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Ultralong-range Rydberg molecules (ULRMs) have attracted significant interest due to their
unique formation mechanisms and distinctive properties. We theoretically investigate the formation
and characteristics of heteronuclear ULRMs, focusing on Rb-Cs systems. We calculate the vibra-
tional energy levels of nS heteronuclear ULRMs and extend our analysis to polyatomic systems,
tracing the evolution of binding energies as the molecular configuration changes. Our theoretical
results are presented in terms of potential energy curves and the associated vibrational spectra, pro-
viding insight into the formation dynamics of these systems. These results also provide a framework
for experimental efforts in probing heteronuclear ULRMs, which serve as a sensitive platform for
investigating the fundamental properties of Rydberg atoms and their interactions with ground-state
atoms, while providing a benchmark for ab initio calculations.

I. INTRODUCTION

Since the proposal by Greene et al. in 2000 [1],
ultralong-range Rydberg molecules (ULRMs) have be-
come a significant focus of research in quantum and
molecular physics. Unlike conventional molecules that
are bound by covalent or ionic interactions, ULRMs are
formed through a unique binding mechanism driven by
the scattering interaction between Rydberg electrons and
ground-state atoms. This distinctive binding mecha-
nism allows ULRMs to achieve molecular sizes compa-
rable to the Rydberg atoms that form them, typically
on the order of 100 nm. Such large molecular sizes and
the distinctive binding mechanism have sparked consider-
able interest in ULRMs, as they are expected to provide
new insights into molecular behaviors and quantum ef-
fects, such as Stark effect of ULRMs [2], the formation
of homonuclear molecules with permanent electric dipole
moments [3] and the coupling of a single electron to a
Bose–Einstein condensate [4].

A prominent example of ULRMs is the so-called ”trilo-
bite” molecule, formed when the presence of a ground-
state atom causes the Rydberg electron to localize around
it [1]. This localization leads to exceptionally large per-
manent electric dipole moments (PEDMs) reaching thou-
sands of Debye [5], even in homonuclear ULRMs. In
these molecules, significant PEDMs arise not from differ-
ences in atomic species, but rather from the asymmetric
spatial distribution of the Rydberg electron wave func-
tion [3]. This asymmetry results from localized scattering
interactions with the ground-state atoms and the specific
geometric arrangement within the molecule.
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The existence of these large PEDMs enables experi-
mental studies into their interaction with external elec-
tromagnetic fields. The PEDMs of Rb(nS) and Cs(nS)
ULRMs [3, 5] were probed via electric-field-induced spec-
tral line broadening, while Rb(nF ) trilobite Rydberg
molecules were directly prepared by three-photon exci-
tation, with their PEDMs characterized using the same
method [6]. Pendular butterfly Rydberg molecules were
also observed under applied electric fields [7]. Recent
advancements also show that the spatial orientation of
these molecules is manipulated via external fields, en-
abling precise control of their alignment, including via
weak magnetic fields exploiting the angular structure
of D-state Rydberg orbitals [8], and spin–orbit cou-
pling combined with weak magnetic fields even in S-state
molecules [9].

In addition, polyatomic ULRMs have been proposed
and actively investigated in recent years. One particu-
larly intriguing class consists of a Rydberg atom bound
to a polar molecule, where the long-range charge–dipole
interaction plays a central role in the molecular bind-
ing [10, 11]. The rotational hybridization of the polar
molecule in such systems, as well as the control of molec-
ular alignment and orientation, have also been theoreti-
cally explored [12]. In addition, experimental protocols
for the realization of these polyatomic Rydberg molecules
have been proposed [13]. Recently, the observation of Ry-
dberg blockade induced by the charge–dipole interaction
between an atom and a polar molecule has been demon-
strated using optical tweezers, establishing a promis-
ing platform for the photoassociation of such hybrid
polyatomic Rydberg molecules [14]. Another important
class of polyatomic ULRMs consists of a single Rydberg
atom binding multiple ground-state atoms via low-energy
electron scattering, which has been successfully demon-
strated experimentally. For isotropic nS Rydberg states,
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the binding energies scale as nearly integer multiples of
the dimer energy, reflecting the negligible interactions
among the captured ground-state atoms [15]. In contrast,
the strong anisotropy of nD states leads to the formation
of angular trimers with pronounced non-additive binding
energies [16]. Furthermore, in the high-density regime,
perturbation-induced quantum scarring can promote the
formation of polyatomic trilobite molecules governed by
specific geometric constraints [17, 18].

The lifetimes of ULRMs have been systematically stud-
ied both experimentally and theoretically. Experiments
show that Rb2 ULRMs have significantly shorter life-
times than the corresponding Rydberg atoms [2]. Their
decay rates increase linearly with ground-state atom den-
sity due to collisional loss, and vibrationally excited
states are even less stable because of quantum reflection
and inward-penetration loss channels [19, 20]. In con-
trast, Sr2 ULRMs exhibit lifetimes comparable to those
of the corresponding Rydberg atoms, owing to the ab-
sence of a low-energy p-wave shape resonance in electron–
Sr scattering [21]. However, at sufficiently high atomic
densities, the lifetimes of Sr2 ULRMs are also signifi-
cantly reduced [22].

The study of heteronuclear ULRMs, which offers a
broader range of tunable molecular properties compared
to homonuclear ULRMs, has recently gained significant
attention. These properties include large dipole mo-
ments, varied binding energies, and more complex in-
teractions with external fields. Such flexibility makes
heteronuclear ULRMs an exciting area for both theo-
retical research and experimental exploration, includ-
ing theoretical studies on various alkali-metal combina-
tions [23], Hg*Rb heteronuclear ULRMs [24], isotope-
heteronuclear ULRMs in Sr [25], Cs*K heteronuclear
ULRMs [26], and Rb*Cs molecules based on optical
tweezer techniques [27]. Unlike homonuclear systems,
heteronuclear systems provide a unique opportunity to
manipulate atomic composition, allowing for more pre-
cise control over molecular characteristics and behavior.
This ability to fine-tune molecular properties is especially
valuable for applications in the study of pair-correlation
functions in atomic mixtures [28, 29] and the creation of
ultracold ion-pair systems with variable mass ratio [30].

In this paper, we focus on investigating the formation
and properties of diatomic and polyatomic heteronuclear
ULRMs. By calculating potential energy curves (PECs)
and vibrational energy levels, we aim to gain insights into
the behavior and interactions of diatomic heteronuclear
ULRMs. In addition, this work presents the theoretical
exploration of polyatomic heteronuclear ULRMs forma-
tion in high-density Cs and Rb cold atomic gases. We
also provide the calculation of their expected experimen-
tal vibrational spectra. The advantage of polyatomic het-
eronuclear ULRMs is their increased complexity, which
provides a richer platform for investigating multi-body
interactions and the emergence of novel quantum phe-
nomena in strongly correlated systems.

II. CALCULATION

A. Hamiltonian for Diatomic ULRMs

ULRMs consist of a Rydberg atom and one or more
ground-state atoms, where the ground-state atom is
bound to the electron orbit due to low-energy scatter-
ing interactions with the electron [1], as shown in Fig. 1.
All calculations throughout this paper are performed in
atomic units.
We begin by considering the case of a single

ground-state atom, i.e., diatomic ULRMs. Under the
Born–Oppenheimer approximation, we take the atomic
nucleus as the origin of coordinates. The coordinate of
the Rydberg electron is denoted by r⃗ and the ground-

state atom’s coordinate denoted as R⃗, The molecular
Hamiltonian is then expressed as:

H = H0(r⃗)+Vea(R⃗−r⃗)+Vca(R⃗)+HHF+Hvib+Hrot, (1)

here, H0(r⃗), Vea(R⃗− r⃗), Vca(R⃗), HHF, Hvib, and Hrot de-
note the Hamiltonian of the isolated Rydberg atom, the
electron–atom scattering interaction, the ionic core–atom
interaction, the hyperfine interaction of the ground-state
atom, the molecular vibrational energy, and the molec-
ular rotational energy, respectively. The interaction

Vca(R⃗) between the ionic core and the ground-state atom
is neglected in the relatively high principal quantum
number regime considered in this work, as it takes the

form Vca(R⃗) = −α/2R4, where α is the polarizabil-
ity of the ground-state atom. This interaction decays
rapidly with distance and thus contributes negligibly to
the molecular potential at the large internuclear separa-
tions relevant to ULRMs.
The hyperfine structure of the Rydberg atom is also

neglected, as the Rydberg electron is far from the nu-
cleus, making this contribution extremely weak. The ro-
tational energy is neglected because the large molecular
size leads to a large moment of inertia, yielding rotational
level spacings too small to be spectroscopically resolved.
Therefore, the total Hamiltonian of ULRMs is simplified
to:

H = H0(r⃗) + Vea(R⃗− r⃗) +HHF +Hvib, (2)

here, the eigenenergies of the first three terms, as func-

tions of
∣∣∣R⃗∣∣∣, represent the potential energy curves (PECs)

under the Born–Oppenheimer approximation. Figure 1
illustrates the structure of ULRMs and the angular mo-
menta associated with these three types of interactions.
The final term represents the vibrational energy of UL-
RMs, which is directly linked to their vibrational spec-
tra, i.e., the most direct method currently available for
observing these molecules.
In Eq. (2), H0(r⃗) includes the kinetic and potential

energy of the Rydberg electron in the ionic core field.
The eigenenergies of alkali-metal Rydberg states are

Enlj = −
1

2(n− δnlj)2
, (3)
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where n, l, and j are the principal, orbital, and total
angular momentum quantum numbers, respectively, and
δnlj is the quantum defect [31].
The hyperfine interaction of the ground-state atom is

HHF = A, I⃗ · s⃗ ∗ 2, (4)

where I is the nuclear spin and s2 = 1/2 is the electron
spin. The corresponding hyperfine energies are

E ∗HF =
A

2
[F (F + 1)− I(I + 1)− s2(s2 + 1)] , (5)

with F = |I⃗ + s⃗2|. For 87Rb and 133Cs, I = 3/2 and
7/2, respectively, and the hyperfine constants are A =
3417 MHz and 2298 MHz, respectively.

X+

r

R

l

s1j
s1

s2

S L
J

Y+

(a)
(b)

s2
I

F
(c)

Figure 1. Schematic illustration of the angular momen-
tum in ULRMs. The green, blue, and black spheres represent
the atomic core of the Rydberg atom, the atomic core of the
ground-state atom, and electrons, respectively. The green
and blue dashed lines indicate the orbitals of the Rydberg
and ground-state electrons. The right panel provides an mag-
nified view of the local region near the ground-state atom.
(a) Interaction within an isolated Rydberg atom, involving
the orbital angular momentum l, the Rydberg electron spin
s1, and their coupling into the total angular momentum j.
(b) Scattering interaction between the Rydberg electron and
the ground-state atom, characterized by the orbital angular
momentum L of the Rydberg electron relative to the ground-
state atom, the electron spins s1 and s2, the total spin S,
and the total angular momentum J . (c) Hyperfine interac-
tion of the ground-state atom, resulting from the coupling of
the ground-state electron spin s2 and the nuclear spin I to
form the total angular momentum F .

For the second term Vea(R⃗− r⃗), following the approach
of Fermi [32] and Omont [33], this interaction is modeled
using a zero-range pseudopotential, and the s-wave and
p-wave representations are given by [1, 34]:

Vp = 2πas(k) δ(r⃗ − R⃗) + 6πa3p(k)
←
∇δ(r⃗ − R⃗)

→
∇, (6)

here, a2L+1
L (k) is the scattering length or scattering vol-

ume of ground-state atom for s-wave (L = 0) or p-wave
(L = 1), which play a crucial role in determining the
strength of the electron–atom interaction. These quan-
tities are related to the scattering phase shifts δs(k) and

δp(k) of a free electron with wave number k scattering off
the ground-state atom (the Rydberg electron is viewed
as a free electron in this context), via the relations:

as(k) = −
tan(δs(k))

k
, a3p(k) = −

tan(δp(k))

k3
, (7)

the phase shifts δs(k) and δp(k) are typically obtained
through theoretical calculations calibrated by experimen-
tal data [35–37]. Furthermore, the wavenumber k of the
Rydberg electron is expressed in semiclassical form as

k(r) =

√
2

(
Enlj +

1

r

)
, (8)

which follows from energy conservation [33]. The scat-
tering phase shift is determined by the long-range polar-
ization potential, which leads to the Wigner threshold
behavior δ ∝ k2 as k → 0. In contrast, the Omont pseu-
dopotential model assumes a short-range interaction, re-
sulting in δ ∝ k3. Consequently, the ratio k2/k3 that
appears in the effective scattering volume diverges in the
low-energy limit. To regularize this divergence, we intro-
duce a cutoff parameter kmin in our numerical implemen-
tation [31]. Different cutoff values are typically chosen for
s-wave and p-wave scattering, with the cutoff for p-wave
scattering set smaller to reflect its stronger low-energy
divergence. This regularization procedure is physically
justified, as the limit k → 0 corresponds to an infinitely
extended electronic wave function. The introduction of
kmin ensures numerical stability while maintaining the
physical reliability of the results.
The scattering phase shifts discussed above are cat-

egorized into only the s-wave and p-wave components,
corresponding to angular momentum values L = 0 and
L = 1 of the Rydberg electron relative to the ground-
state atom. However, these classifications neglect the
total angular momentum J resulting from the coupling
of L with the total electronic spin S. In practice, the
scattering channels corresponding to different J values
exhibit notable differences. Khuskivadze et al. first in-
troduced J-dependent scattering phase shifts into the
theoretical framework using a Green’s function formal-
ism [35]. Later, Eiles et al. proposed a more tractable
method that enables efficient diagonalization. Upon per-
forming the coupling and decoupling of the relevant angu-
lar momenta, and choosing the internuclear axis as the
quantization axis, the Fermi pseudopotential takes the
following form [38]:

Vp = δ(R⃗− r⃗)
∑
LSJ

∑
Ω

∑
ML,M ′

L

A(SLJ, k)CJΩ
LML,S(Ω−ML)

×CJΩ
LM ′

L,S(Ω−M ′
L)

←
∇(L)

ML
|S(Ω−ML)⟩

→
∇(L)

M ′
L
⟨S(Ω−M ′L)| ,

(9)
here, Ω denotes the projection of the total angular mo-
mentum J onto the internuclear axis, and A(SLJ, k) =
(2L+ 1) 2π a(SLJ, k),
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where a(SLJ, k) denotes the energy-dependent scat-
tering length (or scattering volume, depending on the
partial wave). The coefficient CJΩ

LML, S(Ω−ML) is the Cleb-

sch–Gordan coefficient describing the angular momentum
coupling, and |S(Ω−ML)⟩ represents the spin state re-
sulting from the coupling of the two electron spins. The
summation is carried out over all physically allowed com-
binations of L, S, and J , each corresponding to a distinct
scattering channel. For L = 0, the relevant channels are
1S0 and 3S0; for L = 1, they include the 1P1 and 3P0,1,2

channels. As noted earlier, higher partial waves are ne-
glected due to the low-energy nature of the Rydberg elec-
tron scattering process.

B. Construction of the Hamiltonian Matrix

To obtain the PECs of ULRMs, a general procedure in-
volves diagonalizing the molecular Hamiltonian at each
internuclear distance R in a suitable basis. The result-
ing eigenvalues, treated as functions of R, define the
PECs of the ULRMs. Within the framework of the
Born–Oppenheimer approximation, the nuclear motion is
treated separately from the electronic dynamics. There-
fore, the vibrational kinetic energy of the two nuclei cor-
responding to the last term in Eq. 2 is neglected at this
stage. With this simplification, the problem reduces to
solving the electronic Hamiltonian for fixed R, which re-
quires an appropriate choice of basis states. A natural
and efficient basis consists of the direct product states
|nljmj⟩ ⊗ |ms2 ,mi2⟩, where |nljmj⟩ are the eigenstates
of the Rydberg atom including fine-structure effects, and
|ms2 ,mi2⟩ are the eigenstates of the ground-state atom’s
electron and nuclear spins. Furthermore, since only par-
tial waves with L = 0 and L = 1 are considered in the
scattering process, the magnetic quantum number ML

takes values of 0 or ±1. Given that ML = ml, it is suf-
ficient to include only the basis states with ml = 0,±1,
i.e., those states in |nljmj⟩ with |mj | ≤ 3/2. The Ryd-
berg eigenstates |nljmj⟩ are expressed as two-component
spinor wave functions of the form:

Ψnljmj (r⃗) =
∑
m,ms

C
jmj

lml,sms
Rnlj(r)Ylml

(r⃗) |ms⟩ , (10)

where C
jmj

lml,sms
are the Clebsch–Gordan coefficients that

couple the orbital and spin angular momenta, Rnlj(r)
denotes the radial wave function, and Ylml

(r⃗) represents
the spherical harmonic function. The radial wave func-
tions of alkali-metal atoms are obtained using the ARC
package [39]. The spin state |ms⟩ refers to the spin pro-
jection of the Rydberg electron. The state of the ground-
state atom is represented by the product state |ms2 ,mi2⟩,
where ms2 and mi2 are the projections of the electron
spin and nuclear spin, respectively. Therefore, the prod-
uct basis |ms2 ,mi2⟩ spans a Hilbert space of dimension
8 (16) for 87Rb (133Cs).

In Eq. (2), H0 represents the Hamiltonian of the iso-
lated Rydberg atom. It is diagonalized in the chosen

basis states and is expressed as:

⟨β|H0(r⃗)|α⟩ = ⟨n′l′j′m′j |H0(r⃗)|nljmj⟩
· ⟨m′s2m

′
i2 |ms2mi2⟩ = δαβEnlj ,

(11)

here, |α⟩ and ⟨β| are shorthand notations for the states
|nljmj⟩ ⊗ |ms2mi2⟩ and ⟨m′s2m

′
i2
| ⊗ ⟨n′l′j′m′j |, respec-

tively.
In Eq. (2), HHF denotes the hyperfine interaction op-

erator of the ground-state atom. Its eigenstates are the
total spin states |FmF ⟩, hence it is not fully diagonal in
the chosen basis. By using CG coefficients, the uncou-
pled basis states |ms2 ,mi2⟩ can first be expanded into
coupled states, and then the matrix elements are calcu-
lated accordingly. This is expressed as:

⟨β|HHF |α⟩ = ⟨n′l′j′m′j |nljmj⟩ · ⟨m′s2m
′
i2 |AI⃗ · s⃗2|ms2mi2⟩

=
A

2
δ(n′l′j′mj)(nljmj)

∑
FMF

CFMF
ms2 ,mi2

CFMF

m′
s2

,m′
i2

· [F (F + 1)− I(I + 1)− s2(s2 + 1)] .
(12)

In Eq. (2), Vea(R⃗) is represented by the Fermi pseu-
dopotential Vp, whose explicit form is given in Eq. (9).
The matrix elements of Vp can therefore be written as:

⟨β|VP |α⟩ = δ(R⃗− r⃗)
∑
LSJ

∑
Ω

∑
ML,M ′

L

A(SLJ, k)

×CJΩ
LML, S(Ω−ML)C

JΩ
LM ′

L, S(Ω−M ′
L)

×
〈
β
∣∣∣←−∇(L)

ML

∣∣∣S(Ω−ML)
〉〈

S(Ω−M ′L)
∣∣∣−→∇(L)

M ′
L

∣∣∣α〉 .

(13)

Following the method of Eiles et al., we introduce the
symbol Q to denote which is defined as [38]:

Qnlj
LML

(R) = δm,ML

[
∇⃗L

(
ϕnljm(R⃗)

)]L
ML

,

where Qnlj
00 (R) = Rnlj(R)

√
2l + 1

4π
,

Qnlj
10 (R) =

√
2l + 1

4π
∂RRnlj(R),

Qnlj
±1 (R) =

Rnlj(R)

R

√
(2l + 1)(l + 1)l

8π
, l > 0.

(14)

here, ϕnljm(R⃗) = Rnlj(r)Ylm(r⃗). Next, by substituting
the full forms of |α⟩ and ⟨β| into Eq. (13), we obtain:〈
S(Ω−M ′L)

∣∣∣∇̄(L)
M ′

L

∣∣∣α〉 =
∑
ms1

δM ′
L(mj−ms1

) C
jmj

l(mj−ms1
), s1ms1

×Qnlj
LM ′

L
⟨S(Ω−M ′L)|ms1ms2⟩|mi2⟩ ,

(15)〈
β
∣∣∣∇̄(L)

ML

∣∣∣S(Ω−ML)
〉
=

∑
m′

s1

δML(m′
j−m′

s1
) C

j′m′
j

l′(m′
j−m′

s1
), s′1m

′
s1

×Qn′l′j′

LML

〈
m′s1m

′
s2

∣∣S(Ω−ML)
〉 〈

mi′2

∣∣ .
(16)
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By substituting Eq. 15 and Eq. 16 into Eq. 13, we
obtain the complete matrix elements of the Fermi pseu-
dopotential. Finally, by adding Eq. 11, Eq. 12, and Eq.
13, we obtain the full Hamiltonian matrix.

However, a rough estimation reveals that when the
principal quantum number n is around 30, the num-
ber of basis states can reach up to 104. This leads to
a large matrix, and diagonalization at each internuclear
distance R makes cost reduction essential. An important
consideration is that the total magnetic quantum num-
ber, Ω = mj +ms2 +mi2 , is a good quantum number of
the system. As a result, the Hamiltonian matrix has a
block-diagonal structure, where each block corresponds
to a fixed value of Ω. This implies that the matrix ele-
ments satisfy ⟨α|H|β⟩ ∝ δΩαΩβ

, and thus the full diag-
onalization is reduced to the diagonalization of smaller
submatrices. Consequently, the computational cost is
significantly reduced by diagonalizing each block inde-
pendently.

C. Vibrational Energy Levels of Diatomic ULRMs

By diagonalizing the matrix constructed above, we can
obtain the PECs of the ULRMs. However, the atomic nu-
clei are not stationary; instead, they undergo vibrational
motion within these PECs. This motion is described by
the fourth term in Eq. (2), which corresponds to the
nuclear vibrational energy. The vibrational energy lev-
els and wave functions are calculated within the frame-
work of the Born–Oppenheimer approximation. In the
center-of-mass frame of the Rydberg and ground-state
atoms, the vibrational dynamics of the ULRMs are mod-
eled as the motion of a single particle with reduced mass
µ = m1m2/(m1 +m2), where m1 and m2 denote the
masses of the Rydberg and ground-state atoms, respec-
tively. The quantum dynamics of this effective particle
moving in the PEC is governed by the Schrödinger equa-
tion [40]:

[
−∇

2
R

2µ
+ U(R)

]
χv(R) = Evχv(R), (17)

where U(R) represents the calculated PECs, and Ev and
χv(R) denote the vibrational energy and wave function
associated with vibrational quantum number v, respec-
tively. The electron mass is set to 1, and the masses
of 87Rb and 133Cs are taken to be 158432 and 242282,
respectively. The vibrational Schrödinger equation is
solved numerically using the finite difference method
(FDM), which discretizes the coordinate space into a grid
and approximates the derivatives using finite differences.
This approach transforms the differential equation into
a matrix eigenvalue problem, enabling efficient and ac-
curate computation of vibrational energy levels and cor-
responding nuclear wave functions. The resulting vibra-
tional spectra and wave functions are illustrated in Fig. 2.

D. Theoretical Extension to Polyatomic ULRMs

While initial research focused on diatomic ULRMs,
Gaj et al. demonstrated the formation of polyatomic
molecules where an nS Rydberg atom simultaneously
captures multiple ground-state atoms [15]. Their work
confirmed that, due to the isotropy of the nS Rydberg
wavefunction and the negligible interactions among the
captured ground-state atoms, the binding energies are
additive. Building on this independent perturber ap-
proximation, we extend the theoretical framework to pre-
dict the spectra of polyatomic heteronuclear ULRMs in
ultracold Rb and Cs mixtures. Our calculation targets
the vibrational ground states within the outermost deep
potential wells of the molecular PECs, as these states
typically possess the largest Franck-Condon factors. We
define ϵRb(ϵCs) as the fundamental binding energies of
a single ground-state Rb(Cs) atom bound to a specific
central Rydberg core, respectively. Consequently, for a
polyatomic ULRM consisting of a central Rydberg atom,
nRb ground-state Rb atoms, and nCs ground-state Cs
atoms, the total spectral shift ∆E(nRb, nCs) relative to
the atomic Rydberg line is given by:

∆E(nRb, nCs) = nRb · ϵRb + nCs · ϵCs. (18)

By applying this additivity rule to both Rb and Cs cen-
tered Rydberg systems, we systematically calculate the
energy levels for various polyatomic configurations, es-
tablishing a theoretical framework to interpret the spec-
tral features presented in the following sections.

III. RESULT

A. Diatomic heteronuclear ULRMs

As shown in Eq. (9), the scattering length of the
ground-state atom plays a pivotal role in determining the
bond strength of molecules, while the properties of the
Rydberg atom govern the energy level structure of these
molecules. Consequently, when ULRMs are formed by
two different atomic species, heteronuclear ULRMs can
exhibit a broader range of physical properties. As dis-
cussed in Sec. I, heteronuclear ULRMs have been ex-
tensively studied both experimentally and theoretically.
However, a detailed comparison of the vibrational energy
levels in the outermost potential wells between homonu-
clear and heteronuclear ULRMs is still lacking.
The PECs for the 37S Rydberg state, along with the

corresponding vibrational energy levels and wave func-
tions of heteronuclear Rydberg molecules, are shown in
Fig. 2. Figure 2 shows that, regardless of the atomic
species involved, all PECs feature both shallow and deep
potential wells. This structure arises from the singlet-
triplet character induced by spin coupling between the
Rydberg and ground-state electrons. The shallow wells
correspond to singlet-triplet mixed states (total spin S =
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Figure 2. Vibrational energy levels and wave functions in the outermost potential wells of (37S1/2, F = 1 or 3,Ω = 0.5) ULRMs.
(a)–(d) Outermost potential wells for Rb∗Rb, Rb∗Cs, Cs∗Rb, and Cs∗Cs ULRMs, respectively, where the asterisk (∗) denotes
the Rydberg atom. In contrast to panels (a)–(c), where only the ground vibrational state (v = 0) is shown for each potential
well, panel (d) explicitly illustrates two vibrational states, v = 0 and v = 1, supported by the potential well. All potential energy
curves are plotted relative to the asymptotic atomic energy levels of the corresponding (37S1/2, F = 1 for Rb or F = 3 for Cs)
state, where the hyperfine quantum number F corresponds to the ground-state atom. Horizontal thin lines indicate the
vibrational energy levels, with the corresponding vibrational wave functions shown as identically colored curves. The outermost
molecular potential wells split into two components due to hyperfine interactions: a deep well primarily associated with the
spin-triplet state and a shallow well arising from a singlet–triplet mixed state. (Note: The deep well for Cs∗Cs is not shown.)

0 and S = 1), while the deep wells are associated with
the triplet state (S = 1) [38, 41]. Moreover, when the Cs
atom acts as the Rydberg atom, the large quantum defect
δs = 4.05 [42] for the S-state leads to a near-degeneracy
between the nS state and the (n− 4)l states with l > 2.
This near-degeneracy results in strong coupling, which
significantly deepens the outermost potential wells com-
pared to those associated with Rb Rydberg atoms. Fi-
nally, when Cs serves as the ground-state atom, both the
shallow and deep potential wells are further deepened,
indicating stronger interactions in heteronuclear configu-
rations involving Cs. The increased well depths allow for
the formation of a greater number of bound vibrational
states.

The vibrational ground-state energy levels of the four
types of ULRMs, as functions of the principal quantum
number n, are shown in Fig. 3. It is evident that, for all

values of n, replacing the ground-state atom from Rb to
Cs consistently leads to lower vibrational energy levels,
indicating a stronger binding interaction. To elucidate
the effect of replacing the Rydberg atom from Rb to Cs,
we further analyze the power-law dependence of these vi-
brational levels on the effective principal quantum num-
ber n∗ = n − δ, using the fitting relation |Eb| = a(n∗)b.
For the shallow potential wells, the fitted exponents are
b = −6.82 for Rb∗Rb and b = −7.80 for Cs∗Rb molecules,
indicating that the vibrational levels of Cs∗Rb change
more rapidly with increasing n than those of Rb∗Rb. As
a result, although the vibrational levels of Cs*Rb are
lower at small n, they gradually approach those of Rb*Rb
at larger n. This trend can be attributed to the evolu-
tion of the Cs atomic energy structure with increasing n,
which weakens the coupling strength between the Cs S
state and high-l states, thereby significantly influencing
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the potential well depth and the resulting vibrational lev-
els. Similar trends are also observed in the deep potential
wells, with fitted exponents of b = −6.41 for Rb∗Rb and
b = −8.28 for Cs∗Rb. These results demonstrate that
the choice of Rydberg and ground-state atomic species
systematically governs the vibrational properties of the
molecules, representing a universal feature of such UL-
RMs.

From an experimental perspective, we predict that in
an ultracold two-species atomic gas composed of Rb and
Cs, all four types of heteronuclear ULRMs are formed si-
multaneously if the Rb and Cs atoms are independently
excited to their respective Rydberg states using two dis-
tinct lasers, with the excitation frequencies scanned near
resonance.

B. Polyatomic heteronuclear ULRMs

Based on the calculations presented in Fig. 2, we ana-
lyze the spectral characteristics of polyatomic heteronu-
clear ULRMs by applying the additivity rule defined in
Eq. (18). For the 37S1/2 Rydberg state, the fundamental
binding energies in the outermost deep potential wells are
determined as ϵRb(ϵCs) = −15.9(−30.6) MHz for the Rb-
centered system, while for the Cs-centered system, they
are ϵRb(ϵCs) = −48.4(−71.5) MHz. By utilizing these
dimer energies, we obtain the polyatomic energy levels
illustrated in Fig. 4. As the formation of polyatomic
molecules requires high-density atomic clouds to capture
multiple ground-state atoms, our analysis focuses on con-
figurations where the total number of ground-state atoms
nRb + nCs ≤ 4.

In Fig. 4, the atomic configurations (nRb, nCs) are
labeled alongside each spectral line. A significant fea-
ture of these heteronuclear spectra is the emergence of
near-degeneracy among different configurations. In the
Rb-centered system (upper panel), the binding energy of
a ground-state Cs atom is approximately twice that of
a ground-state Rb atom (ϵCs ≈ 2ϵRb). Consequently,
replacing one Cs atom with two Rb atoms results in
nearly identical total energy shifts, leading to quasi-
degenerate configurations such as (nRb = 3, nCs = 0) and
(1, 1). Other degenerate clusters include (0, 2), (2, 1), and
(4, 0), among others. For the Cs-centered system (bot-
tom panel), a different ratio of 2ϵCs ≈ 3ϵRb is observed at
n = 37, making configurations such as (nRb = 3, nCs = 0)
and (0, 2) nearly degenerate.
These degeneracy patterns are sensitive to the princi-

pal quantum number n. For the 38S1/2 state, the calcu-
lated fundamental binding energies shift to ϵRb = −13.2
MHz and ϵCs = −25.3 MHz for the Rb core, and ϵRb =
−37.8 MHz and ϵCs = −46.8 MHz for the Cs core. While
the relationship ϵCs ≈ 2ϵRb remains approximately valid
for the Rb-centered system at n = 38, the 2ϵCs ≈ 3ϵRb

condition for the Cs-centered system no longer holds.
This demonstrates that the specific degeneracy behavior
observed at n = 37 depends on the n-scaling of the inter-
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Figure 3. Vibrational ground-state energies of the outermost
potential wells for four types of ULRMs (Ω = 0.5), including
both shallow (dashed curves) and deep (solid curves) poten-
tial wells. Circles, squares, triangles, and diamonds represent
Rb∗Rb, Rb∗Cs, Cs∗Rb, and Cs∗Cs molecules, respectively.
The data spans principal quantum numbers from n = 35 to
n = 41. Cs∗Cs molecules are not shown for n = 35 and
36 due to their extremely deep potential wells, arising from
an almost integer-valued quantum defect (δ = 4.05). Curves
depict power-law fits |Eb| ∝ (n∗)b with n∗ = n − δ. The fit-
ted exponents b for shallow wells are −6.82 (Rb∗Rb), −6.53
(Rb∗Cs), −7.80 (Cs∗Rb), and −11.60 (Cs∗Cs, n ≥ 37). For
deep wells, b = −6.41 (Rb∗Rb), −6.37 (Rb∗Cs), and −8.28
(Cs∗Rb).

actions and is not a universal feature across all Rydberg
states.

As the number of ground-state atoms increases, the
vibrational spectra become increasingly congested, with
several polyatomic species appearing within a window of
only a few MHz. While these configurations are theo-
retically distinct, their experimental resolution requires
careful consideration of laser linewidths and molecular
identification strategies, which will be elaborated in Sec-
tion IV.
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Figure 4. Binding energies of polyatomic ULRMs in Rb-Cs
mixtures for the 37S1/2 state with F = 1, 3 and Ω = 0.5.
The top (bottom) panel shows molecules formed by an ex-
cited Rb∗ (Cs∗) atom and N ground-state atoms. The bind-
ing energies are plotted as a function of the total number of
ground-state atoms N = nRb + nCs. Each level corresponds
to a specific atomic composition labeled by (nRb, nCs), indi-
cating the numbers of ground-state Rb and Cs atoms, respec-
tively. Color-coding denotes the number of ground-state Rb
atoms to clearly distinguish the compositional dependence of
the binding energy for a fixed total atom number N .

IV. DISCUSSION

A. Model Validity and Limitations

In this work, we focus on the vibrational spectra of di-
atomic heteronuclear ULRMs. However, we have not yet
considered the effects of external electric fields, which are
known to significantly influence the structure and stabil-
ity of Rydberg molecules. Future investigations may in-
corporate such effects to explore field-induced dipole mo-
ments and possible alignment mechanisms. In addition,
for Rydberg states with higher angular momentum, such
as p, d, or even high-ℓ (ℓ > 2) states, the anisotropic na-
ture of their electronic wavefunctions can lead to energy
shifts in polyatomic heteronuclear Rydberg molecules
that are not simply integer multiples of the correspond-
ing diatomic shifts. This nontrivial behavior presents an-
other interesting direction for future research. Our cal-
culations are based on the Fermi pseudopotential model,
which approximates the short-range electron-atom inter-

action by a zero-range δ-function potential. While this
approach allows for the inclusion of fine and hyperfine
structure effects, it remains an approximate method. In
particular, it suffers from a known limitation in the treat-
ment of p-wave scattering, where the scattering volume
diverges at specific values of the electron momentum k,
leading to unphysical behavior in the potential energy
curves. To overcome these issues, Greene et al. have
developed a nonperturbative Green’s function descrip-
tion of the electronic eigenstates in Rydberg-ground state
diatomic molecules [43]. This method incorporates, in
principle, all spin-dependent interactions in addition to
the basic Coulombic Hamiltonian. It avoids the use of
a pseudopotential altogether and naturally circumvents
the divergences associated with p-wave shape resonances.
Moreover, the approach is fully energy-consistent, en-
abling more accurate determination of potential energy
curves and rovibrational spectra. Other theoretical ef-
forts to compute have also been proposed, including two-
electron R-matrix calculations [44] and generalized local
frame-transformation theory [45]. However, these meth-
ods have yet to be extended to incorporate the complete
set of spin-orbit and hyperfine interactions, and doing so
remains a significant challenge.

B. Discrimination of Degenerate Polyatomic
Molecular Configurations

For the formation of polyatomic molecules, it is suf-
ficient that the atomic density is high enough for mul-
tiple ground-state atoms to be simultaneously located
within the Rydberg electron orbit. Under resonant ex-
citation conditions, polyatomic Rydberg molecules can
then be formed [15]. As discussed in the previous sec-
tion, although the binding energies of polyatomic het-
eronuclear molecules are theoretically discrete, the typ-
ical level spacing of approximately 1 MHz is difficult to
resolve experimentally with current spectral linewidths.
This limitation can be partially mitigated by controlling
the atomic densities of Rb and Cs, which enables selective
enhancement of signals associated with different molecu-
lar configurations.
As an illustrative example, the theoretical analysis

shows that the Rb∗RbCs and Rb∗Rb3 configurations are
nearly degenerate (see Fig. 4). However, the formation of
Rb∗Rb3 requires four Rb atoms and, in the nonsaturated
photoassociation regime, its signal strength is therefore
expected to scale with the fourth power of the Rb atomic
density [26]. In contrast, the Rb∗RbCs molecule con-
sists of two Rb atoms and one Cs atom, and its signal
strength scales quadratically with the Rb density and lin-
early with the Cs density. Based on these distinct scaling
behaviors, three complementary experimental strategies
can be employed to distinguish the near-degenerate con-
figurations: (1) by comparing spectra obtained with and
without trapping Cs atoms, since in the absence of Cs
only Rb∗Rb3 molecules can be formed; (2) by fixing the
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Rb density and gradually increasing the Cs density, which
leads to a corresponding enhancement of the Rb∗RbCs
signal; (3) by fixing the Cs density while varying the Rb
density, where the Rb∗Rb3 signal exhibits a quartic de-
pendence on the Rb density, whereas the Rb∗RbCs signal
shows only a quadratic dependence.

Furthermore, upon ionization, Rb∗Rb3 molecules pre-
dominantly decay into stable Rb+ and Rb+2 ions, which
appear as two distinct groups in the time-of-flight spec-
trum due to their different mass-to-charge ratios under
electric-field acceleration [46]. In contrast, the ionization
of Rb∗RbCs molecules, in addition to producing Rb+

and Rb+2 ions, may also lead to the formation of het-
eronuclear molecular RbCs+, thereby providing at least
three distinct features in the time-of-flight spectrum.

Finally, the application of an external electric field pro-
vides an additional means of discrimination. Since differ-
ent molecular configurations possess different permanent
electric dipole moments, their energy levels exhibit dis-
tinct shifts due to the Stark effect [2, 3]. This difference
in Stark shifts can therefore be used as an independent
method to distinguish between various molecular config-
urations.

SUMMARY

In summary, we have theoretically studied the forma-
tion and vibrational spectra of heteronuclear ULRMs in
ultracold Rb and Cs gases. Our analysis focuses on both
diatomic and polyatomic configurations involving 37S
Rydberg states. To model these systems, we construct
molecular Hamiltonian that incorporate s- and p-wave
electron–atom scattering within the Fermi pseudopoten-
tial framework, including spin-orbit and hyperfine inter-
actions of the ground-state atoms. By diagonalizing the
resulting adiabatic Hamiltonian on a grid of internuclear
distances, we obtain PECs for various molecular states.
The vibrational bound states are computed by numer-

ically solving the one-dimensional Schrödinger equation
using these PECs. In particular, we focus on the vi-
brational ground-state levels supported by the outermost
deep potential wells, which are expected to dominate the
observed vibrational spectra. For polyatomic ULRMs,
we predict binding energies based on additive combina-
tions of dimer energies, analyze the degeneracy of vibra-
tional levels, and discuss possible experimental schemes
to lift these degeneracies. Our theoretical predictions
may guide experimental efforts in probing heteronuclear
ULRMs and support their applications in investigating
the fundamental properties of Rydberg atoms and their
interactions with ground-state atoms, while providing a
benchmark for ab initio calculations.
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ferberth, R. Löw, T. Pfau, M. Kurz, and P. Schmelcher,
Alignment of D-state Rydberg molecules, Phys. Rev.
Lett. 112, 143008 (2014).

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.85.2458
https://www.nature.com/articles/nature07945
https://www.science.org/doi/abs/10.1126/science.1211255
https://www.science.org/doi/abs/10.1126/science.1211255
https://www.nature.com/articles/nature12592
https://www.nature.com/articles/nature12592
https://www.science.org/doi/abs/10.1126/science.1260722
https://www.nature.com/articles/s41467-023-43818-7
https://www.nature.com/articles/ncomms12820
https://www.nature.com/articles/ncomms12820
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.112.143008
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.112.143008


10

[9] F. Hummel, C. Fey, and P. Schmelcher, Alignment of s-
state Rydberg molecules in magnetic fields, Phys. Rev.
A 99, 023401 (2019).

[10] S. T. Rittenhouse and H. Sadeghpour, Ultracold gi-
ant polyatomic Rydberg molecules: coherent control
of molecular orientation, Phys. Rev. Lett. 104, 243002
(2010).

[11] S. T. Rittenhouse, M. Mayle, P. Schmelcher, and
H. Sadeghpour, Ultralong-range polyatomic Rydberg
molecules formed by a polar perturber, J. Phys. B: At.,
Mol. Opt. Phys. 44, 184005 (2011).
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