceeds to the offline learning phase (Steps 2-4), where Step 2 initializes the initial weight vector

and iteration index. Steps 3 and 4 form an iterative loop that repeatedly updates the weights until convergence

criteria are met, thereby approximating the ideal weight vector.

Algorithm 2 Off-Policy RL for Optimal Synchronization Tracking Control

1: Collect the system data (v, u), and then compute h∇Φ(v), hGΦ(v), hGu(v), η(v);

2: Select initial critic neural network weight vector W0, let the iteration index i = 0;

3: Compute H and Zi, and update Wi+1 according to (43);

4: if ∥Wi+1 −Wi∥2 ≤ ϵ (where ϵ is a small positive number) then

5: Stop the iteration and use Wi+1 to obtain the control policy (34);

6: else

7: Set i = i+ 1 and return to Step 3.

8: end if

Remark 1. In learning algorithms based on policy or value function updates, the PE condition must be satisfied

to ensure the invertibility of the relevant matrix HHT . Specifically, the PE condition requires that there exist

positive constants ρ and T0 such that∫ t+T0

t

H(τ)H⊤(τ) dτ ≥ ρI, ∀t ≥ 0, (44)

which ensures that the information matrix is positive definite. In practical applications, this condition is typically

satisfied by injecting random noise or sinusoidal signals of varying frequencies into the control input, or by

increasing the sample size to enhance data richness.
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Algorithm 3 Overall procedure of the proposed air-ground collaborative coverage framework

Require: Parameters of the multi-scroll M-HNN, ground robot and UAV parameters, task-region information,

IRL design parameters, and initial system states.

Ensure: Converged critic weights W ∗ and synchronization control input.

1: Initialize the system states and control parameters of the ground robot and UAV;

2: Construct the sum of hyperbolic tangent functions H(φ2) according to (2);

3: Construct the multi-scroll M-HNN according to (5), and generate the chaotic driving signal φ2;

4: Drive the ground robot using φ2 to obtain the chaotic reference trajectory;

5: Construct the synchronization error vector v according to (17);

6: Perform offline IRL training according to Algorithm 2 to obtain the converged weights W ∗;

7: while the coverage task is not completed do

8: Calculate the synchronization control policy

û(v) = −1

2
R−1GT∇ΦT (v)W ∗; (45)

9: Apply the control policy û to the UAV response system and update the system state;

10: Update the synchronization error vector v;

11: If the system state leaves the prescribed region, apply the boundary-reflection rule according to (11)-(14);

12: end while

13: Evaluate the coverage rate according to (15).

The implementation process of the proposed air-ground collaborative coverage framework is illustrated in

Algorithm 3. The procedure begins with the construction of a multi-scroll M-HNN to generate driving signals

for the ground robot. Subsequently, a critic-only IRL synchronization tracking control strategy is developed to

synchronize the planar projection of the UAV motion with the motion of the ground mobile robot. Through the

coordinated design of chaotic driving signals and the synchronization tracking control strategy, the proposed

framework enhances both coverage search capability and air-ground coordination performance.

3.3.Convergence Analysis

For the proposed neural-network-based off-policy RL algorithm, this section analyzes the convergence of

the critic-network weights and proves the uniform ultimate boundedness (UUB) of the synchronization error.

Lemma 1. [38] For i = 0, 1, 2, . . ., suppose that Vi+1 is the solution of (27), and let the critic neural network

activation functions Φl(v), l = 1, 2, . . . , L, be chosen such that they form a complete basis on Ω as L → ∞.

Under these conditions, both Vi+1 and ∇Vi+1 can be uniformly approximated, i.e.,

sup
v∈Ω

∣∣∣V̂i+1(v)− Vi+1(v)
∣∣∣ → 0, (46)

sup
v∈Ω

∣∣∣∇V̂i+1(v)−∇Vi+1(v)
∣∣∣ → 0, (47)

sup
v∈Ω

|ûi+1(v)− ui+1(v)| → 0. (48)

Theorem 2 Based on Lemma 1, for any β > 0, there exist constants i0 > 0 and L0 > 0 such that when the
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iteration index i ≥ i0 and the number of neurons L ≥ L0, the following inequalities hold:

sup
v∈Ω

∣∣∣V̂i(v)− V ∗(v)
∣∣∣ < β, (49)

sup
v∈Ω

∥ûi(v)− u∗(v)∥ < β. (50)

Proof. First, we analyze the error between the network output and the true optimal value function. By applying

the triangle inequality, we can decompose this error into two distinct components:

sup
v∈Ω

∣∣∣V̂i(v)− V ∗(v)
∣∣∣ ≤ sup

v∈Ω

∣∣∣V̂i(v)− Vi(v)
∣∣∣+ sup

v∈Ω
|Vi(v)− V ∗(v)| . (51)

According to Lemma 1, for any fixed iteration index i, as the number of neurons L → ∞, the approximation

error of the neural network converges to zero:

lim
L→∞

sup
v∈Ω

∣∣∣V̂i(v)− Vi(v)
∣∣∣ = 0. (52)

This implies that for any given number β > 0, we can always find a sufficiently large L0 such that for all

L ≥ L0,

sup
v∈Ω

∣∣∣V̂i(v)− Vi(v)
∣∣∣ < β

2
. (53)

According to the convergence theory of policy iteration algorithms, as the iteration index i → ∞, the

sequence {Vi} converges to the optimal value function V ∗,

lim
i→∞

sup
v∈Ω

|Vi(v)− V ∗(v)| = 0. (54)

Similarly, for the given β above, we can find a sufficiently large iteration index i0 such that for all i ≥ i0,

sup
v∈Ω

|Vi(v)− V ∗(v)| < β

2
. (55)

When i ≥ i0 and L ≥ L0, substituting (53) and (55) into (51) yields:

sup
v∈Ω

∣∣∣V̂i(v)− V ∗(v)
∣∣∣ < β. (56)

This proves that the approximate value function V̂i converges uniformly to the optimal value function V ∗.

Next, the control error can be obtained from (21) and (34):

eui = u∗
i − ûi

= −1

2
R−1GT∇V ∗ +

1

2
R−1GT∇ΦTWi

=
1

2
R−1GT (∇V̂i −∇V ∗).

(57)

Similar to the value-function convergence argument, we can demonstrate that the gradient error also con-

verges uniformly. This implies that for any given β′ > 0, when i and L are sufficiently large, we have:

sup
v∈Ω

∣∣∣∇V̂i(v)−∇V ∗(v)
∣∣∣ < β′. (58)

Taking norms on both sides of (57) gives

∥eui(v)∥ =

∥∥∥∥12R−1GT (v)(∇V̂i(v)−∇V ∗(v))

∥∥∥∥
≤

∥∥∥∥12R−1GT (v)

∥∥∥∥ ·
∥∥∥∇V̂i(v)−∇V ∗(v)

∥∥∥ . (59)
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Since v ∈ Ω and G(v) is continuous on Ω, the matrix norm ∥ 1
2R

−1GT (v)∥ is bounded on Ω. We define this

upper bound as bk = supv∈Ω

∥∥ 1
2R

−1GT (v)
∥∥, taking the supremum over Ω in (59) and using (58) yields

sup
v∈Ω

∥eui(v)∥ ≤ sup
v∈Ω

(∥∥∥∥12R−1GT (v)

∥∥∥∥ ·
∥∥∥∇V̂i(v)−∇V ∗(v)

∥∥∥)
≤

(
sup
v∈Ω

∥∥∥∥12R−1GT (v)

∥∥∥∥) ·
(
sup
v∈Ω

∥∥∥∇V̂i(v)−∇V ∗(v)
∥∥∥)

= bk · β′.

(60)

Let β′ = β/bk. Substituting into (60) yields:

sup
v∈Ω

∥ûi(v)− u∗(v)∥ < β. (61)

This completes the proof.

Remark 2. According to the conclusion of Theorem 2, we can see that the weight estimation error of the critic

neural network ultimately converges to a bounded neighborhood determined by the number of neurons. This

implies that as long as the number of neurons l is sufficiently large, our estimated value function V̂i(v) can

infinitely approach the optimal value function V ∗(v). Consequently, the control policy ûi(v) generated by (34)

will also converge to the optimal policy u∗(v), thereby ensuring the stability and near-optimal performance of

the closed-loop system.

Theorem 3 When applying the policy ûi(v) to the nonlinear system (18), the synchronization tracking error

v(t) of the closed-loop system is UUB.

Proof. To prove the UUB of the closed-loop system, we select the optimal value function V ∗(v) as the Lyapunov

function candidate.

The time derivative of V ∗(v) along the trajectories of the system (18) under the learned control policy ûi(v)

is given by:

V̇ ∗ = (∇V ∗)T (F (v) +G(v)ûi(v)). (62)

The optimal value function V ∗(v) and the optimal control policy u∗(v) satisfy the HJB equation:

(∇V ∗)T (F (v) +G(v)u∗(v)) + vTQv + u∗(v)TRu∗(v) = 0. (63)

Rearranging (63) yields

(∇V ∗)TF (v) = −(∇V ∗)TG(v)u∗(v)− vTQv − u∗(v)TRu∗(v). (64)

Substituting (64) into (62) gives

V̇ ∗ = −(∇V ∗)TG(v)u∗(v)− vTQv − u∗(v)TRu∗(v) + (∇V ∗)TG(v)ûi(v)

= −vTQv − u∗(v)TRu∗(v) + (∇V ∗)TG(v)(ûi(v)− u∗(v)). (65)

From the optimal control law, we know that u∗(v) = − 1
2R

−1G(v)T∇V ∗(v), which implies that (∇V ∗)TG(v) =

−2u∗(v)TR. Substituting this into (65) yields

V̇ ∗ = −vTQv − u∗(v)TRu∗(v) + (−2u∗(v)TR)(ûi(v)− u∗(v))

= −vTQv + u∗(v)TRu∗(v)− 2u∗(v)TRûi(v)

= −vTQv − ûi(v)
TRûi(v) + (u∗(v)− ûi(v))

TR(u∗(v)− ûi(v)). (66)
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Furthermore, according to Theorem 2, the control policy approximation error is bounded by a small positive

constant β, i.e., ∥u∗(v)− ûi(v)∥ ≤ β. Combining these facts, we derive the following inequality:

V̇ ∗ ≤ −vTQv + (u∗(v)− ûi(v))
TR(u∗(v)− ûi(v))

≤ −λmin(Q)∥v∥2 + λmax(R)β2. (67)

This expression shows that V̇ ∗(v) < 0 as long as ∥v∥2 > λmax(R)β2

λmin(Q) .

This completes the proof.

4. Simulations

4.1.Numerical Analysis of Multi-Scroll Chaotic Dynamics

To rigorously validate its chaotic properties, Fig. 8 presents the corresponding bifurcation diagram and

Lyapunov exponent spectrum of the system shown in Fig. 5. The bifurcation parameter is k1 = k, while

k2 = 1.18 is fixed. The presence of positive Lyapunov exponents confirms the chaotic behavior of the system.

These results were obtained by simulating the system over the time interval [0, 6000] with a step size of 0.1

and initial conditions (0.1, 0, 0, 0, 0). Furthermore, different bifurcation diagrams can be obtained by varying

N and the core term Hi(φ2). As shown in Fig. 9, the bifurcation structures exhibit significant variations under

different parameter configurations, demonstrating that both N and Hi(φ2) play important roles in shaping

the dynamical behavior of the system. Collectively, these figures confirm that the multi-scroll M-HNN system

indeed generates complex multi-scroll chaotic attractors.

(a)

0 1 2 3 4 5 6 7 8 9 10

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

(b)

Fig. 8. Numerical simulation results: (a) bifurcation diagram and (b) Lyapunov exponents.

The 10-scroll attractor is not an isolated case. Further investigations reveal that the number of scrolls can

be precisely controlled through the form of the activation function H(φ2) and the parameters N . Under fixed

conditions for other parameters (e.g., k1 = 0.35, k2 = 1.18, n = 50), this relationship has been systematically

summarized in Table 2.

To visually validate the rules summarized in Table 2, Fig. 10 presents a gallery of typical multi-scroll

attractors generated under various parameter combinations. Each subfigure demonstrates that the number of

scrolls can be controlled in accordance with the tabular rules.

20



(a) (b)

(c) (d)

Fig. 9. Bifurcation diagrams from different forms: (a) H1(φ2) with m = 0; (b) H2(φ2) with N = 0; (c) H1(φ2) with N = 0; (d)

H2(φ2) with N = 1.

Fig. 11(a) and (b) display the Poincaré map of the 8-scroll and 10-scroll attractor, respectively, in the φ2-x1

plane. Fig. 11(a) clearly reveals eight distinct clusters of points, confirming the existence of a 8-scroll structure.

Similarly, the ten distinct clusters in Fig. 11(b) validate the 10-scroll attractor. These Poincaré maps provide

conclusive evidence that the system can predictably generate multiple multi-scroll chaotic attractors according

to established rules.

In summary, the above dynamical analyses demonstrate that the proposed multi-scroll M-HNN can generate

chaotic driving signals with controllable scroll numbers, complex aperiodic behavior, and rich transitions across

multiple scroll regions, thereby providing a dynamically rich excitation for the subsequent coverage search of

the ground mobile robot.

4.2.Coverage Performance: Chaotic Driving vs. Random Walk

For the numerical simulation, we define a square workspace of 100m × 100m, resulting in a total of

M = 10, 000 cells. The position of the robot is mapped to the corresponding cell according to its (X,Y )

coordinates. The operational parameters are configured as follows: the robot’s initial position is set to the

origin, (X(0), Y (0)) = (0, 0), its linear velocity is kept constant at V = 1m/s, and all parameters of the multi-

scroll M-HNN model are fixed throughout the simulation. Fig. 12(a) and (b) illustrate the robot’s trajectory

generated by our proposed chaotic strategy over a total of 80,000 discrete simulation time steps. In this approach,

the robot’s orientation at each step is driven by the state of the memristor’s magnetic flux φf . For comparison,
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Fig. 10. Chaotic phase orbits from different forms of H(φ2): (a) using H1(φ2) with m = 0, (b) using H2(φ2) with N = 0, (c)

using H1(φ2) with N = 0, (d) using H2(φ2) with N = 1, (e) using H1(φ2) with N = 1, (f) using H2(φ2) with N = 2, (g) using

H1(φ2) with N = 2, and (h) using H2(φ2) with N = 3.
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Table 2. Scroll count for different forms of H(φ2) and parameter settings (N,m).

m Form of H(φ2) N Number of scrolls

0 H1(φ2) or H2(φ2) 0−N 2

1 H1(φ2) 0 6

1 10

2 14

...
...

N 4N + 6

1 H2(φ2) 0 4

1 8

2 12

...
...

N 4N + 4
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Fig. 11. Poincaré map in φ2 − x1 plane: (a) result for the attractor with 8-scroll and (b) result for the attractor with 10-scroll.

30 independent random-walk trials are conducted under the same simulation conditions, with the heading angle

is determined by a random variable sampled from a uniform distribution. Fig. 12(c) presents the trajectory from

the 13th random-walk trial as a representative example, yielding a final coverage rate of 62.28%. A comparative

analysis of these trajectories shows that, under the same simulation horizon, the chaotic robot, driven by the

multi-scroll M-HNN, explores the workspace more efficiently than its random-walk counterpart, achieving more

extensive and faster coverage.

Furthermore, Fig. 13 presents the simulation results for the coverage rate under different chaotic mapping

strategies and a traditional random walk. As the benchmark, the performance of the random-walk method

is characterized by the mean coverage rate and standard deviation obtained from the 30 independent trials.

The results clearly demonstrate that after 80,000 iterations, all paths generated by the chaotic maps achieve a

coverage rate exceeding 90%, whereas the random-walk method remains substantially lower. This demonstrates

the superior coverage performance of the proposed chaotic driving strategies over the traditional random-

walk method. The high unpredictability of the paths generated by these chaotic strategies promotes effective

exploration of the workspace. Furthermore, under both chaotic mapping schemes, the ground mobile robot

exhibits irregular motion induced by the chaotic dynamics and achieves relatively high workspace coverage.
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(a) (b) (c)

Fig. 12. Robot trajectories of system (10) using (a) φ1 as the orientation, (b) φ2 as the orientation and (c) a random-walk

baseline.

These results indicate that the proposed chaotic mapping strategy is not dependent on a specific flux state

variable. Therefore, robot trajectory driven using φ2 is selected as the representative result for the subsequent

analysis.

In summary, our proposed model not only achieves a high coverage rate faster but also demonstrates higher

coverage rate compared to the random walk method.

Fig. 13. Coverage rate comparison between trajectories generated by chaotic systems and random walk.

4.3. Synchronization Tracking Control Simulation

To validate the effectiveness and robustness of the proposed control algorithm, the learning and evaluation

processes are conducted on the response system. The multi-scroll M-HNN system is considered with m = 1

(using H1(φ2) and N = 1) and initial conditions (0.1, 0, 0, 0, 0). The weighting matrices for the cost function

are set to Q = diag([50, 50, 50, 50, 50, 200, 200, 100]) and R = diag(18×1)×0.1. The critic network approximates

the value function as V (v) = WTΦ(v) by employing a quadratic basis function vector Φ(v), where W is a

36-dimensional weight vector. To accelerate the convergence, the initial weight vector W0 is obtained by solving

the Linear Quadratic Regulator (LQR) problem for the corresponding linearized system. During the policy

iteration learning process, the learning rate and regularization parameter are set to δ = 0.0005 and µ = 80,

respectively. The critic neural network basis-function vector is selected as
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Φ(v) = [v21 ,
√
2v1v2,

√
2v1v3,

√
2v1v4,

√
2v1v5,

√
2v1v6,

√
2v1v7,

√
2v1v8, v

2
2 ,
√
2v2v3,

√
2v2v4,

√
2v2v5,

√
2v2v6,

√
2v2v7,

√
2v2v8, v

2
3 ,
√
2v3v4,

√
2v3v5,

√
2v3v6,

√
2v3v7,

√
2v3v8, v

2
4 ,
√
2v4v5,

√
2v4v6,

√
2v4v7,

√
2v4v8, v

2
5 ,
√
2v5v6,

√
2v5v7,

√
2v5v8,

v26 ,
√
2v6v7,

√
2v6v8, v

2
7 ,
√
2v7v8, v

2
8 ]

T .

(68)

The convergence process of the critic network’s weight vector is illustrated in Figs. 14-16, where W (ι)

represents the ι-th element of W . After 8000 iterations, the learned optimal weight vector W ∗ is given by

W ∗ = [0.0167, 0.0005,−0.0034, 0.0004, 0.0015, 0.0000,

− 0.0000, 0.0000, 0.0147, 0.0022, 0.0035,−0.0002,

0.0000, 0.0000,−0.0000, 0.0100, 0.0001, 0.0002,

0.0000,−0.0000, 0.0000, 0.0111,−0.0000,−0.0000,

0.0000,−0.0000, 0.0114, 0.0000, 0.0000, 0.0001,

0.0818, 0.0002,−0.0000, 0.0815, 0.0021, 0.0184]T .

(69)
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Fig. 14. W (1) to W (12).
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Fig. 15. W (13) to W (24).
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To evaluate the performance of the control policy corresponding to this optimal weight, it is deployed in the

online synchronization task with a total simulation time of 16,000 seconds. Fig. 17 depicts the synchronization

tracking performance of the drive and response systems. Figs. 18 and 19 show the control input signals and

the synchronization tracking errors, respectively. As observed from the simulation results, the trajectory of

the response system rapidly converges to that of the drive system. This result indicates that the learned

controller can quickly stabilize the synchronization tracking error to a neighborhood of zero, thereby validating

the effectiveness and feasibility of the proposed control strategy.

Fig. 17. State trajectories of the drive and response systems.
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Fig. 18. Control input signals.
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Fig. 19. Synchronization Tracking Error.

5. Conclusion

This paper investigates a chaotic-signal-driven synchronization control framework for air-ground collabo-

rative coverage search tasks. A multi-scroll M-HNN is designed as the chaotic motion source for the ground

search robot, and a critic-only IRL synchronization strategy is developed to synchronize the planar projection

of the UAV motion with the chaotic search trajectory of the ground robot. The proposed hyperbolic-tangent

memristive synapse enables the designed chaotic multi-scroll M-HNN to generate a controllable number of scroll

attractors. Dynamical analysis shows that the designed multi-scroll M-HNN provides an effective chaotic source

with stronger ergodicity for robotic search motion generation. Furthermore, when the air-ground collaborative

search task is considered, a critic-only IRL synchronization controller is proposed. The results demonstrate

improved synchronization accuracy and convergence performance. Future work will focus on experimental

validation on physical robotic platforms and on extending the proposed framework to networked multi-agent

systems.
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