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Robust two-qubit gates are essential for scalable silicon spin qubits, but their fidelities are limited by microwave-control
imperfections and charge-noise-induced exchange fluctuations. We propose a practical scheme for robust controlled-Z (CZ)
and controlled-NOT (CNOT) gates in a silicon double quantum dot. By applying a transverse microwave drive, the effective
Hamiltonian can be decomposed into two driven subspaces. In the subspace mainly controlled by the microwave field,
a Broadband 1 (BB1) composite pulse is used to suppress errors in the microwave amplitude. In the exchange-assisted
subspace, the microwave phases and durations are kept fixed, while a few piecewise-constant exchange amplitudes are
optimized by a GRAPE-like procedure. This design reduces the sensitivity to both microwave-amplitude and exchange-
amplitude errors while keeping the control waveform simple and experimentally friendly. Numerical simulations show that
the optimized CNOT gate reaches a fidelity above 99.99% under experimentally relevant noise strengths, and the CZ gate
also maintains a fidelity above 99.9%. These results indicate that combining composite pulses with optimized exchange
control provides an experimentally feasible route to robust two-qubit gates in silicon spin qubits.
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1. Introduction

Semiconductor spin qubits in silicon are a promis-
ing platform for scalable quantum information pro-
cessing because they combine long coherence times,
electrical control, and compatibility with advanced
semiconductor fabrication technologies [1–5]. In recent
years, silicon spin qubits have developed rapidly, with
important progress in two-qubit gates, programmable
quantum processors, and multiqubit spin-qubit ar-
rays [6–11]. In particular, two-qubit gates with fi-
delities above the fault-tolerance threshold have been
demonstrated [12–14]. Recent experiments have also
shown reproducible high-fidelity operation, control
at elevated temperatures, and fabrication approaches
compatible with industrial processes [15–22]. These
advances make silicon spin qubits attractive candi-
dates for large-scale quantum information processing.

Despite this progress, robust two-qubit gate op-
eration remains challenging. In silicon double quan-
tum dots, entangling gates are commonly implemented
by combining microwave-driven spin rotations with an
electrically controlled exchange interaction. This con-
trol mechanism naturally introduces two important
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sources of error. One is the error in the microwave
amplitude, which leads to pulse-length errors in driven
spin rotations. The other is the fluctuation of the ex-
change interaction, which is mainly caused by charge
noise because the exchange coupling is sensitive to the
electrostatic environment. These two errors affect the
gate dynamics in different ways: microwave amplitude
errors distort the driven rotation, while exchange fluc-
tuations directly change the conditional evolution and
the accumulated two-qubit phase [18,23–25]. There-
fore, a useful two-qubit gate design should not only
yield a high ideal fidelity, but also reduce the sensitiv-
ity to both microwave and exchange errors.

Composite pulses and numerical optimal control
are two useful approaches for reducing control errors.
Composite pulses, such as the Broadband 1 (BB1)
sequence, can suppress pulse-length errors and have
been widely used in quantum control [26–29]. How-
ever, such analytical constructions are most convenient
when the dynamics is dominated by a single control
field. For two-qubit spin gates in silicon, the rele-
vant driven subspace usually depends on both the mi-
crowave amplitude and the exchange interaction, mak-
ing it difficult to compensate different error sources an-
alytically. Numerical optimal control methods, such as
the Gradient Ascent Pulse Engineering (GRAPE) al-
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gorithm, can treat multichannel control problems, but
the resulting waveforms may be complicated for direct
experimental implementation [30–33]. It is therefore
useful to combine the analytical robustness of compos-
ite pulses with the flexibility of numerical optimiza-
tion, while keeping the control waveform simple and
experimentally friendly.

In this work, we propose a robust two-qubit
scheme for a silicon double quantum dot by combining
BB1 composite pulses with optimized exchange con-
trol. After transforming the driven two-spin Hamil-
tonian into the rotating frame, the system can be
approximately decomposed into two driven two-level
subspaces, denoted by S1 and S2. In the S1 subspace,
the dynamics is mainly governed by the microwave
drive, so the BB1 pulse can be used to suppress er-
rors in the microwave amplitude. In the S2 subspace,
the dynamics depends on both the microwave am-
plitude and the exchange interaction. We therefore
keep the microwave phases and durations fixed by the
BB1 construction, and optimize only the exchange
amplitudes that are constant within each pulse seg-
ment. Based on this framework, we construct both
controlled-Z (CZ) and controlled-NOT (CNOT) gates.
Numerical results show that the optimized gates are
robust against experimentally relevant microwave and
exchange errors, while the required control waveform
remains simple and compatible with exchange control
in silicon spin-qubit devices.

2. Model

As shown in Fig. 1, we consider two electron spins
confined in a silicon double quantum dot [34], and the
corresponding Hamiltonian (taking h̄ = 1) can be de-
scribed using the Heisenberg model, i.e.,

H(t) = J(t) (SL · SR − 1/4) + SL · BL + SR · BR. (1)

Here, J(t) denotes the Heisenberg exchange inter-
action between the left spin SL and the right spin
SR, which can be experimentally tuned by the gate
voltages. The magnetic fields acting on the two dots
are denoted as BL = [0, By,L(t), Bz,L(t) +Bext

z ]
T and

BR = [0, By,R(t), Bz,R(t) +Bext
z ]

T (in energy units).
Here, the homogeneous external magnetic field in the
z direction is denoted as Bext

z , while the local magnetic
field is denoted as Bz,q(t) = B0

z,q +B1
z,q(t) (q = L,R),

which introduces an inhomogeneous field between the
two dots.

In the computational basis {| ↑↑⟩, | ↓↑⟩, | ↑↓⟩, | ↓↓
⟩}, the static Hamiltonian in the absence of an ac

transverse drive is written as

Hsta =


Ez + E1

z 0 0 0

0 1
2
(−J +∆Ez +∆E1

z )
J
2

0

0 J
2

1
2
(−J −∆Ez −∆E1

z ) 0

0 0 0 −Ez − E1
z


(2)

Here Ez = Bext
z + (B0

z,L + B0
z,R)/2 is the average Zee-

man splitting, ∆Ez = B0
z,R − B0

z,L is the Zeeman-
splitting difference between the two quantum dots,
E1

z = (B1
z,R+B1

z,L)/2 is the average Zeeman shift, and
∆E1

z = B1
z,R − B1

z,L is the differential Zeeman shift.
The quantity ∆Ez + ∆E1

z = Bz,R − Bz,L describes
the magnetic field gradient across the two dots. The
instantaneous eigenenergies of Hsta are

E(| ↑↑⟩) = Ez + E1
z , (3a)

E(|↓̃↑⟩) = 1

2

[
−J +

√
(∆Ez +∆E1

z )
2 + J2

]
, (3b)

E(|↑̃↓⟩) = 1

2

[
−J −

√
(∆Ez +∆E1

z )
2 + J2

]
, (3c)

E(| ↓↓⟩) = −Ez − E1
z . (3d)

The corresponding eigenstates are {| ↑↑⟩, |↓̃↑⟩, |↑̃↓⟩, | ↓↓
⟩}, where the mixed eigenstates are

|↓̃↑⟩ = sinα| ↓↑⟩+ cosα| ↑↓⟩, (4a)

|↑̃↓⟩ = − cosα| ↓↑⟩+ sinα| ↑↓⟩. (4b)

The mixing coefficients are defined by

sinα =
η + β√

(η + β)2 + 1
, (5a)

cosα =
1√

(η + β)2 + 1
, (5b)

η =
∆Ez +∆E1

z

J
, (5c)

β =

√
J2 + (∆Ez +∆E1

z )
2

J
. (5d)

In the following, we focus on the experimentally rele-
vant regime J ≪ ∆Ez+∆E1

z [34], namely, the Zeeman
splitting is much larger than the exchange interaction.
Under this condition, we have

cosα ≈ 0, (6a)
sinα ≈ 1, (6b)√

J2 + (∆Ez +∆E1
z )

2 ≈ ∆Ez +∆E1
z

+
J2

2(∆Ez +∆E1
z )
. (6c)

In this way, the eigenstates of the Hamiltonian are ap-
proximately product states of the two spins, and the
eigenstate basis is therefore equivalent to the compu-
tational basis.

To facilitate the development of the two-qubit
gates, we introduce the transverse ac drive on the two
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Fig. 1. Schematic of two spin qubits in a silicon double quantum dot. The left and right electron spins, denoted by SL and SR, are coupled
through the tunable exchange interaction J(t) controlled by the gate voltages. The two-dimensional electron gas of the device lies in the x − z

plane, and the static external field Bext
z is applied along the in-plane z direction. The y direction is perpendicular to the device plane, and Bac

y (t)

represents the ac field generated by micromagnet-assisted EDSR. This control configuration enables the implementation of two-qubit gates.

spins with By,q(t) = B0
y,q + B1

y,q cos(ωt + ϕ0). Here,
ω and ϕ denote the frequency and phase of the ac
drive, respectively. Experimentally, the transverse
ac drive can be generated using either electron spin
resonance (ESR) [10] or electric dipole spin resonance
(EDSR) [34] technologies. In this work, we consider
using EDSR to generate an ac drive. We then trans-
form the Hamiltonian into a rotating frame at angular
frequency ω according to

Hrot(t) = UωH(t)U †
ω − iUωU̇

†
ω, (7)

where
Uω = exp [iωt(Sz,L + Sz,R)] . (8)

After applying the rotating-wave approximation, the
Hamiltonian is

H
(1)
rot =


Ez + E1

z − ω − iB1
y,Le−iϕ0

4
− iB1

y,Re−iϕ0

4
0

iB1
y,Leiϕ0

4
1
2
(−J +∆Ez +∆E1

z )
J
2

− iB1
y,Re−iϕ0

4
iB1

y,Reiϕ0

4
J
2

1
2
(−J −∆Ez −∆E1

z ) − iB1
y,Le−iϕ0

4

0
iB1

y,Reiϕ0

4

iB1
y,Leiϕ0

4
−Ez − E1

z + ω


(9)

It is useful to rewrite the Hamiltonian in the in-
stantaneous eigenbasis of Hsta in the basis {| ↑↑
⟩, |↓̃↑⟩, |↑̃↓⟩, | ↓↓⟩}. The driven Hamiltonian can be
approximated as

H
(2)
rot =


E(| ↑↑⟩)− ω − iB1

y,Le−iϕ0

4
− iB1

y,Re−iϕ

4
0

iB1
y,Leiϕ0

4
E(|↓̃↑⟩) 0 − iB1

y,Re−iϕ

4
iB1

y,Reiϕ

4
0 E(|↑̃↓⟩) − iB1

y,Le−iϕ

4

0
iB1

y,Reiϕ

4

iB1
y,Leiϕ

4
E(| ↓↓⟩) + ω


(10)

Note that the terms proportional to B1
y,R mainly

induce off-resonant transitions and are further sup-
pressed by the small mixing between the antiparallel
spin states in the regime J ≪ ∆Ez + ∆E1

z . Exper-
imentally, B1

y,L can be tuned from about 1 MHz to
several MHz, while the magnetic-field gradient ∆Ez

can be modulated from 100 MHz to 1 GHz. This large
separation of energy scales justifies the approxima-
tions used above. Therefore, we also omit the B1

y,R

relevant terms here [35]. Then, the Hamiltonian is

decomposed into two blocks (subspaces) S1 and S2.
The resonant driving frequency is chosen as

ω = Ez+E1
z+

1

2

[
J −∆Ez −∆E1

z −
J2

2(∆Ez +∆E1
z )

]
,

(11)
which is the transition energy E(| ↑↑⟩)−E(|↓̃↑⟩), and
the block-diagonalized Hamiltonian as

H
(3)
rot = C1Ĩ + C2P̃ +


0

B1
y,L

4
e−iϕ 0 0

B1
y,L

4
eiϕ 0 0 0

0 0 −J
2

B1
y,L

4
e−iϕ

0 0
B1

y,L

4
eiϕ J

2


(12)

Here, we have defined ϕ = ϕ0 +π/2 for convenience, Ĩ
denotes the identity operator and

P̃ = |↑̃↓⟩⟨↑̃↓|+ | ↓↓⟩⟨↓↓ | (13)

projects onto the S2 block. The coefficients are

C1 =
1

2
(∆Ez +∆E1

z ) +
J2

4(∆Ez +∆E1
z )

− J

2
, (14a)

C2 = −(∆Ez +∆E1
z )−

J2

2(∆Ez +∆E1
z )

+
J

2
. (14b)

The term C1Ĩ gives a global phase, while C2P̃ con-
tributes a relative phase to the second subspace. We
temporarily omit this relative phase during the pulse
design and restore it later in the numerical calculation.
The two subspace Hamiltonians are therefore

H0
S1

=

(
0 h

2
e−iϕ

h
2
eiϕ 0

)
, (15)

and

H0
S2

=

(
−J

2
h
2
e−iϕ

h
2
eiϕ J

2

)
. (16)

For convenience, here we have set B1
y,L = 2h.

The S1 block is controlled only by the transverse
microwave field h. In contrast, the S2 block is con-
trolled jointly by h and the exchange interaction J .
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Directly designing a robust pulse in S2 is therefore
more involved. To implement robust two-qubit gates
in the whole space, we first construct a BB1 pulse se-
quence in S1 to suppress microwave amplitude error,
and then use the pulse durations fixed in S1 by this
construction to numerically optimize the exchange in-
teraction as a piecewise pulse sequence in S2.

3. Two-qubit entangling gates

3.1.Robust operations in S1 subspace with
BB1 pulses

In the S1 subspace the Hamiltonian can be written
as

HS1
=

h

2
(cosϕσx + sinϕσy) . (17)

Here, the Pauli matrices are defined in the S1 subspace
with σz = | ↑↑⟩⟨↑↑ |−|↓̃↑⟩⟨↓̃↑|. The evolution operator
for a single pulse of duration τ in S1 is

US1
(θ, ϕ) = exp [−iHS1

τ ]

=

 cos θ
2

−ie−iϕ sin θ

2

−ieiϕ sin θ

2
cos θ

2

 .
(18)

Here, US1
(θ, ϕ) represents a rotation angle θ = hτ

about an axis with azimuthal angle ϕ in the x−y plane
on the Bloch sphere. In this work, to shorten the gate
time, we take h to be a square pulse. For a target
rotation US1

(θ, ϕ), the BB1 composite pulse is com-
posed of four elementary rotations, namely, UBB1 =

U(θ4, ϕ4)U(θ3, ϕ3)U(θ2, ϕ2)U(θ1, ϕ1). The rotation an-
gles and phases of the four pulses are chosen as

θ1 = θ3 = π, ϕ1 = ϕ3 = ϕ+ arccos
(
− θ

4π

)
,

θ2 = 2π, ϕ2 = 3ϕ1 − 2ϕ,

θ4 = θ, ϕ4 = ϕ.
(19)

For the construction of a CZ gate, the desired opera-
tion is the identity in S1 and a Z(π) rotation in S2.
We then choose θ = 2π and ϕ = 0. On the other
hand, for the construction of a CNOT gate, the de-
sired operation in S1 is a NOT gate and the identity
in S2. Here the CNOT gate is defined with the right
qubit as the control qubit and the left qubit as the tar-
get qubit, since the working basis {| ↑↑⟩, |↓̃↑⟩, |↑̃↓⟩, | ↓↓
⟩} is ordered differently from the standard computa-
tional basis [35]. This can be implemented by choosing
θ = π and ϕ = 0. Fig. 2 presents the fidelity of the
identity operation using the BB1 pulse in the S1 sub-
space. The fidelity remains nearly unity throughout

Fig. 2. Fidelity robustness of the identity operation using the BB1
pulse in the S1 subspace under microwave amplitude error ϵh. The fi-
delity remains nearly unity over the error range considered, demonstrat-
ing the strong robustness of the BB1 construction against microwave
amplitude error.

the range considered, demonstrating that the BB1 se-
quence strongly suppresses microwave amplitude error
in the microwave drive. Since the S1 and S2 blocks
are driven by the same microwave sequence, the BB1
pulse also fixes the segment durations and phases used
in the S2 block, where only the exchange amplitudes
are further optimized.

3.2. CZ gate
For the BB1 rotation above, the duration of each

segment is

τ1 = τ3 =
π

h
, τ2 =

2π

h
, τ4 =

2π

h
. (20)

After the BB1 construction in the S1 block, these four
pulse durations {τk}4k=1 are fixed. These durations
must be used simultaneously in the S2 block, because
the two blocks originate from the same block-diagonal
Hamiltonian and are driven by the same microwave
pulse sequence. Therefore, the microwave control field
h cannot be optimized independently in the S2 block.
Instead, for each fixed BB1 pulse segment, we opti-
mize the corresponding exchange interaction Jk. The
resulting control sequence in the S2 block is described
by

US2
(J) = U

(4)
S2

(J4, τ4)U
(3)
S2

(J3, τ3)U
(2)
S2

(J2, τ2)U
(1)
S2

(J1, τ1),

(21)
where J = (J1, J2, J3, J4) and

U
(k)
S2

(Jk, τk) = exp
[
−iH

(k)
S2

(Jk, hk, ϕk)τk

]
. (22)

Here hk and ϕk are fixed by the BB1 pulse in the S1

block, whereas Jk is treated as the tunable control pa-
rameter in the S2 block. For simplicity, we keep hk ≡ h

unchanged throughout this work. Note that since the
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exchange interaction is designed as a piecewise pulse,
the resonant driving frequency is also chosen segment
by segment. For the kth pulse segment with nominal
exchange amplitude Jk, we use

ωk = Ez+E1
z+

1

2

[
Jk −∆Ez −∆E1

z −
J2
k

2(∆Ez +∆E1
z )

]
.

(23)
Thus, the microwave drive is implemented as a piece-
wise frequency modulated microwave field, with ω(t) =

ωk for tk−1 ≤ t < tk. This choice keeps each segment
resonant with the corresponding transition defined by
the nominal exchange amplitude.

Inserting the BB1 phases and pulse durations
gives

U
(k)
S2

=

cos Ωkτk
2

+ i
Jk

Ωk

sin Ωkτk
2

−ie−iϕk
h

Ωk

sin Ωkτk
2

−ieiϕk
h

Ωk

sin Ωkτk
2

cos Ωkτk
2

− i
Jk

Ωk

sin Ωkτk
2


(24)

where Ωk =
√

h2 + J2
k . The target total operator in

the S2 block is

US2
= U

(4)
S2

U
(3)
S2

U
(2)
S2

U
(1)
S2

which is expected to be a Z(π) rotation. Together with
an identity operation, up to a global phase, in the S1

block, this realizes the desired CZ gate in the original
two-qubit computational basis. Then, the remaining
question is how to determine J to obtain robust oper-
ations.

In realistic silicon double quantum dots, the dom-
inant noise source during entangling operations is
typically the fluctuation of the exchange interaction
induced by charge noise. Meanwhile, imperfect mi-
crowave control gives rise to additional fluctuations in
the drive amplitude h. In this work, we assume both
errors to be quasistatic because they vary on a much
longer time scale than the gate operation time [36].
To include the effect of quasistatic errors, the control
parameters become

hk → hk(1 + ϵh), Jk → Jk(1 + ϵJ). (25)

Here, ϵh describes the error term in h, while ϵJ de-
scribes the error term in J , which are denoted as mi-
crowave amplitude error and exchange amplitude er-
ror, respectively.

In contrast to the S1 block, where the BB1 se-
quence provides an analytic suppression of microwave
amplitude error, the S2 block is governed by both the
microwave drive associated with h and the exchange
interaction J . In this case, fluctuations in J , mainly
induced by charge noise, are coupled to the driven
dynamics, while imperfect microwave control intro-
duces additional errors in h. As a result, deriving a

closed-form composite pulse sequence that simultane-
ously compensates for both error channels is generally
intractable. We therefore numerically determine J us-
ing a GRAPE-like algorithm.

For a given noise realization ϵ = (ϵh, ϵJ), the noisy
evolution operator is denoted by US2

(J; ϵ). In the al-
gorithm, we calculate the fidelity as

F c
S2
(J; ϵ) =

∣∣∣Tr
[
U †

tar,S2
US2

(J; ϵ)
]∣∣∣2 /4. (26)

Here F c
S2

denotes the normalized Hilbert-Schmidt fi-
delity in the two-dimensional subspace. The cost func-
tion is then defined as the noise-averaged infidelity

C(J) = 1−
Ns∑
µ=1

wµF
c
S2

(J; ϵµ) ,
Ns∑
µ=1

wµ = 1, (27)

where {ϵµ} is a set of sampled noise values, Ns is the
number of sampled noise points, and wµ are the cor-
responding weights. We first optimize a four-segment
exchange pulse, where the four segment durations are
fixed by the BB1 sequence in the S1 subspace. The
optimization procedure is summarized as follows.

1. Fix the BB1 pulse angles and phases in the S1

block. This step determines the four operation
durations {τk}4k=1, as shown in Eq. (20).

2. Use the same durations {τk}4k=1 in the S2 block
and initialize the exchange interactions J(0) =

(J
(0)
1 , J

(0)
2 , J

(0)
3 , J

(0)
4 ) within the experimentally

allowed range, and ensure that J ≪ ∆Ez +∆E1
z

.

3. For each trial control vector J and each noise
realization ϵµ, calculate the four segment prop-
agators U

(k)
S2

and construct the total operator
US2

(J; ϵµ).

4. Evaluate the robust cost function C(J) defined in
Eq. (27).

5. Update the exchange interaction value J to re-
duce C(J). In a GRAPE-like implementation,
this update can be performed by calculating the
sensitivity of the fidelity to each exchange inter-
action Jk using forward and backward propaga-
tors. The derivative of a segment operator is

∂U
(k)
S2

∂Jk

= −i

∫ τk

0

e−iHk(τk−t) ∂Hk

∂Jk

e−iHkt dt, (28)

where Hk ≡ H
(k)
S2

(Jk, hk, ϕk). This expression
gives the local gradient of the objective function
with respect to Jk.
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(a)

(b)

Fig. 3. Comparison of the optimized four-segment and eight-segment
exchange pulses to implement the (a) CZ and (b) CNOT gate. The
eight-segment pulse is obtained by dividing each BB1 time segment
into two equal subsegments while keeping the total gate time unchanged,
thereby providing additional degrees of freedom in the exchange control.
The black and red curves denote the four-segment and eight-segment
exchange pulses, respectively.

6. Iterate the propagation, fidelity evaluation, and
control update until the cost function converges.
To avoid local optima, several initial guesses for
J are tested, and the solution with the highest
robust fidelity is selected.

One optimized solution is

J
(4)
CZ(t)/h =



0, 0 ≤ t < t1,

1.11245494, t1 ≤ t < t2,

0.99916315, t2 ≤ t < t3,

0.43833708, t3 ≤ t < T

. (29)

Here, t1 = τ1, t2 = τ1 + τ2, t3 = τ1 + τ2 + τ3 and
T = τ1+ τ2+ τ3+ τ4. The pulse shape of J(t) is shown
in Fig. 3(a) by the black line. Substituting these four
values into Eq. (21) yields the desired Z(π) operation
in the S2 block, up to an irrelevant phase, which can
be compensated by appropriately choosing ∆Ez and
∆E1

z [37].
As shown in Figs. 4(a) and (c), although this pulse

(black lines) can give a high fidelity at the zero-error
point, its robustness is limited because only four in-
dependent exchange amplitudes are available. The fi-
delity is sensitive to both the microwave amplitude er-
ror ϵh and the exchange amplitude error ϵJ , indicating
that the four-segment pulse does not provide enough
control freedom to suppress the two error channels si-
multaneously. We therefore further divide each BB1
segment into two equal subsegments, while keeping the

4-segment pulse
8-segment pulse

4-segment pulse
8-segment pulse

4-segment pulse
8-segment pulse

4-segment pulse
8-segment pulse

(a) (b)

(c) (d)

Fig. 4. Robustness of the optimized exchange pulses for the CZ and
CNOT gates. Panels (a) and (c) show the fidelity of the CZ gate as
a function of the error ϵh and ϵJ , respectively. Panels (b) and (d)
show the corresponding results for the CNOT gate. The black and
red curves denote the four-segment and eight-segment exchange pulses,
respectively.

total duration of every BB1 segment unchanged. This
leads to an eight-segment exchange pulse with eight
independently optimized amplitudes as

J
(8)
CZ(t)/h =



0.65585339 0 ≤ t < t1
2
,

4.00000000 t1
2
≤ t < t1,

0.12514711 t1 ≤ t < t1+t2
2

,

1.29087007 t1+t2
2

≤ t < t2,

4.00000000 t2 ≤ t < t2+t3
2

,

1.55349573 t2+t3
2

≤ t < t3,

0.15156974 t3 ≤ t < t3+T
2

,

2.79557362 t3+T
2

≤ t < T.

(30)

The increased number of control parameters allows the
S2 evolution to better compensate for the simultane-
ous fluctuations in h and J . As a result, the optimized
eight-segment pulse shows a much flatter fidelity pro-
file over the same error range. In the two-qubit simu-
lation, we use the fidelity defined as

Favg =

∣∣∣Tr
(
U †

tarUϵ

)∣∣∣2 + d

d(d+ 1)
(31)

where d denotes the dimension of the matrix, and we
take d = 4 in this work. Utar and Uϵ denote the target
unitary and noisy evolution operator, respectively. In
addition, for both types of errors in the experimentally
relevant range of [−0.05, 0.05] [13], the fidelity of the
eight-segment pulse remains above 99.9%, as shown for
the red lines in Figs. 4(a) and (c). This comparison
demonstrates that the additional subdivision of the
exchange pulse is essential for achieving robust two-
qubit gate operation.

We then simulate the optimized CZ gate under
quasistatic Gaussian noise. In each realization, the
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microwave amplitude error ϵh and the exchange am-
plitude error ϵJ are sampled independently from nor-
mal distributions, ϵh ∼ N (0, σ2

h) and ϵJ ∼ N (0, σ2
J),

where σh and σJ denote the corresponding standard
deviations. The fidelity is averaged over 5000 noise
realizations. As shown in Figs. 5(a) and (c), the eight-
segment pulse (red lines) gives a lower infidelity than
the four-segment pulse (black lines) over a broad range
of noise strengths. For the experimentally relevant val-
ues σh ∼ 0.0016 and σJ ∼ 0.0097 [13], the optimized
CZ gate reaches F = 99.9458% for the four-segment
pulse and F = 99.9897% for the eight-segment pulse,
demonstrating the robustness of the proposed pulse de-
sign against realistic quasistatic control fluctuations.

3.3. CNOT gate
To implement a CNOT gate, the duration of each

segment fixed by the BB1 pulse is

τ1 = τ3 =
π

h
, τ2 =

2π

h
, τ4 =

π

h
. (32)

After the BB1 construction in the S1 block, these four
pulse durations {τk}4k=1 are fixed. Similar to the CZ
gate above, these durations must be used simultane-
ously in the S2 block. Using the same algorithm as
described above, we obtain the four-segment pulse as

J
(4)
CNOT(t)/h =



0.38952892, 0 ≤ t < t1,

0.94073504, t1 ≤ t < t2,

0.38826091, t2 ≤ t < t3,

2.50720288, t3 ≤ t < T,

(33)

and the eight-segment pulse as

J
(8)
CNOT(t)/h =



1.14295895, 0 ≤ t < t1
2
,

0.19034721, t1
2
≤ t < t1,

0.68154049, t1 ≤ t < t1+t2
2

,

1.39102114, t1+t2
2

≤ t < t2,

0.00000000, t2 ≤ t < t2+t3
2

,

0.44329663, t2+t3
2

≤ t < t3,

1.41326038, t3 ≤ t < t3+T
2

,

2.86454421, t3+T
2

≤ t < T

. (34)

The corresponding pulse shapes are shown in Figs. 3(b).
Figs. 4(b) and (d) compare the two-qubit CNOT

gate fidelity obtained with the optimized four-segment
and eight-segment exchange pulses. Compared with
the CZ gate, the four-segment pulse already gives rel-
atively good robustness for the CNOT gate, because

10-5 10-4 10-3 10-2 10-1 100
10-6
10-5
10-4
10-3
10-2
10-1
100(a)

10-5 10-4 10-3 10-2 10-1 100
10-6
10-5
10-4
10-3
10-2
10-1
100(b)

10-5 10-4 10-3 10-2 10-1 100
10-6
10-5
10-4
10-3
10-2
10-1
100(a)

10-5 10-4 10-3 10-2 10-1 100
10-6
10-5
10-4
10-3
10-2
10-1
100(b)

(b)

(c) (d)

(a)

Fig. 5. Infidelity of the optimized CZ and CNOT gates under qua-
sistatic Gaussian noise. Panels (a) and (c) correspond to the CZ gate,
and panels (b) and (d) correspond to the CNOT gate. The black and
red curves denote the four-segment and eight-segment exchange pulses,
respectively.

the relevant NOT operation in the S1 subspace is pro-
tected by the BB1 sequence with a shorter evolution
time and the corresponding S2 operation is optimized
as an identity operation. However, the eight-segment
pulse still produces a flatter fidelity profile under both
ϵh and ϵJ . The improvement is particularly evident
for exchange amplitude errors, where the four-segment
pulse shows a stronger fidelity reduction near the edge
of the error window. This comparison indicates that
the eight-segment construction is not only essential for
the robust CZ gate but also further enhances the ro-
bustness of the CNOT gate.

Figs. 5(b) and (d) show the CNOT gate infidelity
under quasistatic Gaussian noise. Compared with the
CZ gate, the CNOT gate exhibits a lower infidelity
when the noise is small, mainly because the S2 tar-
get operation is the identity rather than a Z(π) rota-
tion. The eight-segment pulse still improves the ro-
bustness over the four-segment pulse by providing ad-
ditional exchange control degrees of freedom. For the
experimentally relevant noise strengths, the fidelity in-
creases from F = 0.999856 for the four-segment pulse
to F = 0.999911 for the eight-segment pulse, demon-
strating the robustness of the optimized CNOT gate
against realistic microwave amplitude and exchange
amplitude fluctuations.

4. Conclusions
In conclusion, we have proposed a hybrid com-

posite pulse and numerical optimization protocol for
robust two-qubit gates in silicon double quantum
dots. By transforming the driven two-spin Hamilto-
nian into the rotating frame, the system is approxi-
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mately decomposed into two effective subspaces. The
microwave-dominated S1 subspace is protected by the
BB1 composite pulse, while the exchange-assisted S2

subspace is optimized using a GRAPE-like search over
piecewise exchange amplitudes. Using this framework,
we construct both CZ and CNOT gates and compare
four-segment and eight-segment exchange pulses. The
results show that the eight-segment pulse provides
additional control freedom and significantly improves
the robustness against both microwave amplitude and
exchange amplitude errors. Under experimentally rel-
evant quasistatic Gaussian noise, the optimized CZ
and CNOT gates reach fidelities of 99.9897% and
99.9911%, respectively. For experimental implemen-
tation, the piecewise-constant J(t) should be regarded
as an ideal target waveform, since finite control-line
bandwidth and imperfect transmission may smooth
or distort the applied pulse. Finite rise and fall times
can be incorporated by replacing the abrupt tran-
sitions with a smooth continuous waveform, while
transmission-induced distortions can be compensated
using experimentally calibrated predistortion tech-
niques [14,38]. These results demonstrate that the
proposed protocol offers a practical and experimen-
tally compatible route to robust two-qubit gates in
silicon.
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