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We investigate a four-dimensional coupled predator—prey model that integrates white noise to model continuous
environmental fluctuations and Markov switching to characterize discrete regime shifts. Compared with classical two-
dimensional models, this formulation allows a more realistic description of complex multispecies interactions. In the
deterministic case, the stability and bifurcation conditions for positive equilibrium are derived theoretically. The results
show that increasing the coupling strength can induce Andronov—Hopf bifurcations and spiral dynamics, leading the sys-
tem to evolve from a stable coexistence state to multimodal oscillations. In stochastic settings, the stochastic P-bifurcation
phenomenon caused by noise and switching is identified through changes in the stationary probability density functions and
the most probable trajectories. Based on the most probable trajectory theory, a quantitative indicator is further introduced to
determine the bifurcation conditions in the switched system and to evaluate species coexistence in a switching environment.
Results indicate that weak noise and switching rate can increase the coupling-induced bifurcation threshold and weaken
multimodal oscillations. The combined influence of these factors provides a guiding basis for the coexistence of multiple

species in switching environments.
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1. Introduction

Predator—prey models are widely used to describe
population dynamics, but deterministic models often fail
to capture real ecosystem dynamics under environmental
fluctuations.!"-?! In fact, populations are affected not only by
continuous small disturbances but also by regime shifts in-
duced by seasonal alternations or human activities, which are
commonly modeled as Markov switching.l*>! This frame-
work provides a more realistic description of sudden environ-
mental changes and helps reveal the mechanisms underlying
species persistence in heterogeneous environments.

In recent years, stochastic predator—prey models with
Markov switching have been mainly studied in two-
dimensional systems. Existing works have established suffi-

[6.7]

cient conditions for weak persistence and extinction, and

analyzed stochastic P-bifurcations and equilibrium transitions

8-101 For models with

using probability-weighted methods.!
general functional responses, explicit stability conditions for
dynamical bifurcations have also been obtained.!'!l Spatial
extensions have further characterized persistence thresholds
for reaction-diffusion systems under random switching.!!?!
However, two-dimensional models cannot adequately rep-
resent food web complexity with multiple predators and
prey. Furthermore, the combined effects of multispecies cou-

pling, white noise, and Markov switching in multidimen-
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sional ecosystems remain unclear. To address this limita-
tion, two-predator two-prey systems provide a typical four-
dimensional framework for describing interspecific competi-
tion and trophic interactions.

The theoretical study of two-predator two-prey coupled
systems can be traced back to the classical resource competi-
tion model.!'3] Early studies primarily examined stability and
coexistence in deterministic systems, highlighting essential
differences between single trophic-level stability and whole-

[14

system stability.['#! Later works developed the persistence the-

ory of species and emphasized the roles of heteroclinic cycles

s.115-17 In these models, coupling is

and limit cycle oscillation
a key mechanism for describing species interactions. '8 It is
usually represented by predation and competition coefficients,
which quantify interaction strengths among different trophic
levels. ] Existing studies have shown that coupling can af-
fect pest control,”!! induce period-doubling and symmetry-
breaking bifurcations, *?! destabilize otherwise stable subsys-

23

tems through persistent antiphase oscillations,>3! and shape

stability conditions and bifurcation behaviors through changes
in coupling strength.[?#!

However, most existing two-predator two-prey models
are deterministic and insufficient to characterize the random-
ness and environmental switching in real ecosystems. There-
fore, this work develops a four-dimensional stochastic ecolog-

ical model incorporating Markov switching, white noise, and
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coupling mechanisms. The model extends previous studies on
coupling-induced oscillations and reveals the synergistic ef-
fects of switching, noise, and coupling. These effects generate
rich dynamics, such as noise-delayed and switching-delayed
bifurcations, coupling-induced spiral motion, and multimodal
distributions, which provide theoretical insight into species co-
existence in fluctuating environments.

This work makes three contributions. First, a four-
dimensional coupled model with Markov switching and white
noise is developed to extend conventional two-dimensional
models and describe complex multispecies interactions. Sec-
ond, coupling-induced bifurcations are analyzed under both
deterministic and stochastic conditions, showing the transition
from stable equilibria to multimodal oscillations. Third, the
effects of noise intensity and switching rate on the critical cou-
pling threshold are investigated, revealing how external distur-
bances and internal coupling jointly shape ecosystem stability.

(b)

The rest of this work is organized as follows. Section 2
formulates the two-predator two-prey model with white noise
and Markov switching. Section 3 analyzes deterministic sta-
bility and coupling-induced oscillations. Section 4 extends the
analysis to stochastic environments and examines the joint ef-
fects of noise, switching, and coupling on species coexistence.
Section 5 presents the conclusions and future work.

2. Two-predator two-prey system

Based on MacArthur’s pioneering work, '3/ various mod-
els have been proposed to explore different ecosystems, as
shown in Fig. 1. These differences mainly result from the vary-
ing interactions among species. For example, Figs. 1(a) and
1(b) assume competition either within a single trophic level
(e.g., Y1 and 13) or across two levels (e.g., X; and Y»), while

some others consider both simultaneously (Figs. 1(c)-1(e)).

(d)

Fig. 1. Frameworks of the two-predator two-prey model. X; and X, denote prey populations, while Y| and Y, represent predator populations.
Solid arrows are predation relationships, and dashed lines represent interference competition. (a) Refs. [13,25]; (b) Refs. [14,23]; (c) Refs. [26];

(d) Refs. [17,21,22]; (e) Refs. [24]; (f) present study.

Although these deterministic frameworks reveal complex
population coexistence, randomness in natural environments
is ignored. Therefore, we extend the deterministic frame-
work (Fig. 1(e)) in Ref. [24] by incorporating more com-

plex interactions and environmental disturbances. Specifi-

where X (1),
populations, and Y;(¢), Y»(¢) represent the small-sized and

X, (t) denote the small-sized and large-sized prey

large-sized predator populations, respectively. The system (1)
is considered with positive initial conditions Xj(79) > 0,
Yi(to) > 0, X2(to) > 0, and Y»(#p) > 0. The parameters a; (in-
trinsic growth rates), by; (inter-prey competition rate), cy; (in-
terspecies capture rate), di (predator mortality rate), n; (con-
sumption rate of prey xi), & (predator self-competition rate),
m (half saturation constant), f; (inter-predator competition
rate), and 6; (consumption rate of prey x;) for k,/ = 1,2 are
positive constants. W;(¢) (i = 1,2,3,4) represent the indepen-
dent Gaussian white noises in the Stratonovich sense. These

cally, the predator self-competition terms, continuous pertur-
bations (Gaussian white noise), and discrete state transitions
(Markov switching) are added. The resulting stochastic two-
predator two-prey system with Markov switching is formu-
lated as follows:

X1 = x, —pUrOx2 0y x - Oy OOy G0y,
= —d Wy, —pry2 g Ol ))X1Y1 + L: i;) XY~ " + ol rwr),
1
X = ay X% = b5 X3 = b5 XX — Xt — XY + 0 XaWa 1), v
¥y = —dV Oy, — h{y2 +n§’(’>>c§§’))xl Yo+ 92( D% — 1O+ ol Drwa (),

noises have autocorrelation functions E [W;(t)W;(t + 7))

6(t), where 6(¢) is the Dirac delta function and o; are noise
intensities. The superscript (r(¢)) signifies that system param-
eters are modulated by the state of the Markov chain, reflecting
the ecological variations across different environmental modes
(e.g., seasonal cycles or habitat destruction). Let r(¢) be a
right-continuous Markov chain taking values in the finite state
space S = {1,2,...,N}. Specifically, for each state r(t) =i €

0l )

and 0}51‘) for k,l = 1,2 are constants. r(¢) is governed by the

m(l’)’f;")’

S, the system parameters a
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transition matrix I" = {}/ij} fori,j=1,2,...,N, and

’}/"Al‘—i-O(Al), J#la

Pr+ ) =j|r) =i} =1 @
L+ 70t +o(Ar), j=i,

where ¥;; denotes transition rates, and ¥; = — Y ;.; ¥%;. Sup-

pose that the Markov chain r(¢) is irreducible, implying that
any state is accessible from any other one. Therefore, in
light of finite-state Markov theory, the ergodicity property is

valid.!”)

3. Deterministic case
3.1. Existence and uniqueness of positive equilibrium

In the absence of Markov switching and white noise, the
system (1) reduces to a deterministic one. After replacing
the random variables X1, Y}, X3, Y> with deterministic variables
X1,Y1,%X2,y2, the equilibria of the deterministic non-switched
system can be solved by nullclines, satisfying x; = y; =xp =
y2 = 0. Given our focus on a healthy food chain that sustains
all four species, this work investigates how coupling strength,

white noise, and Markov switching jointly influence multi-
species coexistence on ecosystem stability. Therefore, our
analysis is restricted to the dynamical behavior of the internal
coexistence equilibrium E (x},y},x5,y3). Specifically,

M4x*
x| =My — Msx; — 72* )
m+x;
91621)(*
. hy (nlcllx’{ + m+x;2 —d; )| —fi (nzclsz —+ ezczzxéfdz)
=
hihy — f1f2 ’
61c21%5
. hi (naci2x} + Grcnnxs —do)— fo (anX’{ + me —d,
V2=
hihy — f1f2

3)

The values of x5 can be calculated by solving the following
cubic equation: 4

Axs? 4 Agxs? 4 Azxh +Aq =0, )

where

Ay =Ny, Ay =N;+2mNs+ Ny, Az =2mN, +mNy+ N3 +m°Ns+Ns, Ay = m’N; +mNs,

1
My =b1+——
: U = fif

((c11ha — crafo)nicii + (ci2hy — i1 fi)macin),

_ ai(hihy = fif2) + (enha = ciafa)di + (crohi — c11 f1)da

My Mi(hihy — fif>)

Ms = bia(hihy — f1f2) + (c12h1 —c11./1)62cn

M (hihy — fi1f2)

My =

)

(c11ha —c12f2)01c21
M (hihy — fif2)

(dahy —dy f)con + Moo (nicrifo — ci2hing)

Ny =ay — by M+

hihy — fifz
Macx (ciahing — cifani) + 6121 frean

)

My (crihang —ciafing) + 6ac21 ficon

Ny = by 1My + )
2T T hihy — fifa hihy — f1f2
Ny = 2 (diha — da fi — M (haciiny —nacinfi)) Ng = 2 ((Mycriny — 61c21)ho — Mycra fino)
hihy — fi1fa hihy — fi1fa ’
Ny = Ms ((=cufoni +cohmim)en +boi(hihy — f1£3)) h162c3, + b (hihy — fif2) )
hihy — f1f2 hihy — fif2 '
|
The cubic equation given by Eq. (4) has discriminant  non-switched system at the equilibrium E* is given below:

A = 18A1A2A3A4 — 4A3A4 + A3AS — 4A1A3 — 27A3A%. For PP .
A > 0, it has three distinct real roots, and for A < 0, one real A"+ BiA" +ByA” + B3A +B; = 0. ©)

root and a pair of imaginary roots. A unique positive solu-
tion x5 exists if A < 0 and A1A4 < 0. Moreover, for the inte-
rior equilibrium E*(x},y},x5,y3) to be biologically meaning-
ful, x7,y7, and y; must be positive.

3.2. Local stability of positive equilibrium

Linearizing the deterministic part of system (1), we ob-
tain the local asymptotic stability condition for its positive

equilibrium E* using the Jacobian matrix and Routh—Hurwitz

24,27

criteria.?»?” The characteristic equation of the deterministic

The specific expressions of Bi (i = 1,2,3,4) are (see Ap-
pendix A)

BT:BI|E*7 B;:BZ‘E*7 B§:B3‘E*7 BZ{:B4‘E*, (7)
where

By = —(Ju+Jn+J33+Jss), By=det(J),

By = J11(Jo2 +J33 +Jaa) +J22(J33 +Jaa) + J33J44

—J12J21 — J13J31 — J1ada1 — J23J30 — JoaJan — J34J43,
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— (J11da2d33 + J11J22Jas + J110330aa + J22J33J44)
+J11J23032 +J11J24da2 + J1134d43 + J22J13 031
+Jo0J14J41 + J22J34043 + 33T 12001 +J33J14041
+J33004J42 + JaaJ 12021 + Jaad 13031 +Jaad23 32
—J12J23J31 — J12J2ada1 — J13J34J41 — J23 3442
—Ji3Ja1 32 +J13J22031 — J1aJ21Jaz + J14d22J a1

—J14J31J43 — J24J32J43, (8)

with

Ji1 = a1 —2by1x1 — bioxa — c11y1 — c12y2, Ji2 = —ci1xq,
Ji3 = —bix1, Jia = —cipx1, Jo1 =niciiyi,

01c21x2
Jn = —di —2h1y; +niciix) + ———— — fiya,
m+x;

01c21my
Jy3 = ———5, Jos = —fiy1, J31 = —baxz,

) Sy

C21X2
J3p = — )
32 ——
mea1y
J3z =ax —2bypxs — by x) — ———5 — c22)2,
(m+x7)? Y

B34 = —cooxz, Ja1 = nac1oy2, Jao = —frya, Jaz = ey,

Jag = —dy —2hoys +naciax) 4 62000x2 — oy &)

According to the Routh—Hurwitz criteria, E* is locally asymp-

totically stable if(**!

By >0, B3>0, B*=B|B5—B;>0,

B* = B{B3B} — By> — B}’B} > 0. (10)

To validate the above conclusions, the time series of the
deterministic non-switched system is presented in Fig. 2. The
parameter values are® ¢, = 0.85, ap = 0.7, by; = 1.4 x
1074, by =3.5x 1074, ¢4 = 0.013, ¢ = 0.03, m = 1200,
dy =0.04, d, = 0.03, n; = 0.007, n, = 0.001, 6; = 0.0104,
92 = 0.0093, Cl2 = 0.005, 21 = 0.002, b12 =1x 1076,
by =9x107% £, =0.002, H=5x10"% h; =1.2x 107,
hy =1x 1075, and 0 = 0o, =03 =04 = 0. Substituting
these values into Eq. (10) yields B = 0.15, B =2.52 x 1073,
B* =4.92 x 1073, and B* = 2.06 x 10~°. Hence, the steady
state of the system is confirmed to be a locally asymptotically
stable equilibrium E*.

In the absence of white noise and Markov switching,
Fig. 2(a) displays three solution trajectories starting from ini-
tial points Ly, (k = 1,2,3), all converging to equilibrium E*,
indicating stable species coexistence. Figures 2(b) and 2(d)
show the transient anti-phase oscillations between prey x; and
predator y;: As x| increases, y; decreases, forming repeated
cycles until stabilization. Figure 2(c) exhibits impulse-like os-
cillations in prey x, without corresponding behavior in preda-
tor yo. The asymmetry appears to originate in distinct func-
tional responses between the predators. Both consume prey x;
at a linear rate, and predator y, also feeds linearly on x;. In
contrast, predator y; responds to x, with a Holling type II sat-
urating functional response. Therefore, even without random
disturbances, multidimensional ecosystems can exhibit com-
plex nonlinear behaviors.

(a) 900 (b) 1200 (©
00T L
600 800
X1 X2
1
6 300] | 400
(Y
|-
: by
" 00" 300 600 900 1200 %
5 (d)

Yo MEE

300

600
1200 900 0

300 600
t t

1200 0 300 600 900 1200

Fig. 2. Trajectories of the deterministic non-switched system starting from three initial values Ly (k = 1,2,3). The curves I, represent the trajec-
tories originating from Ly, which eventually converge to the interior equilibrium E*. Specifically, L; = (350,45, 100, 10), L, = (450,40,400,5),

L = (850,45,350,15), and E* ~ (547.37,57.72,201.32,4.56).
3.3. Effects of coupling strength

Coupling between species is an important factor affecting
species coexistence and ecosystem stability. We now examine
the impact of coupling strength on the stability characteristics
of the positive equilibrium E*, which governs long-term coex-
istence dynamics. The coupling strength ¢, serves as a critical
control parameter, representing the predation rate of predator
y1 on prey x; and thus measuring interaction intensity. Based

on the analysis in the previous subsection, the necessary and
sufficient conditions for the existence of an Andronov—Hopf
bifurcation at ¢y = c3, are[*®!

Bj(c31) >0, B" = Bj(c3)B(c31) — B3(c3) >0,

g~ 45

&~ dCZl 621:52" 7&07 ]: 13273747

) 2
B* = Bi(c21)B3(¢21)B3(¢21) — B3 (1)
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— Bi(c5))Bi(c31) =0, (11)

where &; is the real part of the j-th eigenvalue, and Bz_ #0
denotes the transversality condition essential for bifurcation

65 (a) 12 (b)
60 AHB 9
Yiss Y2 g |
— e
50 . 3
=138 =158
~

B.O 05 1.0 1.5 2.0 25 3.0
(%3]

46.0 05 1.0 1.5 2.0 25 3.0
1

occurrence. To elucidate these theoretical conditions, the bi-
furcation diagrams of the steady states y; and y, as functions

of the coupling strength c;; are presented in Fig. 3.

(c) (d)
75“ 12"
65" 8
Y1 Y2
55| I
‘ R
45 \
200 O
40%6 — 553.0 3080 5530
+ S ——1.52.0252 +°27900 -1 1.52.025%
i 80000 0510 o 2 000510 -

Fig. 3. Bifurcation diagrams of positive steady states in the deterministic non-switched system with varying coupling strength ¢,;. (a) and (b) Two-
dimensional bifurcation diagrams of steady states y; and y, with respect to c21, showing an Andronov—Hopf bifurcation (AHB) at c31 = c3; ~ 1.58
(theoretically calculated). (c) and (d) Three-dimensional bifurcation diagrams of phase portraits x;—y; and xp—y, with respect to ¢y

75 69 (c)
----- =05 =22 61| A NDEATEN oA I NS NS
- 1=18 — ;=3 y153 | ‘v Jl\;{{\]\{;.\\/f‘\-\,“\f}f\\/\f\%fy\\;\f\ ﬁ\
65
Y1 TS 45
12 (d)
55 5
y2 8
4
45 0
250 400 550 700 850
X1

Fig. 4. Phase portraits and time series of the deterministic non-switched system under different coupling strengths c¢;. Initial values are
(x1(0),¥1(0),x2(0),y2(0)) = (100,50, 100, 10). Increasing c;; will cause the steady state to change from an equilibrium to a limit cycle, or even

result in a spiral trajectory.

Figure 3 presents the bifurcation analysis with respect to
the coupling strength c;;, representing how intensifying pre-
dation pressure from predator y; on prey x, reshapes ecosys-
tem dynamics. Figures 3(a) and 3(b) show the equilibrium
and periodic branches for predator populations y; and y;, re-
spectively. An Andronov—Hopf bifurcation is identified at
c1 ~ 1.58, a value derived theoretically from Egs. (9)—(11).
Below this threshold, the system maintains a stable equilib-
rium where all species coexist. Above it, the system tran-
sitions to stable periodic oscillations. Biologically, stronger
predation of y; on x; breaks the original trophic balance and
redistributes energy flow among species, thereby amplifying
population fluctuations. With further increases in ¢y, the
dynamics of the species pair (x1,y;) evolve from simple os-
cillations to more complex behaviors, including asymmetric
oscillations (at ¢p; =~ 1.95) and multimodal oscillations (for
c21 > 2.51).128291 This might be because the predator y; ob-
tains resources from both x; and x,, whereas the interaction
involving x; is regulated by the Holling type II functional re-
sponse. In contrast, the species pair (x»,y,) only undergoes the
initial Andronov—Hopf bifurcation, without additional bifurca-
tions, but shows declining population densities and heightened
extinction risk. This may be because increasing c;; redirects
part of the resource flow from x, to y;, reducing the food sup-
ply for y,. Thus, the species pair (x,y;) mainly shifts to a
limit cycle with lower population levels, rather than develop-
ing further complex bifurcations. Figures 3(c) and 3(d) pro-

vide three-dimensional confirmation of the complex bifurca-
tion structure and cascading phenomenon.*2?°! The increas-
ing oscillation amplitude and the emergence of spiral trajecto-
ries indicate that higher species richness amplifies ecosystem
complexity, which may not be conducive to species coexis-
tence.

To further analyze, we selected coupling strength values
c21 = 0.5,1.8,2.2 and 3 to represent distinct dynamical states
identified in Fig. 3. The corresponding time series and phase
portraits of the deterministic non-switched system are plotted
in Fig. 4. For c¢p; = 0.5, the steady state is an equilibrium,
and the time series trajectory converges to a fixed point. At
cz1 = 1.8, the steady state becomes a limit cycle, and the phase
diagram shows a closed orbit. For co; = 2.2 and ¢31 = 3, the
phase diagram of species pair (x1,y;) exhibits spiral shapes

of different sizes.[?22°

I This self-intersection phenomenon in
the 2D projection confirms the complex torsion of the trajec-
tory in the four-dimensional phase space.!?8! In contrast, the
species pair (xy,y») mainly exhibits enlarged oscillation am-
plitudes, while its phase portrait remains a stable limit cycle,
as shown in Fig. 4(b). This asymmetric response indicates
that as ¢ increases, the predation pressure imposed by y; on
x> becomes stronger, directly disturbing the population bal-
ance of the second predator—prey pair. The enlarged oscilla-
tion amplitude implies that the population density of (xp,y,) is
more likely to approach low-density states during oscillations,
thereby increasing its potential extinction risk. The time series
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in Figs. 4(c) and 4(d) further validate the above conclusions.

4. Stochastic case

In this section, we investigate the influence of coupling
strength on the system dynamics under the combined action
of two random mechanisms: white noise and Markov switch-
ing. Following a similar analytical structure to the determinis-
tic framework, we first establish the mathematical foundation
by proving the existence and uniqueness of positive solutions
for the stochastic system.

b0 gas _ 1) g

2

with  initial  values  (g1(0),p1(0),42(0),p2(0)) =
(InX;(0),1nY;(0),InX>(0),InY>(0)). B;(t) (j =1,2,3,4) are
the Brownian motions defined on the complete probability
space (22, F,{F:}+>0,P). Since the coefficients of system (12)
satisfy the local Lipschitz condition, there exists a unique local
solution (g1 (¢), p1(t),q2(¢), p2(t),r(t)) ER* xSont € [0, )
a.s., where 7. is the explosion time. To show this solution is
global, we prove 7. = oo a.s. Let & > 1 be sufficiently large
such that initial values lie within the interval [1/g,&)]. For
each integer € > gy, define the stopping time as

o | =

Te = inf{t €10, 7) : min{X;(2),Y1(¢),X2(),Ya(2) } <

or max{X;(t),Y1(t),Xx(t),Ya(t)} > 8}. (13)

Clearly, 7, increases as € — oo. Let T = limg_,0 Te, Whence
Tow < To a.8. If T, = o0 a.s. is true, then 7. = o and
(X1(t),Y1(1),X2(t),Yo(t)) € RY as. for all + > 0. Conse-
quently, to complete the proof, it suffices to prove T, = o a.s.
Suppose, for contradiction, that this does not hold; then there

o(r) (r(®)

(r(1)) (r(e))

rn(’(’))-i,—qu

4.1. Existence and uniqueness of stochastic positive solu-

tion

Theorem 1 For any initial value (X;(0),Y;(0),X2(0),Y2(0),
r(0)) € R* x S, there exists a unique positive solution
(X1 (t),Y1(1),X2(2), Ya(t),r(t)) € RY x S to system (1) for all
t > 0 with probability one.

Proof Apply the logarithmic transformation g¢;(z) =
InX; (¢), p1(t) =InY|(¢), ¢2(t) =1InX5(¢), and p, (1) =In¥>(¢).
By the It6 lemma, the system (1) is transformed into the fol-

lowing form for ¢ > 0:[7-30]

2(r(1))

D) et _ p{r0) gan _ 1) g _ 0 o . 91 )dl + 6 ap (1),

2(r(1))
ed2 *fl(’(’)) el2 622> dr+ Gz(rm)de(t),

2(r(r))
RO er2 g n Oy ar 4 U0 0 gar _ 00D ey 2i >d, + 6By (),

2(r(1)) a2
P Der g B ) dt+ o\ dBs (1),
\
exist constants T > 0 and § € (0, 1) for which
P{1.<T}>&. (14
Consequently, one can find an integer £ > & satisfying
P{t. <T}>&, Ve>g. (15)

Define a C2-function V : Ri — R, by

X
V(X1,Y1,X,12) = (Xl —n—nln 71)
+yi(Y1—1—InY))+ v (X, — 1 —1nX;)
+y3(Y2 — 1 —InY2), (16)

where 1, Y1, ¥», and 3 are the positive switching parameters
to be determined later. The nonnegativity of the function V
can be seen from w — 1 —Inw > 0 for any w > 0.

According to the It6 lemma, a direct calculation of the
differential dV () along the solutions leads to

dV(X,,Y1,X0,Y2) = LV (X1, Y1, X, V) dt + 6" (X, = )dB () + 6y (v — 1)dB, (1)
+0!" Dy, (X, — 1)dBs (1) + 0"y (Yo — 1)dB4 (1), (17

where LV : Ri — R is defined by

£v = (6 —m) () b x — b x = W — ) £y v - ) ( — ) _ Oy, 4 ) )y

L0y,

@ r I r r r
21 £l <’>>y2> (1) (ag D B, K, - o ng(z»Yz)

oy,
mr0) 4 X,

+
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2(r(1))
G r r r r r r T

POy 1) () s a0, + g, - )
el ol el

2 2 2

= —b(lrl(t)) —yi Y — %b(zrz(t)) X3 — w33 + ( ( ( N W2b21( )X1X2 - (llfz — Vf392(r(t))) Cgrz([>)XzY2
(r®)\ .(r(®)
, (—sz + 16, ) ¢y Xoh , Y (n

4 (e O 3 + i 4 (= O L) 1
= (WA ) 1 [ byt — e — gl

D) 4yl ® 4yl gl Ol

i

nG20) 4 G20) 2D 200

2 2 2 2

D 4 ) 4y

Choose y; = mln{ NGO 1(

LV < sup {—bgrlm)Xlz + (aﬁ’(’” +nb

X1>0

+ sup { ~yabliVx3 +
X>>0

nb|
+sup{ il y2 +(1//h

Ao+ [y

v

7”“1

+ sup {—lylhgr(t»le + (l//lhlr(t)) + 7l
Y1>0

(
(1))
12

+ llf3f2(r(t)) - vnd%’(’”} )4l

v O IOy, )y,
mr O 4 X, om0 1 X,

(r(®) (r(®))

— yad! (r(e)

+yd!™ yadl "), (18)

} and y3 = min { ﬁ, % }, such that
) )

) 4 yabls) 3, }

(r(t))
(r(t l1’2021
+ W3f2 m(r([)) ) Yl}

byl + i) 1)

)y ) )

Y>>0
2(r(z) 2(r(r)) 2(r(t)) 2(r(1))
LY V10, V)0 V30,
+l//1d +l//d 5 S I (19)
Setting 1 = v, = 1, we have
COR:
() +500 450’ <wlh<{<’>)+c§’1’>>+%f2(’(’”+;f<1<,>)> () +55 + )’
LV < + +
I r 2
(ws 45 4y +yar™) (r(1)) (r(1))
+ (1) + lIlldl + W3d2
41[/3/’12
2(r(1)) 2(r(t)) 2(r(1)) 2(r(t))
O O. O O
+-3 +W13 +-25 +%‘£ = Ko, (20)

where Kj is a positive constant. Following the same procedure

as in the proof of Theorem 1 by Liu et al.,’"

the remaining
details are omitted.

Consequently, for any initial value (X;(0),Y;(0),X2(0),
Y2(0),7(0)) € R% xS, system (1) admits a unique global so-
lution almost surely. To illustrate this theoretical result, we
consider a numerical example involving a two-state switch-
ing environment. Specifically, we define the state space as

S = {1,2}, with transition rates ¥;» = 5 and %; = 10. Then

the corresponding transition matrix I” is given by

_ {?’11 7’12} _ [—712 T2 } _ {—5 5 } @D

Y21 V22 Y21 =71 10 —10
Note that for a two-state Markov switching, the diagonal el-
ements are completely determined by the off-diagonal transi-
tion rates (rows sum to zero). Therefore, in all subsequent
analyses of two-state switched systems, we only need to spec-

ify the transition rates yj> and 75 to fully characterize the en-
vironmental switching dynamics.
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Fig. 5. Trajectories of system (1) with both white noise and Markov switching starting from three initial values Z; (k = 1,2,3). The curves I
represent the trajectories originating from L;, which eventually oscillate around the equilibrium E*. Noise and switching cause the stochastic
trajectories to fluctuate around the deterministic ones (Fig. 2), with species pair (X, Y1) exhibiting larger fluctuations.

Next, the system is assumed to switch between two en-
vironmental states, which are used for numerical illustration
rather than to represent a specific ecosystem. State r(f) = 1
can be interpreted as a relatively favorable or less disturbed
state, such as a resource-rich season or a stable habitat con-
dition. The parameter values are adopted from Ref. [24],
specifically: a\') =0.85, al") =0.7, p\) = 1.4 x 1074, b)) =
3.5x1074, ¢l =0.013, ¢l =0.03, m() = 1200, 4\" = 0.04,
d$V =0.03, 2" =0.007, n") =0.001, 6" = 0.0104, 6" =
0.0093, %) =0.005, ¢! = 0.002, b)) =1 x 1076, p}) =
9x 1074, £V =0.002, £ =5x 1074, AV = 1.2x 105,
hg) =1x 107, State r(t) = 2 represents an alternative state
with changed resource availability, predator activity, and dis-
turbance intensity, such as seasonal stress, habitat degrada-
tion, or human interference. The differences in the param-
eters between the two states reflect reasonable variations in
the values of parameters such as growth rate and capture effi-
ciency. The corresponding parameter values are: agz) = 0.8,
a? =078, bY = 1x 104, b)) =3 x 1074, ¥ = 0.01,
2 =0.02, m@ = 1200, d* = 0.03, d{” = 0.04, nl?) =
0.006, n3” =0.0005, 6> = 0.01, 6{” = 0.009, ¢3 = 0.004,
¢$? =0.003, 512 = 1.1x 1076, 5 =8 x 1074, % = 0.001,
AV =4x1074 1% =1.3%1075, A = 1.1 1075, In par-
ticular, throughout the simulation, we assume uniform noise
intensities in both states: Gi(l) = i(z) =0 (i=1,2,3,4). The
corresponding results are presented in Fig. 5.

Figure 5 displays the transient solution trajectories of the
system (1) subject to both white noise (¢ = 0.005) and Markov
switching. In contrast to the deterministic trajectories (Fig. 2)
that converge to the positive equilibrium E*, the stochastic tra-
jectories fluctuate around their deterministic counterparts due
to environmental stochasticity and Markov switching, reflect-
ing how natural populations rarely achieve perfect equilibrium
in variable environments. This oscillation phenomenon is par-
ticularly evident for the species pair (X;,Y;) rather than the
pair (X;,Y>). It may be because predator ¥} obtains resources
from both X; and X5, and its interaction with X, follows a

Holling type II functional response. The analysis indicates
that low-intensity noise mainly causes minor fluctuations in
the solutions while still maintaining the tendency towards a
stable steady state.

4.2. Effects of coupling strengths under Gaussian white
noise

In this subsection, the influence of coupling strength on
the system (1) subjected to white noise perturbation will be
analyzed. As shown in Fig. 5, the stochastic solution trajecto-
ries exhibit highly irregular oscillations, making it difficult for
the phase diagram and time series to provide meaningful dy-
namical information. Therefore, we introduce the stationary
probability density function and the most probable trajectory
as analytical tools for the stochastic part.

181321 The probability distribution of ran-

Definition
dom variable X is described by its probability density func-
tion p(X). The stationary probability density function
(SPDF), denoted as ps(X), is defined for a stochastic process
whose probability density function remains time-invariant,
ie., dps(X)/dt =0.

Definition 2>3-351 The most probable trajectory Xp, (t) is
defined as the continuous path that passes through local max-
ima of the probability density function p(X,7) at each time
point z. Mathematically, X, (¢) satisfies

Vxp(X,t)|x=x, =0, (22)

with the Hessian matrix V% p(X,t)|x—x,, being negative defi-
nite.

Using Y (¢) as our focal variable, we define Y;y, as the lo-
cal maximum point of the ps(Y;), representing the most prob-
able stationary solution (MPSS) of Y] in stochastic system (1).
Similar to the analysis of the deterministic non-switched sys-
tem shown in Fig. 3, Fig. 6 depicts how Y;,, varies with cou-
pling strength ¢, allowing a direct comparison between de-
terministic and stochastic bifurcation behaviors in the non-
switched case.
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Fig. 6. Bifurcation diagrams of the stationary distribution in the stochastic non-switched system with varying coupling strengths c5;. (a) Bifurca-
tion diagram of MPSS Y|, versus c3; for case 6 =0 and 6 = 0.002. ¢3; ~ 1.58 denotes the Andronov—Hopf bifurcation value, while ¢5; ~ 1.92
represents the stochastic P-bifurcation value. (b), (c) Marginal SPDFs p(Y;) projected onto the ¢p;-Y; plane for noise intensities ¢ = 0.002 or
o = 0.005, demonstrating that increasing noise intensity causes reduced p(Y;) value and fewer peaks.
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Fig. 7. Marginal and joint SPDFs under varying coupling strengths ¢z; and noise intensities . (a)-(d) illustrate the evolution of ps(¥;) from
unimodal to multimodal distributions, demonstrating that increased noise intensity suppresses complex multimodal oscillations but broadens the
distribution. Vertical arrows mark the equilibrium position in (a), indicating ps(¥;) — . (e)—(h) present three-dimensional views illustrating the

transition from unimodal to multimodal distributions.

Figure 6 presents the bifurcation behavior of stationary
distributions in the stochastic two-predator two-prey system
as coupling strength cy; varies. Figure 6(a) compares the
deterministic non-switched system with the stochastic non-
switched system. The deterministic case exhibits a smooth
and continuous Andronov-Hopf bifurcation at c¢;; ~ 1.58,
whereas the stochastic case remains a unimodal distribution
until ¢p1 &~ 1.92. This occurs because environmental noise dif-
fuses lower-probability peaks (see Fig. 6(b)) and delays the
onset of the bifurcation phenomenon. Only when the coupling
strength increases sufficiently (cp; =~ 1.92) does the underly-
ing deterministic bifurcation structure overcome the diffusive
effect of noise, allowing ps(¥;) to transition from unimodal to
bimodal through a stochastic P-bifurcation.

Additionally, at o = 0.002, MPSS Y, exhibits a nar-
rower range with fewer peaks, demonstrating noise-induced
suppression of extreme fluctuations and multimodal oscilla-
tions. Figures 6(b) and 6(c) further display the ps(Y;) for
different noise intensities (¢ = 0.002 and ¢ = 0.005). At
o = 0.002, the ps(¥;) evolves from unimodal to bimodal or

multimodal states, with higher probability density at higher
Y) values, indicating preferential stabilization at higher preda-
tor populations. However, at ¢ = 0.005, although the com-
plex multimodal patterns are replaced by simplified unimodal
distributions, the significantly widened distribution range in-
dicates reduced ecosystem stability as intense environmental
fluctuations eliminate alternative stable distributions.

Figure 7 further shows the marginal stationary probability
density function ps(Y¥;) and joint stationary probability den-
sity function pg(X;,Y;) under the combined effects of varying
coupling and noise. At weak coupling (c2; = 0.5), ps(¥1) re-
mains unimodal regardless of noise intensity. At intermediate
coupling (cp; = 1.8), the deterministic non-switched system
develops two peaks, but increasing noise eliminates the lower
peak while broadening the dominant one. At strong coupling
(c21 = 2.2 or 2.5), noise progressively simplifies the multi-
modal deterministic structure, merging adjacent peaks and dif-
fusing the trajectory range. Hence, Figs. 7(a)-7(d) validate
the stochastic P-bifurcations through unimodal-to-multimodal
transitions, while Figs. 7(e)-7(h) visually reveal the evolution
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from needle-like equilibria to broad multimodal oscillations.
Figures 7(g) and 7(h) further reveal that noise intensity can
smooth complex coupling-induced structures into dispersed
distributions, reduce peak values, and consequently weaken
system stability.

4.3. Effects of coupling strengths under Gaussian white
noise and Markov switching

The previous section explored the influence of white
noise on the stationary distribution of the system in a single
environmental state. However, due to factors such as seasonal
changes and human hunting, the interaction parameters among
populations are not constant. Markov switching is used to re-
flect the impact of heterogeneous environments on population
dynamics. Since the occurrence of switching is accompanied
by at least two pairs of system parameters, the coupling ef-
fect in the switched system requires the analysis of at least
two coupling parameters simultaneously. Next, we study the
combined influence of continuous fluctuations (white noise)
and discrete environmental shifts (Markov switching) on sys-
tem (1).

In this framework, we focus on the scenario where the
coupling strength alternates between two environmental states,

ie., S={1,2}. Accordingly, the coupling strength is céll)

state r(¢) = 1 and switches to c(221) at state r(¢) = 2. To quantita-

at

tively characterize the bifurcation dynamics under this switch-
ing effect, we introduce an indicator Ny, , defined as the num-
ber of local maximum points Y|y, in the stationary probability
density function p, (Y1) of species Y;. Topologically, Ny, =1
corresponds to a unimodal distribution, whereas Ny, , = 2 sig-
nifies a bimodal distribution.

(b) 0=0.002

3.0 (@)o=0

Ny,,

Fig. 8. Bifurcation diagrams in the coupling strengths cgll)—c(zzl) plane

quantifying the number Ny, = of peaks with fixed transition rates yi2 =
Y1 = 5. (a) depicts the deterministic case and (b) the stochastic case
with different cgll) and 0(221). Here, Pagp is the Andronov—Hopf bifurcation
point, Pspp is the stochastic P-bifurcation point, and Ppgg is the bifurcation
point of the noise-free switched system. White noise elevates the critical
threshold of coupling-induced oscillations under fixed transition rates.

Figure 8 displays the bifurcation behavior of the sys-
tem (1) under fixed transition rates and varying switching pa-
rameters. Unlike the single-parameter bifurcation diagrams
(Figs. 3 and 6), the proposed method quantifies and com-
pares the stationary responses of the stochastic switched sys-
tem from the perspective of the most probable trajectory using

Ny,,,- Along the black diagonal line cgll) = 521), the system

effectively has no switching effects. Consequently, the sys-
tem recovers the non-switching baseline where critical thresh-
olds Papug = (CZUCZI) = (1.587 1.58) and Pspg = (531,531) =
(1.92,1.92) align with the single-state bifurcations identified
in Figs. 3 and 6. Outside the diagonal region where switch-
ing occurs (modeling natural heterogeneity across habitats
or seasons), the bifurcation thresholds depend on combined
parameters of all subsystems rather than a single bifurca-
tion value ¢3, or ¢3,. Specifically, the points on the bound-
ary curves between differently colored regions represent the
critical transition values of the switched system. While de-
terministic non-switched systems lose unimodal stability at
c21 > ¢3; ~ 1.58, the switched system maintains unimodality
even at ¢21 > ¢3,, demonstrating how Markov switching weak-
ens coupling-induced multimodal oscillations. For instance,
the point Ppsg = (cgll)7c§21)) = (2.5,0.81) in Fig. 8(a) repre-
sents the bifurcation point at which the ps(Y;) transitions from
a unimodal form (Ny,, = 1) to a bimodal form (Ny,, = 2).
Compared with Fig. 8(a), white noise (o = 0.002) in Fig. 8(b)
shifts the boundaries between colored regions toward the up-
per right, causing the Ny, values to remain unchanged or de-
crease. This indicates that noise influences the system sim-
ilarly regardless of parameter switching. These results also
suggest that Markov switching more effectively elevates bi-
furcation thresholds and suppresses complex cascading bifur-
cation phenomena, highlighting the conservation importance
of preserving environmental heterogeneity.

In Fig. 8, we select four characteristic points P; (i =
1,2,3,4) from the cg){g) plane for detailed analysis and
plot their p(Y;) in Fig. 9. Under fixed transition rates ¥, =
11 =5, the ps(Y)) exhibits varying multimodal characteris-
tics across different points: At Py, the system maintains a
unimodal distribution (Ny,, = 1) for both noise intensities
o =0 and o = 0.002; at P,, it transitions to bimodality when
0 = 0 (Ny,,, = 2) while remaining unimodal when ¢ = 0.002
(Ny,,, = 1); at Ps, the distribution becomes more complex with
a quadrimodal distribution for o = 0 (Ny,,, = 4) and bimodal
distribution for o = 0.002 (Ny,, = 2); finally, at Py, the system
shows five peaks when o = 0 (Ny,,, = 5) but stabilizes into a
trimodal distribution (Ny,,, = 3) when ¢ = 0.002, demonstrat-
ing how environmental states interact with system parameters
to shape population stability patterns. Therefore, Fig. 9 re-
veals how environmental switching shapes the peak structure
of ps(Y1) under white noise, demonstrating how environmen-
tal heterogeneity can help prevent species collapse in homoge-
neous environments.

Figure 10 displays the bifurcation behavior of the sys-
tem under the fixed switching parameters and varying transi-
tion rates. The points on the y;,—; plane, such as ¥, =3
and ; = 8, represent the transition rate from state r(z) = 1
to state r(t) =2 as 3, and the reverse transition rate as 8.
In Fig. 6(a), the deterministic non-switched system shows a
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Fig. 9. Marginal SPDFs p(Y;) at switching parameter points P; (i = 1,2,3,4), validating the topological transition from unimodal to multimodal

distributions. Here, Py = (2.2,0.5), P, = (1,2.5), P; = (2.5,1.8), and Py =

multi-peak stationary distribution at c;; = 3 and Ny, = 6. Af-
ter Markov switching is introduced, Ny, decreases to 2 at
c§)) = 0.5 and ¢ =3 in Figs. 8(a) and 10(a). This sug-
gests that Markov switching weakens multi-peak population
oscillations and raises the threshold for coupling-induced os-
cillation. It is worth noting that when both yj, and }»; are
large (indicating rapid environmental switching), values of
Ny,,, and the parameter region corresponding to Ny, > 4 are
smaller, demonstrating that faster switching effectively sup-
presses multimodal oscillations and reduces the probability of
extreme states. In particular, with 9 fixed (e.g., o1 = 3), in-
creasing 7;, transforms the pg(Y;) from unimodal Ny, =D
to bimodal (Ny,,, = 2) to quadrimodal (Ny,,, = 4), exhibiting
a period-doubling-like bifurcation pattern arising from envi-
ronmental heterogeneity and state-switching dynamics. Com-
pared to Fig. 10(a), the Ny, ~values in regions influenced
by white noise (o = 0.002) in Fig. 10(b) remain unchanged
or decrease. Thus, the suppressing effect of white noise on
coupling-induced bifurcation also persists in the switched sys-
tem.

Similar to Fig. 9, we select four specific points Q; (i =
1,2,3,4) in Fig. 10 to correspond to four sets of different tran-
sition rates. The corresponding marginal stationary probabil-

(2.5,2.7). White noise weakens coupling-induced multimodal oscillations.

ity density functions ps(Y;) are given in Fig. 11. Figure 11
illustrates the evolution of the ps(Y;) at points Q1—Q4 under
increasing noise intensity with peak numbers reducing from
Nylm =2to Nylm 1 at Oy, Nylm =4 to Nylm =2 at Oy,
Ny,, =4 to Ny, =3 at O3, and Ny,, = 6 to Ny, = 4 at
Qa. In conclusion, environmental noise and Markov switching

can weaken the multimodal phenomenon caused by coupling,
thereby simplifying the system dynamics.

(a) 0=0

(b) 0=0.002

Ny,,,

Y21 Y21

1234567 8910
Y12

Fig. 10. Bifurcation diagrams in the transition rates y;2—% plane quan-

tifying the number Ny, of peaks with fixed switching parameters c(zll) =

0.5 and cgzl) = 3. (a) depicts the deterministic case and (b) the stochastic
case with different y12 and y5;. The Ny, values influenced by white noise
in (b) remain unchanged or decrease compared to (a). Markov switching
elevates the threshold for coupling-induced oscillations under fixed cou-
pling strengths.
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Fig. 11. Marginal SPDFs p,(Y)) at different transition rate points Q;
multimodal distributions. Here, Q1 = (8.5,9), 0> = (7,4), 03 = (5,1.5)
noise and tends to suppress coupling-induced multimodal behavior.

5. Conclusion

We analyze a four-dimensional two-predator two-prey
system with coupling, Gaussian white noise, and Markov
switching, and examine how these factors jointly shape bifur-
cation thresholds and species coexistence.

Compared with existing two-dimensional predator—prey
models with Markov switching, this model extends the anal-
ysis from a single predator—prey interaction to two coupled
predator—prey pairs. It can describe inter-prey competition,

(i =1,2,3,4), validating the topological transition from unimodal to
, Q4 =(9.5,0.5). Markov switching has an effect similar to that of white

inter-predator competition, cross predation, and asymmetric
functional responses. Thus, the effects of coupling strength on
multispecies coexistence can be analyzed more explicitly. In
addition, this work focuses on the joint influence of coupling
strength, Gaussian white noise, and Markov switching on bi-
furcation behavior.

The coupling-induced bifurcation mechanism is exam-
In the

deterministic non-switched case, increasing the coupling

ined under deterministic and stochastic conditions.
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strength induces an Andronov—Hopf bifurcation. The sys-
tem changes from a stable coexistence equilibrium to peri-
odic or multimodal oscillations. Biologically, stronger cou-
pling enhances cross predation, modifies trophic interactions,
and destabilizes the corresponding predator—prey pair. The
effects of Gaussian white noise and Markov switching are
characterized using stationary probability density functions
and most probable trajectories. Weak noise delays stochas-
tic P-bifurcation and reduces the number of peaks in the
stationary distribution. Markov switching also suppresses
coupling-induced multimodal oscillations under alternating
environmental states. These results suggest that environmental
switching can buffer strong coupling effects and weaken ex-
treme oscillatory states. For the switched system, bifurcation
behavior depends on parameters from different environmen-
tal states and their transition rates. A single critical value is
therefore insufficient. An indicator based on the most probable
trajectory is introduced to quantify the number of local max-
ima in the stationary distribution. It distinguishes unimodal,
bimodal, and multimodal stationary responses. Overall, the
results show that Gaussian white noise and Markov switching
reshape the effects of coupling on stationary distributions and
provide theoretical insight into species coexistence in switch-
ing environments.

Further work will consider spatial coupling, more general
functional responses, and additional noise structures relevant
to fragmented habitats.

Appendix A: Linearization of the two-predator
two-prey system

To analyze the local stability of the interior equilibrium
E*(x7,¥},%x5,y3) of the deterministic non-switched system (1),
we employ the linearization method and characteristic equa-
tion analysis. First, we introduce centered variables to trans-
form the system state into the interior equilibrium, eliminate
the constant terms, and simplify the linearization process. De-
fine

* *
Ul:xl*xl? Vl:yliylv

Uy=x—x;, Va=y2-y, (A1)
where U;,Vy,U,,V, represent small perturbations around
X353, (e [U1] < xi. Vi] < 3, U] < 35, V2] < %),
Substituting transformation Eq. (A1) into the deterministic
part of system (1), the right-hand side of each equation is
expanded by Taylor expansion near the positive equilibrium,
while fourth-order and higher-order terms are neglected. Tak-

ing x; = x] + U; as an example, substituting it into the deter-

ministic part of system (1) gives

dU,; . d(x’f+U1) . dx

dr dr dr

= a1 (x] +Uy) —b11 (X} + U1)* = bia(x} + Uy) (x5 + Un)
—cn (] +U) (v + V1) —cia(x] +U1) (v2 +V2)

= aix} — byixj? — bipx{xs — ciixiy} — cioxlys
+(a1 = 2b11x] = biax; — c11yi — c12y3)Ui
—b12x1Uz — c11x1Vi — c12x1Va — b“Ul2
—b1U Uy — 11Uy Vi — c12Ur V2

= (a; —2by1x] —biax5 — c11y] — c12y3) Ul
—c11X51 Vi — biaxiUs — c1oxiVa

—b U} = baUi Uy — e 1 Ui Vi — c1aUy Vs (A2)

While the variable X, contains a fractional term g(xp,y;) =
nsz);z, substitute y; = y; + Vi,x, = x} + U, and expand
(S5+U2) 0] +V1)
(m+x3+U)
to the third order. We can obtain

around x» = x5 and y; = y] retaining terms up

Y1 myy
m+x5  (m+x3)
myjy 2 m
- U +
(m+x5)3 2 (m+x3)
myjy 3 m
(m+x5)* 2 (m +x3)

g(x2,y1) =~ Uz + Vi

*
X
m-+x;

2U2V]

+

;U3 V1. (A3)

Following the same procedure as for Eq. (A2), we obtain

dv; * * * 01c21%5
a ~ nic1y U + <—d1 —2h1y] +njc11x] +WX§2
. 01co1my} .
—fiys )i+ 22U, — fiyiV
flyz) T a2 Siyiva
—VE+niennUhVi — fiViVa + 61¢210,
dU, czlxﬁ
2~ —byU — % Dbyt — by}
ar 21X5U1 m 1+ (a2 22X> 21X]
CQ]myT * *
- W - szYz) Uz —cox3V
—bpU3 — by UiUs — cnUsVa — €210, (A4)
dv, "
i nac2y;U1 — foysVi + 6acnysUs
+ (—dy — 2hyy5 +naciox] + Grcnxs — foy]) Va
—h Vi 4 nacipUyVa + GacppUsVa — oViVa,  (AS)
where
m m ’
= U,V — U5V
(m+x§)2 2 (m+x§)3 271
myj 2 my} 3
— Us + Us. A6
(m+x5)3 2 (m+x5)*4 2 (A)
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Therefore, in a neighborhood of the positive equilibrium

E*, after linearizing the deterministic part of system (1), the

following perturbation system in matrix form can be obtained:

residual terms. Following the derivations in Eqs. (A2)-(A6),

the Jacobian matrix J can be written as follows:

. Jit Ji2 J13 Jia
W =J(, v, x5, 95 ) W+ D, (A7) Jo1 Jop Iz J.
(X1, ¥1,%2,¥3) T(x1,y1,%2,y2) = le Jzz 123 124 : (A8)
T ) 31 J32 J33 I3
where W = (U,V,,U,,V5)" is the perturbation vector, and Jat Jap Ju3 Jaa
J(x7,¥7,x5,y3) is the Jacobian matrix of the system evaluated
at E*,and D = (D, 7DZ,D3,D4)T is the vector of higher-order where each element is defined as
\
Jin = a1 —2b11x1 —bppxa —cniy1 —ci2y2, Ji2 = —cnxi, Ji3 = —bizx1, Jia = —ciaxy,
B1c21x2 01c21myy
Jo1 = nienyr, Joo=—dy =2y +nicpix1 + —— — fiye, Jz = T\ Jo = —fiyr,
m+x (m+x7)
€21X2 mea1yi
J31 = —baxy, Jn=— s 33 =ax—=2bnxy —byix) — =5 — Y2, J3=—cnx,
m+x; (m+xy)
Ja1 = nacay2, Jap = —foy2, Jaz = Oacnya, Jas = —da —2hyys +naciaxi + 6hc20x2 — foy1- (A9)

According to Egs.

(A2)—(A6), the residual vector D, which

includes higher-order terms, is given by

Dy = —b1 U} —b1aUiUs — c11 UiV — c1oUs Va,

Dy = —VE+nienUpVi — fiViVa + 61¢210,

D3 = —bnU3 — by U1Usy — cnUaVa — 210,

Dy = —Vi +nyciaUiVa+ 6rcnlUaVa — foViVa.  (A10)
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