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We investigate the nonlinear dynamics of two coupled driven—dissipative Rydberg atomic chains, each of
which formed a previously reported continuous time crystal phase. By tuning the inter-chain interaction, the two
time-crystalline subsystems with distinct intrinsic oscillation frequencies will naturally mix, and support luxu-
riant stable and collective oscillatory behavior. We identify a dynamical phase characterized by quasi-periodic
oscillations with multiple incommensurate frequencies, corresponding to a continuous-time quasi-crystalline
order. In addition, we identify a phase transition from a time quasi-crystalline phase to a time-crystalline phase
at sufficiently strong inter-chain coupling. This transition can be understood as the evolution from partially
synchronized oscillations between the two chains to fully synchronized dynamics. From a mathematical per-
spective, we confirm that the transition is governed by either a saddle-node or a torus bifurcation, depending on
the separation between the two original oscillation frequencies. These theoretical results provide guidance for
exploring complex periodic dynamics in Rydberg atomic platforms.

I. INTRODUCTION

Rydberg atomic systems have emerged as a versatile plat-
form for exploring non-equilibrium many-body physics due to
their strong and controllable interactions [1-26]. In particular,
the long-range interactions between Rydberg excitations give
rise to strong nonlinearities. In the presence of spontaneous
decay of the Rydberg states and continuous pumping from the
ground state, the system forms a driven—dissipative platform
in which such nonlinear effects could lead to the emergence
of a non-equilibrium phase - continuous time crystal (CTC)
[27-32]. Considering a system with a large number of atoms,
its dynamics can often be captured within a mean-field (MF)
framework, where the emergence of stable oscillations cor-
responds to limit cycle solutions of the nonlinear dynamical
equations. A crucial ingredient for these oscillatory phases
is nonlinearity, since purely linear systems cannot sustain sta-
ble periodic solutions [33]. In Rydberg systems, the required
nonlinearity can arise from mechanisms such as competition
between Rydberg levels [34] or higher-order terms induced
by the higher Rydberg population [35, 36]. More generally,
the interplay between nonlinear interactions and dissipation in
open systems provides a powerful route for stabilizing time-
crystalline order and other non-equilibrium phases.

Beyond conventional CTCs, an intriguing extension is the
concept of a continuous time quasi-crystal (CTQC), charac-
terized by multiple incommensurate oscillation frequencies
and their combination in the Fourier spectrum [37—41]. Such
phases have not yet been observed on Rydberg atomic sys-
tems, raising the question of how they may be engineered. A
possible mechanism may be naturally proposed, based on cou-
pling two continuous time crystalline subsystems with distinct
intrinsic oscillation frequencies. Under such a design, their
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collective dynamics may produce multiple internal oscillation
modes, providing a natural route toward realizing time quasi-
crystalline order. This approach has already been successfully
demonstrated in the generation of discrete time quasi-crystals
in various systems [42—44].

However, a key challenge is that generic coupling between
oscillatory subsystems often leads to dynamical instabilities
or chaotic behavior rather than stable quasi-periodic motion
[39]. To overcome this difficulty, we employ the same non-
linear interaction underlying time crystal formation in Ry-
dberg atoms to couple the two CTCs - the density-density
interaction. By employing tunable interaction parameters,
this scheme allows controlled coupling of the two subsystems
while ensuring that the system does not reach a state of chaos.
Importantly, the proposed setup can be implemented with Ry-
dberg atomic platforms.

In this theoretical work, we investigate a system consist-
ing of two coupled Rydberg atomic chains and analyze its
nonlinear MF dynamics. Our results reveal the existence of
a robust time quasi-crystalline phase characterized by aperi-
odic oscillations in the time domain, and a Fourier spectrum
composed of multiple sharp and incommensurate peaks. By
mapping out the phase diagram, we identify the phase region
where two distinct CTQC phases coexist, as well as the region
where CTC and CTQC orders appear simultaneously. The as-
sociated phase transitions can be interpreted as torus bifur-
cations in nonlinear dynamical systems. Near the transition
points, we further perform a quantitative analysis and show
that the difference between the dominant frequency compo-
nents of two subsystems follows a square-root scaling with
respect to the tuning parameters. These results provide a con-
crete theoretical pathway for realizing and controlling time
quasi-crystalline phases in Rydberg systems and open new
directions for exploring complex non-equilibrium orders in
strongly interacting atomic platforms.
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II. MODEL HAMILTONIAN AND MEAN-FIELD
APPROACH

We consider two coupled Rydberg atomic chains as shown
in Fig. 1(a). The distance between the two chains is an es-
sential tunable parameter in our model, which determines the
interaction between two chains. The total Hamiltonian con-
tains three parts,

H = Hy + Hy + Viy
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where the two chains are labeled 1 and 2 and the atomic sites

are labeled . The intra-chain nearest-neighbor (NN) interac-

tion strength is V, and all the inter-chain interaction terms are

included in Vjy. In particular, the NN interaction is denoted

as V;, and next nearest-neighbor (NNN) interaction V2. The
whole terms writes,

Vi = Vi > _maimagi+ Vg Y (nainaj +naingj) +-++, (2)
i (i,5)

where the ellipsis encompasses long-range inter-chain inter-
actions. Within the Rydberg blockade radius, the Rydberg
interaction strength decays as ~ d—lﬁ where d is the distance
between two atoms. Therefore, the NNN interaction, for ex-
ample V;s is tiny compared to V' and V;. To simplify compu-
tational complexity, we omit V;2 and other long-range inter-
actions in most calculations, unless we give a special explana-
tion.

Next, we also introduce the spontaneous emission of the
Rydberg level, denoted as . The dynamic of the system is
described by the Lindblad Master equation,

p=—i[H,p]+ L(p)
P =7 (01‘/701* - ;{m,p}> : )

Here, the summation of I includes all the lattice sites. The
dynamics of the full density matrix is always unsolvable at
large system sizes. We thus employ the MF approximation
in the initial processing. In general, one would assign p(t) =
p1(t)@p2(t)®- - -®@pn (t) where N is the system size, and ex-
pect that at the late time, the solution of each blocked density
matrix is the same, i.e. pmp(t) = pi(t),s = 1,2,--- , N. The
above treatment is based on the stability of the uniform solu-
tion. However, previous results show that the antiferromag-
netic type perturbation could lead to instability of the uniform
solution [45]. Therefore, the proper division of the full density
matrix is p(t) = p1,2(t) @ p3,4(t) ® - - - ® pn_1,5(t) (Suppose
N is an even number), and pmp(t) = pii+1(t). Extended to
the two coupled chains, the repetitive unit of the density ma-
trix involves four sites, as shown in the red region in Fig. 1(a).
We write them as 1A4,1B,2A,28, where A, B are the two
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FIG. 1. (a) The sketch map of the model. The atomic site are rep-
resented by the grey dots, controlled by uniform Rabi frequency and
detuning. The intra-chain NN interaction strength V, the inter-chain
NN interaction strength V; and the NNN interaction strength V;2 are
denoted by thick, medium-thick, and thin solid lines, respectively.
The region solved by MF approach is colored by red. (b) Single
chain MF phase diagram. The parameter points (€2, A) of two chains
is assigned to be inside the colored region, where the color is associ-
ated with the oscillatory frequency. The red (blue) star corresponds
to chain 1(2) parameter points, and the arrow represents the move-
ment away trajectory of the parameter point (Q2, As).

NN sites. In particular, we focus on the single site operator,
the Rydberg population |r;)(r;| and the transition amplitude
|r1){gr|, where |r;) and |g;) are the basis of the Rydberg state
and the ground state on site I, respectively. Substituting into
Eq.(3), we get the equation of motion (EOM) of the system,
comprised of eight variables n; and oy (see supplementary
material for the detailed derivation). Here, n; and o repre-
sent the average value of the Rydberg population and the tran-
sition amplitude. In the following text, we will numerically
solve the master equation and directly show the dynamics of
the CTQC and its transition.

Regarding parameter choice, by design, each chain should
form a CTC under MF approximation. According to Ref.
[45], we reproduce the single chain phase diagram in Fig. 1(b)
at V = 5and v = 1. We then choose two parameter points
inside the oscillatory solution region, that is Q; = 2.2, A; =
2.5 for chain 1 (red star), and 22 = 2.0, Ay = 2.3 for chain
2 (blue star). Specifically, we calculate the frequency inside
the oscillation region, indicated by the colormap. It shows the
monotonous variation within the phase, ignoring the gray re-
gion where the oscillatory pattern inside is complicated and
deviates from the form of a sinusoidal waves.

III. CONTINUOUS TIME QUASI-CRYSTAL PHASE

Continuous time crystal phases have been theoretically
demonstrated by the limit cycle solution of the nonlinear EOM
of a single chain [45]. For the system of two coupled chains,
under the same parameter choices 2 = 5, A; = As, two
co-existing CTC modes are formed [46]. Such a phase is
represented by the occurrence of the two limit cycles. Each
limit cycle corresponds to one stable periodic oscillation on
the time-dependent solution of EOM. According to their dy-
namics, the oscillatory pattern where na(t) = npp(t) and
nig(t) = moa(t) at all times are identified as the usual
two dimensional antiferromagnetic-type oscillation (2DAF)
[45]. Regarding the Rydberg density as the magnetic moment
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FIG. 2. CTQC phase properties of two modes with V; = 0.5. (al, bl)
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Time-dependent solutions of Rydberg population on different sites and

associated Fourier spectrums of 1DAF mode. (a2, b2) Time-dependent solutions and associated Fourier spectrums of 2DAF mode. For IDAF

mode in CTQC phase, the time average of n;4 is approximately equal

to m2a, instead the strictly equal relationship for CTC phase. This also

applies to 2DAF mode, where n4 is only approximately equal to nog. The Fourier spectrums show equidistant peaks, where the dominant
frequencies at f1 = 0.205, fo = 0.195 for (bl), and f1 = 0.205, fo = 0.198 for (b2). (c1, c2) Three-dimensional phase space trajectory with
respect to observables of chain 1 and variable of chain 2. The two modes both show torus structure. (d1, d2) Poincaré section diagram for two
oscillatory modes 1DAF and 2DAF, respectively. The scatter points are the crossing points between the trajectory of nia and its time averaged
value. The results are further projected on two-dimensional plane (n2a, n2g) for drawing. Both two figures shows the closed curves. The total
simulation time is 10°, with a time step of d¢t = 0.01. For the discrete Fourier transform, only the latter half of the simulation data is used to
exclude transient dynamics. The same procedure is adopted in the following analysis.

along z-axis, the instantaneous configuration resembles a two-
dimensional staggered antiferromagnetic arrangement. The
other mode satisfies that the time-average value of n4 is equal
to noa (the same as ng and n,g) is denoted as 1DAF. Next,
we will separately calculate the dynamic behaviors of the two
oscillatory modes, extended to the quasi-periodic regime.

When considering different parameters of two chains, we
find that the peak value within each oscillatory period be-
comes time-dependent, as shown by the solution of the Ry-
dberg population of each site [Fig. 2(a)]. That means that
another oscillatory mode with longer wavelength is superim-
posed on the original oscillatory pattern. To clearly show this,
we display the associated Fourier spectrum of the Rydberg
population on each site [Fig. 2(b)]. First, we define the fre-
quency components that have the local maximum amplitude
as the major frequencies for each site. All major frequen-
cies for the four sites perfectly coincide, indicating a common
oscillatory mode. Moreover, we find that all major Fourier
components can be formulated as a linear combination of two
frequencies fi and fs, respectively,

f=mxfi+nxfy, mmneZ 4)

To find its physical counterpart, we could define the dom-
inant frequency for each site fia, fig, f2a, foB, Where the as-
sociated amplitude of the Fourier component is the largest,
except for the f = 0 points. Moreover, we find that in this

case fia = fis, and foo = frp, indicating that the domi-
nant frequency of each lattice point on every chain is equal.
Therefore, for brevity, we can always consider f; and f5 to
be the collective oscillatory dynamics of chains 1 and 2, re-
spectively. This applies to the case at inter-chain interaction
V; = 0, where each chain has only one major frequency (also
dominant), i.e. f; = 0.40 and fo = 0.38. For V; # 0, we
find that f; and fo will change along with V; (see the follow-
ing discussion), and f; and f> are always incommensurate.
The oscillatory pattern comprised of two incommensurate fre-
quencies is the signal of CTQC in our model. Moreover, it is
worth noting that at different initial conditions, the late time
solution will flow to two entirely different quasi-periodic os-
cillation patterns, signaling the two co-existing CTQC at fixed
parameters.

To give further confirmation of the CTQC phase, we also
demonstrate its trajectory in a three-dimensional phase space
[Fig. 2(c)]. Note that the two trajectories colored by represent
the two co-existing quasi-periodic oscillations. In both the
phase space with respect to chain 1 and chain 2, the trajecto-
ries show the two-dimensional structure, known as the torus,
rather than the limit cycle structure associated with the CTC.
In addition, the Poincaré section analysis [Fig. 2(d)] mani-
fests the closed curve, distinguishing it from the finite number
of discrete points (periodic oscillatory), and the infinite num-
ber of irregular points (chaotic).
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FIG. 3. Fourier spectrum at various non-linearity parameter r at
Vi = 0.5. Note in this calculation, we also consider the long-range
term described by Vj2. As r increases, the discrete and clear peaks,
signaling the CTQC phase, gradually goes blurry.

At the end of this section, we also discuss its robustness of
the quasi-periodic oscillation against the MF approximation.
As an example, here we include the long-range interaction by
setting a finite value to V5 according to the d—lﬁ decay, where d
is the distance between two Rydberg atoms. Moreover, we
take into account high-order expansion of the commutator,
and add an extra term n?c to EOM (see supplementary ma-
terial for the details). Here, » measures the magnitude of the
higher-order nonlinear effect beyond the conventional mean-
field contribution, which has been introduced in [47]. Under
this condition, we show the Fourier spectrum of the Rydberg
population for different r in Fig. 3. As r increases, at 7 < 0.5,
the peaks of each Fourier component remain sharp and clear.
The main peaks fulfill the expression in Eq. (4). However, at
large r, the signals of other frequencies have a non-negligible
amplitude, and the dynamic finally goes chaotic. We thus con-
clude that at small non-linearity, the CTQC behavior is sta-
ble. In fact, CTQC exists as a considerable phase in the en-
tire parameter space. In the following text, we will conduct
a detailed analysis of the phase diagram and properties of the
transition.

IV.  TRANSITION TO CONTINUOUS TIME CRYSTAL
PHASE

In our model, CTQC behavior originates from the CTC
phase, due to the different frequencies of the two coupled sys-
tem, where the inter-chain coupling strength V; plays an im-
portant role in tuning the transition from the CTQC to the CTC
phase. Furthermore, CTQC is regarded as the mixture of two
systems that are not fully synchronized, since the dominant
frequencies of two chains are different, i.e., fi # fo. While
the CTC, where the two chains oscillate at only one dominant
frequency, stands for that the difference of two inherent fre-
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FIG. 4. (al, a2) Three-dimensional phase space trajectory of two o0s-
cillatory mode at two V; points. The smaller V; is located in CTQC
phase, and the larger one in CTC phase. Both cases show a transi-
tion from the torus structure to the limit cycle. (bl, b2) Lyapunov
exponent of two oscillatory mode as a function of V;. The curves of
largest eigenvalues are colored and named with A and A2, and oth-
ers eigenvalues Az to A1z are plotted with thin grey line. The thick
black line are putative transition point versus V;, where A2 begin to
deviate from zero within the errorbar. The thin colored lines corre-
sponds to the parameter choice for two phase in (a). The transition
pointis V; . = 0.68 for 1IDAF mode, and 0.93 for 2DAF mode.

quencies is eliminated by the coupling. Hence, one would
generally expect that CTC may occur at large V;, and that
CTQC exists when the coupling strength is sufficiently small.
Numerically, we verify the transition by three approaches: the
phase space trajectory, Lyapunov exponent, accompanied by
Fourier spectrum analysis.

Fig. 4 shows the numerical results of the first two ap-
proaches at different V; points. Note we still separately dis-
cuss the with respect to two synchronized modes, thus differ-
ent initial states are chosen to distinguish two results. When V;
increases, the phase space trajectories transfer from the torus
to the limit cycle [Fig. 4(a)]. Meanwhile, the largest two Lya-
punov exponents convert from both zero to a non-zero [Fig.
4(b)]. Specifically, the case where only one Lyapunov expo-
nent is zero and the others are all negative corresponds to the
limit cycle solution. when there are two zero Lyapunov ex-
ponents, the dynamics exhibits two oscillations in the vertical
direction, in accordance with the torus. It follows that the
above two analyzes give consistent critical points. Mathemat-
ically, the transition points are identified as the saddle-node
bifurcation points, which emerge in our model with respect to
the coupling strength.

We proceed to explore the variance of the main frequen-
cies passing the transition point in Fig. 5, taking 1DAF mode
as an example. Toward the transition point from the CTQC
phase, the two dominant frequencies gradually get closer to
each other. Regarding other sum frequencies and difference
frequencies, the amplitudes monotonically decrease as the fre-
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FIG. 5. (al, a2) Fourier spectrum in CTQC and CTC phase of

1DAF mode. In CTQC phase, the amplitude of two chains seems
to be symmetric near transition point. (b1) The extracted dominant
frequency of different sites as a function of V;. Note that fix = foa,
and fig = fos. The two dominant frequencies of two chains change
from inequality to equivalence. The colored dashed lines represent
the parameter choice for two phase in (a). Note that all dominant fre-
quency are very close 0.2. (b2) The two chains frequency difference
Af as a function of V;. We fit data points with the function form
Af =c|Vi — Vi |% and get & = 0.50, ¢ = 0.0186, V; . = 0.674.

quency components go away from the dominant frequency. In
addition, the Fourier spectrum of chain 1 and chain 2 gradu-
ally turns into symmetric with respect to the frequency at the
transition point, and its summation becomes more like an even
function [Fig. 5(a)].

To quantitatively determine the transition point between
CTQC and CTC, we first introduce a criterion for the transi-
tion point between CTQC and CTC as V; . qimp, based on the
spectrum amplitude. At V' > V; ., there is only one main fre-
quency existing (except for the harmonics). Such a criterion
fully captures the CTC character, that only single frequency
dominants. Numerically, we have V; . = 0.673 (not shown
here). The second approach is by definition of the frequency
difference Af = |f1 — fo|. We fit Af with respect to the
distance to the transition point V; — V; . in the CTQC phase
by a power law function form [Fig. 5(b)]. Here, V; . serves
as a fitting parameter, and we obtain V; . 5 = 0.674, which is
almost the same as V; .. In addition, the fitting result is close
to that of the Lyapunov exponent criterion in Fig. 4(b2). This
indicates that the results of the different methods are highly
consistent.

Importantly, we find the frequency relation from the above
fitting,

Af o fVi=Vie )

which quantitatively reveals the frequency changes near the
transition point. Such critical behavior further indicates the
transition belongs to the saddle-node bifurcation. It occurs
when a stable and an unstable fixed point collide and annihi-
late, giving rise to a square-root scaling law near the transition
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FIG. 6. (a) The phase diagram with respect to the parameter dif-
ference and inter-chain strength. The data are obtained by fixed
|A — Ag| and scanning V;, with associated error smaller than 0.01.
Three boundaries divide the parameter space into six distinct regions.
For the phase region legends, the first (second) column represents
the phase of 1DAF (2DAF) mode. The blue points is the parameter
points that was previously explored. The critical points A. distin-
guishing saddle-node and torus bifurcations, are marked on the tran-
sition boundary. (b1, b2) The Rydberg population dynamics at red
stars for IDAF and 2DAF mode, respectively. It shows the CTQC
behavior for 1DAF mode, and CTC behavior for 2DAF mode. (cl,
c2) The Rydberg population dynamics at purple stars for IDAF and
2DAF mode, respectively. It shows the CTC behavior for 1DAF
mode, and CTQC behavior for 2DAF mode. Compared with the
CTC phase with same two-chain parameters [46], the phase of peri-
odical oscillation is not exactly locked to 7 (1IDAF mode) or 0 (2DAF
mode).

point.

V. PHASE DIAGRAM

In this section, we no longer fix the parameters of two
chains. Instead, we introduce the distance between two pa-
rameter sets defined in the parameter space ({2, A) as shown in
Fig. 1(b). For brevity, we fix (€1, A1) as one end of the line
segment (red star), and (Q2, Ay) is the mobile point on the
arrow (blue star). Subsequently, we use |Ay — Aq| to char-
acterize the distance between two parameter points. At first
glance, the larger the initial frequency difference, the greater
the interaction strength required for the two chains to reach
synchronization. However, we numerically find the complex
phase diagram, including both CTQC and CTC phases, and
the non-monotonic behavior evolution [Fig. 6(a)].

As in the previous text, we separately calculate the phase
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FIG. 7. (al, a2) The Fourier spectrum of two parameter points in
the CTQC phase of 2DAF mode. (b1l) The variation of the second
largest amplitude and largest amplitude on each site. The intersec-
tions of dashed and solid lines with the same color are marked by
circles of the corresponding color. Note the green dashed line are
covered by the red dashed line. (b2) The variation of the dominant
frequencies. Here, fia and fig always equals to fi. By contrast, in
this parameter region, f>a and fog no longer always equal to f>. The
colored dashed lines represent the parameter choice in (a). The black
line denotes the transition point at V; . = 1.58, where fo merges
with f1, which indicates that no obvious peak structure can be re-
solved near the frequency fa.

boundary and phase region for two synchronization modes.
The 2DAF mode exhibits CTQC, and CTC phases, whose
boundaries are separated by pink data points; By contrast,
the 1DAF mode shows CTQC, CTC and the steady state (SS)
phases, separated by the red and yellow data points, respec-
tively. As for the oscillatory solution of the 1DAF mode, it
exists only at small inter-chain interaction strength V; < 1.5,
while for the 2D mode, it extends across the entire interac-
tion range. The reason is that, as an emergent synchroniza-
tion mode due to the inhomogeneous interaction strength in
two directions [46], the 1DAF synchronization mode is easily
affected by the asymmetry between the inter-chain and intra-
chain interaction. When the asymmetry decreases, e.g. V;
closed to V, the CTQC transfers to CTC phase, and steady
state (SS) in sequence, and finally disappears, leaving only
the 2DAF mode. Due to the mismatch of the two boundaries,
there are a total of six phases in the current phase diagram. In
particular, we numerically show the solution of the phase with
one quasi-periodic oscillatory mode, coexistent with the other
periodic oscillatory mode [Fig. 6(b) and (c)].

In spite of the smoothness and simplicity of the 2DAF mode
phase boundary, a noticeable issue is that, as the distance be-
tween two parameter points increases, the system needs more
coupling to reach the CTC phase at the very beginning. How-
ever, for a larger frequency difference, e.g. |A — Ag| = 0.8,
the transition point moves to smaller V;. The behavior demon-
strates a different mechanism to the evolution from CTQC
to CTC, illustrated by the evolution of the Fourier spectrum
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FIG. 8. The secondary frequency f> and its corresponding amplitude
in the CTQC phase for the IDAF mode in (a) and the 2DAF mode in
(b). The blue and yellow curves correspond to parameter choices of
|A — Ay associated with saddle-node and torus bifurcations, respec-
tively. The solid and dashed lines denote the frequency difference
Af and relative amplitude A(f2), respectively.Owing to the finite
frequency resolution, the solid curves exhibit a step-like structure. In
addition, the amplitude varies non-smoothly with the control param-
eter because it is extracted from a discrete Fourier transform. The
parameter values are |A — Ag| = 0.18 for the saddle-node bifurca-
tion and 0.19 for the torus bifurcation in (a). In (b), |A — Ag| = 0.49
and 0.5 for two bifurcations, respectively. The data are obtained from
the time-dependent dynamics evaluated at the 1A site, with an effec-
tive simulation time of 5 x 10%.

near the transition point shown by the black array in Fig.
6. We plot the single site Fourier spectrum in CTQC phase
[Fig. 7(a)], the significant difference with the transition be-
havior above is that A f does not approach zero, but the am-
plitude of the second dominant Fourier component gradually
goes to zero. To clearly indicate this, we show the variation
of the dominant frequencies and their associated amplitudes
[Fig. 7(b)]. Here, the dashed (solid) curves in Fig. 7(b1) rep-
resent the second largest (largest) Fourier spectrum of each
site. In particular for 2B sites labeled by red, the dashed
curve crosses with the solid curve. According to the defini-
tion, f>p will have an abrupt jump to merge with f; in Fig.
7(b2), at the position marked by the red circle in Fig. 7(bl).
Finally, A(f # f2) vanishes and the CTC behavior appears
with a single main frequency, indicated by the black dashed
line. Therefore, at a large initial frequency difference, the fre-
quency relation of near transition point Eq. (5) is replaced
by an approximately constant dependency relationship. We
therefore conclude that this transition is driven by the grad-
ual suppression of the amplitude of the second characteristic
frequency, and is more consistent with a torus bifurcation sce-
nario. This mechanism is qualitatively distinct from the first
type of transition with saddle-node bifurcation, indicating that
the two transitions originate from fundamentally different dy-
namical structures.

An intriguing question is whether the transition between the
two bifurcation mechanisms is abrupt or continuous. To ad-
dress this issue, we fix several values of |A — Ay, scan the
interaction strength, and identify the underlying bifurcation
mechanism by tracking both the position of the secondary fre-
quency fo, and its spectral amplitude A( f3). Figure 8 presents
the corresponding results for both the 1IDAF and 2DAF modes
as the system approaches V; . from the CTQC phase. In par-




ticular, we select two nearby values of |A — Ay|, separated
by only 0.01, which are represented by the blue and yellow
curves. For the blue curves, the frequency difference A f con-
tinuously approaches zero while A( f) remains finite, which
is characteristic of the frequency-locking scenario described
by the saddle-node bifurcation. In contrast, for the yellow
curves, A(f2) vanishes while A f remains finite, consistent
with a torus-bifurcation scenario driven by the collapse of the
secondary oscillation amplitude. These results indicate that
the crossover between the two bifurcation mechanisms is con-
fined to a parameter window narrower than 0.01, suggesting
an effectively sharp transition within our numerical resolution.
At the putative transition point, denoted by |A — Ag| = A,
it is natural to expect that both A f and A(f2) simultaneously
vanish. Such a simultaneous occurrence of frequency locking
and amplitude collapse may signal a codimension-2 bifurca-
tion point in the higher-dimensional parameter space.

V1. SUMMARY AND OUTLOOK

We investigate the dynamical behavior of two coupled Ry-
dberg atomic chains with distinct intrinsic oscillation fre-
quencies. By constructing the corresponding MF phase dia-
gram, we reveal a rich structure that includes coexisting quasi-
periodic oscillations described by two different synchroniza-
tion regimes. The results obtained from various complemen-
tary approaches, such as Fourier spectral analysis, Poincaré
sections, Lyapunov exponents, and phase-space trajectories,
are mutually consistent.

From the perspective of synchronization, the quasi-periodic
oscillations can be interpreted as a partially synchronized
regime. Within the specific model and treatment considered
here, this phase is stable and does not evolve into the chaotic
behavior that is often expected. Notably, this work exam-
ines the synchronization between two oscillators under co-
herent coupling, and discovers two different regimes. When
the initial frequency mismatch is small, the dominant frequen-
cies of the two oscillators gradually approach each other, and
their difference decreases with a square-root dependence on
the tuning parameter. In contrast, when the initial frequency
mismatch is large, the frequency difference remains nearly
constant as the system approaches the phase transition point,
while the relative weights of different frequency components
are redistributed.

Looking ahead, this line of research can be extended in sev-
eral directions. On the one hand, one may explore whether
specific systems support novel synchronization patterns, such

as those involving multiple subsystems. On the other hand,
it is of interest to investigate the effects of different coupling
mechanisms, for instance dissipative coupling, on the result-
ing dynamics. In summary, our results provide both a theo-
retical and experimentally feasible route to a novel dynamical
phase-a CTQC, and offer a concrete paradigm for studying
synchronization phenomena.
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APPENDIX A: DERIVATION ON THE EQUATION OF
MOTION

In this section, we briefly present the mean-field (MF) treat-
ment of the Hamiltonian in Eq. (1) of the main text. The
evolution of an observable O follows

9:(0) = —i([H, 0)) + (£(0))
L(0) = ’yZ (U{Oaj' - ;{ni,O}) . ©

Where (- - - ) denotes expectation values. Within the first order
MF approach, we consider the diagonal matrix element n; and
the non-diagonal matrix element o; as the dominant observ-
ables. Bringing them into Eq. (6), the commutator with the
interaction term Hjy gives (n; aj_>. In particular, on account
of the nearest-neighbor (NN) interaction and the next-nearest
neighbor (NNN) interaction, the explicit formula [Hiy, ol i
writes (site on chain 1 for example),

o1 ;(Vnii—1+Vni v+ Ving i+ Viang i1+ Viangiv1 -+ )

(N
Next we adopt the MF approximation (AB) =~ (A)(B) to
average value of the first-order observables, denoted as first
order MF approach. Under such approximation, the group
of observables constitutes a closed form and can be directly
solved numerically. Beyond that, considering the translation
symmetry of the solution, we choose four site regions as the
repeated unit, i.e. denoting n; = (n;) and o; = (o, ), where
I € 1A,1B,2A,2B, and ¢ belongs to the any sites on the
whole two-chain model. Then the final equation of motion
(EOM) of the two chains transfer to the eight coupled differ-
ential equations,



Onia = Qlmoia — ynia,
O¢nig = Qilmog — ynis,
Oinoa = Qolmorp — ynoa,

Oinop = Qolmorg — ynos,

Notice that Rydberg population n is always a real number,
while ¢ is a complex number. Therefore, in the real calcula-
tion, there are totally 12 variables, which means the dimension
of phase space is 12-dimension, and there exists 12 eigenval-
ues in Lyapunov exponent calculation.

To verify the robustness of the CTQC phase, we also con-
sider the high-order non-linear term within the first order MF
approach. It is reported in [47], that the term (n)” (o) in EOM
has a very significant impact on the emergence of the peri-
odic solution in three-level system, where (3 is an integer ex-
ponent. Physically, such a term originates from the dynamics
of the previous mentioned term (n;o ;). Concretely, it has its
own dynamics if one does not perform the MF approach, and

. Q
Oo1g = *%UlB — (A1 — 2Vna — Vingg — 2Vionoa)ois — Z71(27113 —1)

. Q
0102 = _%UZA —i(Ag — 2Vngg — Vinia — 2Vianig)ooa — 272(2712/& -1)

. Q
0io1a = —%01/\ — (A1 = 2Vnig — Vinoa — 2Vionog)oia — 7/71(2711A -1)

®)

. Q
Owoop = —%0213 —i(Ag —2Vnps — Vinig — 2Vionia)oos — 172(27123 -1).

(

will return (n?0;) in the commutator [n;o;, Hiy]. This pro-

cess will continue to generate (n)” (o) for large /3, unless one
uses MF approximation to truncate a finite number of coupled
equations, and omit the dynamics of the high-order operators.
Therefore, without loss of generality, we could direct add non-
linearity to Eq.(8) to the first order MF approximation,

Z or(Vigng + Vigand +--+) )
7

where V7 ; is the interaction coefficient between site I, J after
MF approximation. Here we only consider 5 = 2 as high-
order correction, and denote V72 = rVr;, where r serves
the only tuning parameter. The case for » = 0 goes back to
the original first-order MF approximation.
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