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Tunable Berry curvature dipole and hexapole in linearly polarized
light-irradiated type-I semi-Dirac systems
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College of Physics and Electronic Engineering, Heze University, Heze 274015, China
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We investigate the effect of linearly polarized light (LPL) in type-I semi-Dirac (SD) systems. LPL can drive a transi-
tion between the single- and double-node phases in the system. Furthermore, the Berry curvature dipole (BCD) and Berry
curvature hexapole (BCH) in the system change across the transition when the Fermi energy is near the band edge, while
BCD and BCH can be suppressed by LPL when the Fermi energy moves away from the band edge. Moreover, the Berry
curvature quadrupole (BCQ) is zero, regardless of whether LPL is present. These results will be useful for exploring the
quantum geometry-driven nonlinear Hall effect in real materials.

Keywords: semi-Dirac system, Berry curvature dipole, Berry curvature hexapole, nonlinear transport
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1. Introduction
Over the past several decades, Hall effects have emerged

as an ideal probe for studying topological phases of matter.
The Berry curvature (BC) is an essential ingredient in various
topological phenomena. The BC is a geometrical property of
an energy band that plays a key role in many physical phe-
nomena. In time-reversal-breaking systems, both the quantum
Hall effect and the quantum anomalous Hall effect are induced
by BC.[1,2] Moreover, the BC plays a crucial role in tuning
nonlinear transport properties in time-reversal-symmetric sys-
tems. For example, nonlinear Hall effects[3–5] can result from
the product of a relaxation time scale and an average that incor-
porates the BC, the so-called Berry curvature dipole (BCD).
BCD-driven nonlinear Hall effect requires broken space in-
version symmetry and has attracted growing interest in re-
cent years.[6–14] Recently, higher-order nonlinear anomalous
Hall effects induced by Berry curvature multipoles such as
quadrupole and hexapole have been discussed in certain mate-
rials with magnetic point group symmetry.[15,16] Probing and
controlling the BC multipoles is becoming one of the main
themes in the field of quantum materials.

Recently, two-dimensional semi-Dirac (SD) materials
characterized by a quadratic dispersion in one direction and
a linear dispersion along the orthogonal direction have been
proposed.[17–31] Topological states with nonzero Chern num-
ber in an SD system can be induced by circularly polar-
ized light.[21] In the presence of spin–orbit coupling, non-
trivial topology with a nonzero Chern number emerges in an
SD system.[26] An SD system with an inversion-symmetry-
breaking mass exhibits nontrivial BC distribution, which gen-
erates an orbital magnetization and anomalous Nernst and

thermal Hall conductivities.[30] The low-energy Dirac quasi-
particles in an SD system can lead to a nonzero BCD.[31] How-
ever, the BC multipoles of SD systems in the presence of a
mass term have rarely been taken into account.

On the other hand, another interesting class of topolog-
ical states and topological phase transitions studied in recent
years arises from manipulating nonequilibrium band structures
under a periodic drive.[32–43] Several attempts have also been
made to investigate the topological properties of type-I SD ma-
terials under the influence of either circularly or linearly po-
larized light (LPL).[21,27,28,30,43–46] Circularly polarized light
can open a gap and induce topological states in a type-I SD
system.[21] The type-I SD black phosphorus system can tran-
sit from a normal insulator to the Chern insulator phase when
irradiated with circularly polarized light that satisfies the off-
resonance condition.[44] Circularly polarized light opens a gap
and induces a band inversion to create a finite Chern number
in the SD system, while LPL can either open up a gap or split
the semi-Dirac band-touching point into two Dirac points by
an amount that depends on the amplitude of the light.[27] In
previous studies, the effect of LPL on the intrinsic nonlinear
Hall effect due to BC multipoles in an LPL-irradiated type-I
SD system has rarely been explored.

Given this background, we have studied the effect of LPL
in type-I SD systems. The system shows a transition be-
tween a single- and double-node phase due to LPL. The BCD
and Berry curvature hexapole (BCH) in an SD system change
across the transition when the Fermi energy is near the band
edge, while BCD and BCH can be suppressed by LPL when
the Fermi energy moves away from the band edge. Moreover,
the Berry curvature quadrupole (BCQ) is zero, regardless of
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whether LPL is present.
This paper is organized as follows. We first present the

model Hamiltonian of a type-I SD system in the presence of
LPL and analyze the band structures in Section 2. Based on
these results, we further discuss the BCD, BCQ, and BCH of
the LPL-irradiated type-I SD system in Section 3. Finally, we
give a brief summary in Section 4.

2. Model and method
The low-energy electronic structure of a type-I SD system

is given by the effective Hamiltonian[19–21,23]

H(𝑘) = (αk2
x −∆)σx + vkyσy +mzσz, (1)

where 𝑘 = (kx,ky) is 2D momentum. α is the inverse of the
quasiparticle mass along x, and v is the Dirac velocity along y.
This means that SD fermions propagate as Galilean-invariant
particles in one direction and as relativistic ones in the other
direction, and the energy dispersion and Fermi surface of a
type-I SD system are anisotropic. σx,y,z are the Pauli matri-
ces. ∆ is a perturbation parameter and characterizes the dif-
ference between hopping energies in specific materials.[19,47]

mz describes the Dirac mass term, which breaks time-reversal
symmetry.

When the system is subjected to LPL, the time-dependent
Hamiltonian can be obtained by performing the Peierls substi-
tution 𝑘→ 𝑘+ e𝐴(t)/h̄, where 𝐴(t) denotes the vector po-
tential of the light. Specifically, the vector potential of LPL
propagating along the z axis can be expressed as

𝐴(t) = A0[cosωt,cosωt], (2)

where ω is the frequency of the light and A0 is the amplitude
of the light. Generally speaking, the application of light to
electron systems can dress the structures through mixing of
different bands and redistribute electron occupation numbers
through the absorption/emission of photons, which makes the
system a nonequilibrium state. Based on Floquet theory,[39–43]

an effective Hamiltonian under the application of light in the
high-frequency limit can be obtained

Heff(𝑘) = H0(𝑘)+
[H−1,H1]

h̄ω
+

[H−2,H2]

2h̄ω
, (3)

where

H±m =
ω

2π

∫ 2π
ω

0
dtH(t)e±miωt . (4)

Straightforward calculations (see Appendix A for details)
show that [H−1,H1] = 0 and [H−2,H2] = 0. The virtual photon
processes[40] do not contribute to the effective Hamiltonian.
As a result, the time-averaged Hamiltonian (H0) dominates the
time-dependent problem, and the corresponding static Floquet
Hamiltonian of the type-I SD system is

Heff(𝑘) = (αk2
x −∆ +∆L)σx + vkyσy +mzσz, (5)

where ∆L =
αe2A2

0
2h̄2 . The corresponding energy dispersion is

given by

E± =±
√
(αk2

x −∆ +∆L)2 + v2k2
y +m2

z , (6)

where ± denote the conduction and valence bands, respec-
tively. In Fig. 1, we display the energy dispersions as a func-
tion of kx for ky = 0 at different parameters without (a/b/c)
and with LPL (d). In the absence of the Dirac mass and LPL,
the two energy bands touch at a single point at 𝑘= (0,0) when
∆ = 0, corresponding to a single-node semimetallic phase.
When ∆ > 0, the node splits into two distinct band-touching
points at 𝑘 = (±

√
∆/α,0), leading to a double-node phase.

As ∆ < 0, the nodes will be gapped out. Moreover, when
a finite gap parameter mz is introduced, no Dirac points sur-
vive, and the system no longer exhibits semimetallic behavior.
Furthermore, when LPL is included, a single node appears
at ∆ = ∆L for ∆ > 0. LPL can drive the transition between
single-node and double-node phases. Each phase shows a dif-
ferent band structure, and the distribution of BC will change.
As a consequence, the quantum geometric quantities and non-
linear transport properties can be modified by LPL.
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Fig. 1. Energy dispersions as a function of kx for ky = 0 at different
parameters without (a/b/c) and with linearly polarized light (d). The pa-
rameters are set as follows: (a) ∆ = 0, mz = 0; (b) ∆ < 0, mz = 0; (c)
∆ > 0, mz = 0; and (d) ∆ > 0, ∆ = ∆L, mz = 0.

3. Berry curvature multipoles induced nonlin-
ear anomalous Hall effect
Based on the semiclassical Boltzmann equation,[1,2] the

anomalous Hall conductance resulting from the anomalous ve-
locity due to BC is

σab =−e2
εabz ∑

n

∫
d2𝑘 f0(En(k))Ω n

z (k), (7)

where εabc (a,b,c = x,y,z) is the Levi–Civita symbol. Ω n
z

is the BC corresponding to band En(k), and f0(En(k)) is the
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Fermi–Dirac distribution. By recursively solving the semi-
classical Boltzmann equation, the high-order anomalous Hall
conductance contributed by higher moments of BC is[5,15,16]

σ
(nω)
µα1α2···αn =

2e(− e
2h̄ )

2

∏
n−1
m=1 m̃ω

εµα1β Pα2α3···αnβ , (8)

where m̃ω = imω + 1/τ , ω is the frequency of the driving
electric field, τ is the phenomenological transport relaxation
time of electrons, and the (n−1)th Berry curvature moment is

Pα2α3···αnβ =
∫ d2𝑘

(2π)2 f0∂α2∂α3 · · ·∂αnΩβ (k). (9)

3.1. Berry curvature dipoles

The BCD can also be rewritten as

Dbd =
∫ d2𝑘

(2π)2 ∑
n

vn
bΩ

n
d (k)

(
−∂ f0(k)

∂E

)
E=En(k)

, (10)

where vn
b is the group velocity component for band En(k). In a

two-level system, the Hamiltonian can be written in the basis
of the identity matrix and the three Pauli matrices,

H(𝑘) = 𝑑(𝑘) · σ̂ +d0(𝑘)σ0, (11)

where 𝑑(𝑘) = (dx(𝑘),dy(𝑘),dz(𝑘)) and σ̂ = (σx,σy,σz). The
corresponding BC of the valence band along the z direction
can be written as[48,49]

Ωz(𝑘) =−
1
2
𝑑

d3 ·
(

∂𝑑

∂kx
× ∂𝑑

∂ky

)
, (12)

where d = |𝑑|. For the light-irradiated type-I SD system,
dx = αk2

x −∆ +∆L, dy = vky, and dz = mz. Straightforward
calculations show that the BC is

Ω
±
z (𝑘) =± v

2
2αmzkx

[(αk2
x −∆ +∆L)2 + v2k2

y +m2
z ]

3
2
. (13)

Ω±z is an odd function of kx. Consequently, the total BC inte-
grated over the Brillouin zone vanishes, and the Chern number
is zero, regardless of whether LPL is present.

In the light-irradiated type-I SD system, the velocity com-
ponents are

v±x =
2αkx(αk2

x −∆ +∆L)

E±
, (14)

v±y =
v2ky

E±
. (15)

v±y is an odd function of ky. Thus, the integrand v±y Ω±z for the
y component of BCD Eq. (10) becomes an odd function under
momentum inversion and suppresses Dyz. This is consistent
with the underlying mirror symmetry Mx, which forbids any
BCD response along the y direction,[5] and BCD does not lead
to a transverse current when the electric field is along the y
direction, regardless of whether LPL is present.

For the x component, the integrand v±x Ω±z contributes a
finite value of Dxz. Therefore, when the electric field is ap-
plied along the x direction, BCD induces a charge current
flowing along the y direction. When LPL is absent, Samal
et al.[31] have shown that Dxz is independent of the Dirac ve-
locity and predominantly depends on the inverse of the effec-
tive mass of the Dirac quasiparticles, as compared to typical
isotropic Dirac systems with well-separated Dirac nodes. In
Fig. 2(a), we show the Berry curvature dipole Dxz as a func-
tion of the Fermi energy EF under LPL for different values
of ∆L at fixed ∆ = 0.2α and mz = 0.1α at zero temperature.
When EF lies inside the bulk gap, Dxz vanishes as the BCD is
a Fermi surface property. The response reaches its maximum
value near the band edge as the BC becomes maximum at the
band edges (see Eq. (13)), and it vanishes as EF→∞. Further-
more, the magnitude and profile of the response further depend
on ∆Lα . Near the band edge, v±x Ω±z = 2vαmzk2

xdx/E4
± is con-

centrated around k±x = ±
√
(∆ −∆L)/α , where v±x Ω±z shown

in Fig. 2(b) forms a dipole-like structure with opposite signs.
As a result, the net dipole contribution is significantly reduced
compared with the case ∆L = 0.2α . When the Fermi energy
moves away from the band edge, the amplitude of Dxz can be
suppressed by increasing ∆L.

EF

0 0.5 1.0 1.5

D
x
z

0

2

4
∆L=0.6α

∆L=0.6α

∆L=0.6α

∆L=0 v
+
Ω
+

x
z

-10

0

10

(a) (b)

-1 0 1
kx

Fig. 2. (a) Plot of the Berry curvature dipole Dxz as a function of the
Fermi energy EF under LPL for different values of ∆L at fixed ∆ = 0.2α

and mz = 0.1α . (b) Density plots showing the Berry curvature Ω+
z mul-

tiplied by the velocity component v+x in the ky = 0 plane for different
values of ∆L with fixed ∆ = 0.2α and mz = 0.1α . The blue dotted, red
dashed, black dash-dotted, and green solid curves correspond to ∆L = 0,
∆L = 0.2α , ∆L = 0.4α , and ∆L = 0.6α , respectively. α is set to 1.

3.2. Berry curvature quadrupole

When the BC is forced to align along the z direction, the
BCQ can be denoted as

Qab =
∫ d2𝑘

(2π)2 ∑
n

vn
a

∂Ω n
z (k)

∂kb

(
−∂ f0(k)

∂E

)
E=En(k)

. (16)

In the present model, we obtain

∂Ω±z
∂kx

=
vαmz

E3
±

[
1− 6αk2

x(αk2
x −∆ +∆L)

E2
±

]
, (17)

∂Ω±z
∂ky

=−
3v3ky

2
2αmzkx

E5
±

. (18)

v±x
∂Ω±z (k)

∂kx
, v±x

∂Ω±z (k)
∂ky

, and v±y
∂Ω±z (k)

∂ky
are odd functions of kx, ky,

and kx, respectively. Their integrals over k at zero temperature
are zero. Therefore, the BCQ does not induce a charge current
in an SD system, regardless of whether LPL is present.
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3.3. Berry curvature hexapole

When the BC is forced to align along the z direction, the
BCH can be denoted as

Habc =
∫ d2𝑘

(2π)2 ∑
n

vn
a

∂ 2Ω n
z (k)

∂kb∂kc

(
−∂ f0(k)

∂E

)
E=En(k)

. (19)

There are four independent components of BCH: Hxxx, Hxxy,
Hxyy, and Hyyy. In the present model, we obtain

∂ 2Ω±z
∂k2

x
= −6vmzα

2kx(5αk2
x −3∆ +3∆L)

E5
±

+
60vmzα

3k3
x(αk2

x −∆ +∆L)
2

E7
±

, (20)

∂ 2Ω±z
∂kx∂ky

= −
3v3αmzky

E5
±

[
1− 10αk2

x(αk2
x −∆ +∆L)

E2
±

]
, (21)

∂ 2Ω±z
∂k2

y
= −3v3αmzkx

E5
±

(
1−

5v2k2
y

E2
±

)
. (22)

v±x
∂ 2Ω±z
∂kx∂ky

and v±y
∂ 2Ω±z

∂k2
y

are odd functions of kx and ky, respec-

tively. Their integrals over k at zero temperature are zero.
Therefore, Hxxy and Hyyy are zero, while Hxxx and Hxyy are
nonzero, regardless of whether LPL is present. Furthermore,
when the electric field is applied along the x direction, BCH
generates a fourth-harmonic voltage flowing along the y direc-
tion, while BCH does not lead to a fourth-harmonic voltage
when the electric field is along the y direction. When the elec-
tric field is not applied along either of the two axes, BCH will
have additional contributions to the anomalous Hall voltage.

0 0.5 1.0

H
x
x
x

H
x
y
y

-100

-50

0

0 0.5 1.0

-10

-5

0

-0.2α

0

0.2α

(a) (b)

EF EF

∆−∆L

Fig. 3. (a) and (b) Plots of the Berry curvature hexapole Hxxx/Hxyy as a
function of the Fermi energy EF for different values of ∆ −∆L at fixed
mz = 0.1α . The black solid, red dashed, and blue dotted curves corre-
spond to ∆−∆L =−0.2α , ∆−∆L = 0, and ∆−∆L = 0.2α , respectively.
α is set to 1.

Figures 3(a) and 3(b) show Hxxx and Hxyy as a function
of the Fermi energy EF for different values of ∆ −∆L at fixed
mz = 0.1α , respectively. When EF lies inside the bulk gap,
Hxxx and Hxyy vanish. This behavior of Hxxx and Hxyy is a
Fermi surface property, which is the same as that of the BCD.
Hxxx and Hxyy show a peak at the band edges and vanish when

EF → ∞, which results from the dependence of vn
x

∂ 2Ω n
z (k)

∂ki∂ki
on

higher orders of 1/EF. Based on Eqs. (20) and (21), the mag-
nitude and profile of Hxxx and Hxyy can be controlled by the
interplay between ∆ and mz. For fixed ∆ , the magnitude and

profile of Hxxx and Hxyy can be suppressed by increasing ∆L

when the Fermi energy moves away from the band edge, in
contrast to the case when the Fermi energy is near the band
edge.

4. Summary
In summary, we have studied the Berry curvature multi-

poles and band structure in a type-I semi-Dirac system under
LPL. By tuning the LPL, the system shows a transition be-
tween a single- and double-node phase. The x component of
the BCD is finite, while the y component is zero. This means
that when the electric field is applied along the x direction,
BCD induces a charge current flowing along the y direction,
while BCD does not lead to a transverse current when the elec-
tric field is along the y direction. The two components Hxxx

and Hxyy of the BCH are finite. These results show that the
BCH generates a fourth-harmonic voltage flowing along the y
direction when the electric field is applied along the x direc-
tion, and has additional contributions to the anomalous Hall
voltage when the electric field is not applied along either of
the two axes. Furthermore, the BCD and BCH in the system
change across the transition induced by LPL when the Fermi
energy is near the band edge, while BCD and BCH can be sup-
pressed by LPL when the Fermi energy moves away from the
band edge. Moreover, the BCQ is zero, regardless of whether
LPL is present. These results will be useful for controlling
quantum geometry-driven nonlinear transport phenomena.

Appendix A: Floquet Hamiltonian
In Eq. (4), when linearly polarized light is included, we

obtain

H±m =
1
T

∫ T

0
dt e±imωt(H(𝑘)+Hx

t σx +Hy
t σy), (A1)

Hx
t = 2ακkx cosωt +ακ

2 cos2
ωt, (A2)

Hy
t = vκ cosωt, (A3)

with κ = eA0/h̄. We obtain

H0 = H(𝑘)+
ακ2

2
σx, (A4)

H±1 = ακkxσx +
1
2

ηvκσy, (A5)

H±2 =
1
4

σx, (A6)

where we have used the relations

1
T

∫ T

0
dt cosωt = 0,

1
T

∫ T

0
dt cos2

ωt =
1
2
,

1
T

∫ T

0
dt e±iωt cosωt =

1
2
,

1
T

∫ T

0
dt e±iωt cos2

ωt = 0,

1
T

∫ T

0
dt e±2iωt cosωt = 0,

1
T

∫ T

0
dt e±2iωt cos2

ωt =
1
4
.
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Then, we obtain

[H−1,H1] = 0, (A7)

[H−2,H2] = 0. (A8)

Finally, the Floquet Hamiltonian of the type-I SD system is

Heff(𝑘) =

(
αk2

x −∆ +
ακ2

2

)
σx + vkyσy +mzσz. (A9)
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