Photon Statistics and Quantum Properties of a Cascade Three-Level Atomic System
Coupled to a Two-Mode Squeezed-Vacuum Reservoir in the Bad-Cavity Limit.

Adagn Addisu Dabulo! and Misrak Getahun?*
! Department of Physics, Hawassa University, P.O.Box 05, Hawassa, Ethiopia
2 Department of Physics, Hawassa University, P. O. Box 05, Hawassa, Ethiopia
(Dated: September 9, 2026)

Abstract: We investigate the steady-state photon statistics and quantum properties of a
cascade three-level atom coupled to a two-mode squeezed-vacuum reservoir. The mean photon
number, photon-number correlations, second-order coherence, and quadrature fluctuations are
examined as functions of the stimulated-emission decay constant and the squeezing parameter. The
system exhibits two distinct regimes: a squeezing-dominated regime, governed by reservoir-induced
correlations, and a cavity-dynamics-dominated regime, characterized by strong gain—loss compe-
tition. Enhanced squeezing increases photon generation, intermodal correlations, and intracavity
energy through correlated photon-pair injection while reducing vacuum fluctuations. Conversely,
stronger stimulated emission induces nonlinear amplification, asymmetric photon distributions,
and sequential emission dynamics. A transition from super-Poissonian to sub-Poissonian statistics
is observed, indicating the coexistence of photon antibunching and continuous-variable quantum
correlations. Furthermore, atom—cavity interactions modify the generalized uncertainty bounds,
revealing fundamental limitations on achievable squeezing imposed by higher-order noise processes.
These findings demonstrate that engineered reservoirs and cascade atomic systems provide versatile
control of nonclassical light for quantum communication, precision metrology, and continuous-
variable quantum information processing.
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1. Introduction

Quantum optics is the union of quantum field theory and physical optics,to study the time evolution of the system.
The subject evolved from early studies of the coherence properties of radiation and the fundamental principles
underlying laser operation. It has since expanded to encompass modern research directions, including the study
of three-level atoms, squeezed states of the light field, and atomic coherence. These topics remain highly relevant
to the reduction of quantum noise in interferometry and the development of optical amplifiersl'l"[*]. A three-level
atom is a fundamental quantum-optical system in which the interaction between its discrete energy levels and
an electromagnetic field can give rise to light emission, while its coupling to the surrounding vacuum reservoir
governs its spontaneous-emission dynamics. When a three-level atom transitions from the top to the bottom via
the intermediate level, two photons are emitted given as Fig. 1. The two photons are highly correlated and this
correlation is responsible for the squeezing of the light produced by a three-level atom. Quantum optics is a field
of quantum physics that deals mainly the quantum properties of light generated by various quantum optical system
such as lasers and with the effect of light on the dynamics of atoms!”:[*].

Quantum optics provides a powerful new probe for addressing fundamental issues in quantum mechanics such
as complementarity, hidden variables, and other aspects that are central to the foundation of quantum physics
and philosophy. For the description of a quantum system, the concept of state is used, which is the same, a
wave function, a state vector or density matrix, quasi-probability distribution containing the information about the
possible results of measurement on the system. Furthermore, quantum optics has statistical origin and therefore the
state of quantum system contains all information necessary to completely determine its statistics (the probabilistic
nature of a quantum system)[ LIELLPT,

In quantum theory, light is composed of particles called photons, and the properties of light are described in terms
of the creation and annihilation operators of photons in the quantum state. The quantum properties of light are
largely determined by the state of the light mode, and the most important quantum states of light are the number
and chaotic, coherent, and squeezed states. In a chaotic state, the variance of the photon number is greater than

*E-mail me at: adagna@hu.edu.et/adagnaddisu@gmail.com
f=)


mailto:adagna@hu.edu.et/adagnaddisu@gmail.com

Chinese Physics B

r ™

STAGE 1: Interaction with Two-Mode 1 STAGE 2: Interaction with Two Cavity Modes}—
Squeezed Vacuum Reservoir

I ]
Atom initially prapared Cavity Mode a; [Cnuphng to Made a; £ 4y |
by intaraction with

Two-Mode Squeezed .fr\ll /“‘\ {_/\
d Vet ™

[ 1) e

Transition
|1} & 2}
Atom coupled 7
Atom enters Cavity to Cavity Lights 2}
%Transiﬁm |2}« |3}
Lower Level |1':’
g A i 4
Cavity Mode a;
Squeszed Reservoir [ Coupting to Mode as : g |
(Parameters: N, M)
LY L5 2
. A

FIG. 1: Schematic diagram of the system under consideration of a cascade three-level atom with states |1), |2), and |3)
interacts with two cavity modes a; and a2, corresponding to the transitions |1) < |2) and |2) < |3), respectively; coupled to
a squeezed vacuum reservoir characterized by the parameters N and M

the mean photon number, and the radiation exhibits super-Poissonian statistics. The coherent state is a specific
superposition of number states. In contrast to a number state, a coherent state does not possess a definite number
of photon the photon distribution is Poissonian. The coherent state is a special minimum uncertainty state. In
number state or fock state the variance of photon numbers is zero, the radiation has sub-posissonian statics and
they are useful representation of high energy photons. Number states and squeezed state are further typical example
of non-classical states!1=[3101=[71,

Squeezed state is a state of light that can be defined in terms of hermitian plus and minus quadrature operators, in
which the fluctuation in one quadrature is below the coherent or vacuum level at the expense of enhanced fluctuation
in the other quadrature with the product of uncertainties in the two quadratures satisfying the uncertainty relation.
In addition to exhibiting a non classical feature, squeezed light has potential applications in the detection of weak
signal and in low noise communications(ZHPLPLI=L0],

1.1. Master Equation of Cascade Three-Level Atom

In this section we wish to derive the master equation representing the interaction of three-level atoms in cascade
configuration with a two-mode squeezed radiation inside the cavity and the cavity modes are also coupled to vacuum
reservoir. The dynamics of a quantum system can be portrayed by time evolution of the reduced density operator
that often dubbed as master equation. One may note that the cavity can also interact with the environment via
the exchange of fluctuations that requires the cavity to be at equilibrium with the surrounding enclosure before
the commencement of the interaction!”). Starting from the full dipole interaction Hamiltonian containing terms
of the form (a; + dg)(c}jk + 61;), one obtains both energy-conserving and counter-rotating contributions. In the
interaction picture, these terms oscillate at frequencies w; —wj; and  w; 4+ wjy, respectively. The counter-rotating

terms, a;0;, and dj&kj, oscillate rapidly at frequencies ~ (w; + wji), and therefore average out over the relevant
timescale. Under the rotating-wave approximation (RWA), these terms are neglected, leaving only the energy-

conserving terms a;01; and &ja'jk. This approximation is valid in the near-resonant weak-coupling regime, where
the atom-field coupling strength satisfies g; < w;, wjx, and the detuning |w; — wjx| is much smaller than the optical
frequencies. Under these conditions, the Hamiltonian reduces to the standard Jaynes—Cummings interaction widely
used in quantum optics. The interaction three-level cascade Hamiltonian under RWA explicitly as:

Hac =g (5712&1 — @621 + Ga3in — @@32) ; (1)
where 615 = [1)(2] (621 = |2)(1]) and 93 = |2)(3| (632 = |3)(2]) are atomic rising (lowering) operators, d; (d1') and

as ((igf) are the annihilation (creation) operators for cavity modes and ¢ is the coupling constant between the atom
and cavity modes. Consider two reservoir continua described by the operators ¢, dj, with the reservoir Hamiltonian
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of:

HR = Z hwc,kézék: =+ Z hwd’kczzazk (2)
k k

The reservoir is prepared in a broadband two-mode squeezed vacuum state

(W) = Sa(r, 6)]0), (3)

for
Sy(r, ¢) = exp {r (e_wéci - ewéTcZT)} . (4)
Where the complex squeezing parameter M = |M|e?®, and the reservoir does not contain independent vacuum

modes instead, photons are generated in correlated pairs, whenever one photon appears in mode ¢, another appears
simultaneously in mode d nonlinear process such as nondegenerate parametric down-conversion inside a (2 crystal
creates photon pairs. The two transitions interacting with the reservoir become correlated through the common
pair-generation process. We consider the reservoir to be composed of a large number of submodes the interaction
between the atomic transitions and the squeezed vacuum reservoir is described by the Hamiltonian

I’AIAR(t) = ZZ )\k (5’12&k6iwlkt — 626216—&11;@5) + 7 Z )\k (&Qg(ikeiw%t — dlé’gze_iw%t) 5 (5)
k k

where wj, denotes the reservoir-mode frequency, w; and wo are the atomic transition frequencies, Ay is the atom—
reservoir coupling constant (assumed identical for both transitions), and ¢, and dj, are the annihilation operators
associated with the reservoir submodes. The detunings are defined by w1, = w1 —wk and wop = wy —wy. Assume that
the squeezing is broadband, correlation time of the squeezed bath is given by 7, ~ A+us' Since Aws > 7, K, g, it follows

thatr, < %, %, % therefore, the bath loses its memory almost immediately. Where Awy is the squeezing bandwidth,
v is the atomic decay rate, k is the cavity decay rate, and g is the coherent coupling strength. Under this condition,
the spectrum of the squeezed reservoir is extremely broad compared with all relevant system frequency scales, and
the reservoir responds almost instantaneously. This behavior arises because the nonlinear source generates squeezing
over a very large frequency interval, causing the reservoir to possess essentially no memory. This is because a broad
spectrum in the frequency domain corresponds, through the Fourier transform, to a narrow correlation function in the
time domain. Consequently, the system never experiences the bath’s past history, which provides the fundamental
physical justification for the Markov approximation and the use of Lindblad master equations. The fluctuating
reservoir forces are

Fo(t) =) grepe et Fy(t) =Y gldge ™ @rmealt, (6)
k k

where g¢ and g{ represent the frequency-dependent coupling constants between the system and the k-th submode
of the ¢ and d reservoir continua, respectively. These coupling strengths are intrinsically related to the interaction
parameter A introduced in Eq. (5). Together, these operators represent the random quantum fluctuations exerted
by the squeezed vacuum on the system. Each reservoir mode contributes a small fluctuating field, and the total
noise is obtained by summing over all modes. This noise drives spontaneous emission, decoherence, and squeezed-
noise-induced effects. For a two-mode squeezed vacuum, the reservoir moments are characterized by

N = sinh?r, M = sinhrcoshr, (7)
and the nonzero phase-sensitive correlations satisfy
(éxdp) = Me" 8
(@dl)) = Me "8 (8)

Because these are pair correlations, they indicate that photons in modes ¢ and d are created simultaneously. Both
photons originate from the same down-conversion event. Consequently, the reservoir couples two otherwise indepen-
dent transitions. By substitute the noise operators calculate (F(¢t)F.(')) as:

(FIMF.(t) =Y girgie’rmeetem v (cley), (9)
kk’
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Using (cickﬁ = Nk, gives
(FIOFAE)) = N Y |gifPetnmeat=r, (10)
k

This quantity measures the intensity fluctuations supplied by the squeezed bath. The bath contains, on average, N
photons. As a result, stimulated processes accompany spontaneous emission, leading to modifications of the decay
rates and fluorescence spectra. Replace the mode sum by a continuum due to Born-Markov approximation :

S gl — / dw, D(w)|g(w)]?. (11)
k

Assume D(w)|g(w)|> = & is approximately constant across the squeezing bandwidth. Then
r (= ; /
N— dwe?@=we)(t=t) (12)
21 J_ o
Using [*_e™7dx = 2m6(7), we obtain
(FI()F.(t")) = NTS(t —t'). (13)

Noise at different times is uncorrelated because 74 < Tyystem, for 75 is the bath correlation time and Tyystem is the
characteristic system timescale. Consequently, the bath loses its memory almost instantaneously, exhibits white-noise
statistics, and possesses the cross-correlation (F.(t)Fy(t')) given by:

(FL()Fa(t') = Y gigie (e meete ow et (e dy). (14)
kk’

Substituting (cxdy) = Me'? s yields:

(Fe(t)Fa(t')) = M Y~ gigie™(rmetemilonwat’ (15)
k

Applying the same Markov approximation gives
(Fo(t)Fa(t')) = Me®T(t —t'), (FI(t)FI(t")) = Me *Ts(t —t'). (16)

The condition (F.(t)Fy(t')) # 0 implies that the noise acting on one transition is correlated with the noise acting
on the other. These correlations depend on the squeezing phase ¢. Physically, they arise because photon pairs are
created coherently:

0,0) = [1,1) — [2,2). (17)

The two photons carry a definite phase relationship inherited from the pump field. As a result, the environment can
transfer coherence and entanglement to the system. The bath no longer merely destroys quantum properties; it can
also generate them. We carry out our calculation by putting noise operators associated with the vacuum reservoir in
normal order. However, the inclusion of noise operators in the quantum Langevin formalism is essential for preserving
the canonical commutation relations and ensuring consistency with the fluctuation—dissipation theorem. Although
these operators do not contribute to normally ordered expectation values, they play a crucial role in determining
higher-order correlations and quantum fluctuations. Using Eq. (1) and the relation
W ki i[Afac] + B (18)
dt 2
where F' (t) is noise operator. Since the noise fluctuation is taken as an effective contribution of the reservoir that
alters the cavity dynamics, the annihilation operator for the input mode can be expressed in terms of the noise

operator and cavity damping constant as!”!

1

= ﬁ131-(75). (19)

;in(t)
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The time development of the annihilation operator for the cavity radiation can thus be modified as

cilc? = —i[6;(t), Hs(t)] — Za;(t) + VR sn(t), (20)

then the quantum Langevin equations for the cavity mode operators a1 and ds can be written as

da: 1

% = 75551?1 — 95'21 + \/E&in,la (21)
and

dd: 1

% = —§I<;Ci2 — ga’gz + \/Edin,% (22)

where k is the cavity damping constant. We consider the atom interacts with a squeezed vacuum reservoir denoting
the total density operator of the atomic system coupled to a squeezed vacuum reservoir by x(t), its time evolution
is governed by the von Neumann equation

%it) = —i [ﬁARJA((t)} ; (23)

where H AR 1s the interaction Hamiltonian describing the coupling between the atom and the reservoir. The reduced
density operator of the atomic system is obtained by tracing over the reservoir degrees of freedom,

p(t) = Trr[x ()], (24)
and therefore its equation of motion becomes
dp(t , ~ N
PO it [Aran(t). 300)] (25)

where Trg denotes the trace over the reservoir variables only. A formal integration of Eq. (23) yields

X0 =x0) i [ [Aan?). 5] (26)

To proceed further, we employ the Born approzimation, which assumes weak coupling between the atomic system
and the reservoir. Under this assumption, the state of the reservoir remains essentially unaffected by the interaction
and the total density operator factorizes as

X)) =p(t"R,  %(0)=p0)R, (27)

where R is the stationary density operator of the squeezed vacuum reservoir. Substituting Eq. (27) into Eq. (26),
we obtain

t
(O =pO R~ [ [Han).plt)R] at. (28)
0
Substituting Eq. (28) into Eq. (25) gives

g Han(t), [ALan(t'), o) ]

—— = [<ﬁAR(t)>R,ﬁ(O)] - /Ot Trr dt’, (29)

dt

where
(Hagr(t))r = Trr [ﬁAR(t)}ﬂ - (30)

It should be noted that, in addition to the Born approximation, the derivation implicitly relies on the
Markov approximation. The Markov approximation assumes that the reservoir correlation time 7g is much shorter
than the characteristic timescale of the system 7g, namely 7 < 7g, so that the reservoir possesses no memory
of its past interactions with the system. Furthermore, the squeezed vacuum reservoir is assumed to satisfy the
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broadband squeezing approximation. Since the reservoir modes are prepared in a two-mode squeezed vacuum state
with nonvanishing correlations,

(éndy) # 0, (31)

the validity of the Markov approximation requires the squeezing bandwidth Aws to be much larger than all relevant
system frequencies. Consequently, the reservoir correlation functions decay rapidly and can be approximated by
delta functions, specifically Aws > max(7, k, g) where v denotes the atomic decay rate, k is the cavity damping
constant, and g is the atom—field coupling strength. Under this condition, the reservoir correlation time 7, ~ A%US
becomes much smaller than the characteristic system timescales, Ts < Tgystem and the reservoir correlations reduce
to the delta-correlated form

(RR)) o 6(t —t'). (32)

Hence, the broadband squeezing assumption provides the physical justification for the Markov approximation and
ensures a time-local master equation. If the squeezing bandwidth were comparable to or smaller than the system
frequencies, the reservoir correlations would decay over a finite timescale,

(ROOR(t')) ~ e 111/, (33)

leading to non-Markovian memory effects and a nonlocal master equation. This property is reflected later in the
reservoir correlation relations Eqgs. (52)—(56), where the reservoir operators satisfy delta-correlated noise relations
such as

(Er(6)e,(¢) o 3(t —t'). (34)

Therefore, the present treatment is based on the standard Born—Markov approximation, which combines the as-
sumptions of weak system-reservoir coupling and a memoryless reservoir. This approximation is widely employed
in quantum optics for the description of open quantum systems coupled to broadband environments. In quantum
optics, a squeezed vacuum state is generated via Eq. (4) leads to Bogoliubov transformation:

¢ — pé+vd, d— pd+vet (35)
where p = coshr and v = €' sinh r for:
|kl = []? =1 (36)

From this transformation, one obtains the reservoir averages. Assuming the reservoir parameters vary slowly com-
pared to the system’s relaxation rates, the system operates within the adiabatic regime and follows an instantaneous
steady state.

(ehewr) = Nowwr,  (exel) = (N + 1)k, (erlrr) = My o (37)

For N = sinh? r is mean photon number and M = |M|e?® = sinh r coshre’® is squeezing correlation with quantities
satisfy the relation |M|? < N(N + 1), ensuring physical consistency with r is squeezing strength and ¢ is squeezing
phase. We have the operator identity o135 = o012023. Therefore, the coherence o13 can be generated indirectly
through the cascade transitions |3) < |2) < |1). Moreover, the presence of a squeezed vacuum reservoir introduces
phase-sensitive correlations between the two transitions, leading to effective two-photon processes that couple the
states |3) and |1). As a result, coherence between these states can be established through correlated emission and
absorption processes mediated by the intermediate level |2). Using the reservoir averages given in Eq. (37), it follows
immediately that

(Hag(t))g = 0. (38)

Substituting Eq. (38) into Eq. (29), the equation of motion for the reduced density operator reduces to

- /ot Ter (Har()p(t) Har(t') )t + /Ot Ten (Han()ot) Han(t) )t

dt
_ /0 t <ﬁAR(t)fIAR(t')>R p()dt — /0 tﬁ(t’) <ﬁAR(t/)ﬁAR(t)>Rdt'. (39)
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Employing the interaction Hamiltonian Eq. (5), the squeezed-reservoir correlation functions Eq. (37), and the cyclic
property of the trace operator, one obtains

Trr (ﬁAR(t)ﬁ(t/)ﬁAR(t')) = h1621p(t")612 + h1632p(t ) 023 + hab12p(t' )21 + habasp(t')G32
— h3632p(t')G12 — h3G21p(t')G32 — h3d12p(t') 523 — h3da3p(t')Fa1. (40)
Similarly,
<ﬂAR(t)ﬁAR(tl)>R = h1012021 + h1623032 + ho021012 + h2032023
— h3G12023 — h3612032 — h3d23012 — h3032012. (41)
The coefficients hi, ho, and hs are defined as

hy = Z A (éxél,) e womwr)t—ilwo—w)t’, (42)
Py

or equivalently by replacing (6;@6,1,) with (d}cﬂ,),

ha =Y Medw (6], ) e (womwn)thilwomwp)t, (43)
K.k’

or equivalently by replacing (¢f,é) with (df,dy),

hs = Z N (dgyr &) 1o wn)ttilwo—wn)t’ (44)
.k’

or equivalently by replacing (dié,) with (d,él). For the cascade three-level system |3) < |2) < [1), the transition
frequencies are

Es — By BB

W3o = , wo1 = 45
32 3 21 3 (45)
Under the near-degenerate approximation,
w1 — wa| € v, K, (46)
the two transitions become spectrally indistinguishable within the linewidth of the system, allowing one to set
w1 + wa
w1 o wa, wo = ——5—- (47)

The near-degenerate approximation |w; — ws| < 7, k is fundamental to preserving the reservoir-induced coherence
in our system. In realistic physical implementations, this regime can be achieved using closely spaced Zeeman sub-
levels or engineered artificial atoms, such as superconducting qubits or tunable semiconductor quantum dots. If this
approximation is lifted (Aw > ), the rapidly oscillating phase terms e**A“* appearing in the cross-dissipative coef-
ficients would average to zero under the secular approximation. Consequently, the phase-sensitive terms proportional
to M in the resulting master equation would vanish. Physically, this implies that a highly non-degenerate cascade
system cannot support reservoir-mediated two-photon correlations, causing the squeezed reservoir to effectively act
as a standard thermal bath governed solely by N, thereby extinguishing the intermodal squeezing and anomalous
photon statistics[' (1.['°]. Using Eq. (37), Eq. (43) becomes

hy =N Afellwomen)t=t), (48)
k
Assuming a quasi-continuous distribution of reservoir modes, the summation may be replaced by an integration,

hy = N / g(W) N2 (w)ei o) (=) g, (49)
0
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where g(w) denotes the density of reservoir modes and g(w) and A(w) vary negligibly around wy, allowing the
replacements

g(w) ~g(wo),  Aw) = Awo), (50)

and extending the lower integration limit to —oo. Equation (49) then becomes

hs = Nglwo)\2(wo) / om0 do, (51)
Evaluating the integral yields
hy = N~6(t —t'), (52)
where
7 = 2mg(wo)A\*(wo) (53)

is the spontaneous-emission decay rate. The appearance of the delta function in Eq. (52) demonstrates explicitly
that the reservoir correlations are memoryless,

(R()R(1) o< 8(t — 1), (54)

which is the defining feature of the Markov approximation. Hence, Egs. (52)—(56) establish that the present derivation
is based on the standard Born—Markov treatment of a broadband squeezed reservoir. Proceeding in the same manner,
one obtains

hy = (N +1)y6(t —t), (55)
and
hy = —M~6(t —t'). (56)

Substituting Eqgs. (40), (41), (52), (55), and (56) into Eq. (39), and using the identity

/0 6 — Oyt = f(1), (57)

one obtains the Lindblad-type master equation

% = (N +1) [D[615] + D[62s]] p+ YN | Dl6],] + D[(};Sﬂ P

+yM [9[623,&12] +D[6}3, 615] + D[612, 623] + D[61,, 653]}@ (58)

For ¢ = 0, and the delta-correlated coefficients hi, ho, and hz ensure that the resulting master equation is local in
time. Such a time-local form is valid only under the combined Born and Markov approximations together with the
broadband squeezing condition

Awg > max(y, K, g)- (59)

Equation (58) therefore represents the Born—-Markov master equation describing the interaction of a cascade three-
level atom with a broadband two-mode squeezed vacuum reservoir. The master equation in the standard Gorini—
Kossakowski—Sudarshan-Lindblad (GKSL) form, including the phase-sensitive contributions of a squeezed vacuum
reservoir, can be written as

ap _ 1

o = —7 .1+ 7(N +1)Dlalp + yND[a']p — yMD;[alp — yM*D;[a']p, (60)

where the standard and squeezing dissipators are defined as



Chinese Physics B

and

D,[0)p = 090 ~ 5 {00,5}. (62)
The parameters N and M denote the mean photon number and two-photon correlation of the squeezed reservoir,
respectively, and satisfy |[M|*> < N(N + 1), which guarantees complete positivity of the density operator. The
cross-dissipative terms proportional to M~ originate from the phase-sensitive correlations of the squeezed vacuum
reservoir. These terms dynamically couple different atomic transitions, such as o152 and 23, through reservoir-
mediated two-photon processes. Importantly, this coupling does not violate the orthogonality of the atomic states.
The condition

(ilj) = 6i; (63)
remains preserved, since the cross terms affect only dynamical correlations between transitions rather than the atomic
states themselves. Physically, these terms describe correlated emission and absorption processes involving transitions
that share a common intermediate level. Such effects are analogous to interference between decay channels and are
well known in systems coupled to squeezed or correlated reservoirs. Therefore, the cross-dissipative terms represent

reservoir-induced coherence between transitions and are fully consistent with quantum mechanics. According to the
assumptions of quantum Langevin theory, input-output theory, and the Markov approximation,

(AWYE@#) =0, ¢ <t (64)

Here, A(t') is an arbitrary operator associated with the system (e.g., an atom or a cavity), and F(t) is a reservoir
noise operator. The condition ¢’ < ¢ indicates that the system operator is evaluated at an earlier time than the
reservoir noise operator. This relation states that the future reservoir noise is statistically independent of the past
state of the system. It further indicates that the reservoir does not retain any memory of previous events occurring
within the cavity. This property is known as the Markov property. For a squeezed vacuum results:

(@] (t)agin(t)) = VEN _ @mﬁ r, (65)

2
describes a correlation between the intracavity field @; and the incoming reservoir field &; jn. The quantity &;r ()@ in(2)
measures how strongly the cavity field is correlated with the field entering from the reservoir. Thus, Eq. (64) expresses
the memoryless (Markovian) nature of the reservoir, while Eq. (65) quantifies how the reservoir photon population
N feeds fluctuations and correlations into the cavity field through the cavity damping channel k.

Generating the required broadband two-mode squeezed vacuum can be achieved via continuous-wave spontaneous
parametric down-conversion (SPDC) in an optical parametric oscillator (OPO) for optical frequencies, or via Joseph-
son Parametric Amplifiers (JPAs) in the microwave regime. For the cascade three-level medium, while natural atomic
cascades (e.g., in ®Rb or 133Cs) are viable candidates, artificial atoms in cavity quantum electrodynamics (cQED)
offer a highly tunable and practical alternative. Specifically, superconducting transmon qubits exhibit a natural lad-
der energy-level structure (|0) — |1) — |2)) that effectively mimics a cascade atom. By placing the transmon inside
a heavily overcoupled 3D microwave cavity, the system naturally satisfies the bad-cavity limit (k > g, ) required for
our adiabatic elimination. The injection of squeezed microwave fields into such highly dissipative cavities has already
been demonstrated to actively modify qubit decay channels and coherence, making superconducting circuits an ideal
platform for observing the reservoir-induced steady-state photon statistics and quadrature squeezing predicted in
this modell' /11211,

1.2. Atomic Operator Dynamics
Lets define the expectation values of operator products as follows:

Sijk = (Giy0man), Sy, = (@h6i61,), T = (@ho 1,61, Tl = (Gwbian), Uik = (65x636 1)

Q

f kkGij)s  Xijk = <5;k6ij&lil>a Yijk = (Gjr0ij0m), (66)
where 4, j,k,l € {1,2,3} and k,! indicate the modes (e.g., k = 1,2 for a1,d2). Using these definitions, applying

Vijk = (65:60050),  Wij = (5i6u), Wi =

the relation % =Tr (Z’Zc}ij along with Eq. (58) and the cyclic property of the trace operation, can be rewritten

as:

. 2 2
doig) _ gz (Siij - Sjj% + Tijok — Tjﬂk) + w Z <2Uij2k — Wi - Wj])
— k=1

2
N M M
+77 E (2Vz'j2k - Wi — W;—) + TW (QXms + 2Yijo3 — Wij — W;j) + 77 (2Yz‘j31 +2Xij31 — Wi — LL{E’) (67)
k=1
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With the aid of Eq. (67), one can readily establish that

Do2) (248N v(o02) — p M{om) + ((a]622) — (alon) + (onsa) ) (68)
A0m) 2+ 3N (02) — GM (o) +9 ({aos) — (@hoaa) — (Grsin) (69)
digiz) 1 . 1 . . . At At
7 —5 (14 2N)y(G13) + 5 M (2(622) = (611) = (033)) + 9((a1623) — (a3012)) (70)
d<6’11> N N 1 ~ N ~ N At /A
e —(1+ N)v(611) + Ny(622) — §M7(<013> +(631)) + g((621G1) + a1(F21)), (71)

QU
—~
>
<

022

—(L4+2N)v(622) + (1 + N)y(611) + Nv(b33) + My((613) + (F31))

+ g((623G2) — (@]621) — (G12a1) + (ad532)) (72)

d(G33)
dt

= —N~v(G33) + (1 + N)v(Ga2) — %M’Y(@m) — (631)) + g((alos2) + (G2302)) (73)

We see that Egs. (68) - (73) are non linear differential equations and hence it is not possible to obtain the exact
time dependent solutions of these equations. We carry out our analysis in the bad-cavity limit in which the atomic
variables change slowly compared with the cavity modes. Since the cavity modes reach steady state in relatively
short period, we can take the time derivatives of such variables to be zero, while keeping the zero-order atomic and
cavity mode variables at time ¢. In the bad-cavity limit, adiabatic elimination of the cavity mode operators is valid
when the cavity decay rate x is much larger than both the atom-field coupling strength ¢; and the atomic decay
rate v, kK > g;, kK > 7. Under this condition, the cavity field evolves on a much faster timescale than the atomic
variables, allowing the approximation a; ~ 0. Consequently, the cavity mode operator can be written as

i~ — 6+ “E(1), (74)

showing that the cavity field adiabatically follows the atomic dynamics. This approximation remains valid as long
as the effective atom—field interaction strength satisfies g; < &, so that the cavity field decays before a significant
population can build up. Such conditions are commonly realized in bad-cavity quantum optical systems and are
consistent with standard treatments of open quantum systems and quantum Langevin dynamics. In view of this,
we have from Eqgs. (21) and (22) that

. 29 . 2 4

a; ~ 750’21 =+ Fl( ) (75)
and

R 29 . 2 4

Ao =~ 7*90'32 + FQ( ) (76)

The first terms represent the cavity fields induced by the atomic transitions, while the second terms describe the
fluctuations injected by the squeezed reservoir through the noise operators F1 and Fy. We explicitly define our
truncation scheme by applying the semi-classical decoupling (5;; ) = (6 J>(Fk> = 0. The physical validity of this
approximation rests entirely on the strict broadband limit of the squeezed vacuum reservoir (Awg > k,g,7). In this
regime, the reservoir acts as a delta-correlated, memoryless Markovian bath (7, — 0), meaning the atomic operators
cannot establish a steady-state correlation with instantaneous noise fluctuations. However, we must note that this
truncation fundamentally limits our model in the strong-coupling regime (g ~ k) or if the squeezed vacuum possesses
a finite bandwidth. Recent investigations into noise-induced dynamics within quantum-dot micropillar lasers have
demonstrated that un-truncated stochastic noise correlations can induce significant quantum feedback*“1°1. Such
noise-driven interactions structurally alter the cavity photon statistics, frequently driving the emitted light into
super-thermal bunching regimes (¢(*(0) > 2). Given the robust, phase-sensitive two-photon correlations inherent
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to squeezed-vacuum fluctuations, future models lifting this mean-field truncation to map higher-order quantum
feedback will likely reveal even more pronounced transitions between anti-bunching and super-bunching phenomena.
For the present work, our analytical boundaries are strictly confined to the weak-coupling, broadband bad-cavity
limit where the truncation remains dynamically stable. By substituting Egs. (75) and (76) into Egs. (68)- (73) under
the bad-cavity limit, and applying the semi-classical approximation to neglect higher-order correlations between the
atomic and field operators, we obtain:

d<z;2> = —%(2 +20+ 3N) (612) — %M@m% (77)

d<§:3> - —%(1+n+3N)<623> - %M<521>, (78)

Ws) _ L1+ 2N {oms) + 2 MA(2(6m) — (00) — (539)) (79)
d<§;1> =—(1+n+ N){611) + N{622) — M(613), (80)

d<Z§2> — —(14n+2N)(622) + (1 + N +1)(611) + N(Gs3) + 2M (613) (81)
W0s) — N(o) + (1 0+ N)(522) — M(1a) (82)

where 7 serves as the factor of effective cooperativity parameter of the system. It is defined as the ratio of the
cavity-enhanced stimulated emission rate to the free-space spontaneous decay rate, given by

3
= 83
n=- (83)

This parameter quantifies the dominance of atom-cavity interaction over spontaneous environmental losses and

Y3 = % being the stimulated emission decay constant due to the atom interacts with the cavity modes and
choosing the atomic coherence to be real (631) = (613). Based on the definition of this decay constant, we infer that
an atom in upper or middle level emits a photon due to interaction with cavity modes. We certainly identify the
process to be stimulated photon emission. With the aid of Eqgs. (77) - (82), the expectation values of the atomic
operators at steady state can be expressed as

(612) = (623) = 0, (4)

(610) = Ty (2102 — (0m) — (o). (85)

(1+n+ N){611) — N{Ga2) + M{613) = 0, (86)
(I1+n+N)(611) — (1 4+ 1+ 2N)(622) + N(033) + 2M (5135) = 0, (87)
(14+n+ N){(692) — N{G33) — M{613) = 0. (88)

Furthermore, using the normalization condition I = &11 4 695 + 33, we can write

3M (Ga0) — M
1+2N +7

(613) = ; (89)

11
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M? — N2+ N —n)(522)
(14+n+N)1+n+2N)’

(611) =

@ >_2M2_(1+77+2N)((1+N+77)<&11>+N<5'33>) (91)
7220 = 6M2 — (1 + 7+ 2N)? ’

M2+ ((1+n+N)(L+n+2N) — 3M?) (622)

(033) = N(L+712N) (92)
Solving simultaneously, we find
5 N(1+4n+2Nn)
- , 93
1) = T 2V + 0 + 37 (93)
Nn(1 2N
. n(1+n+2N) (94)

(622) = (1+n+2N)[(1+n)2+3Nq]’

(6 >_(1+77+N)(1+17+2N77)+77(1+77)(1+77+2N) (95)
75 (L+n+2N)[(1+ )2 + 3N7] '

M(1+n)?
14+n+2N)[(1+n)2+3Nn]’

(613> = —(

1.3. Properties of two cavity modes a; and a;
In this section we wish to calculate the mean, the normalized second-order correlation function, and the quadrature
variance of cavity mode a; and mode as at steady state.
1.3.1. The Mean Photon Number

The mean photon number is used to understand the intensity, state, interaction strength, and thermodynamic behav-
ior of cavity light because it is a core quantity in quantum optics, quantum information, and quantum technologies.
In case one seeks to reproduce the result of the experiment, it is the statistical mean of the measured values that
perhaps can be calculated. The mean photon number for cavity mode a; and mode ay are defined by

ﬁal - <d1Td1>ssa (97)

Ny = (o' dy) s (98)

Taking into account Egs. (75) and (76) along with the adjoins of Egs. (75) and (76), we see that

) 4N
Fray = 2 (641) + —, (99)
and
) AN
Moz = L2 (692) — (100)

Applying Egs. (93) and (94), we find

N [y3(1 45+ 2N5) +4(1 + 2N +n) (1 + 1) + 3N7)]
k(142N +n)[(1+n)%+ 3Nn]

, (101)

Ng, =

and

N [v3n(1+ 2N +n) +4(1 + 2N +n)((1 +n)* + 3Nn)]
k(142N +n)[(1+n)%+ 3Nn|

na2 -

. (102)
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FIG. 2: Plots of mean photon number for mode a; [Egs. (101)] versus 73 for kK = 0.8, r = 0.5, and for different values of ~.
1.42 T T T T

141 =01
v=0.2

1.4

= 1.39

1.38

1.37

1.36 I I I I

FIG. 3: Plots of mean photon number for mode a2 [Eq. (102)] versus 3 for k = 0.8, » = 0.5, and for different values of ~.

Figures 2-5 present the steady-state mean photon numbers, n,, and 7,,, as functions of the stimulated-emission
decay constant s for different values of the squeezing parameter r and the spontaneous decay rate . Figures 4
and 5 show that both 7n,, and n,, increase with increasing values of the squeezing parameter r. The corresponding
curves remain nearly constant with respect to <3, indicating that the squeezed-vacuum reservoir dominates the
photon statistics in this regime. The increase in photon number with r arises because the two-mode squeezed-
vacuum reservoir injects correlated photon pairs into the cavity. As discussed inl” 1}7 the squeezed reservoir enhances
both the mean photon number and quantum correlations by reducing vacuum fluctuations and amplifying coherent
emission processes. Consequently, the behavior observed in Figs. 4 and 5 reflects reservoir-induced amplification,
suppression of quantum noise, and enhancement of correlated photon generation. This weak dependence on 73
indicates that, in the presence of strong squeezing, the atom-reservoir interaction dominates over the atom—cavity
dynamics.

In contrast, Figs. 2 and 3 exhibit a strong dependence on 3 when the squeezing parameter is held fixed. The mean
photon number 74, displays a non-monotonic behavior: it initially increases with 3, reaches a maximum value, and
then decreases. This behavior results from the competition among several physical mechanisms, including enhanced
stimulated emission associated with increasing 73, cavity losses characterized by the cavity damping rate k, atomic
population depletion, and energy transfer to mode as. The resulting peak structure is a characteristic feature of
nonlinear quantum optical systems and provides clear evidence of gain—loss competition. The mean photon number
My, O0 the other hand, increases monotonically with s, indicating the presence of a gain-dominated regime. This
behavior originates from the cascade transition (|2) — |3)), which is continuously fed by photons generated through
the upper transition. According to [Eq. (102)], the dominant contribution scales as y3n o< 73 /7, leading to strong
nonlinear amplification and a continuous increase in the photon population of mode as.

A comparison between Figs. 4-5 and Figs. 2-3 reveals two distinct operating regimes. In the squeezing-dominated
regime, the photon numbers increase with the squeezing parameter » and remain nearly independent of 3. In the
cavity-dynamics-dominated regime, however, the photon numbers depend strongly on ~3 and exhibit pronounced
nonlinear behavior. These observations demonstrate that the squeezed-vacuum reservoir can effectively override
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FIG. 4: Plots of mean photon number for mode a1 [Eq. (101)] versus s for k = 0.8, v = 0.2, and for different values of r.
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FIG. 5: Plots of mean photon number for mode a2 [Eq. (102)] versus 3 for k = 0.8, v = 0.2, and for different values of r.

the intrinsic cavity dynamics and control the statistical properties of the generated radiation. The atom—cavity
interaction, governed by -3, determines the rate of stimulated emission and photon generation. Increasing -3
strengthens the coupling and modifies the energy distribution between the two cavity modes. In contrast, the
atom-reservoir interaction, mediated by the squeezed-vacuum field, introduces quantum correlations and suppresses
fluctuations. As reported in['—u‘], the squeezed reservoir significantly enhances squeezing and entanglement while
simultaneously exerting a strong influence on the photon statistics.

The results reveal several notable features, including the existence of distinct regimes controlled by the squeez-
ing parameter r and the stimulated-emission decay constant 73, asymmetric photon dynamics between the two
modes, non-monotonic behavior in mode a; and monotonic amplification in mode as, substantial enhancement of
nonclassical properties by the squeezed-vacuum reservoir, and the generation of highly correlated and entangled
two-mode radiation. These findings highlight the potential of the system as a controllable source of nonclassical
light for applications in quantum communication, quantum metrology, and continuous-variable quantum information
processing.

The mean photon number sum and difference of mode a; and cavity mode ao defined by

Tig = Tigy, £ Tay- (103)
Taking into account Eqgs. (101) and (102), we have
N [+ ) (L) + 2N (1 £ )] +4(1 £ 1)(1+ 2N + 1) [(1+1)? +3N7]
B (1+2N +1) [(1+n)2+3Nn]

iy = (104)

Figs. 6-9 present the behavior of the mean photon number difference, n_, and the mean photon number sum, n,
as functions of the stimulated-emission decay constant -3 for different values of the spontaneous decay rate v and
the squeezing parameter r.
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FIG. 6: Plots of mean photon number difference [Eq. (104)] versus 73 for k = 0.8, different value of v and r = 0.5.
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FIG. 7: Plots of mean photon number difference [Eq. (104)] versus 73 for k = 0.8, v = 0.2 and different value of 7.

Figs. 6 and 7 demonstrate that the steady-state mean photon-number difference exhibits a pronounced non-
monotonic dependence on the stimulated-emission decay constant. Initially, increasing ~3 enhances cavity-assisted
stimulated emission, thereby increasing the photon-number imbalance. However, as the effective cooperativity
n= 'Zy—“" approaches unity, cooperative atom-cavity interactions and saturation effects suppress the imbalance, lead-
ing to n_ = 0 at n = 1. Reducing the spontaneous decay rate increases the maximum photon-number difference by
weakening environmental dissipation, whereas increasing the squeezing parameter amplifies the imbalance through
enhanced two-photon correlations of the squeezed-vacuum reservoir. With the reservoir phase fixed at ¢ = 0, con-
structive phase-sensitive interference maximizes correlated photon transfer into the cavity modes. These results
reveal that the photon-number difference is governed by the interplay between coherent cavity-enhanced stimu-
lated emission, irreversible spontaneous decay, and phase-sensitive quantum correlations of the squeezed reservoir,
providing a clear signature of cooperativity-controlled nonclassical photon dynamics in an open two-mode cavity-
QED system. This interpretation is consistent with Eq. (104), the definition of cooperativity in Eq. (83), the
Purcell-enhanced stimulated-emission rate v3 = %, and the fundamental balance between coherent interaction and
dissipative quantum noise in open quantum optical systems.

Figs. 8 and 9 demonstrate that the steady-state mean photon-number sum increases monotonically with the cavity-
enhanced stimulated-emission rate and is strongly amplified by the squeezing strength of the two-mode vacuum reser-
voir. Unlike the photon-number difference, the total photon population remains positive because Eq. (104) contains
only constructive contributions for the plus mode. Increasing the atom-cavity coupling enhances Purcell-enhanced
photon generation, while increasing the squeezing parameter amplifies phase-sensitive two-photon correlations. For
¢ = 0, constructive interference maximizes the transfer of quantum correlations from the reservoir into the cavity
modes. Remarkably, substantial intracavity photon populations are generated without external pumping, even in
the bad-cavity limit. These findings reveal that reservoir-engineered quantum fluctuations, combined with cavity-
enhanced spontaneous emission, provide an efficient mechanism for producing nonclassical light in highly dissipative
open quantum systems. This pump-free photon generation constitutes a distinctive feature of the present two-mode
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FIG. 8: Plots of mean photon number plus [Eq. (104)] versus «y3 for x = 0.8, different value of v and r = 0.5.
7 :
6L J
51 J
—r=0.25
4r ——r=0.5 1
+
I r=0.75
3t J
2+ J
1r J
O 1 I 1 L
0 0.2 0.4 0.6 0.8 1
73

FIG. 9: Plots of mean photon number plus [Eq. (104)] versus ~3 for x = 0.8, v = 0.2 and different value of r.

cavity-QED system and offers a new route toward quantum light sources based solely on engineered dissipation and
cooperative quantum dynamics.

The results reveal several notable features, including simultaneous control of the total photon number and inter-
modal imbalance, a strong dependence of photon statistics on the squeezing parameter r, distinct roles of v3 and r in
regulating intensity and correlations, and the generation of highly correlated nonclassical two-mode radiation. These
findings demonstrate the potential of the system as an efficient source of controllable quantum light for applications
in quantum communication, quantum metrology, and continuous-variable quantum information processing.

1.8.2.  Normalized Second Order-Correction Function
To characterize the quantum nature of light by analyzing its photon statistics let us calculate the second-order
correction function at steady state. The normalized second-order correlation function for mode a; and mode as are
defined by

S 42 .2
gor D (0) = ), (105)
(@1'dy)?
L 42 -2
ga2(2)(0) - % (106)
(da'd2)?

The photons will exhibit super-Poissonian, Poissonian, and sub-Poissonian statistical properties if the normalized

second-order correlation function of their cavity mode has value gl@) (0) > 1, gl@)(O) =1, and gZ@)(O) < 1, respectively.
With the aid of Egs. (75), (76), (93), (94), and (95), we have

o R . 4
[alaalT] = 1’3(022*011)+;7 (107)
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- . . 4
[d2, d> ] = % (633 — G22) + P (108)
Using Egs. (105) and (106), Egs. (107) and (108) can be written in the form

ATL21 — <(flT[CLA1, cilT]a])

90, D(0) = 14+ ———; : (109)

ay

Ani — dQT G/AQ,QAQT dQ

G, P(0) =1+ 2 <ﬁ2[ ] > (110)

az

The photon number variance of mode a; and mode as are defined as

Ang = ((d'd1)?) — (d@11dr)?, (111)
An?, = ((dy'dz)?) — (da'd2)?. (112)

Applying the adiabatic elimination results from Egs. (75) and (76) alongside the steady-state populations in Eqgs. (93)
and (94), the photon number variances can be written in terms of atomic variables as

2
N2 A 16N 16N(N +1)
Ang, = -Fon) (1= () + — + ——5— (113)
2
N2 ) 16N 16N(N +1)
Anl = ;3(022) (1= {(622)) + 5 T pe . (114)
Furthermore, using Eqgs. (75), (76), (107) and (108), we can write as
Afra At1a 1 . . .
<aJ{ [al,a];]a1> = (V3 + 473)(611) + 4v3N (622 — 611) + 16N] . (115)
. IETIR 1 . . .
<a2T[a2,a2T]a2> = ? [(’Yg + 4’73)<O’22> + 4’73N<0’33 — 0'22> + 16N] . (116)
Employing Eqgs. (113), (114), (115), and (116) in Eq. (109) and (110), we have
, AN . .
4 [8N= + 7 —|—’}/3(3N — 1)<0’11> — ’)/3N<0'22>
9:2(0) = : (117)

(y3(611) +4N)?

4 [SN2 + = +73(BN —1){622) — 73N<<333>}
92(0) = T ; , (118)
(73(G22) + 4N)

so that substitution on account of Egs. (93) and (94) yields

) 4D [4D(2Nn F1) 4 k33N — 1 — 1+ AN2p — Nﬁ)}
9$2(0) = 5 ; (119)
Nk [73(1 4 2N7) + 4D]

where D = (1 + 1 + 2N) [(1 )2+ 3Nn].

AD[ADRN K +1) + s (AN = N(L+ 4y + 1) — (1+ 40 + 4P + 7))
g92(0) = 2 (120)
Nk [7317(1 4+ 2N) +4D
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FIG. 10: Plots of the normalized second-order correlation function for mode as, g((fl) (0) [Eq. (119)], and mode a2, g(<122)(0)7
[Eq. (120)] versus 3 for r = 0.1, v = 0.1, and k = 0.8.

Egs. (119) and (120) represents normalized second-order correlation function for mode a; and mode aq, respectively.
The normalized second-order correlation functions, Fig. 10, exhibit a nontrivial dependence on the stimulated-
emission decay constant, 3, revealing the competition between the two-mode squeezed-vacuum reservoir and the
cascade three-level atomic medium. The observed behavior can be understood through three distinct dynamical
regimes. For weak atom-cavity coupling, the cavity dynamics are dominated by the squeezed-vacuum reservoir. In
this regime, the reservoir injects strongly correlated photon pairs into the cavity modes, leading to large intensity
fluctuations and pronounced photon bunching. Consequently, both g((fl)(O) and g((l? (0) attain values significantly
greater than unity, indicating strongly super-Poissonian photon statistics. This behavior is characteristic of squeezed-
vacuum fields, which enhance pairwise photon correlations and generate thermal-like photon-number fluctuations.
As 73 increases, the influence of the active atomic medium becomes increasingly significant, causing both correlation
functions to decrease. This reduction originates from the sequential-emission nature of the cascade transition.
Since an atom must emit through the upper transition before the lower transition can occur, the photon-generation
process becomes temporally ordered. Such ordering suppresses the random photon clustering induced by the squeezed
reservoir and regulates the emission dynamics. As a result, the system demonstrates a pronounced suppression of
the extreme super-Poissonian bunching initially induced by the squeezed reservoir. While the correlation functions
remain strictly super-Poissonian (9(2)(0) > 1) within this parameter regime due to the massive injection of highly
correlated photon pairs, the sequential nature of the cascade emission acts as an intrinsic regulating mechanism. This
is particularly evident in mode as, where the temporal ordering of the atomic decay continuously drives the photon
statistics downward, effectively mitigating the severe intensity fluctuations characteristic of the squeezed bath this
align with!“"l. For sufficiently large values of ~3, atomic saturation and spontaneous-emission processes introduce
additional incoherent noise into the cavity modes. These fluctuations partially destroy the antibunching established
at intermediate coupling strengths, causing the correlation functions to increase gradually toward asymptotic values
associated with a partially thermalized field.

A comparison of the two modes reveals a clear quantum-optical asymmetry; the upper-transition mode, a;, gen-
erally retains larger values of 9(2)(0), reflecting stronger residual photon bunching. In contrast, the lower-transition
mode, ao, exhibits significantly deeper antibunching because its emission is conditioned on the prior emission of
mode a;. This intrinsic temporal memory effectively suppresses intensity fluctuations, producing the pronounced
minimum observed in géi)(O). The key novelty of this work is the demonstration that a cascade three-level atom
coupled to a squeezed-vacuum reservoir can simultaneously sustain continuous-variable quantum correlations and
discrete-variable photon antibunching. While squeezed reservoirs are known to generate squeezing, entanglement,
and steering, they typically enhance photon bunching. Our results show that the cascade atomic structure acts as an
intrinsic photon-regulation mechanism that suppresses reservoir-induced intensity fluctuations. In particular, mode
as maintains strong sub-Poissonian statistics even in the presence of a bunching squeezed reservoir (r = 0.1). This
unique interplay enables the simultaneous generation of squeezing, entanglement, and antibunched light, making the
system highly promising for quantum communication and quantum information applications.

1.4. Quadrature Variance
Quantification of the degree of squeezing in practical framework encompasses detailed calculation of moments such
as correlations and mean photon number. In continuous-variable quantum optics, the resilience of scalar observables
such as the mean photon number 7 and the normalized second-order coherence g(*(0) against variations in the
squeezing phase ¢ fundamentally relies upon the system’s amplitude displacement. For a pure squeezed vacuum
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state lacking coherent displacement (o = 0), these photon statistics remain entirely invariant. This robustness
occurs because the phase is mathematically encoded within the complex squeeze factor, & = re’®. Altering ¢ strictly
preserves the squeezing magnitude r. Instead, it elegantly rotates the squeezing ellipse in phase space, redistributing
quantum noise across orthogonal quadratures without compromising continuous-variable correlations or photon-pair
generation rates. Conversely, introducing a non-zero amplitude displacement intentionally shatters this established
invariance. Quantum interference between displacement and squeezing amplitudes forces observables like ¢(2) (0) to
display a 2m-periodic dependence on the squeezing phase. This elegant mechanism enables the continuous tuning of
photon statistics, seamlessly bridging particle-like anti-bunching and wave-like quantum super-bunching regimes!“"!.
The squeezing properties of mode a; and mode as are described by two quadrature operators defined by

4y = VEL (aaT + a]) : (121)

by = VEL (@T + a}) : (122)

Thus in the next let calculate the quadrature mode a; and mode as using Eq. (75) and Eq. (76).

N 173 (4 . 2/ 2 . s R 2i /- .
a4 = — %(021+012)+E(F1+F1T), a_ =1 %(21—012)4—;(}7;—1*—‘1)7 (123)

and

) o 2. . . o % [ i -
by —\/f(0'32+023)+ﬁ (Fz—I—FQT), b :z\/f( 32 — O23) + - (FQT —Fz)- (124)

Using the quadrature commutation relations [ay,a_] = 2i[as,al] and [by,b_] = 2i[as,al], and substituting the
operator-valued commutators from Eq. (107) and Eq. (108), it can be readily established that:

FO 273 ., . 8t
a.0] =87 (G2 = ) + (125)
PN 2 31
[meb—} Zi%(&33—&22)+%~ (126)

The uncertainty relation of two physical observations A and B satisfying the commutation relation:
[A,B} —iC (127)

is

2

1 ~
AAPAB? > 4 ‘<c> (128)
In view of this, we can easily establish the uncertainty relations for quadratures of mode a; and mode as as
1 ; ;
AatAd? > pe} s ((622) — (611)) + 417, (129)
1 R R
Abp AP > —5 [13 ((933) — (622)) +4. (130)
Applying Egs. (93), (94) and (95), we can write as
Aa?}-AGQ— > fa1 (73)7 (131)
AL AD > fo,(73). (132)
where
2
¥3N(n* —1) +4(1+n+2N)((1+n)* 4 3Nn)
f!ll (73) = [ ] ) (133)

k2[(14 0+ 2N)((1 4 n)2 + 3Nn)]?
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(s (L +m)% + N(1+m)(1 +3n)) + 401 + 0+ 2N)((1 + n)? + 3N7)]
! .

Jas(73) = kK2 [(14+n+2N)((1+n)2 + 3Nn)]

(134)

Equations (133) and (134) attainable noise floors for the quadrature variance products of mode a; and mode as.
Rather than fundamental commutation constraints, these state dependent bounds reflect the practical limits on
squeezing imposed by the influx of reservoir fluctuations and atomic spontaneous emission. The variances of the
plus and minus quadratures of mode a; and mode as are expressible as

Aat = (ax,ax), (135)
Ab2 = (by,b). (136)
Now employing Egs. (75) and (76), we have
2 V3 A - 4
Aai = ;(<011>+<022>)+E(2N+1:|:2M), (137)
2 ETR ~ 4
Aby = —= ((G22) + (G33)) + — (2N + 1 £ 2M). (138)

Taking into account Egs. (93), (94), and (95), the quadrature variances of mode a; and mode ay take the form

v3 [N(1+n)? +4N?n] + 42N + 1 £ 2M)(1 4+ n+2N) [(1 +1)? + 3Nn]

Ad? = ,
K(1+n+2N)[(1+n)?+3Nn|

(139)

Y3 [(L4n)® + N(1+6n+5n%) + 4N?n] + 4(2N + 1+ 2M)(1 4+ n+ 2N) [(1 +n)* + 3Nn]

AB2 =
k(1414 2N)[(1+4n)2 + 3N1]

. (140)

The uncertainty products shown in Fig. 11 and Fig. 12 exhibit three distinct dynamical regimes an initial de-
crease, a nonlinear curved increase, and a quasi-linear asymptotic growth arising from the competition between
reservoir-induced quantum correlations and atom-induced noise processes. At low values of the stimulated-emission
decay constant, 73, the uncertainty products remain close to their minimum values. This regime corresponds to
strong quadrature squeezing generated by the two-mode squeezed-vacuum reservoir. The nonclassical correlations
introduced by the reservoir are associated with the —2M contribution appearing in the numerators of the minus
quadrature variances, Aa? and Ab%. These correlations suppress phase-sensitive quantum fluctuations below the
standard vacuum limit, thereby reducing the uncertainty products and enhancing the squeezing characteristics of
the cavity modes. As 3 increases, the uncertainty products exhibit a pronounced upward curvature, physically, the
cascade three-level atom simultaneously acts as a gain medium and an internal source of quantum noise. Although
stimulated emission enhances intracavity photon generation, spontaneous-emission processes associated with the
atomic decay rate 7 introduce additional fluctuations. Consequently, higher-order nonlinear contributions, such as
the n? terms in Eq. (139) and the (1 + 1)? dependence in Eq. (140), become increasingly significant. These terms
represent multiphoton noise-transfer and scattering mechanisms that progressively degrade the reservoir-induced
squeezing and increase the uncertainty products. In the strong-coupling limit (n > 1), the highest-order terms
dominate the system dynamics. In this regime, spontaneous-emission noise overwhelms the squeezing-induced noise
suppression provided by the reservoir. As a result, the generalized uncertainty bounds, f,, and f,,, as well as the
corresponding uncertainty products, increase along a quasi-linear asymptotic trajectory, indicating the gradual loss
of nonclassicality and the onset of cavity-mode thermalization. A comparison between mode a and mode b reveals
a pronounced quantum-optical asymmetry. The generalized uncertainty bound for mode a, fq, (7v3), exhibits a rela-
tively moderate dependence on 73, scaling primarily through terms proportional to N(n*>—1). In contrast, the bound
for mode b, f,,(73), contains substantially stronger nonlinear contributions, including (1 +n)® and N (1 + 61+ 57?),
this difference explains the steeper growth observed in Fig. 12 relative to Fig. 11.

From a physical standpoint, mode b inherits fluctuations generated during the upper atomic transition before its
own emission process occurs. Consequently, noise accumulated in mode a propagates through the cascade pathway
and is transferred to mode b, making the lower-transition mode substantially more vulnerable to decoherence. This
mechanism causes mode b to lose its squeezing properties at significantly lower values of v3 than Mode a. A key finding
of this work is the derivation of dynamic, attainable noise floors for an open quantum system. Unlike ideal canonical
systems where the standard quantum limit is fixed purely by fundamental commutation relations, the effective lower
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FIG. 11: Plots of Aa? Ad? of [Eq. (139)] and fa, (73) of [Eq. (133)] versus 3 for k = 0.8, v = 0.4 and 7 = 0.5.
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FIG. 12: Plots of Ab2Ab% of [Eq. (140)] and fa, (73) of [Eq. (134)] versus 73, for £ = 0.8, v = 0.4 and r = 0.5.

bounds fq, (v3) and f,, (v3) increase dynamically with the effective atom-cavity coupling. This result reveals that the
practical limit on achievable continuous-variable squeezing is dictated by the complex interplay between engineered
reservoir fluctuations and the active atomic gain medium, which introduce unavoidable dissipation and higher-
order noise. Recent studies have shown that squeezed-vacuum reservoirs can efficiently generate continuous-variable
squeezing, entanglement, and quantum steering in cavity and optomechanical systems!=*1:[*LI=°] " Consistent with
these findings, the present model exhibits strong nonclassical behavior in the weak-coupling regime. However, our
results uncover a previously unexplored limitation: the cascade three-level atomic medium introduces higher-order
nonlinear noise channels that fundamentally restrict the preservation of nonclassical correlations. In particular,
the strong nonlinear scaling observed for mode b, exemplified by the (1 + 7)® dependence, demonstrates that the
atomic cascade structure itself imposes an intrinsic upper bound on achievable squeezing. Therefore, realizing robust
quantum resources for quantum communication and continuous-variable quantum information processing requires
careful optimization of 73, balancing gain enhancement against the detrimental effects of spontaneous-emission-
induced noise.
1.5. Conclusion

In conclusion, we have shown that the interplay between a two-mode squeezed-vacuum reservoir and a cascade three-
level atomic system provides an effective mechanism for tailoring photon statistics and nonclassical properties in a
bimodal cavity. Our analysis reveals two distinct operational regimes governed by reservoir-induced correlations and
atom—cavity interactions. In the strong-squeezing regime, photon generation, intracavity intensity, and intermodal
correlations are primarily controlled by correlated photon-pair injection and the suppression of vacuum fluctuations.
In contrast, increasing the stimulated-emission decay constant strengthens nonlinear gain, promotes asymmetric
photon populations, and gives rise to sequential emission dynamics inherent to the cascade configuration.

A notable result is the simultaneous manifestation of continuous-variable quantum effects, such as squeezing
and entanglement, alongside discrete-variable features, including photon antibunching. Furthermore, the analytical
derivation of state-dependent noise floors demonstrates that practical squeezing limits in open quantum systems are
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dynamically shaped by dissipative system-reservoir interactions. The reduction of squeezing at strong coupling iden-
tifies higher-order atomic noise processes as a fundamental limitation on quantum-state engineering!“’l. Overall, the
proposed system offers versatile and tunable control over photon intensity, correlations, and quantum fluctuations,
making it a promising platform for generating engineered nonclassical light for quantum communication, precision
metrology, and continuous-variable quantum information technologies.
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