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Abstract

Efficient population transfer and motional state control are important for optical lattice clocks and
precision experiments with lattice-trapped neutral atoms. Here we experimentally investigate adiabatic
rapid passage (ARP) on the clock transition of a one-dimensional 87Sr optical lattice clock and develop
a mode-resolved model for ARP on motional sidebands. On the carrier transition, ARP enables robust
internal-state transfer with a maximum excitation fraction of 0.98(2). On the blue motional sideband,
ARP increases the maximum excitation fraction from 0.47(2) to 0.55(3), and the measured dynamics are
consistently reproduced by the mode-resolved model. The model further predicts that the sideband transfer
efficiency can exceed 0.88 when the carrier Rabi frequency is increased to 15 kHz. Applying ARP to the
red-sideband cooling reduces the axial mean vibrational occupation to approximately 0.038, corresponding
to a motional ground-state population of 0.96. These results provide a quantitative basis for designing
ARP excitation on motional sidebands and for optimizing sideband cooling in lattice-trapped atoms, with
direct relevance to coherent state preparation in optical lattice clocks and related precision-measurement
experiments in neutral atoms.
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1. Introduction

Optical lattice clocks based on neutral atoms have reached high levels of frequency stability and
accuracy, [1–4] enabling applications in tests of fundamental physics [5–8] and relativistic geodesy. [9–12] In
these clocks, thousands of atoms are trapped in a magic wavelength optical lattice and interrogated on
the ultranarrow 1S0 → 3P0 clock transition. Efficient excitation of the clock transition and control of the
external motion are therefore central to high-contrast clock interrogation, reproducible state preparation,
and precision measurements with lattice-trapped atoms. In typical operation, coherent excitation of the
clock transition is driven by resonant π pulses, [13] which are sensitive to laser intensity fluctuations,
detuning errors, and the spatial inhomogeneity of the Rabi frequency. [14,15] These effects remain relevant
for the lattice-trapped atoms with finite temperature, where several motional states can be populated even
in the Lamb-Dicke regime. The motional distribution produces a spread of effective Rabi frequencies on
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the carrier transition and a spread of resonance frequencies and sideband couplings for motional sidebands.
Therefore, coherent transfer and sideband cooling can be degraded by motional inhomogeneity.

Adiabatic rapid passage (ARP) provides a promising route to mitigate these limitations. [16–20] In
ARP, the laser frequency is swept through resonance, and population transfer occurs when the system
follows the instantaneous dressed state under the adiabatic condition. Compared with fixed frequency
excitation, ARP can be more tolerant of resonance offsets and variations in coupling strength. [21–23]

ARP has been used in nuclear magnetic resonance, [24] Rydberg systems, [25–28] and several optical clock
platforms. [29–31] For the carrier transition in an optical lattice clock, the motional quantum number is
conserved, and the excitation can often be described by an effective Landau-Zener picture with corrections
from finite coherence and loss processes. How ARP behaves on motional sidebands is less well established.

To describe ARP on motional sidebands in a thermal lattice-trapped ensemble, we develop a mode-
resolved treatment in which each thermally populated motional component (nz, nr) is assigned its own
sideband resonance frequency and Rabi coupling. The resonance frequency is determined by the axial
trap anharmonicity and the coupling between axial and radial motion, while the sideband Rabi frequency
is determined by the corresponding motional-state-dependent transition matrix element. The dynamics
of each motional component are then propagated separately during the frequency sweep and thermally
averaged to obtain the observable excitation.

This mode-resolved description provides access to information that is lost when the ensemble is
replaced by a single effective two-level transition. In particular, different motional components cross
resonance at different times during the same sweep and experience different coupling strengths, so their
adiabaticity conditions are not identical. A single effective Rabi frequency therefore cannot fully represent
the distribution of resonance-crossing times and transfer probabilities across the thermal ensemble. The
mode-resolved model makes it possible to identify which motional components remain weakly transferred,
to determine how the thermal distribution limits the attainable sideband excitation, and to quantitatively
optimize the sweep bandwidth, sweep duration, and coupling strength.

In this work, we investigate ARP on the carrier and motional sidebands of a one-dimensional 87Sr
optical lattice clock. We first characterize carrier ARP and compare it with fixed frequency Rabi excitation
under the same experimental conditions. We then calculate the sideband spectrum and sideband Rabi
coupling for atoms trapped in the optical lattice and compare the calculated blue sideband ARP dynamics
with the measured results. Finally, we apply red sideband ARP to axial sideband cooling. The carrier ARP
reaches an excitation fraction of 0.98(2), while the blue sideband measurement tests the mode-resolved
calculation and identifies the finite sideband Rabi frequency relative to the sweep bandwidth as the main
limitation under the present conditions. Red-sideband ARP cooling reduces the axial mean vibrational
occupation to n̄z = 0.038, corresponding to a motional ground-state population of p0 = 0.96. These results
provide quantitative guidance for choosing sweep parameters and Rabi frequencies in sideband excitation
and cooling of optical lattice clocks.

2. Experimental system and ARP implementation

The experiment is performed with a one-dimensional fermionic 87Sr optical lattice clock. The overall
experimental layout and the radio frequency control setup used for pulse interrogation at fixed frequency
and with ARP are shown schematically in Fig. 1. Each experimental cycle begins with laser cooling in
two stages in the 1S0 → 1P1 transition at 461 nm and the narrow 1S0 → 3P1 transition at 689 nm.
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Fig. 1. (a) Schematic of the 87Sr optical lattice clock and the radio-frequency control chain used for clock
interrogation. AOM: acousto-optic modulator, ULE: ultra low expansion, MS: microwave switch, AFG:
arbitrary function generator, PMT: photomultiplier tube. (b) Relevant internal and axial motional states
in the lattice. The carrier transition couples |g, n⟩ to |e, n⟩, while the red and blue motional sidebands
couple |g, n⟩ to |e, n− 1⟩ and |e, n+ 1⟩, respectively. (c) Dressed state picture of ARP. A chirped detuning
δ(t) sweeps through the resonance, and adiabatic following transfers population when the sweep rate is
sufficiently slow compared with the square of the coupling strength.

Approximately 104 atoms are then loaded into a vertically oriented one-dimensional optical lattice oper-
ating near the magic wavelength of 813.4 nm. The lattice beam is retroreflected to form a standing wave.
For the measurements reported here, the axial trap frequency is obtained from the motional-sideband
spectrum, yielding νz ≃ 59.5 kHz. Within the harmonic approximation near the center of the Gaussian
standing-wave lattice, the axial and radial trap frequencies are given by

νz =
2

h

√
U0Er,

νr =
1

πw0

√
U0

m
=

λl√
2πw0

νz,

(1)
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where U0 is the peak lattice depth, Er = h2/(2mλ2
l ) is the lattice photon recoil energy, m is the atomic

mass, λl is the lattice wavelength, and w0 is the 1/e2 intensity radius of the lattice beam. Using λl =

813.4 nm and w0 ≃ 60 µm, the measured axial trap frequency corresponds to U0 ≃ 73.5Er and gives
νr ≃ 181.6 Hz.

For clock excitation, the axial Lamb–Dicke parameter is

ηz = kp cos θ
√

h̄

2mωz

≃

√
h

2mλ2
pνz

, (2)

where kp = 2π/λp, ωz = 2πνz, and θ is the angle between the clock beam and the lattice axis. For the
nearly axial clock beam used here, θ ≃ 0, and the probe wavelength λp = 698 nm gives ηz ≃ 0.281.

After loading, the atoms are spin polarized to the stretched Zeeman sublevel mF = +9/2 of the ground
state 1S0, which defines the internal state |g⟩. The external motional state remains thermally distributed.
From the measured axial temperature Tz ≃ 1.8 µK, the initial axial mean vibrational quantum number
is estimated to be n̄z ≃ 0.26, corresponding to an axial ground-state population of approximately 0.79
based on a thermal distribution p0 = 1/(1 + n̄z). The radial temperature is about Tr ≃ 4.82µK.

The clock transition 1S0 → 3P0 at 698 nm is interrogated using a laser prestabilized to a high-finesse
ULE cavity. The clock beam is aligned along the lattice axis. Phase coherent control of the pulse frequency
and duration is implemented with two cascaded acousto-optic modulators driven by arbitrary function
generators and microwave switches. Fixed-frequency pulses and chirped ARP pulses are generated by
independent radio frequency sources and are triggered by digital timing electronics. Under the present
experimental conditions, the maximum carrier Rabi frequency is Ωc/2π = Hz. The excitation fraction
after the interrogation sequence is measured by electron shelving detection and normalized as:

Pe =
Ne −Nbg

Ng +Ne − 2Nbg

, (3)

where Ng and Ne are the atom numbers detected in the ground and excited clock states, and Nbg represents
the detected background noise.

For an ARP pulse, the laser frequency is swept linearly according to

f(t) = fi +
ff − fi

Tsw
t, 0 ≤ t ≤ Tsw, (4)

where fi and ff are the initial and final frequencies, respectively, and Tsw is the sweep duration. The sweep
span and center frequency are defined as

∆fsw = |ff − fi|, fc =
fi + ff

2
. (5)

All ARP sweeps used in this work proceed from high to low frequency, with ff < fi. The initial frequency,
final frequency, and sweep duration are independently programmed using the arbitrary function generator,
and the frequency interval is selected separately for the carrier and each resolved motional sideband. For
the measurements in which Tsw is varied, including the carrier, blue-sideband, and red-sideband duration
scans, fi and ff are held fixed. Consequently, both ∆fsw and fc remain constant. By contrast, in the
blue-sideband sweep span measurement described in Appendix B.3, Tsw and fi are fixed while ff is varied
toward the carrier. Thus, both ∆fsw and fc vary in that measurement.
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Fig. 2. coherence measurement of the clock transition in the lattice trapped ensemble. The dashed line
is a fit to a stretched exponential decay, yielding T2 ≃ 275 ms, C0 = 0.806, and β = 0.832. Each point is
obtained from 20 independent measurements, and the error bars denote the standard error of the mean.

3. Results and Discussion

3.1.Carrier ARP in the lattice-trapped ensemble

The carrier couples |g, n⟩ to |e, n⟩ without changing the axial vibrational quantum number. Compared
with motional sideband transitions, the carrier transition can be treated as a simpler frequency swept
transfer between the two clock states. We first characterize the coherence time of the clock transition
in the lattice-trapped ensemble by Ramsey spectroscopy. Two resonant π/2 pulses are applied with a
variable free evolution time Tfree, and the Ramsey contrast is extracted from the peak-to-peak excitation
signal. For each value of Tfree, the measurement is repeated 20 times, and the error bars in Fig. 2 denote
the standard error of the mean. The contrast decay is fitted with a stretched exponential function: [32]

C(Tfree) = C0 exp
[
− (Tfree/T2)

β
]
, (6)

where C0 is the initial contrast, T2 is the effective inhomogeneous coherence time, and β accounts for
the non-exponential decay of the ensemble coherence. The fit gives T2 ≃ 275 ms, with C0 = 0.806 and
β = 0.832. For the carrier ARP measurement, the laser frequency is swept linearly across the carrier
resonance with a fixed sweep span of ∆fsw = 12 kHz. This range covers the observed carrier resonance
and residual detuning fluctuations while remaining much smaller than the axial trap frequency. The sweep
duration Tsw is then varied to control the adiabaticity of the passage.

The measured excitation dynamics are shown in Fig. 3. As Tsw increases from the nonadiabatic
short pulse regime, the excitation fraction increases rapidly and exceeds 0.9 at about 10 ms. It reaches a
maximum value of 0.98(2) at intermediate sweep durations. For comparison, fixed-frequency Rabi driving
under the same experimental conditions gives a lower maximum excitation fraction of 0.76(1), as shown
in Appendix A.1. The excitation fraction remains between about 0.95 and 0.98 for sweep durations from
approximately 15 ms to 70 ms. For longer sweeps, the excitation decreases slightly, reaching about 0.95
at the longest measured sweep duration near 90 ms.

The solid curve in Fig. 3 represents a fit using the effective Landau-Zener model described in Ap-
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Fig. 3. Carrier excitation dynamics under ARP. The laser frequency is swept across the carrier transition
with a fixed sweep span of ∆fsw = 12 kHz. Blue points denote the measured final excited state probability.
The red solid curve is a fit using the effective Landau-Zener model described in Appendix A.2, with
T2 = 275 ms and T1 = 0.702 s. Error bars denote the standard error of the mean from 20 measurements.

pendix A.2. In this model, the ideal Landau-Zener transfer probability is modified by the independently
measured coherence time T2 and an effective survival factor T1 that accounts for the reduction of the
measured excitation during longer sweeps. The carrier Rabi frequency and sweep range are fixed at
Ωeff/2π = 669 Hz and ∆fsw = 12 kHz, respectively, and T2 is fixed at 275 ms. With T1 as the only fitted
dynamical parameter, the fit gives T1 = 0.702 s. Here, T1 should be understood as a phenomenological
longitudinal relaxation time accounts for slow population loss or redistribution during the chirped inter-
rogation, including possible contributions from atom loss, off-resonant scattering, heating-induced loss,
and other technical relaxation processes. The agreement with the measured data shows that the carrier
ARP under the present conditions is well captured by an effective Landau-Zener description with finite
coherence and survival corrections. [18,23,30]

3.2.Blue sideband ARP with mode-resolved modeling

Compared with the carrier transition, the blue sideband is more difficult to drive efficiently because
its coupling is reduced by the Lamb-Dicke factor and depends on the motional quantum numbers. The
measured initial radial temperature Tr ≃ 4.82 µK corresponds to a broad distribution of radial motional
states. Through axial-radial coupling, different radial components have different blue-sideband resonance
frequencies and therefore cross resonance at different times during the same ARP sweep. The sideband
coupling strengths also exhibit a radial-state dependence. The residual radial excitation thus produces
inhomogeneous sideband broadening and nonuniform transfer efficiencies, making a single-mode Landau-
Zener description insufficient for the blue-sideband ARP dynamics.

To describe the blue-sideband dynamics, we use the mode-resolved model developed in Appendix
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Fig. 4. Blue sideband excitation under fixed frequency driving and ARP. (a) Fixed frequency excitation
near the blue sideband resonance as a function of pulse duration. The solid curve is a fit using the mode
resolved sideband calculation described in Appendix B.2, yielding TBSB = 1.047 ms. (b) Blue sideband
ARP with a fixed sweep span of ∆fsw = 15 kHz. The blue solid curve is calculated using the mode-
resolved model under the calibrated sideband parameters from (a), with the fixed detuning replaced by
the time dependent chirped detuning. The black dashed curve is the result of the single-mode Landau–
Zener model under the same parameters. ARP increases the maximum excitation fraction from 0.47(2)
to 0.55(3). Error bars denote the standard error of the mean from 20 measurements.
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Fig. 5. Calculated maximum population transfer efficiency of blue sideband ARP as a function of the
carrier Rabi frequency. For each carrier Rabi frequency, the calculation is performed over a range of sweep
durations, and the largest final excitation fraction is retained. The sweep span is fixed at ∆fsw = 15 kHz,
while all other model parameters are kept at the values used for the present experimental conditions.

B.1–Appendix B.3. Unlike the single-mode Landau–Zener description, which predicts an excitation prob-
ability approaching unity for sufficiently slow sweeps, the mode-resolved calculation accounts for the
distribution of resonance frequencies and coupling strengths among different motional states and repro-
duces the experimentally observed saturation of the sideband transfer efficiency. Each occupied motional
component (nz, nr) is assigned its own blue-sideband resonance frequency γb(nz, nr) and sideband Rabi
frequency Ωb(nz, nr). The thermal weights are determined from the measured axial and radial tempera-
tures, Tz ≃ 1.8 µK and Tr ≃ 4.82 µK, respectively. The observed excitation is obtained by propagating
each motional component separately and averaging the resulting transition probabilities over the ther-
mal distribution. For the present carrier Rabi frequency Ωeff

c /2π = 669(7) Hz, the thermally averaged
blue-sideband Rabi frequency is approximately Ωeff

b /2π = 161(2) Hz.
We first measure the excitation of the blue sideband under fixed-frequency driving, as shown in

Fig. 4(a). The clock laser is tuned near the blue sideband resonance, and the pulse duration is varied.
The maximum excitation fraction reaches 0.47(2). The solid curve is a fit to the measured excitation
data using the mode-resolved model developed in the Appendix B.2. The fit gives an effective sideband
dephasing time of TBSB = 1.047 ms, which characterizes the damping of the blue-sideband excitation during
fixed-frequency driving and is used as the dephasing input for the ARP calculation below. This parameter
represents residual transverse decoherence mechanisms that are not explicitly resolved in the mode-resolved
Hamiltonian, including contributions from clock-laser frequency noise, magnetic-field-induced detuning
fluctuations, and spatially inhomogeneous differential light shifts or probe intensities. Since the (nz, nr)-
dependent sideband resonance frequencies and Rabi couplings are already explicitly included in the model,
TBSB primarily accounts for additional dephasing beyond the modeled motional-state inhomogeneity.
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We then measure ARP on the blue sideband by sweeping the laser frequency linearly across the blue
sideband resonance. In the Appendix B.3, as shown in Fig. 8, the excitation fraction increases with the
sweep span and reaches a plateau at approximately 15 kHz. We then set the sweep span fixed at ∆fsw = 15

kHz, which covers the main blue sideband feature while remaining separated from the carrier transition.
As shown in Fig. 4(b), the red solid curve is calculated from the mode-resolved model, and the black
dashed curve from the single-mode Landau–Zener model. The mode-resolved model gives an excitation
fraction that increases with Tsw and reaches 0.55(3) at a sweep duration of about 70 ms, reproducing both
the rise and the saturation of the measured blue sideband ARP excitation. By contrast, the single-mode
Landau–Zener model predicts an excitation fraction approaching unity, which deviates significantly from
the experimental data. These results indicate that the finite sideband Rabi frequency, the distribution of
sideband resonance frequencies, and the effective dephasing time together determine the observed ARP
dynamics, whereas the single-mode Landau–Zener model is no longer applicable to the sideband.

Under the present experimental conditions, ARP increases the maximum blue-sideband excitation
fraction from 0.47(2) to 0.55(3). The improvement is mainly limited by the weak sideband coupling
and the finite effective sideband dephasing time. To examine the dependence on coupling strength, the
calculation is repeated for different carrier Rabi frequencies. For each carrier Rabi frequency, the sweep
duration is varied and the largest final excitation fraction is retained, while all other model parameters
are held fixed. As shown in Fig. 5, the calculated maximum excitation fraction exceeds 0.88 when the
carrier Rabi frequency reaches 15 kHz. Since the available probe power limits the carrier Rabi frequency
in the present experiment to 669(7) Hz Hz, the prediction at 15 kHz should be regarded as an idealized
model extrapolation beyond the experimentally tested range. High-power narrow-linewidth 698 nm laser
systems provide a practical route to the predicted regime. At higher Rabi frequencies, the sweep span and
duration must be reoptimized for the increased sideband coupling.

.

3.3.Axial sideband cooling with red sideband ARP

The blue sideband results show that a chirped pulse can drive sideband excitation over a broader range
of motional states than a fixed-frequency pulse. We therefore apply the same frequency swept approach to
the red sideband for axial sideband cooling. Because axial-radial coupling produces comparable frequency
broadening on the red and blue sidebands, the red-sideband sweep span is also set to ∆fsw = 15 kHz. As
shown in Fig. 6(a), the red sideband ARP excitation reaches a maximum of 0.19(1) at a sweep duration
of about 270 ms. This value should be compared with the initial population outside the axial motional
ground state, because the atoms initially in nz = 0 are not coupled by the red sideband. With p0 = 0.79,
the participating fraction is 1 − p0 ≃ 0.21, and the observed maximum excitation corresponds to an
effective transfer efficiency of approximately 0.19/(1− p0) ≃ 0.9 for atoms initially occupying nz > 0.

Based on this result, we implement axial sideband cooling using red sideband ARP. Each cooling
cycle consists of a 270 ms red sideband ARP pulse followed by a 10 ms repumping stage, during which
the 679 nm and 707 nm repumping lasers are applied simultaneously. To choose the number of cooling
cycles, we measured the final mean axial occupation as a function of the cycle number, as shown in Fig.
6(b). The occupation decreases rapidly during the first several cycles and then approaches saturation
after about ten cycles. We therefore used ten ARP cooling cycles for the final cooling measurement ,
corresponding to a total cooling time of 2.8 s. For comparison, conventional fixed frequency sideband
cooling is applied continuously for the same total duration of 2.8 s. The 698 nm laser is fixed at an
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Fig. 6. Red sideband ARP and axial sideband cooling. (a) Red sideband ARP excitation with a fixed
sweep span of ∆fsw = 15 kHz. The excitation fraction reaches 0.19(1) at a sweep duration of about 270
ms. Error bars denote the standard error of the mean from 20 measurements. (b) Mean axial vibrational
occupation after ARP cooling as a function of cooling cycle number. Each point is obtained from a
single experimental measurement and is used to guide the choice of ten cooling cycles. (c) Motional
sideband spectra of the initial ensemble, the ensemble after continuous fixed frequency sideband cooling
for 2.8 s, and the ensemble after ten ARP cooling cycles with the same total cooling time. Sideband
thermometry gives Tz = 1.8 µK and p0 = 0.79 initially, Tz = 1.2 µK and p0 = 0.91 after fixed frequency
cooling, and Tz = 0.86(9) µK, n̄z = 0.038(13), and p0 = 0.963(13) after ARP cooling. The uncertainties
for the ensemble cooled by ARP are the standard errors of the means from 20 independent sideband
measurements.

experimentally optimized detuning of 50 kHz from the carrier, corresponding to the maximum of the
measured red sideband excitation spectrum, while the 679 nm and 707 nm repumping lasers remain on
throughout the cooling period. The 698 nm laser intensity, repumping laser intensities, initial atomic
preparation, and lattice parameters are kept unchanged.

The final motional state is characterized by sideband thermometry. Fig.6(c) compares the red and
blue sideband spectra of the initial ensemble, the ensemble after continuous fixed frequency sideband
cooling, and the ensemble after ten ARP cooling cycles. After subtracting a constant background, the red
and blue sideband areas are obtained by numerical integration. No specific line-shape function is assumed
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in the extraction of the axial temperature. For a thermal axial distribution, the ratio R = ARSB/ABSB

gives [33–35]

n̄z =
R

1−R
, p0 =

1

1 + n̄z

, (7)

and
Tz =

hνz
kB ln(ABSB/ARSB)

. (8)

For the ensemble cooled by ARP, the sideband measurement is repeated independently 20 times. Each
spectrum is analyzed separately, and the reported values are the means of the repeated measurements.
The quoted uncertainties are the corresponding standard errors of the means. Before sideband cooling,
the axial temperature is 1.8 µK, with p0 = 0.79. Continuous fixed frequency sideband cooling gives
Tz = 1.2 µK and p0 = 0.91. After ten ARP cooling cycles, we obtain Tz = 0.86(9) µK, n̄z = 0.038(13),
and p0 = 0.963(13).

4. Conclusion

We have investigated ARP on the clock transition of a one-dimensional 87Sr optical lattice clock, with
emphasis on its application to motional sidebands and axial sideband cooling. The carrier excitation was
first characterized and then used as a reference for studying sideband ARP, where the resonance frequency
and Rabi coupling depend on the motional state. A mode-resolved calculation was developed to describe
this dependence and was tested against the measured blue-sideband dynamics.

On the carrier transition, ARP reached a maximum excitation fraction of 0.98(2), compared with
0.76(1) obtained by fixed-frequency Rabi driving under the same experimental conditions. On the blue
sideband, ARP increased the maximum excitation fraction from 0.47(2) to 0.55(3), and the measured
sweep duration dependence was reproduced by the mode-resolved calculation. The calculation indicates
that the present blue-sideband transfer is mainly limited by the finite sideband Rabi frequency relative
to the sweep bandwidth, and predicts that the transfer efficiency can exceed 0.88 when the carrier Rabi
frequency is increased to 15 kHz. Applying red-sideband ARP to axial sideband cooling reduced the
mean axial vibrational occupation to n̄z = 0.038, corresponding to a motional ground-state population of
p0 = 0.96.

These results show that ARP on motional sidebands in lattice-trapped atoms cannot be described
by directly extending the carrier ARP picture, as the resonance frequency and Rabi coupling vary with
the motional state. The model and measurements provide quantitative guidance for optimizing sweep
parameters and Rabi frequencies in sideband excitation and cooling. The predicted improvement of
blue-sideband transfer at higher Rabi frequencies remains to be tested experimentally. Future work can
combine stronger clock-transition coupling with optimized sweep parameters, lower radial temperatures,
and improved sideband coherence. Extending ARP cooling to the radial motion may enable more complete
motional-state control in lattice-trapped atoms.

Appendix A Theory of carrier excitation

Appendix A.1 Effective Rabi frequency on the carrier transition

In this Appendix we derive the effective Rabi frequency for the carrier transition of the lattice-trapped
atoms. The derivation follows the standard treatment of Rabi spectroscopy in a one-dimensional optical
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lattice clock, where the electronic clock transition is coupled to the quantized external motion through
the spatial phase of the probe field. We denote the two clock states by

|g⟩ ≡ |1S0⟩, |e⟩ ≡ |3P0⟩. (9)

Near the magic wavelength, the two clock states experience nearly identical trapping potentials. Therefore,
to leading order, the motional eigenstates can be taken to be common for |g⟩ and |e⟩.

At a lattice depth of 73.5 Er, the motion in a single lattice site is well approximated by a harmonic
oscillator along the lattice axis and a weak harmonic oscillator in the radial direction, with small corrections
from the axial anharmonicity and the Gaussian radial profile of the lattice beam. We denote the axial
motional quantum number by nz, and group the two radial quantum numbers into

nr = nx + ny, (10)

which has degeneracy nr+1. Keeping the leading axial anharmonicity and the leading axial-radial coupling,
the motional energy is written as

Enz,nr
= hνz

(
nz +

1

2

)
+ hνr (nr + 1)

− hνrec

2

(
n2
z + nz +

1

2

)
− hνrec

νr
νz

(
nz +

1

2

)
(nr + 1) , (11)

where νz and νr are the axial and radial trap frequencies, and

νrec =
Erec

h
(12)

is the lattice recoil frequency. The first two terms in Eq. (11) are the harmonic axial and radial en-
ergies. The last two terms give the leading corrections from the axial lattice anharmonicity and the
coupling between the axial and radial motions. These corrections are essential for determining the side-
band resonance frequencies derived below, which depend on the motional state. For the carrier transition,
where the motional quantum numbers are unchanged, they do not shift the transition frequency at the
magic wavelength, but they define the common motional basis used throughout the carrier and sideband
calculations.

The clock laser is described by a plane wave with wave vector kp. In the electric dipole approximation
for this weak clock transition, the atom-laser interaction contains the spatial phase factor exp(ikp ·r̂). After
transforming to the frame rotating at the probe frequency and applying the rotating wave approximation,
the interaction Hamiltonian can be written as

Ĥint = − h̄δ

2
σ̂z +

h̄Ω0

2

[
eikp ·̂r|e⟩⟨g|+ e−ikp ·̂r|g⟩⟨e|

]
, (13)

where δ = ωp −ω0 is the detuning of the clock laser from the unperturbed clock transition, Ω0 is the bare
Rabi frequency of a free atom at the same probe intensity, and σ̂z = |e⟩⟨e| − |g⟩⟨g|.

The coupling between two motional states |n⟩ and |n′⟩ is therefore

Ωn′,n = Ω0⟨n′|eikp ·̂r|n⟩. (14)

Since the harmonic oscillator wave functions are separable, the matrix element factorizes into the spatial
directions,

Ωn′,n = Ω0

∏
µ

⟨n′
µ|eikµr̂µ |nµ⟩, (15)
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where kµ is the projection of the wave vector of the clock laser along direction µ.
For a harmonic oscillator,

r̂µ = r0,µ
(
âµ + â†µ

)
, r0,µ =

√
h̄

2mωµ

, (16)

where ωµ = 2πνµ. We define the Lamb-Dicke parameter

ηµ = kµr0,µ = kµ

√
h̄

2mωµ

. (17)

Using the Baker–Campbell–Hausdorff relation,

eiη(â+â†) = e−η2/2eiηâ
†
eiηâ, (18)

one obtains, for n′ ≥ n,

⟨n′|eiη(â+â†)|n⟩ = e−η2/2(iη)n
′−n

√
n!

n′!
Ln′−n

n (η2), (19)

where Lα
n(x) is a generalized Laguerre polynomial. The corresponding expression for n′ < n is obtained

by taking the Hermitian-conjugate matrix element.
The carrier transition preserves the motional quantum numbers. Therefore, Eq. (19) reduces to

⟨n|eiη(â+â†)|n⟩ = e−η2/2Ln(η
2). (20)

For the calculations resolved by motional mode below, we write the carrier Rabi frequency as

Ωc(nz, nr) = Ω0e
−(η2

z+η2
r)/2Lnz

(η2z)Lnr
(η2r) (21)

where
ηz = kz

√
h̄

2mωz

, ηr = kr

√
h̄

2mωr

. (22)

For a nearly axial clock beam with a small misalignment angle θ,

kz ≃ kp cos θ, kr ≃ kp sin θ, kp =
2π

λp

. (23)

Equation (21) is the carrier coupling used to describe excitation inhomogeneity in the atomic ensemble.
In the Lamb-Dicke regime, ηµ ≪ 1, one may expand

e−η2
µ/2Lnµ

(η2µ) = 1−
(
nµ +

1

2

)
η2µ +O(η4µ). (24)

Thus the carrier Rabi frequency is approximately

Ωc(nz, nr) ≃ Ω0

[
1−

(
nz +

1

2

)
η2z −

(
nr +

1

2

)
η2r

]
. (25)

Equation (25) shows explicitly that occupation of higher motional states reduces the carrier coupling and
produces a distribution of Rabi frequencies.

For a single atom in motional state (nz, nr), the carrier excitation probability after a square pulse of
duration t is

P c
e,nz,nr

(t, δ) =
Ω2

c(nz, nr)

Ω2
c(nz, nr) + δ2

sin2

[
t

2

√
Ω2

c(nz, nr) + δ2
]
. (26)
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Fig. 7. The excitation under fixed-frequency Rabi driving. The solid line denotes the fit curve. The
errors of the measured data in the figure originate from fluctuations in the clock laser power and the atom
number. Error bars denote the standard error of the mean from 20 measurements.

For an ensemble with a thermal motional distribution, the carrier excitation probability is obtained by
averaging Eq. (26) over all occupied motional states,

P c
e (t, δ) =

∑
nz,nr

Wnz,nr
P c
e,nz,nr

(t, δ). (27)

The normalized thermal weight used in the calculation is

Wnz,nr
=

qnz
z (nr + 1)qnr

r∑
nz,nr

qnz
z (nr + 1)qnr

r
, (28)

with
qz = exp

(
− hνz
kBTz

)
, qr = exp

(
− hνr
kBTr

)
. (29)

The zero-point energies do not appear in Eq. (28), because they contribute only an overall Boltzmann
factor that cancels in the normalized distribution. The factor nr + 1 accounts for the degeneracy of the
two-dimensional radial harmonic oscillator.

Equations (21)–(27) provide the microscopic description of carrier Rabi excitation in the lattice.
Experimentally, the full thermal average in Eq. (27) can be replaced by a compact phenomenological fit
when the goal is to extract a single observable ensemble Rabi frequency. On resonance, the measured
Rabi oscillation is fitted by

Pe(t) = C +
A

2

[
1− e−γt cos(Ωefft+ ϕ)

]
(30)
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Here Ωeff is the fitted effective carrier Rabi frequency, A is the oscillation amplitude, γ is a phenomeno-
logical damping rate, ϕ is the oscillation phase and C is an offset accounting for residual background and
imperfect normalization. The damping term represents the combined effect of inhomogeneity in the Rabi
frequency, residual dephasing, and technical fluctuations during the measurement. This fitting function
is the form used for the carrier Rabi-oscillation data in this work.

Using the measured carrier Rabi oscillation from Fig. 7 and the fitting model in Eq. (30), we obtain
Ωeff/2π = 669(7) Hz. The fitted damping rate is consistent with zero within the uncertainty for the present
short-time data window. Therefore, for the ARP and sideband measurements discussed in the main text,
we take Ωeff/2π = 669(7) Hz as the experimentally calibrated effective carrier Rabi frequency.

Appendix A.2 Carrier ARP with effective relaxation and dephasing

We next discuss the calculation of the carrier adiabatic rapid passage (ARP) efficiency in the presence
of finite coherence and population relaxation. The carrier ARP is used to transfer population between the
two clock states without changing the motional quantum number,

|g, nz⟩ ↔ |e, nz⟩. (31)

For a given motional state, and after applying the rotating-wave approximation, the driven two-level
Hamiltonian can be written as

ĤARP(t) =
h̄

2

(
−δ(t) Ωeff

Ωeff δ(t)

)
, (32)

where Ωeff is the effective carrier Rabi frequency calibrated experimentally and δ(t) is the time-dependent
detuning of the clock laser. For a linear frequency sweep across the carrier resonance, we take the following

δ(t) = v

(
t− Tsw

2

)
, (33)

where Tsw is the total sweep duration and

v =

∣∣∣∣dδdt
∣∣∣∣ = 2π∆fsw

Tsw
(34)

is the angular sweep rate. Here ∆fsw denotes the total sweep range in Hz. In the ideal coherent limit, the
probability for adiabatic transfer through a single avoided crossing is given by the Landau-Zener expression

P
(0)
LZ = 1− exp

(
−πΩ2

eff
2v

)
. (35)

This formula captures the basic behavior of ARP. A slower sweep rate v or a larger Rabi frequency Ωeff

makes the evolution more adiabatic and causes the transfer probability to approach unity. [36,37]

However, in the experiment, the ARP process is not perfectly coherent. The finite linewidth of the
clock laser, residual magnetic-field fluctuations, inhomogeneous light shifts, Rabi-frequency inhomogene-
ity, and motional-state averaging all reduce the contrast of the driven dynamics. We account for these
effects phenomenologically by introducing an effective Ramsey coherence time T2, which is determined
independently from the decay of Ramsey contrast in the main text. It is important to emphasize that
T2 is an effective ensemble coherence time, rather than a microscopic homogeneous transverse relaxation
time. In the present ARP calculation, its effect is included through a dimensionless reduction factor

η2 =
1

1 + 1/(ΩeffT2)
. (36)
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The Landau-Zener exponent is then modified as

PLZ = 1− exp
(
−πΩ2

effη2
2v

)
. (37)

This expression should be regarded as an effective description of dephasing during the ARP pulse. In the
limit ΩeffT2 ≫ 1, one obtains η2 ≃ 1, and the coherent Landau-Zener result in Eq. (35) is recovered.

In addition to transverse dephasing, the final population measured after the ARP pulse can be reduced
by longitudinal relaxation and loss processes. In an open two-level system, the parameter T1 usually
denotes the relaxation time of the population inversion, or equivalently the decay time scale of the diagonal
components of the density matrix toward their values of the steady state. In the present carrier ARP
measurement, however, the relevant relaxation is not restricted to the intrinsic natural decay of the 3P0

clock state. The measured transfer efficiency may also be affected by lattice-induced scattering, residual
atom loss, off-resonant excitation, imperfect state preparation or detection, and technical fluctuations
during the frequency sweep. We therefore introduce an effective longitudinal relaxation time, denoted by
T1, to characterize the net population survival during the ARP pulse.

This effective parameter should not be interpreted as a direct measurement of the natural lifetime of
the clock excited state. Rather, it is a phenomenological time scale that summarizes all processes that
reduce the detectable transferred population during the chirped interrogation. Since these processes are
not independently resolved in the present measurement, T1 is treated as a fit parameter. The simplest
way to include this effect is to multiply the coherent Landau-Zener transfer probability by an exponential
survival factor,

S(Tsw) = exp
(
−Tsw

2T1

)
. (38)

Equivalently, the factor 1/(2T1) may be viewed as an effective loss rate for the measured ARP transfer
probability within this phenomenological model. This convention is used only to parametrize the observed
reduction of the final excitation probability at long sweep durations. Combining Eqs. (37) and (38), the
final carrier ARP transfer probability is modeled as

PARP(Tsw) =

[
1− exp

(
−πΩ2

effη2
2v

)]
exp

(
−Tsw

2T1

)
, (39)

with
v =

2π∆fsw

Tsw
, η2 =

1

1 + 1/(ΩeffT2)
. (40)

The physical content of Eq. (39) is transparent. For very short sweep durations, the sweep rate v is
large and the passage is nonadiabatic, so the Landau-Zener transfer probability is small. As Tsw increases,
v decreases and the transfer becomes increasingly adiabatic. At even longer sweep durations, however,
the finite relaxation time of the population produces a slow reduction through the survival factor. The
measured ARP efficiency is therefore determined by the competition between improved adiabaticity and
accumulated relaxation.

In the fit, we fix the independently measured effective Ramsey coherence time to T2 = 275 ms. The
carrier Rabi frequency and sweep range are fixed to Ωeff/2π = 669 Hz and ∆fsw = 12 kHz, respectively.
The only free physical parameter is then T1. We determine it by minimizing the sum of squared residuals

χ2(T1) =
∑
i

[PARP(Ti;T1, T2)− P exp
i ]

2
, (41)

where P exp
i is the measured final excited state probability for sweep duration Ti. In practice, we perform

a grid search over 0.2 s ≤ T1 ≤ 20 s. The vertical scale is fixed to unity, so the fitted curve directly
represents the calculated transfer probability without introducing an additional normalization factor.
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The best fit gives T1 = 0.702 s, with a root-mean-square residual of approximately RMSE = 3.9×10−2.
Because the fit is performed without assigning experimental uncertainties to each data point, the extracted
value of T1 should be interpreted as an effective model parameter rather than a direct lifetime measurement.
The result indicates that the carrier ARP data are consistent with a survival time on the order of one
second under the present interrogation conditions.

We stress that T1 and T2 have different meanings. The parameter T2 is fixed by an independent
Ramsey coherence measurement and characterizes the loss of phase coherence of the ensemble. By contrast,
T1 is extracted from the ARP transfer curve and characterizes the effective loss of detectable population
during the ARP pulse. Therefore, T1 should not be interpreted as the intrinsic natural lifetime of the 3P0

clock state. It is a phenomenological longitudinal relaxation time that includes both physical population
loss and technical imperfections relevant to the ARP process.

Appendix B Theory of the Blue Sideband

Appendix B.1 Motional sideband spectrum and the effective blue sideband Rabi
frequency

We now discuss the motional sideband spectrum and the calibration of the blue sideband Rabi fre-
quency. The motional energies, thermal weights, and matrix elements for atom light coupling have been
introduced in Sec. Appendix A.1. Therefore, we only summarize the parts that are specific to sideband
excitation.

The carrier transition preserves the motional state,

|g, nz, nr⟩ → |e, nz, nr⟩. (42)

In contrast, the longitudinal blue and red sidebands change the axial motional quantum number by +1

and −1, respectively:

blue sideband : |g, nz, nr⟩ → |e, nz + 1, nr⟩, (43)

red sideband : |g, nz, nr⟩ → |e, nz − 1, nr⟩. (44)

The blue sideband lies at higher probe frequency than the carrier, because the clock excitation is accom-
panied by the creation of one axial vibrational quantum. The red sideband lies at lower probe frequency,
because one axial vibrational quantum is annihilated. Since the red sideband is absent for atoms in nz = 0,
the asymmetry between the red and blue sidebands provides a probe of the axial motional temperature.

Using the motional energy in Eq. (11), the detuning of the longitudinal blue sideband from the carrier
is

γb(nz, nr) =
Enz+1,nr

− Enz,nr

h

= νz − νrec(nz + 1)− νrec
νr
νz

(nr + 1), (45)

and the corresponding red sideband detuning is

γr(nz, nr) =
Enz−1,nr

− Enz,nr

h

= −νz + νrecnz + νrec
νr
νz

(nr + 1), nz ≥ 1. (46)
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In the harmonic limit, the sidebands would be located at ±νz. The axial anharmonicity and axial-radial
coupling make the sideband frequencies depend on nz and nr, so the observed sideband spectrum is a
thermal average over many slightly shifted resonances.

The Rabi matrix element on the blue sideband follows directly from Eq. (19). For the axial blue
sideband, the axial quantum number changes as nz → nz + 1, while the radial quantum number is
unchanged. Therefore, using the same Lamb-Dicke parameters as in Eq. (17), the mode-dependent blue
sideband Rabi frequency is

Ωb(nz, nr) = Ω0e
−(η2

z+η2
r)/2

ηz√
nz + 1

L1
nz
(η2z)Lnr

(η2r). (47)

The phase factor i associated with the sideband matrix element has been omitted, since only the magnitude
of the Rabi frequency enters the excitation dynamics.

Equation (47) shows that the coupling on the blue sideband is suppressed relative to the carrier by
approximately the Lamb-Dicke factor ηz. In the Lamb-Dicke limit and for low axial excitation,

Ωb(0, nr) ≃ ηzΩc(0, nr). (48)

This reflects the usual sideband suppression of the Rabi coupling, because the sideband transition requires
a change in motional state and is therefore weaker than the carrier transition.

The experimentally measured carrier Rabi frequency is the effective ensemble carrier frequency, not
the bare coupling Ω0. Therefore, before calculating the sideband Rabi frequency, we first infer the bare
Rabi frequency from the carrier calibration. From Eq. (21), the carrier reduction factor is

Cc =
∑
nz,nr

Wnz,nr
e−(η2

z+η2
r)/2Lnz

(η2z)Lnr
(η2r). (49)

Thus,

Ω0 =
Ωeff

c
Cc

. (50)

Here Ωeff
c is the experimentally calibrated carrier Rabi frequency obtained in Sec. Appendix A.1. This

procedure provides an in situ calibration of the actual coupling strength between the atom and the light
field at the position of the atomic sample.

After Ω0 is determined from the carrier, the blue sideband coupling for each motional component
is calculated from Eq. (47). Since the atomic ensemble contains many motional states, a single Rabi
frequency on the blue sideband is only an effective characterization. We define the thermally averaged
root mean square Rabi frequency on the blue sideband as

Ωeff
b =

[∑
nz,nr

Wnz,nr
|Ωb(nz, nr)|2

]1/2
. (51)

Combining Eqs. (47), (49), and (50), we obtain

Ωeff
b = Ωeff

c

[∑
nz,nr

Wnz,nr

∣∣∣e−(η2
z+η2

r)/2 ηz√
nz+1

L1
nz
(η2z)Lnr

(η2r)
∣∣∣2]1/2∑

nz,nr
Wnz,nr

e−(η2
z+η2

r)/2Lnz
(η2z)Lnr

(η2r)
. (52)

Equation (52) summarizes the calibration procedure used in this work, where the measured carrier Rabi
oscillation first determines the bare atom-light coupling, and this calibrated coupling is then inserted into
the sideband matrix element to obtain the blue sideband coupling scale.
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For the blue sideband Rabi measurement at a fixed frequency, the dynamics is not reduced to the
scalar value Ωeff

b . Instead, each thermally occupied component is propagated with its own Ωb(nz, nr) and
its own detuning from the applied drive frequency. For a drive frequency fd, the angular detuning of mode
(nz, nr) is

∆nz,nr
= 2π [fd − γb(nz, nr)] . (53)

The corresponding two-level Hamiltonian is

Ĥnz,nr
=

h̄

2
[Ωb(nz, nr)σ̂x +∆nz,nr

σ̂z] , (54)

where the Rabi frequency and detuning are both expressed as angular frequencies. The calculated excita-
tion probability is then thermally averaged over Wnz,nr

. This full calculation resolved by motional mode
naturally includes the inhomogeneous broadening of the blue sideband due to the spread of γb(nz, nr), as
well as the motional dependence of the sideband Rabi coupling.

Appendix B.2 Mode-resolved simulation of blue sideband pulse excitation

Having obtained the thermal weights Wnz,nr
, the mode-dependent blue sideband resonance frequencies

γb(nz, nr), and the calibrated blue sideband Rabi frequencies Ωb(nz, nr) in the previous subsection, we
now describe how the blue sideband pulse excitation is calculated. The purpose of this calculation is
not to approximate the ensemble by a single effective two-level system, but to propagate each thermally
occupied motional component separately and then perform the thermal average at the end. This procedure
is necessary because different motional components are driven with different detunings and different Rabi
frequencies.

For a fixed probe frequency fd, each motional component

j ≡ (nz, nr)

is modeled as an independent two-level system formed by

|g, nz, nr⟩ and |e, nz + 1, nr⟩.

In the rotating frame of the probe field, the Hamiltonian for this component is

Ĥj =
h̄

2
[Ωj σ̂x +∆j σ̂z] , (55)

where
Ωj = 2πΩb(nz, nr), (56)

and
∆j = 2π [fd − γb(nz, nr)] . (57)

Here Ωb(nz, nr) is expressed in Hz before the factor 2π is applied. The detuning ∆j includes the motional
dependence of the blue sideband resonance frequency. Thus, even for a single fixed probe frequency, the
ensemble contains a distribution of effective detunings.

The density matrix of each motional component is initialized as

ρj(0) = |g⟩⟨g| =

(
1 0

0 0

)
. (58)
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For a short time step ∆t, the coherent part of the evolution is generated by

ρj(t+∆t) = Ûj(∆t)ρj(t)Û
†
j (∆t), (59)

where
Ûj(∆t) = exp

[
− i

h̄
Ĥj∆t

]
. (60)

Defining the generalized Rabi frequency

ΩR,j =
√
Ω2

j +∆2
j , (61)

the propagator can be written explicitly as

Ûj(∆t) = cos
(
ΩR,j∆t

2

)
Î − i sin

(
ΩR,j∆t

2

)(
Ωj

ΩR,j

σ̂x +
∆j

ΩR,j

σ̂z

)
. (62)

In the {|g⟩, |e⟩} basis, this propagator has the matrix form

Ûj =

(
aj bj

bj dj

)
, (63)

with

aj = cj − isj
∆j

ΩR,j

, (64)

bj = −isj
Ωj

ΩR,j

, (65)

dj = cj + isj
∆j

ΩR,j

, (66)

where
cj = cos

(
ΩR,j∆t

2

)
, sj = sin

(
ΩR,j∆t

2

)
. (67)

Writing the density matrix as

ρj =

(
ρ
(j)
gg ρ

(j)
ge

ρ
(j)
eg ρ

(j)
ee

)
, (68)

Eq. (59) gives the explicit update equations

ρ(j)′gg = |aj |2ρ(j)gg + ajb
∗
jρ

(j)
ge + bja

∗
jρ

(j)
eg + |bj |2ρ(j)ee , (69)

ρ(j)′ee = |bj |2ρ(j)gg + bjd
∗
jρ

(j)
ge + djb

∗
jρ

(j)
eg + |dj |2ρ(j)ee , (70)

ρ(j)′ge = ajb
∗
jρ

(j)
gg + ajd

∗
jρ

(j)
ge + |bj |2ρ(j)eg + bjd

∗
jρ

(j)
ee . (71)

The element ρ
(j)′
eg is obtained from Hermiticity,

ρ(j)′eg =
[
ρ(j)′ge

]∗
.

The long blue sideband pulse is also affected by loss of optical coherence. Instead of introducing a
microscopic model for each possible noise source, we include this effect phenomenologically by applying a
pure-dephasing step to the off-diagonal density-matrix elements after each coherent update:

ρ(j)ge (t+∆t) → ρ(j)ge (t+∆t) exp
(
− ∆t

TBSB

)
, (72)

and
ρ(j)eg (t+∆t) → ρ(j)eg (t+∆t) exp

(
− ∆t

TBSB

)
. (73)
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Here TBSB denotes the effective blue sideband coherence-decay time. We use the symbol TBSB rather than
T2 to distinguish this fitted sideband damping time from the Ramsey coherence time discussed for the
carrier. Physically, TBSB summarizes the loss of phase coherence during the sideband pulse applied at a
fixed frequency, including residual probe-frequency noise, unresolved motional inhomogeneity, imperfect
knowledge of the sideband resonance distribution, and other technical dephasing effects. In the present
calculation, no longitudinal population relaxation is included; the diagonal populations are modified only
through the coherent drive.

Equations (59)–(72) are iterated up to the desired pulse time. The physical excitation probability
before detection correction is then obtained by thermally averaging the excited state populations of all
motional components,

Pth(t;TBSB) =
∑
nz,nr

Wnz,nr
ρ(nz,nr)
ee (t;TBSB). (74)

This expression contains both the coherent Rabi dynamics of each mode and the dephasing-induced
damping of the ensemble-averaged sideband excitation.

To compare the calculated excitation probability with the measured signal, we use the experimentally
calibrated detection model

Pobs(t;TBSB) = Pbg +APth(t;TBSB), (75)

where Pbg is the independently measured background offset and A is the independently measured detection
normalization factor. These two quantities are fixed by the experimental calibration and are not treated
as physical fit parameters in the sideband dynamics. Therefore the only free dynamical parameter in the
blue sideband pulse model is TBSB.

The value of TBSB is obtained by minimizing the least-squares residual between the measured pulse-
excitation data and the calculated curve,

χ2(TBSB) =
∑
i

[Pobs(ti;TBSB)− P exp
i ]

2
. (76)

Equivalently, the fitting procedure determines the sideband coherence decay time that best reproduces
the damping and saturation behavior of the measured pulse excitation on the blue sideband at a fixed
frequency. The resulting TBSB should therefore be interpreted as an effective damping time for the blue
sideband excitation model, rather than as an independently measured carrier Ramsey coherence time.

Appendix B.3 Numerical calculation of blue sideband ARP

We finally describe the calculation of adiabatic rapid passage on the blue sideband. The calculation
uses the same sideband model resolved by motional mode established in Sec. Appendix B.2. In particular,
the thermal weights Wnz,nr

, the blue sideband resonance frequencies γb(nz, nr), and the calibrated blue
sideband Rabi frequencies Ωb(nz, nr) are kept fixed. The effective sideband coherence-decay time TBSB,
the background offset Pbg, and the detection normalization factor A are also inherited from the fixed-
frequency blue sideband pulse calibration. Thus the ARP calculation introduces no additional dynamical
fit parameter; it provides a direct prediction based on the calibrated sideband model.

For each motional component j ≡ (nz, nr), we use the same two-level subspace as in the fixed-
frequency blue sideband calculation,

|g, nz, nr⟩ and |e, nz + 1, nr⟩.
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Fig. 8. Final excited-state fraction as a function of sweep span at Tsw = 270 ms.The initial frequency is
fixed at the blue-sideband corner frequency, while the final frequency is moved toward the carrier. Error
bars denote the standard error of the mean from 20 measurements.

The only change is that the probe frequency is swept in time. We take a linear chirp,

f(t) = fi +
ff − fi

Tsw
t, 0 ≤ t ≤ Tsw, (77)

where Tsw is the sweep duration. For the sweep from high frequency to low frequency used here,

fi = fc +
∆fsw

2
, ff = fc −

∆fsw

2
, (78)

with fc the sweep center and ∆fsw the total sweep span. The instantaneous detuning for mode j is
therefore

∆j(t) = 2π [f(t)− γb(nz, nr)] . (79)

Different motional components consequently cross resonance at different times during the same sweep.
To determine the sweep span for blue-sideband ARP, we measure the final excited-state fraction as

a function of ∆fsw at a fixed sweep duration of Tsw = 270 ms. The initial frequency is fixed at the
blue-sideband corner frequency, while the final frequency is moved toward the carrier as the sweep span is
increased. As shown in Fig. 8, the excitation fraction increases with the sweep span and reaches a plateau
at approximately 15 kHz. We therefore select ∆fsw = 15 kHz for blue-sideband ARP.

The Hamiltonian and short-time density-matrix propagation are evaluated using the same expressions
as Eqs. (55)–(62), with the replacement

∆j → ∆j(t).
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The coupling
Ωj = 2πΩb(nz, nr)

is kept constant during the square-amplitude ARP pulse, while the detuning is updated according to
Eq. (79).

For a given sweep duration Tsw, the time interval is divided into Nstep steps with

∆t =
Tsw

Nstep
. (80)

At the ℓ-th step, the detuning is evaluated at the midpoint

tℓ =

(
ℓ+

1

2

)
∆t, ℓ = 0, 1, . . . , Nstep − 1. (81)

This midpoint prescription approximates the evolution in time order by a product of propagators over
short time intervals with Hamiltonians that are constant on each time step. Explicitly, for each step we
use the fixed-frequency propagator of Eq. (62), evaluated with ∆j(tℓ) and

ΩR,j(tℓ) =
√
Ω2

j +∆2
j(tℓ). (82)

The density matrix is then updated according to Eq. (59).
The initial state of each motional component is

ρj(0) = |g⟩⟨g|. (83)

After each coherent update, the same phenomenological pure dephasing operation as in Eq. (72) is applied
to the off diagonal elements of the density matrix. The dephasing time is fixed to the value TBSB ob-
tained from the fixed-frequency sideband-pulse calibration. No additional longitudinal relaxation process
is included in the blue sideband ARP calculation.

The full evolution of mode j may therefore be viewed as a time-ordered sequence of coherent updates
interleaved with the same dephasing map used in the pulse calculation,

ρj(Tsw) =

Nstep−1∏
ℓ=0

[DTBSBUj,ℓ] ρj(0), (84)

where the product is ordered from early to late times,

Uj,ℓρ = Ûj,ℓρÛ
†
j,ℓ,

and DTBSB denotes the dephasing map defined in Eq. (72).
After the sweep, the physical ARP excitation probability is obtained by thermally averaging the final

excited state populations,
P th

ARP(Tsw) =
∑
nz,nr

Wnz,nr
ρ(nz,nr)
ee (Tsw). (85)

This thermal average includes the distribution of resonance-crossing times and Rabi frequencies over the
occupied motional components. The calculated ARP transfer efficiency is therefore not described by a
single Landau-Zener crossing, but by a mode-resolved average over many passages.

Finally, the same detection model used for the fixed-frequency sideband pulse is applied,

P obs
ARP(Tsw) = Pbg +AP th

ARP(Tsw). (86)
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Here Pbg and A are fixed by the independent detection calibration and are not refitted. For comparison
with experiment, the calculation is repeated for the measured sweep durations Tsw, while a denser set
of Tsw values is used to generate the smooth theoretical curve. Agreement between P obs

ARP(Tsw) and the
measured ARP transfer curve therefore tests whether the same calibrated sideband Hamiltonian, motional
distribution, and coherence decay time consistently describe both sideband excitation at a fixed frequency
and ARP transfer.
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Data supporting the findings of this study are available from the corresponding authors upon reason-
able request.
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