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Abstract

As a valuable resource of coherent phonons with high coherence, narrow linewidth, and strong intensity,
phonon laser holds significant potential for advancing information storage, topology simulation, phonon
time crystal, and high-precision acoustic sensing. Limited by the thermal fluctuations, generating a squeezed
phonon laser remains challenging. We theoretically consider a cavity optomechanical system in an unresolved
sideband regime. Remarkably, without any feedback control or detuning modulation, the thermal squeezed
phonon laser could be generated through the nonlinear optomechanical interaction. Although in a large
damping rate, the maximum thermal squeezing is available as the mechanical oscillator is driven toward
dynamical instability. Our work unlocks an innovation platform to explore the coherent manipulation on a

macroscopic scale, promoting the development of phonon-laser sensing technologies.
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1. Introduction

Optomechanics, investigating the interaction between photons and phonons, has emerged as a highly
productive field with significant scientific breakthroughs, including precision sensing [1-4], exploring the
boundary between the classical and quantum [5-7], engineering macroscopic quantum state [8—10], im-
plementing the advanced quantum information processing [11-13]. Recently, optomechanics serves as
a versatile medium for realizing phonon laser by feedback control [14,15],nonreciprocity [16,17], stimu-

lated optical supermode [18], and dissipative coupling [19-22]. Under the injection-locking technique, the

*Corresponding author. xiaoguangzong@nudt.edu.cn

tCorresponding author. luohui.luo@163.com



brightest multicolor phonon laser to date has been realized, with the fundamental mode amplified by
three orders of magnitude and stable operation maintained for several hours [20]. Moreover, the frequency
comb of phonon laser is also demonstrated within the four-wave mixing and Floquet engineering [21,22].
These advancements indicate that phonon laser holds significant scientific value and broad application po-
tential across multiple disciplinary fields, including quantum optics, micro-nano photonics, and precision
metrology [23].

In order to achieve a higher sensitivity in weak signal detection, sensor is prepared to a squeezed state,
where the uncertainty of one conjugate quadrature is lower or higher than the other [24-26]. The experi-
mental demonstration of squeezing in both thermal and ground states has been achieved via parametric
squeezing [27,28], post-selection [29,30], pulse modulation [31-33], reservoir engineering [34-36], supercon-
ducting qubits [24,37], etc. However, squeezing a phonon laser in an open system is still a challenge for
the thermal fluctuations. Because the frequency of phonons is much lower than that of photons, phonons
prefer to couple with the thermal environment, rendering them more vulnerable to the thermal fluctua-
tions [38]. The coherent phonons will be thermalized and the correlation can no longer be sustained. Even
the phonon laser is squeezed via some operations, it will rapidly annihilate under the thermal fluctuations,
whether in quantum or classical configurations. Limited by the decoherence, the generation of squeezed
phonon lasers at larger scales remains a significant challenge [39].

In order to achieve a squeezed phonon laser in a general way, we resort to the optomechanics. It can
coherently drive the mechanical oscillator from a thermal motion to a coherent behavior [19-22]. Based on
this, we propose a practical scheme to realize a squeezed phonon laser in an unresolved sideband regime,
where the cavity decay rate is larger than the mechanical frequency [40]. We improve the nonlinear
optomechanical interaction by the driving power, dispersive coupling, and cavity quality [38]. From
the perspective of the second-order coherence and the distribution of the effective phonon number, the
enhanced nonlinear optomechanical interaction leads to a dynamical phase transition [19,41,42]. With
the driving power up to the threshold value, the phonon laser occurs. Furthermore, we found that the
generated phonon laser is also thermally squeezed by the enhanced nonlinear optomechanical interaction.
The maximum thermal squeezing of the phonon laser occurs when the dynamics of the mechanical oscillator
approaches instability. [43-45]. This theoretical proposal features inherent flexibility and conciseness,
requiring no additional feedback control or detuning modulation. It creates unique conditions for studying

the coherent manipulation in macroscopic regimes.

2. Dynamics of the system

As shown in Fig. 1 (a), we theoretically consider a typical optomechanical system comprising an
optical cavity and a mechanical oscillator. Cavity field and mechanical oscillator inevitably couple to
the thermal environment with the dissipation rates x and ~,,, respectively. Without the driving laser,
the motion of the mechanical oscillator is dominated by the thermal environment, showing the stochastic

Brownian motion. When the driving laser is injected into an optical cavity, the cavity field is coherently
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Fig. 1: (a) Schematic diagram for a typical cavity optomechanical system. The dimensionless displacement
q as a function of the evolution time ¢ with power P = 0.1 mW (b), P = 0.4 mW (c), and P = 1.0 mW (d).
Experimental parameters are given as: mechanical oscillator frequency w,, = 27 x 14.4 x 1000 rad - Hz,
oscillator mass m = 1.0 x 107! kg, mechanical damping rate ,, = 27 x 1000 rad - Hz, laser wavelength
A = 1064 nm, optomechanical coupling g = 1.2 x 10'2 Hz/m, cavity quality factor Q. = 1.0 x 10°, cavity-
driving detuning A = 0, environment temperature T = 300 K. With these experimental parameters,

the system operates in both unresolved sideband regime (k =~ 20w,, > w,,) and weak coupling regime

(G~ 1075w, < K).

excited. Under the optical force exerted by the cavity field, the mechanical oscillator can be driven from
the thermal motions to the coherent oscillation.

In our assumption, both the cavity field and the motion of mechanical oscillator are Gaussian. The
cavity field (motion of the mechanical oscillator) can be depicted by the bosonic creation operator af(b')
and annihilation operator a(b), satisfying the commutation relation [a',a] = 1 ([bf,b] = 1). In this work,
we focus on the dynamics of the motional mechanical oscillator. For convenience, the bosonic operators b
and b' are decomposed to the dimensionless displacement operator ¢ and the momentum operator p via
canonical quantization. In such a situation, the dimensionless displacement operator ¢ and the momentum
operator p yielding the commutation relation |G, p] = i. Then, we can now characterize the model by the
following Hamiltonian [38]

H =hw.a'a + %hwm (p* + ¢*) — hGa'aq 1

+ihE (dTe_i‘“’t ae“‘”t) .

where G = gqq represents the optomechanical coupling strength and £ = \/W denotes the amplitude
of the driving laser. The coupling coefficient g quantifies the dispersive coupling rate, while the zero-point
fluctuation gy = \/FL/QTwm characterizes the fundamental quantum limit of the mechanical oscillator with
mass m and oscillation frequency wy,. In this Hamiltonian, the first two terms on the right side represent

the free Hamiltonians of the cavity field and mechanical mode. The third term shows the dispersive



optomechanical interaction between cavity field and mechanical mode. With the assumption of strong
driving, the last term denotes the interaction between cavity field and classical driving laser.
By moving the Hamiltonian to the rotating framework of laser frequency w;, the time-independent
Hamiltonian can be written as
- 1
H =hA.a'a + ihwm (p* +¢*) — hGa'ag
(2)
+ihE (a' —a),
where A, = w, — w; is the detuning between the cavity field and the driving laser. Under the interaction
picture, the evolution of the operator obeys O = % [O, I:I’}, where O = {a,a',q,p}. Then the dynamics

of the system can be described via the following nonlinear quantum Langevin equations:

ﬁ = _wmq - ’Vmﬁ + GdT& + é’ (4)
b= —ki— i + iGaG + E + V2ra™, (5)

where noise operators ¢ and @™ are used to described the fluctuation-dissipation processes. The correlation

function of the Hermitian Brownian noise operator £ is characterized by [46]

cwewn =22 [ e i eom (52 )]. (©)

where kg is the Boltzmann constant and T is the temperature of the environment. The input vacuum

noise a'" satisfies the delta-correlated relation

<am (t) ain’ (t’)> =5(t—t). (7)

Moreover, both noise operators & and @ are zero-mean.
In this work, the phonon laser generated from the optomechanical interaction by utilizing a mechanical
oscillator with a high enough quality factor, satisfying Q,, = Wy, /vm > 1. Correspondingly, the Brownian

noise £ (t) would conform the delta-correlated relation

(E@EE) =vm(2n+1)5(t—1). (8)

n = 1/(exp (hw,,/kpT) — 1) is the mean phonon number of the mechanical oscillator.

Next, in order to simulate the dynamics of the system, the cavity field operators a' and a are resolved
into real and imaginary quadratures via X = (& + &T) / V2 and YV = (EL — &T) / iv/2. Similarly, the noise
operators are defined as X" = (¢ 4+ a™") /v/2 and Y™ = (a™ — a™") /iv/2, respectively. With such
that, Egs. (3)- (5) can be arranged as

é = Wmﬁv (9)



H=—wnd — Ymp + GX2+Y?) /24, (10)

X = kX + AV — GV§+V2E + V2rX™, (11)
Y = —w¥ — AKX + GXj+ V2RV, (12)

Then, the effective phonon number N, can be obtained from the view of the mean energy of the

mechanical oscillator [47]
1

U= %hwm(<5q2 +69%)) = o (N + 7) (13)

where 6¢ = q — (¢), dp = p — (p). The normalized second-order correlation function is introduced to
evaluate the coherence of the motional mechanical oscillator. In the condition of the zero time delay, it
can be defined as [14,19]

9(2)(0) _ <6T8T86> _ <Nz>2> - <Nb>. (14)
(ib) (Ny)*

The motion of the mechanical oscillator is thermal (coherent) if g®(0) = 2 (¢®(0) = 1).

In this paper, we adopt a Stochastic Fourth-Order Runge-Kutta method to simulate the evolution
of Egs. (9)-(12). The Stochastic Fourth-Order Runge-Kutta method is a high-order numerical scheme
designed to solve the Ito-type stochastic differential equations (SDEs) [46]. Specific simulation methods
are present in Appendix A.

3. Results

The cavity optomechanical system operates at room temperature and without any external optical or
electrical feedback. The dissipative behavior like random collisions with atmospheric molecules gives the
positive damping to a free mechanical oscillator. In the absence of driving, the damping would gradually
slow down the oscillator’s motion until the thermal fluctuations cover its dynamics. In contrast, when
the cavity field is excited by the driving laser, the optomechanical interaction can introduce additional
damping or gain to the motion of the mechanical oscillator, leading to either cooling or heating effects [40].

As shown in Fig. 1(b), the dimensionless displacement ¢ as a function of the evolution time. At a
low driving power P = 0.1 mW, the energy transfer from the cavity field is insufficient to overcome the
mechanical damping, resulting in a cyclic process of excitation and damping. When the power increases
to P =0.4 mW, the dynamics of the mechanical oscillator shows the periodic oscillation in Fig. 1(c). In
comparison with Fig. 1(b), the oscillation amplitude has great amplification and its fluctuations remain
considerable. As depicted in Fig. 1(d), upon raising the input power to 1.0 mW, the oscillation amplitude
grows monotonically until the system enters a self-sustained oscillation regime, in which the thermal

fluctuations are strongly suppressed. Overall, there is a threshold power that the motion of the mechanical
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Fig. 2: The effective phonon number N, as a function of the power P. The inset pictures describe the
distribution of the effective phonon number with power P = 0.3 mW, P = 0.4 mW, and P = 0.5 mW.

Other parameters are the same with Fig. 1.
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Fig. 3: The normalized second-order correlation function g(® (0) as a function of the power P with different

optomechanical coupling g. Parameters are the same with Fig. 1.



oscillator have a dynamical phase transition. In the following, we will systematically investigate the
dynamical phase transition through two key optical metrics: the effective phonon number N, and the
normalized second-order correlation function ¢ (0).

It is insufficient to merely consider the dimensionless displacement to understand the dynamical
phase transition. The effective phonon number NN, is introduced as a unified metric to characterize the
dynamical phase transition through its dual dependence on dimensionless displacement and momentum.
As derived from Eq. (13), N, explicitly incorporates fluctuations in both dimensionless displacement (dq)
and momentum (dp), providing a comprehensive description to the dynamical phase transition. As shown
in Fig. 2, the effective phonon number N, as a function of the power P. With the increase of power P,
N, increases monotonically. Notably, a distinct threshold power is observed around P = 0.4 mW. Below
this threshold value, IV, exhibits gradual growth, whereas above it, a pronounced enhancement in N,
emerges. Furthermore, as evidenced by the inset figures, the effective phonon number distribution p(Ny)
performs distinct statistical behaviors: the Bose-Einstein distribution at P = 0.1 mW and the Poisson
distribution at P = 1.0 mW, corresponding to the character of thermal motion and coherent behavior,
respectively. When power arrives at P = 0.4, p(N,) shows a mix of the Bose-Einstein distribution and
Poisson distribution. Both thermal and coherent behaviors occur in dynamics.

Another critical way to investigate the dynamical phase transition is the normalized second-order
correlation function with zero time delay, ¢ (0), which has been widely applied to research the second-
order coherence of the light. Without loss of generality, the normalized second-order correlation function
can also be used to character the second-order coherence of the phonons [14,19]. From Fig. 3, ¢(®(0)
oscillates around 2 at lower power levels. It reflects the competition between the thermal decoherence and
the coherent optical force. Under this competition, the stronger optomechanical interactions will result the
smaller threshold value of the driving power. With continued growth in optical power, g(® (0) undergoes
a rapid drop, eventually approaching unity. This transition marks the onset of coherent mechanical
motion, during which the oscillator’s dynamics evolve from thermally driven fluctuations toward phase-
stable, laser-like behavior (characterized by Poissonian statistics) [41]. Based on the above discussions,
the threshold behavior, together with ¢(?)(0) = 1, confirms the successful preparation of phonon laser in
an unresolved sideband [14,19-22].

Within the strong driving, cavity photons are extensively excited through the cavity-driving interac-
tion. The enhanced optical force can shift the mechanical frequency and generate a positive or negative
damping on mechanical oscillator [38]. We then examine the phonon laser’s behavior in the frequency do-
main, specifically analyzing its mechanical frequency and damping rate. As illustrated in Fig 4, the power
spectral density (PSD) of dimensionless displacement is investigated for varying input powers. When the
driving power improves from P = 0.1 mW to P = 1.0 mW, both the effective mechanical frequency and
damping rate are shift from the initial state due to the optical spring effects [40]. More specifically, the
mechanical frequency shifts upward from 14.4 kHz to 18.28 kHz and the full width at half maximum of
the PSD have a sharp narrowing from 1000 Hz to 9.5 Hz. Moreover, the main peak in PSD shows a
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remarkable increase of 30 dB, reflecting a substantial mechanical amplification. This significant amplifi-
cation enhances the nonlinear optomechanical interaction (hGa'ag), thereby leading to the higher-order
harmonics. By comparing Figs. 2-4, the simultaneous generation of phonon laser with the higher-order
harmonics demonstrates that phonon laser originates from the nonlinear optomechanical interaction.

Next, we will explore the nonlinear optomechanical interaction by introducing the ratio § = o(q)/o(p),
where o(q) and o(p) denote the standard deviation of the dimensionless displacement and momentum.
Fig. 5 shows the ratio § as a function of the driving power P for different cavity-driving detuning A..
With the growing of the power, § decreases monotonically and falls below 1. The reduction indicates the
squeezing of the motional oscillator, which occurs regardless of whether the dynamics of the oscillator is
in the thermal or coherent behaviors. Combining the discussions of Figs. 2-4, we can conclude that the
phonon laser is squeezed via the nonlinear optomechanical interaction. In addition, the phonon laser has
a large mean phonon number and operates in a room-temperature thermal environment. The nonlinear
optomechanical interaction redistributes the thermal fluctuations between the ¢ and p quadratures, pro-
ducing unequal thermal fluctuation in mechanical phase space. Therefore, the observed squeezing of the
phonon laser should be understood as thermal squeezing rather than genuine quantum squeezing.

Finally, we explore the thermal squeezed phonon laser from the perspective of the dynamical stability.
Generally, in the phase space of a harmonic oscillator, the convergence of trajectories to either a point or a
limit cycle confirms the dynamical stability. The transition process from a point attractor to a limit cycle
will destabilize the harmonic oscillator [46]. As shown in Fig. 6, the normalized second-order correlation
g (0) and the ratio § as a function of the cavity quality factor @Q. with different mechanical damping
Ym- With Q. going up, the augmentation of photon lifetime will enhance the nonlinear optomechanical
interaction, resulting a dynamical phase transition. Around the range of the dynamical phase transition,
0 has a distinct minimum value, which seems counterintuitive to the above discussions that the enhanced
optomechanical interaction typically boost the squeezing effect. It can be understood that the maximum
squeezing can be attained as the dynamic of the mechanical oscillator approaches the instability, where
the two-mode squeezing interaction is significantly enhanced [43-45]. When the squeezed phonon laser is
excited, the dynamics of the mechanical oscillator becomes quasi-periodic as shown in Fig. 1(c¢) and Fig. 4.
The metastability of these quasi-periodic oscillations causes § to increase gradually beyond the minimum
value [46].

From Fig. 6(b), we found that preparing phonon laser in a high mechanical damping rate yields greater
squeezing degrees. This phenomenon can also be explained through the dynamical stability analysis. Based
on the discussions about Fig 2-4, the optical force provides gain to amplify the mechanical oscillator’s
motion. The greater damping by the thermal environment, the stronger the optomechanical force required
to generate a higher gain for exciting its motion. The motion of the mechanical oscillator will be more
unstable during the transition from the thermal motions to the coherent oscillations, thereby sustaining

the great squeezing in a high damping rate.
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4. Conclusion

In summary, we have proposed a theoretical scheme to achieve the thermal squeezed phonon laser
via the nonlinear optomechanical interaction at room temperature. In contrast to the two-mode squeezed
phonon laser and the bath-free squeezed phonon laser, our proposal operates without any intricate feedback
control or detuning modulation [39,48]. This suggests the feasibility of a compact squeezed phonon laser
sensor with inherent advantages of structural simplicity. It will give a promising platform for exploring
the non-equilibrium physics and nonlinear phononics for precision metrology, including the detection on
gravitational wave [49,50], Casimir effect [51-53], and acoustic signal [54,55].

Furthermore, optical cavity with ultrahigh quality factor and unresolved sideband are extremely dif-
ficult to satisfy simultaneously. A feasible solution is to design a cavity optomechanical system combining
a super-polished end mirror (surface roughness better than 0.1 nm) and a trampoline resonator [56]. An-
other viable approach is to place phononic density-modulated membranes within a high-finesse Fabry -
Pérot cavity [57]. These methods provide easy-to-apply cavity optomechanical systems to realize the
squeezed phonon laser, expanding the exploration in sensing [58], heat engines [59], and synchronization

in many-body systems [60,61].

Appendix A: Stochastic Fourth-Order Runge-Kutta Method

We numerically integrate Eqgs. (9)-(12) by combining a fourth-order Runge-Kutta treatment of the
deterministic drift with properly normalized Wiener increments for the additive Gaussian noises [46]. The

vector stochastic differential equation is written in the Ito form
dY(t) = F(t, Y(t))dt + B dW,, (15)

where F is the drift vector, B is the noise-amplitude matrix, and W; is a vector of independent standard
Wiener processes. For Egs. (9)-(12), the mechanical thermal noise and the two optical vacuum-quadrature
noises are additive; therefore, B is independent of Y.

For a time step s, the Wiener increment is

where the components of &, are independent normal random variables with distribution N(0,1). Conse-
quently,
(AW,)) =0, (AW, AW = sL (17)

An independent vector &, is generated at every time step. This /s scaling is required for a Wiener

increment and is used for both the mechanical thermal noise and the optical vacuum noise.
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The deterministic Runge-Kutta stages are

K, = F(tn,Yn), (18)
S S

K, =F (tn + g,Yn + gKg) : (20)

K4 :F(tn+8,Yn+8K3). (21)

The state is then updated according to

S
Y..1=Y.+ G (K; + 2K, + 2K;3 + K4) + BAW,,. (22)
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