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Abstract

Phase difference is central to classical coherence theory. With advances in light-field modulation tech-
niques, artificially generated pseudo-thermal light sources or random light beams can exhibit exotic wavefront-
correlation properties. However, such spatial wavefront correlations cannot be fully characterized using the
phase difference alone. For instance, for a pair of conjugate pseudo-thermal beams, the spatial wavefronts
exhibit a significant anti-correlation, meaning that the sum of their wavefronts tends to be constant. In
this work, we propose the concept of degree of wavefront correlation p), ranging symmetrically from —1
to +1, for numerically calculating the wavefront correlation properties among various pseudo-thermal light
sources, and the sign (positive or negative) can be used to determine the tendency—whether it leans toward
wavefront-difference or wavefront-sum correlation. Numerical results demonstrate that the classical Siegert
relation does not apply to pseudo-thermal light sources that exhibit wavefront-sum correlation properties. To
address this, we propose a generalization valid for pairs of jointly complex-Gaussian, quasi-monochromatic
scalar pseudo-thermal light beams at zero relative time delay, including zero-mean and non-zero-mean
fields, as well as circularly symmetric and non-circularly symmetric joint statistics. Experimentally, we
introduce the measurable quantities of correlation visibility V,; and correlation background g4, which form a
two-dimensional classification framework {yug,V,} that enables the experimental characterization of diverse
Gaussian pseudo-thermal light using a common-path interferometer and intensity correlation measurement.
Furthermore, the correlation visibility Vg, can serve as an observable criterion for a zero-mean, non-circularly

symmetric, and jointly Gaussian distribution.
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1. Introduction

In the classic Young’s double-slit interference experiment, the fringe visibility V was the first quanti-
tatively observable measure of coherence, defined as

S g

where I, and I,;, are the maximum and minimum intensities of the fringe pattern, respectively. In 1938,
Zernike” s definition of the degree of coherence ~ is identical to the strength of phase correlations [1,2],

[t23:281 . _

V= A Ay [{exp [i(®2 — ®1)])| = [(exp (1AD))], (2)

where Ej = Ajexp(i®,) (j = 1,2) is the optical field of a quasi-monochromatic scalar field with the real

amplitude A; and phase ®;, the asterisk denotes the complex conjugate, and (-) denotes the ensemble

average over time. For brevity, all explicit spatial coordinates r; are omitted, with the understanding that

they correspond to the positions indicated by the subscripts of Ej. The theoretical foundation connecting

visibility to the underlying statistical properties of the light field is provided by the normalized first-order

coherence function [3]

g = - 1 , (3)

which results in [g(V| = V.

In 1956, Hanbury Brown and Twiss (HBT) [4] revealed the photon bunching effect and the optical
intensity correlation in thermal light. The signature of intensity correlations at two points from two optical
fields is (I1 1) # (I1) (I5), and the degree of second-order coherence or the normalized intensity correlation

function is defined as [3]

(1) (I2)

where this paper does not take into account the relative time delay, that is, 7 = 0 is the default. The

g1, L) = (4)

degree of second-order coherence (or intensity correlation degree) g(®(0) can be utilized to distinguish
different types of light sources, such as thermal light (>1), laser light (=1), and single-photon sources
(<1).

The Siegert relation [5] gives

9@ =1+ 9P, ()

which connects the first- and second-order coherence properties of Gaussian thermal light. Thermal light
is ubiquitous in nature, ranging from blackbody radiation sources to starlight. The coherence time of
true thermal light is typically extremely short, on the order of nanoseconds or even picoseconds, signifi-
cantly increasing the difficulty of detection. In practical scientific research and engineering applications,
a quasi-monochromatic laser is often passed through a rotating ground glass to simulate the intensity

fluctuations of true thermal light [6]. Such a light source is referred to as pseudo-thermal light, and its
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equivalent coherence time can be quite long, depending on the rotation speed of the ground glass. With
the advancement of various light-field modulation techniques, in modern optics, a laser is often used in
conjunction with a spatial light modulator (SLM) to generate tunable pseudo-thermal light. By adjusting
the statistical distribution of the random phase pattern loaded onto the SLM, the higher-order statistical
properties of the pseudo-thermal light can be manipulated for various optical applications [7-13].

The theoretical description of pseudo-thermal light consists of two parts: one is the incident laser
field (carrier wave), and the other is the spatially random wavefront introduced by various modulation

techniques:
E(r,z,t) = E(r,t)exp [i(2n/\)(z — ct) + igy] , (6)

where E(r,t) = Aexp[ig(r,t)] is the random wavefront with the spatial position r = (z,y) and time

t, and ¢(r,t) represents the spatially random wavefront that fluctuates over time, introduced by various
modulation methods, and it determines the spatial coherence of the pseudo-thermal light; A is the wave-
length, and ¢; is the random phase of the carrier wave determining the coherence time of the incident
laser light.

From V to v and from g™ to ¢, the phase difference A® in Eq. (2) plays a crucial role. How-
ever, the existing framework cannot fully characterize the spatial correlation properties of various novel
pseudo-thermal light sources. For instance, in the recently proposed holographic thermal light [14-16], the
pairwise generated conjugate spatially incoherent fields exhibit opposite wavefront correlation but identical
temporal-frequency term, which is to say that their spatial wavefronts are always complementary to each
other, or the sum of their wavefronts ¢¢ = ¢; + @9 tends to be constant. When directly calculating the
first-order coherence function (Eq. (3)) between this pair of conjugate pseudo-thermal light sources, the
temporal frequency terms cancel each other out while the wavefront-difference correlation term (E;E3)

(1) = 0. Yet, there exists a strong second-order correlation signal with a theoretical

vanishes, yielding g
peak value of g = 2. This result cannot be interpreted by Eq. (5) any longer. In such a case, inspired
by Refs. [17-21], a natural motivation comes to the definition

KO = (E1Es)
VL) ()

which is complementary to the first-order coherence function ¢(*) for the specific scenario of holographic

(7)

thermal light or any other pseudo-thermal light beams with wavefront-sum correlations. Also, a special
note throughout this paper is that the spatial wavefront correlations of E rather than Fin pseudo-thermal
light lie at the core focus of this study, so the temporal-frequency aspect of the optical field from the carrier
wave should be omitted. One should distinguish the fundamental difference between (F; E,) and (E; E,).
The former involves the random variable ¢, according to Eq. (6), so mathematically (E;E,) = 0, implying
the absence of so-called phase-sum correlation. Since the latter does not involve the carrier-wave term,
the value of h") can be non-zero mathematically. To avoid confusion, two types of spatial correlations
are discussed in this paper: one is the wavefront-difference correlation, which is directly related to

¢, and the other is the wavefront-sum correlation, which is directly related to A("). Therefore, in the



10

11

12

13

14

15

16

17

18

19

subsequent expressions, the temporal-frequency term in Eq. (3) is naturally omitted as well.

Although ¢(®(0) can distinguish between different correlated light sources, it cannot differentiate
between conventional thermal light and holographic thermal light, as their theoretical values are both
2. It is implied that intensity correlation is fundamentally incapable of distinguishing between these two
distinctly opposite types of wavefront correlations of A¢ or ¢¢. Furthermore, given that considerable
experimental evidence has indicated the existence of the wavefront-sum correlation (i.e., |h(Y)| # 0) in
classical linear optical systems, and that pseudo-thermal light can be flexibly engineered, a new question
naturally arises: is holographic thermal light completely incompatible with conventional Gaussian pseudo-
thermal light? In other words, can a pair of pseudo-thermal light beams exhibit partial wavefront-sum
correlation or partial wavefront-difference correlation, or even a mixture of the two? To address this issue,
this work aims to introduce new metrics for quantitative analysis and experimental characterization of

the wavefront correlation properties between a pair of Gaussian pseudo-thermal light fields.

2. Theoretical framework

2.1. Degree of wavefront correlation

®) ' ?)
(a) , © ) /-————
1.8
; 0.5 1 \
Holograph1c>< Ea +kEy —_— p( 1) _ \ '.'/,-/ — =14 \g(l) |2
3} — (5) Z 1.6 L / _ (1))2
E* - Y g p 2 1+ M)
E,, Ey ~CN(0,0%) a ~ " § 1] 5 ‘Jl 9(2)
. > -~ ~ ~ ‘
Faindep B, - & g 14 \ S 14 g2
* 4 -0. h)
Conventional & By + kEy 0.5 1.2 I)\ + | ‘
Mixture \
E /
’ -1 E 1 S k
0 5 10 0 5 10

Fig. 1: Schematic diagram (a) of the mixture of holographic thermal light and traditional thermal light.
Numerical calculation of (b) various correlation degrees for a mixture of holographic and conventional
thermal light sources with a scaling factor k, and (c) numerical verification of the generalized modified
Siegert relation. It should be noted that only the wavefront correlations in pseudo-thermal light are con-

sidered here, where both E, and F}, obey complex Gaussian distributions and are statistically independent

of each other.

Inspired by Refs. [20,21], a generalized form of degree of wavefront correlation p) is theoretically

given as

pM) = |g(1)’ _ ]h(1>| — (8)

where the real number p) is normalized symmetrically within the range of [—1, +1], v = |(exp(iA¢))|, and
n = |{exp(is®))|. The quantity p(*) is physically defined as the difference between two markedly different

degrees of wavefront correlation, and the sign of p*) serves to quantitatively characterize the nature of
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wavefront correlation, namely the competition of statistical distributions of A¢ and ¢¢, between a pair
of correlated random light fields at two points. When A; = A,, we have p) = v — 7. It is commonly
assumed that ¢ follows a uniform distribution from 0 to 27. So, A¢ (¢¢) has widths of 47, and phases
differing by 27 are physically indistinguishable [17]. Hence, a natural motivation comes to the form of

P
p®) = [{exp (186/2))] — | (exp (iso/2) . ®)

ranging between [—1,+1]. With the aid of the concept of wavefront correlation degree introduced above,
we can theoretically and numerically compute the correlation properties of various complex correlated
light fields, particularly for a pair of conjugate pseudo-thermal light fields.

For the laser beam, we have p(!) = p(%) = 0. For random light beams, it is assumed that the optical
intensity follows a negative exponential distribution and that A; = A,, so the degree of intensity correlation
always has ¢g(? (I}, I,) = 2. In Table 1, we calculate correlation degrees for various random light sources,
where U represents the uniform distribution. For two independent random light sources, p(!) = p(%) =0.
Crucially, the sign serves as a quantitative classifier for the nature of wavefront correlation between pairwise

correlated random beams. Compared to p'!), the absolute value of p(%) can also accurately describe the

Table 1: Numerical calculation of various correlation degrees of random light sources. Except for |g("],

the physical quantities listed in this table are usually difficult to measure directly in experiments.

Case gD RO p®  p
; ~ U(0,2n) 0 0 0 0
¢; ~U(0,27) A¢p = const. 1 0 1 1
¢; ~ U(0,27) ¢¢ = const. 0 1 -1 -1
¢; ~U(0,7) A¢p = const. 1 0 1 0.36
¢; ~U(0,7) ¢¢ = const. 0 1 -1 —-0.36

strength of phase fluctuations, and generally for ¢, ~ U(0, ), we obtain
p'?)| = 1 —sinc(p/2), ¢ € [0,27), (10)

which indicates that |p(2)| can reach its maximum value of 1 only if the phase fluctuates across the
full range. So, p(%) is considered to be more informative. In practice, the value of ¢ can be flexibly
controlled using an SLM [7]. For pseudo-thermal light with a relatively long equivalent coherence time,
the measurement of wavefront correlation degree is in principle feasible. For instance, a series of advanced
wavefront sensing techniques [22-25] can be employed to acquire the spatial wavefront information ¢; and
¢2 in real time, which can then be substituted into Egs. (8) and (9) for digital computation.

More generally, when A¢ (s¢) is not a constant but follows a certain statistical distribution [P,(A¢)
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and Pj,(c¢)], the degree of wavefront correlation can be further expressed as

M = ‘ / g“)Pg(A@dAd»' — ' / hIPy(so)dso|
_ iiijl - H [ exptiae)By (a0 dA@’ - ] [ exvlico)Putso) des

(11)
|\

where Py(A¢) and P,(s¢) represent the probability distributions of the wavefront-difference A¢ and
wavefront-sum ¢¢ between a pair of pseudo-thermal light fields. This probability-density representation
is needed when neither Ay nor ¢¢ is constant. When either distribution reduces to a delta distribution,
the expression returns to the case in Eq. (8). The general expression of p(2) is similar and not given here.

Furthermore, the proposed wavefront correlation degree can also be extended to various complicated
pseudo-thermal light sources, such as the mixture of holographic thermal light (i.e., a pair of conjugate
fields £, and E?) and conventional thermal light (Ej,). As shown in Fig. 1(a), we consider the model of
pairwise correlated sources between £y = E, + kE, and Ey; = E* + kE), where the statistical properties
of E, and E, follow the complex Gaussian distribution and are statistically independent with identical
average light intensity, and the real number £ is a scaling factor. It should be noted that, in any given
mixture of I}, the two constituent elements are indistinguishable, as they are assumed by default to
share the same frequency and polarization. Also, since both F, and E, follow the complex Gaussian
distribution, both F; and FE5, obtained by linear superposition of E, and Ej, must obey the complex
Gaussian distribution as well. Figure 1(b) plots the curves of p(%) and p(M) as functions of k. When k = 1,
the two types of fluctuations are balanced, resulting in p(%) = p = 0. For k > 1, conventional thermal
light prevails, consequently p(z),p() >0, with the converse being true for k < 1. Therefore, the sign of
p™M) or p(%) can be used to quantitatively describe the wavefront correlation in pseudo-thermal light, i.e.,

whether it tends toward wavefront-sum or wavefront-difference correlation.

2.2. Generalized Siegert relation for Gaussian pseudo-thermal light

In Fig. 1(c), numerical results also show that the original Siegert relation in Eq. (5) holds only when &
is sufficiently large; when k approaches 0, it seems that the relation should be modified to 1+ \h(l) |%. For a
general case of any value of k, Eq. (5) should be rewritten as a generalized form of g(2) = 1+ |g(1) |2+ }h(l) ’2.
These results indicate that the classical Siegert relation does not apply to a pair of conjugate pseudo-
thermal light sources and some complex mixtures, even though these optical fields obey complex Gaussian
distributions. These results also imply a perfect correction for it.

Now, based on complex Gaussian variables, we present a proof of the generalized Siegert relation
here. We consider a pair of jointly complex-Gaussian, quasi-monochromatic scalar optical fields, defined

as

E1 =e + AEl, E2 = ey + AEQ, (12)

where e; and ey are two constant values; AFE;, AF, are zero-mean fluctuation components, satisfying

(AE;) = (AE,;) = 0. Equation (12) indicates that this light field may follow a complex Gaussian distri-



1 bution probably with a non-zero mean. Actual examples are those cases of the mixture of coherent light
> and thermal light [26-30].
3 For brevity, the second-order moments of the fluctuation components at zero relative time delay are
4 defined as

Gij = (AEAEY), Hy = (AEAE)). (13)

s Although each complex random variable AE; individually follows a circular Gaussian distribution, the
¢ joint distribution of AE; and AFE, does not necessarily satisfy the assumption of circular symmetry
7 [31]. Namely, for non-circularly symmetric jointly-Gaussian distributions, one has Hii,Hsy = 0 but
s Hiz # 0 (in contrast, Hi3 = 0 for circular symmetric ones), which is fundamentally different from all
o the assumptions made in classical pseudo-thermal light sources of the past. According to the Gaussian

1 moment theorem [32] or Wick’s theorem, we have [33]
(AEVAEAETAES) = G11Gay + GiaGoy + HigHy. (14)

1 The actual manifestations of non-circular symmetry include conjugate light beams produced in nonlinear
12 optical systems [34] and holographic thermal light [14-16] in linear systems. As noted before, this paper
13 does not take into account the time-frequency terms of the light field and assumes that 7 = 0 by default.
1 Furthermore, the discussed complex conjugate light field here should only be applied to the spatial phase
15 of the light field and should be independent of time inversion.

™

Second-order interference of laser light and thermal light

2le1]?|es|?
e _1+|g<1>|2+|h<1>|2% \
€ 7é 0
Numerical results in Fig. 1 ej =0
Circular 9 112 112 Circular
symmetry Holographic g( ) = 1+ |g ( )| + |h( )| Conventional symmetry
breaking thermal light Mixture of holographic and thermal light satisfied
g(z) = il 4t |h(1)|2 L conventional thermal light | g(z) L ‘9(1)|2
> (— __) n
ﬁ pM =1 p) =0 pM =1 -) =)
1pbM = 1) = M) = 1) =
andom P = 1] = 0 O1=0.1g%1=1 o B
hologram

Fig. 2: Schematic diagram of the generalized Siegert relation. Based on whether e; is 0 and whether the
non-zero jointly-Gaussian distribution satisfies circular symmetry, the generalized Siegert relation can be

simplified into some common forms in Fig. 1(c).

16 By substituting Eq. (12) into Egs. (3)(7), we have

19 P (I1)(12) = |ex]?[ea|® + |Gi2|* + 2Re (Graere})

(WD) (D) = |ex*|e2]” + |Hiz|? + 2Re (Hizeles) .
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Based on the mean-fluctuation decomposition, the expectation of the optical field intensity can be
derived as: (I,) = (E1E}) = |ei|* + G11 and (L) = (FEyE3) = |ea|? + Gaz. Then, the product of the two

intensity expectations is
(I)(Iy) = |er*|ea|® + |e1|* Gaz + |€2|*G11 + G11Gas. (16)

Substituting Eq. (12) into the fourth-order moment (I 1,) = (Ey E} E;ES), according to the Gaussian

moment theorem, we yield a general form
(I1 ;) = (E1E{EyES) = ((e1 + AEy) (el + AET)(ea + AEy)(e5 + AE3))
= |€1|2|€2|2 + |€2|2G11 + ’€1|2G22 + G11Ga2 + 2Re (e]e2G12 + e1eaHYy) + ‘G12|2 + |H12|2, (17)
= <Il><12> + 2Re (€T€2G12 + 6162HT2) + |G12|2 + |H12‘2.

where the function Re(-) is to find the real part of the input complex value. By substituting Eqs. (14)-(17)

into Eq. (4), we can finally obtain the generalized Siegert relation as follows

o (I115)

14 2Re (e5e2G1a + e1eaHiy) + |Gro|* + |Hia)?
(1)(1I2) (11)(I2) ’

(18)
2e1|*|ez]?
=1+ |gW)P 4+ |pMP? - =
(I1)(I2)
2|e1|?|ea|?
1)(2 12 Zlei” €™ (2
9] I (D) L T
@ L+ gD + (RO
.‘E) 1.5 1.5 B 2|€112‘62|2
E 0.5 0.5 1 ! (I1)(I2)
& 05 T i
0 koo K Kos K
0 5 10 o 5 10 o 5 10 0 5 10
1 | 2 2
(b)
-‘E 15 s
So.s . 05 1 ;a
< 0.5 1 R J—
N -
0 K o K o Kos K
0 5 10 o 5 10 o 5 10 0 5 10

Fig. 3: Numerical verification of the generalized Siegert relation between the interference fields of laser
and thermal light in a beamsplitter. (a) Second-order interference of laser light and conventional thermal
light {AFE + ag, AE — ap}; (b) Second-order interference of laser light and holographic thermal light
{AE + ag, AE* — ag}. The yellow dotted lines in the fourth column panel are the sum of the curves in

the first three column panels plus 1.

Based on whether e; is 0 and whether the zero-mean jointly-Gaussian distribution satisfies circular
symmetry, as shown in Eq. (18) and Fig. 2, the intensity correlation function g as well as the Siegert

relation can be simplified into some common cases below.
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e For the case of zero mean and circular symmetry [|[(£;)| = 0 and H;; = 0], we have the classic Siegert
relation of g® = 1 + |g™|? given in Eq. (5) for conventional pseudo-thermal light.

e For the case of zero mean and circular symmetry breaking [|(E;)| = 0 and H;; # 0], we have
g® = 14 |hW|? corresponding to the blue dashed line in Fig. 1(c) and the practical case of
holographic thermal light.

e For the case of zero mean [|(E;)| = 0], we have g» = 1 + |g(V|%2 4+ |h(™|? that can well match
with the numerical result in Fig. 1(c) for the mixture of conventional thermal light and holographic

thermal light.

Back to Fig. 1(c), a particularly interesting and important case occurs when k = 1, that is, when two
types of thermal light are mixed in equal proportions. In this scenario, the degree of intensity correlation
9(2) decreases to a minimum value of 1.5. By contrast, for the cases of £y = Ey = E, +kE, or {E} = E, +
kE,, E> = EX + kEE} }, representing coherent superposition of two independent sets of either conventional
or holographic thermal light beams, it is always true for ¢ = 2 for any value of k. It is also worth
noting that the equal-proportion superposition of two independent, orthogonally polarized thermal lights
also leads to a decrease in the intensity correlation degree to 1.5 [35-38].

When considering Gaussian variables with non-zero means, however, all terms in Eq. (18) could be
non-zero—for instance, the second-order interference of thermal light and laser light in a beam splitter.
For conventional thermal light, the interference fields can be expressed as £y = AE+ag and Fy = AE—aqg
with |ag|? = K(]AE|?), while we have E; = AE + ag and Ey = AE* — aq for holographic thermal light.
Figures 3(a)(b) display numerical results of various correlation degrees with the change of x in conventional
and holographic thermal light, respectively. It can be seen that the intensity correlation degree ¢(? of the
two types of pseudo-thermal light is consistent, (third column), but the performance of [g(V)|? (first column)
and |h(V|? (second column) is exactly reversed. Under the non-zero-mean condition, the fourth term in
Eq. (18) is always negative, thus it is possible to observe the occurrence of anti-correlation phenomena,
that is, the cross-correlation degree can even be less than 1. In this model of the second-order interference,
the minimal value of gr(fi)n can reach 2/3 when x = 2 as shown in Fig. 3, which is consistent with those
experimental observations in Ref. [28].

The results in Fig. 1(c) verify the wide applicability of the generalized Siegert relation under zero
mean and jointly non-circular symmetry, while the results in Fig. 3 further confirm its applicability under
non-zero mean. The classic Siegert relation in Eq. (5) is a special case of the generalized one proposed
here, corresponding to the zero-mean and circular symmetry situation. For zero-mean but jointly non-
circular Gaussian fields, the additional term |h(1) |2 in Eq. (18) describes the contribution from wavefront-
sum correlation; For non-zero-mean fields, the final correction term accounts for the coherent mean-field
components. Overall, this generalized Siegert relation shall apply to pairs of jointly complex-Gaussian,
quasi-monochromatic scalar random light beams at zero relative time delay, including zero-mean and
non-zero-mean fields, as well as circularly symmetric and non-circularly symmetric joint statistics. Specif-

ically, this model applies to many kinds of Gaussian pseudo-thermal light fields, including conventional
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Gaussian pseudo-thermal light, holographic thermal light, mixed sources of the two, and the second-order

interference between either of them and laser light.

3. Experimental metric: correlation visibility

Direct experimental observation of the proposed wavefront correlation degrees is challenging, unlike
for ¢g®, due to its requirement for direct synchronous phase measurement of a pair of random optical
fields. Moreover, the measurement of h") may require the use of nonlinear interferometers [18], such as
the SU(1,1) interferometer. In practical experiments, the most effective way to distinguish conventional
thermal light from holographic thermal light is to observe the evolution of their spatial correlations [14,39].
Holographic thermal light behaves similarly to entangled photon pairs, evolving from near-field position
correlation to far-field momentum anti-correlation [40-43]. However, this observation method is only
applicable to multimode random light. Also, it can be easily confused with other symmetric forms of
conventional pseudo-thermal light [44,45], as such so-called momentum anti-correlation effects can also be
readily simulated.

Pair-wise Coherent beam

pseudo-thermal
light beams

NE

Er o
E Intensity
BS — Correlation
BS = 9D (I, 1,)
IL]
Es
. | AVAVAVESS U

Coherent beam

Fig. 4: Schematic diagram for measuring correlation visibility V, and correlation background p, in an

interferometer.

To address this issue, another part of this work proposes an observable metric to further refine the
generalized approach for calibrating various optical correlations between E; and FE,, where E; here is
assumed to follow the complex Gaussian distribution with zero mean. As shown in Fig. 4, to allow the
wavefront correlation to fully manifest, two identical coherent beams (local oscillators) ag = /fo exp(igo)
are introduced, with a relative adjustable phase shift ¢q and a real constant pg (i.e., light intensity), to
obtain two coherently superposed fields, say E, = E; 4+ ap and E, = E; + ao. In fact, the situation
discussed here is also a subset of Eq. (12) with e; = e3 = aq.

Notably, this process does not require quantitative phase measurement of the random light fields,
but only the measurement of the two-point intensity correlation function g(?(I,, I,) between these two

interfering fields, where I, = Iy + f10+2v/pu011 cos (¢1 — ¢o) and I, = I+ puo+2+v/ 11012 cos (¢2 — ¢p). Based

10
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on the complex Gaussian variables, we have (I)(I,) = (1 + po)(p2 + po) and (I, I,) = (L) + pf +
po(pr + pa) + 2p0(v I I2) [(cos(s¢p — 2¢0)) + (cos(A¢))], where p; = (I;). Hence, we have

<Il'I'y> — 14+ 9(2)(11)12) -1
(L) (L) (ki +1) (ke +1)

2\/K1K2 (1) .
h) exp(—i2
+(/<51+1)(/¢2+1)Re{g + exp(—i2¢o) },

9(2)(Im7[y) = *R1R2

(19)

where k; = /110 represents the average intensity ratio of the Gaussian random light to the coherent
light. Equation (19) reveals that g™ and h(*) are coupled together. Note that g(* or h(*) here is defined
between F; and FEj, rather than between EF, and E,. This coupling, albeit different from that defined
for pM), is capable of producing a noticeable and observable disparity. For conventional thermal light
(where || = 1 for a pair of maximally correlated points and |h(Y)| = 0), the value of ¢ (I,,1I,)
depends solely on ;. However, when wavefront-sum correlation is present (i.e., |} ] is not identically 0),
the value of ¢®(I,,1,; ¢o) is also influenced by the initial phase ¢, of the coherent local oscillator and
exhibits oscillations with two periods as ¢, varies, and in this case, the minimum value of ¢® (I, I,; ¢0)
is likely to be less than 1, demonstrating an anti-correlation effect. As a result, the experimentally
observed sinusoidal fringe in g (I, I,;; ¢) can serve as direct evidence for the existence of wavefront-sum

correlation. Analogous to the definition of fringe visibility in Eq. (1), we adopt the concept of correlation

visibility,
(2) (2
gmax - g i
Vg = s (20)
! gr(r?z)xx + g,(fi)n
for further quantification for Eq. (19):
2Re { [ hVP,dco}

Y, = , 21
7 Co+ /Rikz [9@ (11, ) — 1] + 2Re { [ VP ,dAG} (21)

where the constant Cy = (k1 + 1)(k2 + 1)/ /k1k2. It follows that V;, > 0 suggests a tendency for the
pairwise correlated random lights to manifest the wavefront-sum correlation behavior. For a pair of
conjugate random light beams or holographic thermal light (|A(")| = 1 for a pair of maximally correlated
points and |g®M| = 0), the correlation visibility V, attains its maximum value of v/2 — 1 if and only if
K1 =Ky =1/ V2. In this case, the condition for maximizing 1, does not coincide with the condition for
minimizing ¢/®. In addition to visibility, the correlation background p, of ¢'®(I,,I,;¢o) in Eq. (19) can

be expressed as

9@ (I, ) — 1 2, /FirsRe {9} ’
(k1 + 1) (k2 + 1)'%1/£2 (k1 + 1) (ko +1)° (22)

Now Eq. (19) can be further fitted into a cosine function

,ugzl‘l'

9P (Lo, Iy d0) = pg - [1+ Vg cos(—260 + 6o)] , (23)

where Jy is a constant initial phase shift related to the optical system itself. Evidently, the correlation
background y, is closely related to the degree of intensity correlation g, whereas the correlation visibility
V, is intimately linked to the wavefront-sum correlation. Together, both quantities {p,, V,} or {g@,V,}

can form a more complete, experimentally measurable two-dimensional classification scheme for various
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Table 2: Numerical calculation of a two-dimensional classification scheme {1, V,} or {g®,V,} for a pair
of maximally correlated points in various light sources. All physical quantities presented in this table are

experimentally observable.

Case V, u, g?

Laser beams =0 =1 =1

Two independent random beams =0 =1 =1
Two identical random beams =0 >1 >1

A pair of conjugate random beams >0 >1 >1

light sources as shown in Table 2. Moreover, this 2D classification scheme can also be used to quantitatively
characterize more complex pairwise random beams, similar to those presented in Fig. 1.

Based on the model shown in Fig. 4, we numerically calculated the 2D distribution of the intensity
correlation degrees g, as shown in Fig. 5, of conventional thermal light (al), holographic thermal light
(a3), and their equal-proportion mixture (a2) with respect to the changes of k and ¢g of the coherent
beam (here we set k; = k2). By comparing Fig. 5(al) and Figs. 5(a2)(a3), when the jointly non-circular
symmetry is not strictly satisfied, that is, when there are conjugate random light components, ¢ will
oscillate sinusoidally with respect to ¢o as per Eq. (19), ultimately resulting in a quantifiable visibility
plotted in Fig. 5(b1). On the other hand, the correlation background p, in Fig. 5(b2) cannot be regarded
as a direct criterion for the jointly non-circular symmetry itself; This is because, as k increases, the
correlation degrees of both traditional and holographic thermal light will trivially approach 2. Therefore,
1ty can be used, instead, as a criterion for the existence of intensity fluctuations, and can be employed to
distinguish Gaussian random light from laser light.

From an experimental perspective, {1, V,} can be extracted by fitting the ¢o-dependent oscillation of
g (1,,1,; ¢o) based on Eq. (23), or, more efficiently, via an analogous four-step phase-shifting approach.
For four definite phase shifts ¢g = 0, 7/4,7/2,37 /4, we then have

3

4 4)’

V020 - g?(E)] + [92(5) — @ ()]’
9@ (0) + 9P (5) 9@ (3) + 9 (%)

It should be clarified that the four steps used here correspond to half of the four-step phase-shifting

1 m m
Mo = 7 {9(2)(0) +9@ () +97(5) + 97

(24)
Vg =2

in digital holography [46]. This is because, in intensity correlation measurements, the phase ¢ of the
coherent light is doubled as shown in Eq. (19). In fact, a similar phenomenon can be observed in the
angular spectrum transfer mechanism of holographic thermal light [14], where the quadratic field of the
incident light is imprinted onto the intensity correlation function.

For the observable correlation visibility V, and correlation background 1, we also provide a proof-of-
principle experimental demonstration. It is worth noting that the setup in Fig. 4 is essentially equivalent
to introducing a coherent local oscillator into an HBT interferometer. Such an approach is quite common

in the field of correlation optics [47-49]. Here, we adopt a common-path single-arm interferometer design
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Fig. 5: Numerical calculation of intensity correlation degrees ¢(?), correlation visibility V,, and background
g for three types of pair-wise random light sources using the setup in Fig. 4. From (al) to (a3): 2D
distributions of ¢(® with the change of x (k1 = k3) and ¢, corresponding to conventional thermal light
(B, = Eq +ag, B, = E, + ap), a mixture of conventional and holographic thermal light with an equal
proportion (E, = 0.5E}4+0.5E,+ag, E, = 0.5E,+0.5E,+ay), and holographic thermal light (E, = E}+ao,
E,=E, + ap). (bl) and (b2) respectively depict the curves, corresponding to the three cases in (al-a3),

of the correlation visibility V, and correlation background p, as k varies

[44,48,50], as illustrated in Fig. 6(a). An expanded He-Ne laser beam (@632.8nm, the beam diameter
is ~ 5mm) is directed onto a commercial spatial light modulator (SLM, Holoeye-VIS-016, pixel pitch
8um) loaded with varying holograms of a series of phase patterns displayed in Fig. 6(b), in which a fixed
diffractive lens with the focal length of 0.15m occupies the central circular region (the diameter is ~ 2mm
) of the phase pattern. By contrast, the rest of the area is assigned a random phase distribution obeying
a prescribed statistical profile, where each independent phase unit is composed of 5 x 5 pixels.

Three cases are investigated here: (1) a random phase distribution U(0,27); (2) a binarized phase
distribution that takes the value of 0 or 7; (3) a centrosymmetric random phase distribution of U(0, 27),
¢(r) = ¢(—r). An optical Fourier transform is carried out using a 0.3m focal-length Fourier lens, where a
CMOS-based image sensor positioned at the back focal plane measures the intensity correlation between
centrosymmetric points, i.e., g (r, —r) (Refer to Ref. [44] for more experimental details). This pair of
centrosymmetric points is taken vertically at a distance of approximately 0.9 mm from the center point.

In this setup, the speckle pattern in the Fourier plane arises from the interference of the reference
spherical wave (generated by the central lens) with the random beams originating from the rest of the
phase pattern. From the perspective of Fourier transform theory, the three designed phase distribu-

tions yield the following correlation characteristics at centrosymmetric positions: (i) conventional random
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Fig. 6: Experimental observation of correlation visibility V, and background p, for three types of random
light sources. (a) Simplified experimental setup used to observe the intensity correlation degree ¢(® (r, —r)
between two centrosymmetric points, akin to Fig. 4 in Ref. [44]; (b) Synthesized phase pattern used in the
common-path interferometer; (c) Three plots of ¢g'® with the change of ¢o. ¢y takes 33 uniformly spaced
values from 0 to 27. 3000 realizations contribute to each value of g(?. The three cases correspond to
conventional random beams, a conjugate pair of random beams, and an identical pair of random beams

(or centrosymmetric random beams), respectively.

beams (no intensity correlation between centrosymmetric positions), (ii) random beams with conjugate
symmetry (wavefront-sum correlation), and (iii) random beams with even symmetry (wavefront-difference
correlation). The latter two cases will result in speckles with a centrosymmetric distribution in terms of
intensity. The SLM is imprinted with holograms corresponding to these synthesized phase patterns at a
refreshing rate of 10 frames per second and synchronously triggers the image sensor to capture fluctuating
speckle patterns. A global phase shift ¢q is introduced to the central lens profile ranging from 0 to 2,
and the intensity correlation degree g(®) between selected centrosymmetric points is measured and plotted
in Fig. 6(c) as a function of ¢,. While offering robust stability, the common-path interferometer comes
at the cost of flexible tuning of the intensity ratio x; between the reference and the random light. The
experimental results confirm the findings in Table 2. Case 1 is characterized by the absence of intensity
correlation (¢ = p, = 1). In Case 2, the intensity correlation degree oscillates with ¢ (92 ~ 0.76],
yielding a visibility V,= 0.30 £ 0.02 and a background p,= 1.07 £ 0.01 by performing curve fitting of
the experimental data according to Eq. (23) and the nonlinear least-square approach. Case 3 shows no

oscillation (V, ~ 0) and has a background of 1.3040.02. Note that when the obtained experimental curve

cannot be fitted by a cosine function, or the fitting error is too large (Case 1 and Case 3), the correlation
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Fig. 7: Experimental observation of intensity correlation degree ¢, correlation visibility V,, and
background p, for the mixture of conventional and holographic thermal light (Case 4). The synthesized
phase patterns in (a) and (b) are used to observe the intensity correlation degree g (r, —r) and {V,, u1,}
of the mixed source, respectively. (c) shows the ¢o-dependent curve of g(?) akin to Fig. 6(c), confirming the

existence of wavefront-sum correlation in the mixed source with V, = 0.17 £ 0.02 > 0. 3000 realizations

contribute to each value of g(® in (c).

visibility V), is taken to be approximately 0. Based on the proposed common-path interferometer, these
three types of random light sources can now be easily distinguished solely through joint correlation mea-
surements and the 2D classification indicator {p,,V,}. More significantly, the correlation visibility can
serve as an experimentally observable criterion for the jointly non-circular symmetry in the zero-mean
case.

Figure 5(a2) numerically analyzes the correlation properties of a mixture of conventional and holo-
graphic thermal light. Here we experimentally observe such a mixed source (Case 4) in the setup of Fig.
6(a), using the correlation visibility V, and background p, that can be directly characterized in experi-
ments. Similarly, we employ a common-path interferometer in which the phase pattern is designed using
a spatial multiplexing strategy. As shown in Fig. 7(a), except for the central region (corresponding to
the diffractive lens area, serving as the reference beam), the effective field of view is divided into multiple
equal-area annular rings. Half of these rings are filled with a binarized random phase pattern to generate
conjugate symmetric random beams, while the other half are filled with a centrosymmetric random phase
pattern to generate centrosymmetric random beams. We first measure the intensity correlation degree
g, with the profile of the diffractive lens at the center removed. A series of phase patterns in Fig. 7(a)
is fabricated into holograms and loaded onto the SLM. Under coherent illumination, this is equivalent to
the coherent superposition of a pair of conjugate symmetric random beams and a pair of identical random
beams (approximately a 1:1 mixture). It should be noted that the two are statistically independent of

each other and therefore no cross-talks are found between the two. The approximate equal proportion is
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Table 3: Experimental observation of the intensity cross-correlation degree g'® (r,—r) and {u,, V,} for

various random light sources.

Case Vy Lo g

Case 1: Two

independent random beams

Case 2: A pair of
0.30(2) 1.07(1) 1.90

conjugate random beams

Case 3: Two identical
0 1.30(2) 1.90

random beams

Case 4:
0.17(2) 1.13(2) 1.46

The mixed source

determined primarily by the equal total modulation areas rather than simply by the number of annular
rings. The measured intensity correlation g(®)(r, —r) between centrosymmetric points reveals a correlation
peak of only approximately 1.46 over 3000 realizations, whereas the autocorrelation peak ¢ (0) reaches
as high as 1.94. Meanwhile, when the phase patterns consist entirely of either binarized random or sym-
metric random phase patterns, the cross-correlation peak g(® (r, —r) reaches 1.90. The observed decrease
in the ¢g®(r, —r) from 1.90 to 1.46 is in good agreement with the theoretical and numerical results shown
in Fig. 1(c), i.e., the mixed source leads to a reduction in ¢ (r, —r) from 2 to 1.5. The phase pattern
shown in Fig. 7(b) adds a central diffractive lens compared to (a). Next, we load these patterns and follow
a procedure similar to that in Fig. 6(c) to measure the g(® profile shown in Fig. 7(c) with the change of ¢,
added to the diffractive lens. Curve fitting is performed according to Eq. (23), yielding p, = 1.13 £ 0.02
and V, = 0.17 + 0.02, indicating the presence of wavefront-sum correlation in this mixed source. Mean-
while, compared with Case 2 in Fig. 6(c), the visibility is significantly reduced. This is because, according
to Eq. (21), the mixed source contains a conventional thermal light component, leading to a non-zero g™
in the denominator. These results agree well with the numerical calculations shown in Fig. 5(b1). Table
3 summarizes the results of the experimental observation for the four cases.

Note that the global symmetry imposed on the phase patterns predicts the same qualitative correlation
behavior for other valid centrosymmetric point pairs. Nevertheless, the local values of g, V,, and p, may
vary because of the spatial intensity distribution, finite sampling, and detector noise. It is clarified that
the present experiments in Figs. 6 and 7 demonstrate the principle at selected representative point pairs
rather than providing a complete spatial map of the correlation visibility. Although the specific proof-
of-principle experiments shown in Figs. 6 and 7 are performed only in the Fourier plane, the theoretical
definitions of gV, (M, pt) V,, and g, as well as the generalized Siegert relation, are not restricted to
the far-field plane. They may be applied to a pair of optical fields evaluated at any propagation plane,
provided that the corresponding field statistics and spatial point pair are properly defined.
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4. Conclusion

To conclude, this work presents a theoretical framework based on the wavefront correlation degrees p(*)
and p(2), complemented by a generalized Siegert relation applicable to complex Gaussian variables with
non-zero mean and non-circular symmetry. This work also proposes experimental observables of correlation
visibility V, and background f, in a linear system, where the wavefront-sum correlation in random beams
can be quantitatively measured through the phase-dependent intensity correlation function. Collectively,
they provide a more comprehensive framework for evaluating both first- and second-order coherence in
pairwise-generated random light beams, particularly in systems where wavefront-sum correlation may
arise or predominate. This set of physical quantities could in the future be extended to characterize
the correlation properties of other degrees of freedom in Gaussian light [38,51-53], such as polarization,
orbital angular momentum, and frequency. Future research will also focus on the situation of non-Gaussian

random light [33,54-56].
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