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We introduce a single real-valued functional I(n⃗1, n⃗2), built from four three-qubit correlation
expectation values, that turns the Greenberger–Horne–Zeilinger (GHZ) algebraic paradox into a
quantitative witness of genuine tripartite entanglement. We prove that for every three-qubit state
ρ and every pair of measurement directions |I(n⃗1, n⃗2; ρ)| ≤ 2, with the bound saturated if and
only if n⃗1 ⊥ n⃗2 and ρ is locally unitarily equivalent to the GHZ state. We obtain a closed-form
expression for I(x̂, ŷ) on the five-parameter Aćın canonical family of three-qubit pure states; it
depends only on the product λ0λ4 and is maximised when λ0 = λ4 = 1/

√
2. For the W state

we show that I(x̂, ŷ) = 0 and that maxn⃗1,n⃗2 |IW| = 35/27 ≈ 1.296, strictly below the GHZ value.
Maximising the underlying correlation structure over independent local orthonormal frames on the
three parties yields a manifestly local-unitary (LU) invariant quantity EGHZ(ρ) ∈ [0, 1] that equals
one if and only if ρ is LU equivalent to the GHZ state, takes the value 35/54 ≈ 0.648 on the
W state, and is bounded by 1/2 on all biseparable and fully separable states; it is therefore a
local-frame-independent indicator of GHZ-type genuine tripartite correlation, obtainable from four
three-body Pauli correlators alone. We relate EGHZ to GHZ fidelity witnesses, analyse its behaviour
under local operations and classical communication, and delimit what it does and does not certify
about genuine tripartite nonlocality. We carefully delimit which properties are proven and which
(notably global convexity and the resulting genuine-multipartite-entanglement witness threshold)
are established numerically and remain open analytically. We also outline a generalisation of I
to three-qudit systems built from the Heisenberg–Weyl operators, recovering the standard qubit
construction when d = 2.

PACS numbers: 03.67.Mn, 03.65.Ud, 03.67.Ac, 02.10.Ox

I. INTRODUCTION

The Greenberger–Horne–Zeilinger (GHZ) theorem [1,
2] shows that quantum mechanics conflicts with local
realism in a deterministic way for three or more par-
ties, requiring no inequalities and no averages over runs.
A single algebraic identity relating four products of di-
chotomic outcomes is enough to produce a contradic-
tion [3–5]. Although the qualitative content of this iden-
tity is celebrated, the quantitative question how strongly
does a given state ρ exhibit GHZ-type correlations? has
remained somewhat scattered across the literature, with
answers expressed through Mermin polynomials, fideli-
ties with |GHZ⟩, the three-tangle [6], or convex-roof ex-
tensions of various entanglement monotones [7]. Quanti-
tative studies in concrete physical settings—for instance
the evolution of the entanglement of three-particle en-
tangled states in the Tavis–Cummings model [8], or en-
tropic entanglement measures for two-qubit mixed states
based on the negativity of the quantum conditional en-
tropy [9]—illustrate how strongly the answer depends on
the functional one chooses. The purpose of this paper
is to formulate and analyse a single functional I(n⃗1, n⃗2)
that

(i) exactly reproduces the GHZ algebraic paradox
when n⃗1 = x̂, n⃗2 = ŷ;

(ii) satisfies a tight upper bound, |I| ≤ 2, that is uni-
versal across all three-qubit states;

(iii) saturates this bound only on the GHZ orbit under
local unitaries, thereby providing a witness of GHZ-
type genuine tripartite entanglement;

(iv) admits closed-form evaluation on canonical state
families (Aćın form, W class, biseparable states);
and

(v) extends naturally from qubits to qudits.

Position with respect to prior work. Our quantity sits
at the intersection of three lines of research. First, in
contrast to the standard Mermin polynomial [3–5, 10]
and its genuine-tripartite refinement by Svetlichny and
Seevinck [11, 12], the functional I is multiplicative in the
correlators rather than linear; the algebraic identity (3)
replaces the inequality. Multiplicative Bell-type quanti-
ties have been considered abstractly by Te’eni et al. [13]
and (in quadratic form) by Uffink [14], but never spe-
cialised to the GHZ stabiliser. Second, in contrast to
the inequality-free GHZ-vs-W paradoxes of Cabello [15],
our construction yields a single LU-invariant scalar that
orders all three-qubit states on a [0, 1] scale. Third,
in contrast to the three-tangle τ3 [6], GHZ fidelity wit-
nesses [16, 17], the genuine multipartite negativity [18],
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and the GME concurrence of Ma et al. [19], our EGHZ is
non-zero on both the W class and biseparable states, with
sharp ordering EGHZ(GHZ) = 1 > EGHZ(W) = 35/54 >
1/2 ≥ EGHZ(bisep).

Notation. Three qubits live in a Hilbert space H =
C2

A ⊗ C2
B ⊗ C2

C , with state ρABC ∈ S(H). Marginals
are ρAB = TrCρ

ABC , etc. For a unit vector n⃗ ∈ R3,
the spin observable on a single qubit is σn⃗ = n⃗ · σ =
nxσx + nyσy + nzσz, with σx, σy, σz the standard Pauli
matrices. For three direction labels n⃗a, n⃗b, n⃗c we denote
the tripartite local observable

σ(n⃗a, n⃗b, n⃗c) = σn⃗a
⊗ σn⃗b

⊗ σn⃗c
, (1)

and its expectation ⟨σ(n⃗a, n⃗b, n⃗c)⟩ =
Tr[σ(n⃗a, n⃗b, n⃗c)ρ

ABC ].
The functional. For two unit vectors n⃗1, n⃗2 ∈ R3 we

define, using the short-hand Eabc ≡ ⟨σ(n⃗a, n⃗b, n⃗c)⟩,

I(n⃗1, n⃗2; ρ) = E111 − E122E212E221. (2)

The quantity I is a real-valued function of the state ρ and
the two directions; only product correlations of the spin
observables on each subsystem appear, so I is, in prin-
ciple, accessible to estimation from purely local Pauli-
string measurements, with no shared reference frame be-
tween the three parties (see Sec. III for what this does
and does not certify).

Local hidden-variable identity. For any determinis-
tic local hidden-variable (LHV) model assigning values
A(n⃗), B(n⃗), C(n⃗) ∈ {±1} to the three qubits, every reali-
sation of the underlying parameter λ obeys the algebraic
identity[︁

A(n⃗1)B(n⃗2)C(n⃗2)
]︁[︁
A(n⃗2)B(n⃗1)C(n⃗2)

]︁
×
[︁
A(n⃗2)B(n⃗2)C(n⃗1)

]︁
= A(n⃗1)B(n⃗1)C(n⃗1), (3)

because each of A(n⃗2)
2, B(n⃗2)

2, C(n⃗2)
2 equals +1. Hence

whenever the three product-correlation factors in I are
simultaneously deterministic at the LHV level, eq. (2)
forces

I(n⃗1, n⃗2)
⃓⃓
deterministic LHV

= 0, (4)

which is the standard GHZ–Mermin equality [2, 3]. For
the special case n⃗1 = x̂, n⃗2 = ŷ on the GHZ state
|GHZ⟩ = (|000⟩ + |111⟩)/

√
2, quantum mechanics gives

⟨σ(n⃗1, n⃗2, n⃗2)⟩ = ⟨σ(n⃗2, n⃗1, n⃗2)⟩ = ⟨σ(n⃗2, n⃗2, n⃗1)⟩ = −1
and ⟨σ(n⃗1, n⃗1, n⃗1)⟩ = +1, so

IGHZ(x̂, ŷ) = 1− (−1)3 = 2, (5)

manifestly violating (4). The maximal violation |I| = 2
is the algebraic essence of the GHZ paradox.

The remainder of this paper studies the functional
I quantitatively: who else can saturate the bound
(Sec. III), what value it takes on a generic three-qubit
pure state (Sec. IV), how it gives rise to a genuine tri-
partite entanglement measure (Sec. V), and how it lifts
to qudits (Sec. VI).

II. THE FOUR STABILISER-LIKE OPERATORS

It is convenient to package I(n⃗1, n⃗2) in terms of four
Hermitian observables on H:

O1 = σn⃗1
⊗ σn⃗2

⊗ σn⃗2
,

O2 = σn⃗2
⊗ σn⃗1

⊗ σn⃗2
,

O3 = σn⃗2
⊗ σn⃗2

⊗ σn⃗1
,

O4 = σn⃗1
⊗ σn⃗1

⊗ σn⃗1
.

(6)

With ei ≡ ⟨Oi⟩ρ (i = 1, . . . , 4),

I(n⃗1, n⃗2) = e4 − e1e2e3. (7)

Each Oi is unitary and Hermitian and obeys O2
i = 11,

hence |ei| ≤ 1 and |I| ≤ 2 trivially.
The algebraic structure of these operators is most

transparent in terms of the inner and cross products of
the two direction vectors, c ≡ n⃗1 · n⃗2 and m ≡ n⃗1 × n⃗2.
Using σn⃗1

σn⃗2
= c 11 + im · σ one finds the following two

key identities (proved in App. A):

[O1, O2] = 2i c
(︁
m · σ⊗11− 11⊗m · σ

)︁
⊗ 11, (8)

O1O2O3 +O4 = 2c σn⃗1
⊗ σn⃗2

⊗ σn⃗1
. (9)

Equation (9) is the operator avatar of Mermin’s iden-
tity (3): the right-hand side vanishes exactly when n⃗1 ⊥
n⃗2, in which case {O1, O2, O3, O4} commute pairwise and
satisfy the abelian relation

O1O2O3O4 = −11 (when n⃗1 ⊥ n⃗2). (10)

This is precisely the defining relation of the three-qubit
GHZ stabiliser group [20, 21] written in the locally ro-
tated Pauli basis (σn⃗1

, σn⃗2
).

III. MAXIMUM VIOLATION: A SHARP
BOUND

Our first main result completely characterises the
states and directions saturating |I| = 2.

Proposition 1 (Maximum violation). For every three-
qubit state ρ and every pair of unit vectors n⃗1, n⃗2 ∈ R3

one has

|I(n⃗1, n⃗2; ρ)| ≤ 2. (11)

Equality holds if and only if

(i) n⃗1 ⊥ n⃗2, and

(ii) ρ = |ψ⟩ ⟨ψ| is pure and a common eigenstate of
the four operators {O1, O2, O3, O4} with respective
eigenvalues ϵi = ±1 satisfying ϵ1ϵ2ϵ3 = −ϵ4.

The eight such common eigenstates form an orthonormal
basis of H, all of whose elements are connected to the
standard GHZ state |GHZ⟩ = (|000⟩+ |111⟩)/

√
2 by local

unitary transformations.
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Proof. Upper bound. Since |ei| ≤ 1, |I| = |e4 − e1e2e3| ≤
|e4|+ |e1e2e3| ≤ 2.

Necessity of |ei| = 1. Saturation |I| = 2 requires
|e1e2e3| = 1 and |e4| = 1. In particular each |ei| = 1.
For a Hermitian operator O with eigenvalues ±1 and
a normalised state ρ, |⟨O⟩ρ| = 1 forces ρ to be sup-
ported in a single eigenspace of O. Hence ρ lies in the
simultaneous ±1-eigenspace of all four Oi; in particular
every pure-state component |ψ⟩ in the support satisfies
Oi |ψ⟩ = ϵi |ψ⟩.
Necessity of n⃗1 ⊥ n⃗2. Acting (9) on a common eigen-

state yields

(ϵ1ϵ2ϵ3 + ϵ4) |ψ⟩ = 2c
(︁
σn⃗1

⊗ σn⃗2
⊗ σn⃗1

)︁
|ψ⟩ . (12)

The operator on the right is unitary with spectrum {±1},
so the right-hand side has norm exactly 2|c|. The left-
hand side has norm |ϵ1ϵ2ϵ3 + ϵ4| ∈ {0, 2}. Two cases
arise:

• If ϵ1ϵ2ϵ3 = ϵ4 then I = ϵ1ϵ2ϵ3 − ϵ4 = 0, contradict-
ing |I| = 2.

• If ϵ1ϵ2ϵ3 = −ϵ4 then the left-hand side of (12) van-
ishes, forcing c = n⃗1 · n⃗2 = 0.

Hence saturation requires n⃗1 ⊥ n⃗2 and the sign relation
ϵ1ϵ2ϵ3 = −ϵ4, equivalently ϵ1ϵ2ϵ3ϵ4 = −1, which is con-
sistent with (10).

Achievability and LU-equivalence to GHZ. For n⃗1 ⊥
n⃗2 the four operators in (6) commute and generate an
abelian group of order eight, with relation (10). Three
of them (say O1, O2, O3) are independent and have a
joint orthonormal basis of ±1 eigenstates [20]; the fourth
eigenvalue is then ϵ4 = −ϵ1ϵ2ϵ3. Hence I = ϵ4 − ϵ1ϵ2ϵ3 =
−2ϵ1ϵ2ϵ3 = ±2 on each of the eight common eigenstates.

When n⃗1 = x̂, n⃗2 = ŷ this basis is the textbook GHZ
basis

1√
2

(︁
|ijk⟩ ± |̄ij̄k̄⟩

)︁
, i, j, k ∈ {0, 1}, (13)

where 0̄ = 1, 1̄ = 0. All eight states in (13) are LU-
equivalent to |GHZ⟩ via local Pauli flips and phase gates.
For arbitrary orthogonal (n⃗1, n⃗2) the joint basis is the
image of (13) under the local unitary U⊗3 that sends
(x̂, ŷ) to (n⃗1, n⃗2), and is therefore again LU-equivalent to
|GHZ⟩.

Bell-type interpretation. Proposition 1 is more than
a Cirel’son-type bound [22]: the LHV identity (4) pre-
dicts I = 0 whereas quantum mechanics achieves |I| = 2
exactly on the GHZ orbit. In other words, I(n⃗1, n⃗2)
is an equality-form GHZ witness whose violation mea-
sures how close ρ is, in the sense of stabiliser corre-
lations, to a GHZ-type state. We emphasise that the
saturation condition is sharper than what is available
for the linear Mermin operator: the closed-form upper
bound of Siddiqui and Sazim [23] for the linear functional
M3 = ⟨σxxx⟩−⟨σxyy⟩−⟨σyxy⟩−⟨σyyx⟩ involves diagonal-
isation of state-dependent correlation matrices, whereas

our multiplicative bound factorises and is achieved on the
pure GHZ orbit alone. The complementary “inequality-
free” viewpoint of Cabello [15], which produces an all-
versus-nothing separator of GHZ and W via incompatible
composite observables, parallels but does not subsume
the present quantitative witness.
Because I is built from the deterministic local-hidden-

variable identity (3), one might read |I| > 0 as evidence
of nonlocality. This reading is not warranted: eq. (4)
is an algebraic identity holding run by run for a de-
terministic value assignment, not a Bell inequality, so
|I| > 0 is not by itself a violation of a local-realistic bound
for general stochastic LHV models with shared random-
ness, and I = 0 does not certify an LHV model. The
distinction matters because for three parties entangle-
ment and nonlocality are not interchangeable: by Gisin’s
theorem every entangled pure two-qubit state violates
a Bell inequality [24], but no tripartite counterpart is
known, and Zhang et al. [25] established the equivalence
of genuine multipartite nonlocality, steering and entan-
glement only under an additional multicopy/network-
inflation assumption, leaving the single-copy question
open. Throughout, I and EGHZ quantify GHZ-type
stabiliser correlation—entanglement structure—and not
nonlocality; accordingly EGHZ(ρ) > 1/2 is (conditional,
see (P6) below) evidence of genuine tripartite entangle-
ment, and we describe EGHZ as local-frame independent
rather than device independent: the parties need share
no reference frame, but the quantity is not certified in
the Bell sense.

IV. EVALUATION ON CANONICAL PURE
STATES

We now evaluate I on prototypical three-qubit pure
states.

A. The Aćın canonical family

Up to local unitaries, every pure three-qubit state can
be brought to the Aćın canonical form [26, 27]

|Ψ⟩ = λ0 |000⟩+λ1eiφ |100⟩+λ2 |101⟩+λ3 |110⟩+λ4 |111⟩ ,
(14)

with λi ≥ 0,
∑︁

i λ
2
i = 1, and φ ∈ [0, π]. This parametri-

sation has five independent real parameters.
A direct calculation (App. B) yields

⟨σ⊗3
x ⟩|Ψ⟩ = 2λ0λ4,

(15)

⟨σxσyσy⟩|Ψ⟩ = ⟨σyσxσy⟩|Ψ⟩ = ⟨σyσyσx⟩|Ψ⟩ = −2λ0λ4,

(16)

independently of λ1, λ2, λ3, φ. Substituting in (2) we ob-
tain the closed form

I(x̂, ŷ; |Ψ⟩) = 2λ0λ4
[︁
4(λ0λ4)

2 + 1
]︁
. (17)
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Maximising |I| over the simplex {λ2i :
∑︁

i λ
2
i = 1, λi ≥

0} reduces to maximising the single product µ ≡ λ0λ4,
which by Cauchy–Schwarz is bounded by µ ≤ 1/2 with

equality iff λ0 = λ4 = 1/
√
2 and all other λi = 0. This is

precisely the GHZ state, and

|IGHZ(x̂, ŷ)| = 8 ( 12 )
3 + 2 · 1

2 = 1 + 1 = 2, (18)

in agreement with Proposition 1. The function |I(x̂, ŷ)| =
8µ3 + 2µ is monotonically increasing in µ on [0, 1/2]
[Fig. 1(a)]. In particular every state with λ0λ4 = 0 —
including all states whose Aćın form has no |111⟩ com-
ponent — gives I(x̂, ŷ) = 0. This is the case for the W
state, see Sec. IVB below.

A further consequence of (17): on the GHZ subfamily
λ1 = λ2 = λ3 = 0, φ = 0, namely |Ψ(β)⟩ = cosβ |000⟩+
sinβ |111⟩, one has λ0λ4 = 1

2 sin(2β) and hence

I(x̂, ŷ; |Ψ(β)⟩) = sin3(2β) + sin(2β), (19)

which is determined solely by the Schmidt angle and
reaches the GHZ extremum |I| = 2 at β = π/4.

Relation to the three-tangle. On the Aćın canon-
ical family the Coffman–Kundu–Wootters three-tangle
equals τ3 = 4λ20λ

2
4 [6]. Equation (17) therefore admits

the equivalent form

I(x̂, ŷ; |Ψ⟩) =
√
τ3 (τ3 + 1), (20)

exhibiting |I(x̂, ŷ)| as a strictly increasing degree-3 poly-
nomial in

√
τ3 on the canonical pure-state slice. However,

this identification is specific to the canonical form and to
the direction pair (x̂, ŷ): on a generic state, neither rep-
resentative of an LU orbit need be in Aćın form, and I
depends on (n⃗1, n⃗2). Accordingly, the invariant measure
EGHZ of Sec. V is not a function of τ3 on arbitrary states:
most strikingly, τ3(W) = 0 [6] while EGHZ(W) = 35/54
(see Sec. V below). This separation reflects that EGHZ

couples to the entire stabiliser-correlation structure of
the GHZ class, not merely to the residual hyperdetermi-
nant captured by τ3 [28].

B. The W state

The W state |W⟩ = (|001⟩ + |010⟩ + |100⟩)/
√
3 is

the representative of the W class, which is SLOCC-
inequivalent to the GHZ class [29]. Direct computation
of all 27 three-qubit Pauli correlators yields

⟨σ⊗3
z ⟩W = −1,

⟨σa ⊗ σa ⊗ σz⟩W = ⟨σa ⊗ σz ⊗ σa⟩W
= ⟨σz ⊗ σa ⊗ σa⟩W = 2

3 ,

(21)

for a ∈ {x, y}, all other components vanishing.
Special directions. With n⃗1 = x̂, n⃗2 = ŷ, every corre-

lator appearing in I vanishes by (21); therefore

IW(x̂, ŷ) = 0. (22)

By contrast, with n⃗1 = ẑ, n⃗2 = x̂ (or any n⃗2 in the x̂-ŷ
plane, by the ẑ-rotation symmetry of |W⟩) one obtains

IW(ẑ, x̂) = (−1)−
(︁
2
3

)︁3
= −1− 8

27
= −35

27
. (23)

Maximum over directions. For arbitrary orthogonal
pairs we set a3 ≡ ẑ · n⃗1, b3 ≡ ẑ · n⃗2. Using (21) together
with n⃗1 · n⃗2 = 0 and n⃗2 · n⃗2 = 1 one obtains the explicit
formula (derived in App. C)

IW(n⃗1, n⃗2) = a3
(︁
2− 3a23

)︁
− a33

(︂
2
3 − 3b23

)︂3
. (24)

A short Lagrangian analysis (App. C) shows that the
global extremum of |IW| on the constraint surface a23 +
b23 ≤ 1 is attained at (a3, b3) = (±1, 0), giving

max
n⃗1,n⃗2

|IW(n⃗1, n⃗2)| =
35

27
≈ 1.296. (25)

This is strictly less than the GHZ value 2, reflecting the
well-known fact that the W state lies outside the GHZ
class [29]. Equation (25) can therefore be regarded as a
sharp quantitative separator of the two SLOCC classes
via I. To the best of our knowledge the value 35/27 has
not previously appeared in the Mermin-functional litera-
ture: under the linear Mermin operator, recent analytical
work [23] reports max⟨M3⟩W ≈ 3.046 (out of an algebraic
ceiling of 4), while the present multiplicative functional
gives the simpler closed form (25).
A remark on orthogonal versus general settings. It is

worth emphasising a structural contrast between the lin-
ear and the multiplicative functionals. The Mermin max-
imum max⟨M3⟩W ≈ 3.046 is achieved only over general
(non-orthogonal) measurement directions; if one restricts
the two Mermin settings to be mutually orthogonal on
each party, the W state attains exactly ⟨M3⟩W = 3, and
the extra 0.046 requires tilting the settings away from or-
thogonality. We have verified both numbers numerically
(the orthogonal value 3 analytically, the general value
3.046 by multistart optimisation over unconstrained unit
vectors). Our functional I behaves oppositely: by Propo-
sition 1 its algebraic ceiling is reached exactly at orthog-
onal settings n⃗1 ⊥ n⃗2, and tilting away from orthogonal-
ity can only decrease |I| on the GHZ orbit. Thus the
GHZ paradox is most naturally a statement about or-
thogonal (maximally complementary) local bases, which
is precisely the regime singled out by the multiplicative
form.

C. Biseparable and product states

For an A|BC biseparable state ρ = ρA ⊗ ρBC , all four
expectations factorise as ⟨σ(n⃗a, n⃗b, n⃗c)⟩ = ⟨σn⃗a

⟩A · ⟨σn⃗b
⊗

σn⃗c
⟩BC . When ρA = |0⟩ ⟨0| and ρBC = |Φ+⟩ ⟨Φ+| with

|Φ+⟩ = (|00⟩ + |11⟩)/
√
2, taking n⃗1 = ẑ, n⃗2 = x̂ yields

e1 = ⟨σz⟩⟨σxx⟩ = 1 ·1 = 1, e2 = e3 = 0, e4 = ⟨σz⟩⟨σzz⟩ =
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,ŷ

)|
=

8µ
3
+

2µ

GHZ

W (canonical)

(a) Acín canonical family

GHZ W A|BC
bisep.

product
0.0

0.2

0.4

0.6

0.8

1.0

E G
H

Z
(ρ

)

1

35
54

1
2

1
2

biseparable
ceiling

(b) LU-invariant measure

FIG. 1. (a) The functional |I(x̂, ŷ)| evaluated on the Aćın canonical family (14) depends only on the product µ = λ0λ4, with
the closed form |I| = 8µ3+2µ [Eq. (17)]. The maximum value 2 is attained at µ = 1/2, the GHZ state. The W state has µ = 0
in its canonical form, giving I(x̂, ŷ) = 0. (b) The local-unitary invariant measure EGHZ of Sec. V, obtained by maximising the
correlation structure over independent orthonormal frames on the three parties, for four representative classes of three-qubit
states. The GHZ state attains the maximal value EGHZ = 1; the W state achieves 35/54 ≈ 0.648 (the independent-frame
optimisation does not exceed the aligned-frame value here, due to the permutation symmetry of |W⟩); biseparable A|BC
states and fully separable states are both bounded by, and numerically attain, 1/2. Values are obtained by multistart Powell
optimisation over 120 random initial frame triples and verified to machine precision against the exact values of Sec. V; full
numerical details are given in App. D.

1 · 1 = 1, so I = 1. Numerical optimisation over all di-
rections gives supn⃗1⊥n⃗2

|Ibisep| = 1 for the shared-frame
functional, in agreement with Proposition 1 forbidding
saturation by biseparable states. Fully separable (prod-
uct) states likewise reach at most 1. The corresponding
values of the LU-invariant measure EGHZ of Sec. V, which
optimises over independent local frames and carries an
extra factor 1/2, are EGHZ(bisep) = EGHZ(prod) = 1/2
[Fig. 1(b)]; see Sec. V and App. D for the derivation.

Random pure states. Sampling Haar-random three-
qubit pure states and numerically maximising |I| over
directions, we find sup |I| < 2 in every case; random pure
states cluster around values 0.4–1.6, consistent with the
fact that the GHZ orbit is a measure-zero subset of pure-
state space.

V. A GENUINE GHZ-TYPE ENTANGLEMENT
MEASURE

The quantitative content of Proposition 1 suggests
building a state functional by optimising |I| over mea-
surement directions. Doing this naively, however, runs
into an invariance subtlety that we now make explicit
and then resolve.

A. The aligned-frame quantity and its invariance
defect

The most direct construction reuses the same ordered
orthonormal pair (n⃗1, n⃗2) on all three parties,

E al
GHZ(ρ) =

1

2
sup

n⃗1⊥n⃗2

⃓⃓
I(n⃗1, n⃗2; ρ)

⃓⃓
, (26)

which we call the aligned-frame quantity. By Proposi-
tion 1, E al

GHZ ∈ [0, 1] and E al
GHZ(ρ) = 1 if and only if ρ

is LU equivalent to |GHZ⟩. It is, however, not invari-
ant under general local unitaries. A collective rotation
U⊗3 with U ∈ SU(2) does leave (26) unchanged, be-
cause the induced R ∈ SO(3) maps the orthonormal pair
(n⃗1, n⃗2) ↦→ (R−1n⃗1, R

−1n⃗2), again orthonormal, and the
supremum runs over all such pairs. Thus E al

GHZ is in-
variant under the diagonal subgroup {U ⊗ U ⊗ U}. Un-
der independent local unitaries UA ⊗ UB ⊗ UC the three
parties’ Pauli bases rotate by three different elements of
SO(3), which a single shared frame cannot track. Nu-
merically the violation is dramatic: for the GHZ state
one finds E al

GHZ(|GHZ⟩) = 1, but under randomly drawn
independent local unitaries the same state yields values
that scatter between roughly 0.52 and 0.67; the W state’s
aligned-frame value 0.648 likewise drops to 0.36–0.49.
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B. Independent local frames and the invariant
measure

The fix is to allow each party its own orthonormal

frame. Let (â1, â2), (b̂1, b̂2), (ĉ1, ĉ2) be orthonormal pairs
on A, B, C, and set

I⋆(â1, â2, b̂1, b̂2, ĉ1, ĉ2; ρ) = ⟨σâ1σb̂1σĉ1⟩
− ⟨σâ1σb̂2σĉ2⟩⟨σâ2σb̂1σĉ2⟩⟨σâ2σb̂2σĉ1⟩, (27)

the natural independent-frame analogue of (2) (here
σâσb̂σĉ abbreviates σâ ⊗ σb̂ ⊗ σĉ). It is governed by the
four Hermitian observables

A1 = σâ1
⊗ σb̂1 ⊗ σĉ1 , A2 = σâ1

⊗ σb̂2 ⊗ σĉ2 ,

A3 = σâ2
⊗ σb̂1 ⊗ σĉ2 , A4 = σâ2

⊗ σb̂2 ⊗ σĉ1 ,
(28)

so that I⋆ = ⟨A1⟩ − ⟨A2⟩⟨A3⟩⟨A4⟩. Because each party
contributes either a repeated vector or its orthogonal
partner, any two of the Ai differ by an anticommuting
single-qubit factor on an even number of sites; one checks
(App. D) that

[Ai, Aj ] = 0 (all i, j), A1A2A3A4 = −11. (29)

Define the local-unitary invariant measure

EGHZ(ρ) =
1

2
sup

â1⊥â2, b̂1⊥b̂2,
ĉ1⊥ĉ2

⃓⃓
I⋆(â1, â2, b̂1, b̂2, ĉ1, ĉ2; ρ)

⃓⃓
.

(30)

Proposition 2 (Identification and LU invariance). For
every three-qubit state ρ, writing V = UA ⊗ UB ⊗ UC ,

EGHZ(ρ) = max
UA,UB ,UC∈SU(2)

E al
GHZ

(︁
V ρV †)︁ , (31)

and consequently EGHZ is invariant under arbitrary local
unitaries.

Proof. Conjugating ρ by UA ⊗ UB ⊗ UC and then eval-
uating the aligned functional I(n⃗1, n⃗2) replaces each
single-qubit observable σn⃗ on party X by σRX n⃗, where
RX ∈ SO(3) is the rotation associated with UX . Thus
the aligned pair (n⃗1, n⃗2) is seen by the three parties
as (RAn⃗1, RAn⃗2), (RBn⃗1, RBn⃗2), (RC n⃗1, RC n⃗2). Since
SO(3) acts transitively on ordered orthonormal pairs, as
(UA, UB , UC , n⃗1, n⃗2) range over all values these triples of
pairs range over all triples of independent orthonormal
frames in (30). Hence the right-hand side of (31) equals
EGHZ(ρ). Invariance is immediate: the maximisation over
all local unitaries absorbs any further local unitary ap-
plied to ρ.

We can now reinstate, correctly, the saturation theo-
rem at the level of the invariant measure.

Proposition 3 (Genuine GHZ indicator). EGHZ(ρ) ∈
[0, 1] for every three-qubit state, and EGHZ(ρ) = 1 if and
only if ρ is LU equivalent to |GHZ⟩.

Proof. Each Ai is a ±1-valued Hermitian unitary, so
|⟨Ai⟩| ≤ 1 and |I⋆| ≤ |⟨A1⟩| + |⟨A2⟩⟨A3⟩⟨A4⟩| ≤ 2, giv-
ing EGHZ ≤ 1. Saturation |I⋆| = 2 forces |⟨Ai⟩| = 1
for all i, hence ρ is supported in a joint ±1 eigenspace
of the four commuting operators (29). These gener-
ate an abelian group with three independent genera-
tors (App. D), whose eight common eigenspaces are one-
dimensional and span H; on each, A1A2A3A4 = −11
gives ϵ1ϵ2ϵ3ϵ4 = −1 and I⋆ = ϵ1 − ϵ2ϵ3ϵ4 = 2ϵ1 =
±2. Thus ρ is the pure projector onto one such com-
mon eigenstate. Applying independent local rotations

that send (â1, â2), (b̂1, b̂2), (ĉ1, ĉ2) each to (x̂, ŷ) turns
{A1, A2, A3, A4} into the standard GHZ–Mermin sta-
biliser operators {σxxx, σxyy, σyxy, σyyx}, whose common
eigenbasis is the GHZ basis (13). Hence the eigenstate is
LU equivalent to |GHZ⟩, and conversely |GHZ⟩ attains
EGHZ = 1 at orthogonal frames.

C. Values on canonical states

GHZ and W. Proposition 3 gives EGHZ(|GHZ⟩) = 1.
For the W state the maximisation over independent
frames does not exceed the aligned-frame value, a conse-
quence of the permutation symmetry of |W⟩ and its in-
variance under collective rotations about ẑ: the optimum
is already realised by the aligned configuration n⃗1 = ẑ,
n⃗2 ∈ x̂-ŷ of Sec. IVB, so that

EGHZ(|W⟩) = 1
2 · 35

27 =
35

54
≈ 0.648, (32)

which we have confirmed to machine precision by
independent-frame optimisation. The strict ordering
EGHZ(GHZ) = 1 > EGHZ(W) = 35/54 persists.
Product states (exact). For a pure product state the

correlation tensor factorises, ⟨σiσjσk⟩ = aibjck with unit

Bloch vectors a⃗, b⃗, c⃗. Writing pr = a⃗·̂ar, qr = b⃗·̂br, sr = c⃗·̂cr
(r = 1, 2, p21 + p22 ≤ 1, etc.),

I⋆ = p1q1s1
(︁
1− p22q

2
2s

2
2

)︁
, (33)

whence |I⋆| ≤ |p1q1s1| ≤ 1, with equality at â1 = a⃗,

b̂1 = b⃗, ĉ1 = c⃗. Therefore

EGHZ(product) =
1
2 . (34)

Biseparable states. For A|BC biseparable ρ = ρA ⊗
ρBC let u = a⃗·â1, u′ = a⃗·â2 (with u2 + u′2 ≤ 1) and let

fjk = b̂Tj S ĉk be the relevant correlators of the two-qubit
block, where Sjk = ⟨σj ⊗ σk⟩BC . Since every singular
value of a two-qubit correlation matrix is at most one, the

2×2 array [fjk] = BTSC (with B = [b̂1, b̂2], C = [ĉ1, ĉ2])
has operator norm ≤ 1, so |fjk| ≤ 1 and f211 + f212 ≤ 1
along each row and column. Then

|I⋆| = |u f11−uu′2f22f12f21| ≤ |u| (1+u′2) ≤ 4
√
6

9
, (35)
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the last step maximising |u|(1 + u′2) over u2 + u′2 ≤ 1.
Hence

EGHZ(A|BC) ≤ 2
√
6

9
≈ 0.544 < 1, (36)

already enough to exclude biseparable states from the
maximal value. The triangle bound (36) is, however, not
tight: the four two-qubit operators entering (27) include
anticommuting pairs (for instance σb̂1σĉ1 and σb̂1σĉ2 an-

ticommute, since they share b̂1 but differ by the orthog-
onal pair ĉ1 ⊥ ĉ2), so they cannot be simultaneously ±1.
Numerically maximising EGHZ over all biseparable A|BC
states we find the sharp value

sup
ρ∈A|BC

EGHZ(ρ) =
1
2 , (37)

attained e.g. by |0⟩A ⊗ |Φ+⟩BC and coinciding with the
product-state value (34); the analytic proof of the exact
constant 1/2 remains open. The same 1/2 holds for the
B|AC and C|AB partitions by symmetry.

D. Summary of properties

Proposition 4. The functional EGHZ satisfies:

(P1) 0 ≤ EGHZ(ρ) ≤ 1;

(P2) EGHZ is invariant under arbitrary local unitaries
(Proposition 2);

(P3) EGHZ(ρ) = 1 if and only if ρ is LU equivalent to
|GHZ⟩ ⟨GHZ| (Proposition 3);

(P4) EGHZ(|W⟩) = 35/54 ≈ 0.648;

(P5) EGHZ(product) = 1/2 exactly ; EGHZ ≤ 2
√
6/9 for

every biseparable state , with sharp value 1/2 (nu-
merical);

(P6) EGHZ is conjectured convex, EGHZ(
∑︁

i piρi) ≤∑︁
i piEGHZ(ρi) (supported numerically; see below

and App. D).

We stress the status of (P6). For fixed frames the in-
tegrand |⟨A1⟩ − ⟨A2⟩⟨A3⟩⟨A4⟩| is the modulus of a lin-
ear term minus a cubic term in ρ, and is not convex:
sampling random pairs of states we find explicit mid-
point violations of fixed-frame convexity in roughly 16%
of cases. What we do observe is that the optimised
measure EGHZ behaves convexly on every mixture we
have tested: along the GHZ–W segment, for example,
EGHZ

(︁
1
2 |GHZ⟩⟨GHZ|+ 1

2 |W⟩⟨W|
)︁
≈ 0.374 lies well below

the chord value ≈ 0.824, and dips below 1/2 for balanced
mixtures. A proof (or refutation) of global convexity is
left open.

A conditional GME witness. If EGHZ is convex (P6),
then it is a genuine-multipartite-entanglement witness
above the biseparable ceiling: any state with EGHZ(ρ) >

1/2 cannot be written as a mixture of biseparable states
across the three bipartitions, since each biseparable pure
state obeys EGHZ ≤ 1/2 by (37) and convexity would ex-
tend the bound to their mixtures. We have not found a
counterexample, but absent a convexity proof we state
the GME-witness property as conditional.
Comparison with other measures. Unlike the three-

tangle τ3 [6] or the GHZ⊕W-restricted closed forms
of Eltschka et al. [28], both of which vanish on the
W class, EGHZ takes nontrivial values on the W class
and on biseparable states: it tells GHZ from W (with
EGHZ(GHZ) = 1 > EGHZ(W) = 35/54) and from bisep-
arable states (with EGHZ(bisep) ≤ 1/2 < EGHZ(W)).
In contrast to GHZ-fidelity-based witnesses FGHZ(ρ) =
⟨GHZ| ρ |GHZ⟩ [16, 17], EGHZ is constructed from local
Pauli measurements alone and, by Proposition 2, is in-
variant under arbitrary local unitaries, so it does not
depend on a choice of GHZ representative. Compared
to the genuine multipartite negativity [18] or the GME-
concurrence of Ma et al. [19], both of which involve
semidefinite-programming or convex-roof constructions,
the aligned functional E al

GHZ has a closed form on every
pure Aćın state; the invariant EGHZ trades that closed
form for an optimisation over three local frames, while re-
maining local-frame independent in the operational sense
that only spin directions, agreed locally, need be mea-
sured.

E. Relation to GHZ fidelity witnesses

The most widely used detector of GHZ-type gen-
uine multipartite entanglement is the fidelity witness
WGHZ = 1

211 − |GHZ⟩⟨GHZ|, whose expectation is
negative—certifying genuine tripartite entanglement—
precisely when FGHZ(ρ) = ⟨GHZ| ρ |GHZ⟩ > 1/2 [16, 17,
30]. Because the projector onto |GHZ⟩ is the uniform av-
erage of the eight elements of the GHZ stabiliser group,

FGHZ(ρ) =
1
8

[︂
1 + ⟨σzz11⟩+ ⟨σ11zz⟩+ ⟨σz11z⟩

+ ⟨σxxx⟩ − ⟨σxyy⟩ − ⟨σyxy⟩ − ⟨σyyx⟩
]︂
, (38)

the fidelity is assembled from exactly the same labora-
tory data as I(x̂, ŷ): the four Mermin correlators together
with the three two-body zz correlators. The two quanti-
ties nevertheless differ in three structural respects, with
different physical readings. (i) Linear versus multiplica-
tive. FGHZ is linear in ρ, hence automatically convex,
which is what makes the threshold 1/2 a rigorous witness.
Our I is a linear term minus a cubic one, and the con-
vexity of EGHZ is supported only numerically (property
(P6)). What the multiplicative form buys in exchange is
that the GHZ paradox enters as an equality (3), which
yields the sharp saturation statement of Proposition 1:
|I| = 2 holds if and only if the state lies on the GHZ
orbit, whereas FGHZ > 1/2 is a sufficient but not nec-
essary criterion. (ii) Two-body content. Equation (38)
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mixes two-body (zz) and three-body correlators, whereas
I uses three-body correlators only, so EGHZ is blind to bi-
partite correlations and can separate genuine three-body
correlation from residual two-body crosstalk in a device.
(iii) Reference-frame dependence. FGHZ is defined rela-
tive to a chosen representative |GHZ⟩ and changes under
independent local unitaries; a frame-free version requires
a maximisation over SU(2)⊗3 of the same numerical cost
as (30). By Proposition 2, EGHZ is LU invariant by con-
struction.

The resulting physical interpretations are complemen-
tary: FGHZ measures proximity in Hilbert space to
a nominated target state, while EGHZ measures how
strongly the state realises the GHZ algebraic paradox,
and the induced orderings differ accordingly. Maximised
over local unitaries, the GHZ fidelity of the W state is 3/4
(verified numerically to 10−6; note that this maximised
quantity is not itself a witness, since the threshold 1/2 ap-
plies to a fixed target state), against EGHZ(W) = 35/54 ≈
0.648. In summary, the fidelity witness is the sharper tool
when a rigorous yes/no certificate with a proven thresh-
old is wanted; EGHZ is the more informative one when the
task is to grade states on a representative-free, purely
three-body scale, requiring only four measurement set-
tings rather than seven correlators.

F. Behaviour under local operations and classical
communication

We now make precise in what sense EGHZ is, and is
not, compatible with the LOCC paradigm. By Propo-
sition 2, EGHZ is exactly invariant under the reversible
elements of LOCC (the local unitaries), and under rela-
belling of the parties, since (30) optimises over all three
frames independently.

EGHZ is, however, not an entanglement monotone.
This is not merely unproven—it fails, and for a structural
reason. A pure product state has EGHZ = 1/2 by (34),
whereas the maximally mixed state ρ = 11/8 has all cor-
relators zero and hence EGHZ = 0. Local preparation, a
legitimate LOCC operation, maps 11/8 to |000⟩⟨000| and
thereby raises EGHZ from 0 to 1/2. The obstruction is
that EGHZ does not vanish on separable states: the value
1/2 is a correlation offset carried by every product state,
not a residue of entanglement. The natural repair is to
subtract the biseparable ceiling,

G(ρ) = max{0, 2EGHZ(ρ)− 1} ∈ [0, 1], (39)

which vanishes on every pure product and pure bisepa-
rable state, equals 1 exactly on the GHZ orbit (Proposi-
tion 3), and takes the value G(|W⟩) = 2 · 35

54 − 1 = 8
27 ≈

0.296; being built from EGHZ, G is LU invariant. Whether
its convex roof is non-increasing on average under LOCC
remains an open question, left for future work.

One monotonicity statement can be made exactly. Let
Λq be the single-qubit depolarising channel, applied inde-
pendently to each of the three qubits. Every three-body

correlator is then scaled by q3, so that

EGHZ

(︁
Λ⊗3
q (ρ)

)︁
≤ q3 for every ρ. (40)

For the GHZ state the value is attained in closed form,

EGHZ

(︁
Λ⊗3
q (|GHZ⟩⟨GHZ|)

)︁
= 1

2

(︁
q3 + q9

)︁
, (41)

confirmed numerically to 10−5 over q ∈ {0.6, . . . , 1}.
Thus EGHZ degrades smoothly and monotonically un-
der local depolarising noise, and (41) can be inverted to
extract an effective local-noise parameter from the four
measured correlators.

VI. EXTENSION TO THREE-QUDIT SYSTEMS

We now sketch a generalisation of I from qubits (d = 2)
to qudits (d ≥ 2). Two natural strategies exist: (a) re-
place the spin observables σn⃗ by the higher-spin general-
isations Sn⃗ = n⃗ ·S acting on the symmetric subspace, or
(b) replace them by the unitary Heisenberg–Weyl oper-
ators [31–34]. We adopt the latter, which preserves the
algebraic clarity of Sec. II and is directly compatible with
the qudit GHZ paradox of Cerf, Massar, and Pironio [32]
and its multisetting refinement by Ryu et al. [34].
Heisenberg–Weyl operators. On a single qudit Cd, with

ω = e2πi/d, define

X |j⟩ = |j + 1 mod d⟩ , Z |j⟩ = ωj |j⟩ . (42)

For p = (p, q) ∈ Z2
d, the Weyl operator is

W (p) = ω−pq/2XpZq. (43)

The W (p) are unitary (not Hermitian for d > 2) and
obey

W (p)W (q) = ω⟨p,q⟩W (q)W (p), (44)

⟨p, q⟩ ≡ p1q2 − p2q1 (mod d), (45)

together withW (p)d = 11 for odd d. For d = 2,W (0, 0) =
11, W (1, 0) = σx, W (0, 1) = σz, and W (1, 1) ∝ σy, so the
Pauli operators are recovered.
Three-qudit GHZ state. The qudit GHZ state is

|GHZd⟩ = d−1/2
∑︁d−1

j=0 |jjj⟩. It satisfies the perfect-

correlation identities X⊗3 |GHZd⟩ = |GHZd⟩ and (Zq1 ⊗
Zq2 ⊗ Zq3) |GHZd⟩ = |GHZd⟩ when q1 + q2 + q3 ≡ 0
(mod d). The qudit Mermin paradox [32, 33] exploits
these algebraic relations to produce a complex-valued
analogue of the dichotomic GHZ identity.
Qudit functional. Fix two pairs g1, g2 ∈ Z2

d and define

G1 =W (g1)⊗W (g2)⊗W (g2),

G2 =W (g2)⊗W (g1)⊗W (g2),

G3 =W (g2)⊗W (g2)⊗W (g1),

G4 =W (g1)⊗W (g1)⊗W (g1). (46)
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A short calculation analogous to (9) gives

G1G2G3 = ω2⟨g1,g2⟩G4 (47)

when g2 is twice-applied (usingW (p)2 = ω−pqW (2p) for
the Heisenberg–Weyl group; hereW (g2)

2 = 11 in the case
2g2 ≡ 0 mod d that arises naturally for d = 2). Define
the qudit functional

Id(g1, g2) = ⟨G4⟩ − ω2⟨g1,g2⟩⟨G1⟩⟨G2⟩⟨G3⟩. (48)

For d = 2, with g1 = (1, 0) (so W (g1) = σx) and g2 =
(0, 1) (so W (g2) = σz), the symplectic form is ⟨g1, g2⟩ =
1, ω = −1, and (48) reduces (after relabelling σz ↔ σy)
to the original I(x̂, ŷ).

Bound and saturation. Each ⟨Gi⟩ is a complex num-
ber with |⟨Gi⟩| ≤ 1, hence |Id| ≤ 2. Saturation oc-
curs at the qudit GHZ state when g1 and g2 generate
a maximally non-commutative subgroup of the single-
qudit Heisenberg–Weyl group; the proof is structurally
identical to that of Proposition 1 once one reads “or-
thogonality” as “maximal symplectic non-commutation”
⟨g1, g2⟩ ̸= 0 mod d. We omit the detailed argument;
see [32, 33] for parallel constructions.

Spin-S alternative. For experimental settings in which
spin-S measurements are natural (e.g. atomic ensembles),
one may instead replace σn⃗/2 by the projection Sn⃗ = n⃗·S
rescaled to have spectrum in [−1, 1] via a normalisa-
tion factor 1/S. All qualitative statements survive, but
eigenvalues are no longer dichotomic and Proposition 1
becomes a strict inequality with saturation only in the
S → ∞ classical limit.

VII. EXPERIMENTAL ACCESSIBILITY AND
POTENTIAL APPLICATIONS

The economy of EGHZ in the laboratory is twofold. For
a fixed frame triple, evaluating I⋆ requires the expecta-
tion values of only the four commuting operators (28)—
four measurement settings, against 27 for a full three-
qubit correlation-tensor determination and 63 real pa-
rameters for full state tomography. Since (30) is a
supremum, any frame choice already yields a valid lower
bound, so in practice a near-optimal triple can be fixed
from a coarse pre-scan. Because EGHZ is invariant under
independent local unitaries, the three parties need not
share a reference frame, which is directly relevant to pho-
tonic links with drifting polarisation frames (free-space,
satellite or long-fibre channels) and to separately cali-
brated ion-trap or superconducting registers: a fidelity
witness referred to a fixed |GHZ⟩ representative degrades
under such drift even when the entanglement is intact,
while EGHZ does not. The noise bounds (40)–(41) fur-
ther turn EGHZ into a compact diagnostic for the effective
local depolarising parameter, and the stabiliser correla-
tions it measures are precisely the resource consumed by
GHZ-based protocols such as quantum secret sharing and
conference key agreement.

VIII. CONCLUSION

We have introduced a real-valued functional I(n⃗1, n⃗2)
on three-qubit states, built from four locally measurable
Pauli correlations, that simultaneously

• reproduces the GHZ algebraic paradox at n⃗1 ⊥ n⃗2,

• obeys a tight quantum bound |I| ≤ 2 that is satu-
rated only on the GHZ orbit (Proposition 1),

• admits a closed-form expression on the Aćın canon-
ical family showing that I(x̂, ŷ) depends only on
λ0λ4 [Eq. (17)],

• gives a sharp distinction between the GHZ and W
classes, with max |IW| = 35/27 [Eq. (25)],

• induces, after maximisation over independent local
frames, a manifestly LU-invariant measure EGHZ ∈
[0, 1] that equals one exactly on the GHZ orbit,
takes the value 35/54 on the W class, and is
bounded by 1/2 on biseparable and product states
(Sec. V),

• generalises naturally to three qudits via the
Heisenberg–Weyl operators [Eq. (48)].

A number of natural extensions remain open. First,
while EGHZ is LU-invariant by construction, we have not
settled whether it is globally convex; our numerical ev-
idence is consistent with convexity, and a proof would
immediately upgrade EGHZ to a genuine-multipartite-
entanglement witness above the biseparable ceiling 1/2
and motivate the convex-roof monotone Ecr

GHZ. Estab-
lishing monotonicity under the full SLOCC hierarchy
would promote it to a bona fide entanglement monotone.
Second, the qudit construction in (48) merits indepen-
dent quantitative study: in particular, the qudit ana-
logue of the closed-form Aćın evaluation in (17) would
shed light on the high-dimensional analogue of the λ0λ4
“GHZ slot.” Third, I(n⃗1, n⃗2) generalises immediately to
N -qubit GHZ-Mermin functionals [4, 5, 10]; an N -party
version of the entanglement measure EGHZ would furnish
a uniform indicator of GHZ-type genuine multipartite en-
tanglement, with maximal value 2N−1/2 on the N -qubit
GHZ state. Experimental implementation requires only
Pauli-string correlation measurements, well within reach
of current photonic and trapped-ion platforms [35, 36].
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Appendix A: Operator identities of Section II

Using σn⃗1
σn⃗2

= c 11 + im · σ with c = n⃗1 · n⃗2, m =
n⃗1 × n⃗2,

O1O2 = σn⃗1
σn⃗2

⊗ σn⃗2
σn⃗1

⊗ 11 (A1)

= (c+ im · σ)⊗ (c− im · σ)⊗ 11, (A2)

O2O1 = (c− im · σ)⊗ (c+ im · σ)⊗ 11, (A3)

so that [O1, O2] = 2ic (m ·σ⊗ 11− 11⊗m ·σ)⊗ 11, which
is (8).

For (9), one computes

O1O2O3 = σn⃗1
σ2
n⃗2

⊗ σn⃗2
σn⃗1

σn⃗2
⊗ σ2

n⃗2
σn⃗1

(A4)

= σn⃗1
⊗
(︁
σn⃗2

σn⃗1
σn⃗2

)︁
⊗ σn⃗1

. (A5)

The middle factor satisfies σn⃗2
σn⃗1

σn⃗2
= 2c σn⃗2

− σn⃗1
,

since {σn⃗1
, σn⃗2

} = 2c11. Substituting,

O1O2O3 = 2c σn⃗1
⊗ σn⃗2

⊗ σn⃗1
−O4, (A6)

which is (9).

Appendix B: Closed form for the Aćın family

For |Ψ⟩ as in (14), the only σ⊗3
x matrix elements

between basis states present in |Ψ⟩ that survive are
⟨000|σ⊗3

x |111⟩ = 1 and its conjugate. Hence ⟨σ⊗3
x ⟩Ψ =

2λ0λ4. For σxσyσy, σx ⊗ σy ⊗ σy |000⟩ = − |111⟩
and σx ⊗ σy ⊗ σy |111⟩ = − |000⟩; the only contribut-
ing matrix elements are again ⟨000| · · · |111⟩ = −1 and
⟨111| · · · |000⟩ = −1, so ⟨σxσyσy⟩Ψ = −2λ0λ4. The re-
maining basis states |100⟩ , |101⟩ , |110⟩ contribute zero
to all four expectations because the action of any ten-
sor product of σx, σy that flips the first qubit cannot
return any of {|000⟩ , |100⟩ , |101⟩ , |110⟩ , |111⟩} to itself
with nonzero coefficient. ■

Appendix C: Maximum of |IW| over directions

Reduction to two scalar variables. Using (21),

⟨σn⃗1
⊗ σn⃗2

⊗ σn⃗2
⟩W =

∑︂
i,j,k

n
(1)
i n

(2)
j n

(2)
k ⟨σi ⊗ σj ⊗ σk⟩W

(C1)

= 2
3

[︁
2b3(n⃗1 · n⃗2)− 2a3b

2
3 + a3(1− b23)

]︁
− a3b

2
3, (C2)

where a3 = ẑ · n⃗1, b3 = ẑ · n⃗2, and n(1), n(2) are the
cartesian components of n⃗1, n⃗2. When n⃗1 · n⃗2 = 0, the
first square-bracket term simplifies giving

⟨σn⃗1
⊗ σn⃗2

⊗ σn⃗2
⟩W = a3

(︁
2
3 − 3b23

)︁
. (C3)

By the permutation symmetry of |W⟩, the other two
“one-n⃗1, two-n⃗2” correlators take the same value. Simi-
larly,

⟨σ⊗3
n⃗1

⟩W = a3(2− 3a23), (C4)

yielding (24).
Optimisation. Let f(u, v) = u3( 23 − 3v2)3 − u(2− 3u2)

with constraints u2 + v2 ≤ 1, u, v ∈ [−1, 1]. Critical
points in the interior: ∂vf = −18u3v( 23 − 3v2)2 vanishes

at v = 0, u = 0, or v2 = 2/9. The branch v = 0 reduces
f to 89

27u
3 − 2u, maximised at the boundary u = ±1

giving |f | = 35/27. The branch v2 = 2/9 gives f =
−u(2 − 3u2), maximised under u2 ≤ 7/9 at u2 = 2/9

with |f | = 4
√
2/9 ≈ 0.629 < 35/27. On the boundary

u2 + v2 = 1, f(u) = u3(3u2 − 7/3)3 − u(2− 3u2) is again
maximised at u = ±1, v = 0. Hence max |f | = 35/27,
attained at n⃗1 = ±ẑ, n⃗2 in the x̂-ŷ plane. ■

Appendix D: Independent-frame operators and
convexity

Commutation and the stabiliser relation. We ver-
ify (29) for the operators (28). Two tensor products of
single-qubit Hermitian unitaries commute when they an-
ticommute at an even number of sites and anticommute
when they do so at an odd number. At each party the
two vectors appearing across {A1, A2, A3, A4} are either
equal (so the single-qubit factors commute) or orthogo-
nal (so, by σûσv̂ = −σv̂σû for û ⊥ v̂, they anticommute).
Listing the per-site relations: each pair (Ai, Aj) differs
by orthogonal factors at exactly two of the three sites

— e.g. A1 = (â1, b̂1, ĉ1) and A2 = (â1, b̂2, ĉ2) agree on
A and are orthogonal on B and C. Two anticommuting
sites give an even count, so all six pairs commute. For
the product, reading the four operators site by site,

site A : σâ1
σâ1

σâ2
σâ2

= 11,

site B : σb̂1σb̂2σb̂1σb̂2 = (σb̂1σb̂2)
2 = −11,

site C : σĉ1σĉ2σĉ2σĉ1 = 11,

using σ2
û = 11 and (σb̂1σb̂2)

2 = (i b̂3 ·σ)2 = −11 for

the orthonormal pair b̂1 ⊥ b̂2. Hence A1A2A3A4 =
11 ⊗ (−11) ⊗ 11 = −11. Finally A1A2A3 = −A4 (the same
computation without the fourth factor), so only three
of the four operators are independent; the abelian group
they generate has order eight and its common eigenspaces
are the eight one-dimensional joint eigenspaces used in
Proposition 3.

Failure of fixed-frame convexity. Write ai(ρ) = ⟨Ai⟩ =
Tr(Aiρ), each linear in ρ. For fixed frames the integrand

g(ρ) ≡
⃓⃓
a1(ρ)− a2(ρ) a3(ρ) a4(ρ)

⃓⃓
(D1)

is the modulus of a linear term minus a cubic mono-
mial in the components of ρ. A modulus of a non-
affine function need not be convex, and indeed it is
not here: sampling pairs of random three-qubit states
ρ1, ρ2 and fixed random frames, the midpoint inequality
g
(︁
1
2ρ1 +

1
2ρ2

)︁
≤ 1

2g(ρ1) +
1
2g(ρ2) is violated in a sizeable

fraction (≈ 482 of 3000 trials, i.e. about 16%).
Numerical convexity of the optimised measure. The

optimised measure EGHZ of (30) is a different object: for
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each ρ the frames are chosen to maximise |I⋆|. Empir-
ically EGHZ is convex on every mixture we have exam-
ined. On the GHZ–W line ρt = (1 − t) |GHZ⟩⟨GHZ| +
t |W⟩⟨W| the measure lies below the chord through-
out, with EGHZ(ρ1/2) ≈ 0.374 against a chord value
1
2 (1)+

1
2 (35/54) ≈ 0.824; balanced mixtures fall below the

biseparable ceiling 1/2. Random two-component mix-
tures of Haar pure states show no convexity violation
within numerical tolerance. A general proof or a coun-
terexample is left as an open problem. ■

Numerical methods. All computations were carried
out in double precision. Haar-random pure states on
C8 were generated as normalised complex Gaussian vec-
tors (16 i.i.d. N (0, 1) real components; this induces ex-
actly the Haar measure), random mixed states from
the Ginibre ensemble ρ = GG†/Tr(GG†) (k = 8
gives the Hilbert–Schmidt measure), and random lo-
cal unitaries Haar-uniformly on U(2) (phase-corrected
QR; the LU-scatter test of Sec. VA used 200 inde-
pendent triples). Each ordered orthonormal pair is
parametrised by three angles, so a frame triple is a

point of [0, 2π)9 and orthonormality holds by construc-
tion. The supremum in (30) was evaluated with Pow-
ell’s derivative-free method (scipy.optimize.minimize,
method=’Powell’), tolerances xtol = 10−9, ftol =
10−11, from 120 random restarts per state; the ex-
act values EGHZ(GHZ) = 1, EGHZ(W) = 35/54 and
EGHZ(product) = EGHZ(A|BC) = 1/2 are reproduced
to better than 10−6, and increasing the restarts from 40
to 120 changes the optimum by less than 10−6. The
fixed-frame convexity test (midpoint inequality, absolute
tolerance 10−12) failed in 482 of 3000 trials, i.e. 16.1%
(independent seeds give 15.8%–16.4%), while EGHZ itself
showed no convexity violation along the GHZ–W seg-
ment (step 0.02) or on 2000 random two-component mix-
tures, within the 10−6 optimisation tolerance—evidence
for, not a proof of, (P6). The biseparable supremum (37)
used 500 outer restarts, and the maximal GHZ fidelity of
the W state quoted in Sec. VE (3/4) and the depolaris-
ing formula (41) were verified to 10−6 and 10−5, respec-
tively.
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