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1. Introduction

Quantum electrodynamics (QED) in the Furry picture[1]

provides a natural framework for studying highly charged ions
(HCIs).[2] In this formalism, the classical electric field Vnucl

induced by a nucleus is incorporated into the zeroth-order
Hamiltonian, and all calculations are performed nonperturba-
tively in the nuclear-strength parameter αZ (where α is the
fine-structure constant and Z is the nuclear charge number).
One can employ either the Coulomb potential for a point nu-
cleus, VC =−αZ/r, or potentials corresponding to more real-
istic models of extended nuclei that take into account a finite
charge distribution. A comparison of the results obtained for
point and extended nuclei enables one to extract the nuclear-
size (NS) effect on various atomic properties.

Being an important correction to the electronic structure
of HCIs, the NS effect becomes particularly significant when
treating the corresponding isotope differences. Along with
the nuclear-recoil effect, which is responsible for the so-called
mass shift (MS), the difference in the nuclear-charge distribu-
tion leads to a field shift (FS). The MS and FS together de-
termine the dominant contributions to the isotope shifts. For
lighter elements, the MS gives a larger contribution, whereas
for heavier elements, the FS comes to the fore. It should be
noted that joint theoretical and experimental studies of isotope

differences not only provide access to different nuclear param-

eters but also pave the way for the search for new physics.[3]

The leading QED contribution to the Lamb shift of en-

ergy levels arises from the one-electron one-loop self-energy

(SE) diagram shown in Fig. 1. Starting from the pioneering

works,[4–6] considerable progress has been achieved in all-

order (in αZ) calculations of this effect, see, e.g., Refs. [7–18].

The NS correction to the one-loop SE contribution has been

considered in Refs. [19–21]. In Ref. [21], in particular, simple

approximate formulas for this correction in the case of the ns

(with n = 1, 2, and 3), 2p1/2, and 2p3/2 states in hydrogen-

like uranium (Z = 92) were derived that have proven useful,

e.g., for estimating QED corrections to the FS in lithiumlike

HCIs.[22] The present work aims to extend these approximate

formulas to a number of additional hydrogenlike ions (Z = 60,

82, and 90). Moreover, we consider the off-diagonal matrix

elements of the SE operator between the s states. Together

with the diagonal matrix elements, they can be used, e.g., to

construct a modification of the model-QED operator[23–25] for

treating the isotope shifts, see also Ref. [26].

Relativistic units (h̄ = 1 and c = 1) and the Heaviside

charge unit (e2 = 4πα , where e < 0 is the electron charge)

are used throughout the paper.
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2. Theoretical approach and computational de-
tails
In the present work, the nuclear-charge distribution of

an extended nucleus is described by the two-parameter Fermi
model

ρ(r) =
ρ0

1+ exp [(r− c)/a]
, (1)

where the parameter a is fixed by the standard choice a =

2.3/(4ln3) fm, the parameter c is related by the simple ap-
proximate formula

c2 =
5
3

R2− 7
3

a2
π

2 (2)

to the root-mean-square (RMS) radius R = 〈r2〉1/2, and ρ0 is
the normalization factor given by the condition

∫
d𝑟ρ(r) = 1.

The potential induced by the nuclear-charge distribution
ρ(r) reads

VF(r) =−4παZ
∞∫

0

dr′r′2
ρ(r′)

r>
, (3)

where r> = max(r,r′). For spherically symmetric potentials
VC or VF, one can characterize the electron state in a hydro-
genlike ion by the principal quantum number n, the relativistic
angular quantum number κ = (−1) j+l+1/2( j+ 1/2) (where l
and j are the orbital and total angular momenta, respectively),
and the projection µ of the total angular momentum onto a
chosen axis. Therefore, to zeroth order of the Furry picture,
the electron obeys the Dirac equation:

hDψnκµ ≡ [𝛼 ·𝑝+βm+Vnucl]ψnκµ = εnκ ψnκµ , (4)

where 𝑝 = −i∇, and 𝛼 and β are the Dirac matrices. In the
case of the point nucleus, the Dirac energies are given by the
well-known Sommerfeld formula:

ε
C
nκ = m

[
1+
(

αZ
nr + γ

)2
]−1/2

, (5)

where nr = n−|κ| and γ =
√

κ2− (αZ)2. For the Fermi po-
tential (3), one can solve the Dirac equation (4) numerically,
see, e.g., Ref. [28]. Then, the NS correction to the Dirac
energy is given by the difference of the corresponding Dirac
eigenvalues:

∆εNS(n, j, l) = ε
F
nκ − ε

C
nκ . (6)

The renormalized one-loop SE operator reads as follows,
see, e.g., Ref. [27]:

ΣR(ε,𝑟1,𝑟2) = 2iα
∫

∞

−∞

dωDµν(ω,𝑟12)

×α
µ G(ε−ω,𝑟1,𝑟2)α

ν −βδm, (7)

where Dµν is the photon propagator, G is the electron Green’s
function (compared to Ref. [27], we define it with the opposite
sign: G(ω,𝑟1,𝑟2) = (ω−hD)

−1), αµ = (1,𝛼), and δm is the
mass counterterm.

In order to eliminate ultraviolet (UV) divergences in
Eq. (7), we employ the renormalization procedure developed
in Ref. [15]. Namely, the UV-divergent terms are separated
out and treated in momentum space, where all the divergences
are covariantly regularized and explicitly canceled. The UV-
finite remainder is considered in coordinate space within the
partial-wave expansion for the photon and electron propaga-
tors, see, e.g., Appendix A in Ref. [29]. The electron Green’s
functions both for point and extended nuclei are constructed
by numerically solving a corresponding system of differential
equations.

Fig. 1. First-order self-energy diagram. The double line denotes the
bound-electron propagator, the wavy line corresponds to the photon
propagator, and the cross indicates the mass counterterm.

The diagonal and off-diagonal contributions of the SE
diagram in Fig. 1 to an effective Hamiltonian, acting in
a model space Ω (+) spanned by the one-electron positive-
energy Dirac states,[30] can be easily derived using the two-
times Green’s-function method.[31,32] Introducing the multi-
indices a = (na,κa,µa) and b = (nb,κb,µb) to designate two
Dirac states, one obtains the following expression for a matrix
element:

σab =
1
2

∫
d𝑟1

∫
d𝑟2ψ

†
a (𝑟1)

× [ΣR(εa,𝑟1,𝑟2)+ΣR(εb,𝑟1,𝑟2)]ψb(𝑟2). (8)

Then, the effective SE Hamiltonian reads

hSE(𝑟1,𝑟2) =
εa,εb>0

∑
a,b

ψ
†
a (𝑟1)σabψb(𝑟2). (9)

Strictly speaking, the operator (9) completely describes all the
one-loop SE effects within Ω (+). The diagonal matrix ele-
ments σaa can be interpreted as the SE contributions to the
Lamb shifts of the states ψa in hydrogenlike HCIs, while
the off-diagonal ones describe a non-trivial action of hSE on
one-electron functions. We note that the operator (7) con-
serves the angular quantum numbers, and, therefore, σab = 0
if (κa,µa) 6= (κb,µb). The operator hSE, however, can hardly
be used in practical calculations, e.g., in those based on the
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Dirac–Coulomb–Breit Hamiltonian,[33–37] since Eq. (9) in-
volves infinite summations over the positive-energy Dirac lev-
els, including the continuum-spectrum states. There is a lack
of sufficiently simple algorithms for the ab initio calculations
of σab for such states. A naive truncation of the summa-
tions leads to an incorrect result, because the SE operator
then ceases to be a short-range operator. To overcome these
problems, the model-QED-operator approach was proposed in
Ref. [23], which preserves the short-range nature of the exact
operator (9) and approximates it using only a finite number
of the matrix elements (8), evaluated rigorously for low-lying
Dirac bound states. For instance, the dominant contribution,
corresponding to the s states (κa = κb =−1), typically requires
σab with na 6 3 and nb 6 3.[23–25] Nowadays, the model-QED
operator is successfully used for the approximate SE calcula-
tions in various atomic and molecular systems.[38–48] The ma-
trix elements (8) are conveniently expressed through the di-
mensionless function Fna nb defined according to

σab =
α

π

(αZ)4

(nanb)3/2 Fna nb(αZ)mc2, (10)

where the factor mc2 is written explicitly for clarity.
The NS correction to the SE contribution, as in the case of

Eq. (6), is determined by the difference of its values obtained
for the VF and VC potentials,

∆σNS(na,nb, j, l) = σ
F
ab−σ

C
ab. (11)

As was noted in Refs. [21,49], the leading dependence of ∆σNS

on R and αZ can be factorized out in terms of ∆εNS. In the
present work, we generalize this representation to include the
off-diagonal case and express the NS correction to the SE con-
tribution in the following symmetrized form:

∆σNS(na,nb, j, l) =

[
∆εNS

(
na,

1
2
, l
)

∆εNS

(
nb,

1
2
, l
)]1/2

× α

π
GNS(na,nb, j, l). (12)

We note that the parametrization (12) involves the total NS
corrections ∆εNS, rather than only the leading terms of their
αZ expansion. We also point out the use of the total angular
momentum equal to 1/2 in the prefactors on the right-hand
side of Eq. (12). In particular, this is relevant for the 2p3/2

state, for which the prefactor ∆εNS(2p1/2) is employed. With
this choice of normalization, GNS is a slowly varying function
of Z, and its dependence on R can be conveniently studied.

Inspired by the αZ-expansion of the function GNS, a sim-
ple three-parameter fit that includes the logarithmic term was
proposed for it in Ref. [21]:

GNS(R) = B1 +B2 ln R̄+B3R̄, (13)

where R̄≡ R/(1 fm) is a dimensionless parameter equal to the
value of R expressed in Fermi units.

The coefficients B1, B2, and B3 depend on Z and the elec-
tronic state. In Ref. [21], the ns (with n = 1, 2, and 3), 2p1/2,
and 2p3/2 states for Z = 92 were considered. In the next sec-
tion, we extend this list.

Finally, since the NS effect is mainly determined by the
RMS nuclear-charge radius, the FS contribution to the energy
difference between two isotopes can be approximated as fol-
lows:

∆EFS = Fδ 〈r2〉, (14)

where δ 〈r2〉 is the difference in mean-square radii and F is the
FS factor defined according to

F =
dE(R)
d〈r2〉

=
1

2R
dE(R)

dR
. (15)

In the next section, we also compare, for κa = κb = −1, the
values of the SE contribution to (15) obtained by the numerical
derivative with respect to R of the results of ab initio calcula-
tions of the SE matrix elements,

∆FSE
ab =

dσab(R)
d〈r2〉

, (16)

and by using the approximation given by Eqs. (12) and (13),

∆FSE
ab ≈

α

π

[(
∆ε

a
NS

dεb

d〈r2〉
+∆ε

b
NS

dεa

d〈r2〉

)
× B1 +B2 ln R̄+B3R̄

2
√

∆εa
NS∆εb

NS

+

√
∆εa

NS∆εb
NS

2R

(
B2

R
+

B3

1 fm

)]
. (17)

In Eq. (17), we take into account that ja = jb = 1/2 for the
chosen value of the relativistic angular quantum number, so
that the shortened notations are employed. Numerical deriva-
tives in Eq. (16) as well as for dεa/d〈r2〉 and dεb/d〈r2〉 in
Eq. (17) are calculated using the four-point formula

dE(R)
dR

≈ 1
12h

[
E(R−2h)−8E(R−h)

+8E(R+h)−E(R+2h)
]

(18)

with a typical step h = 0.1 fm. Other step sizes and a sim-
pler two-point formula were used to keep the accuracy of the
obtained results under control.

3. Numerical results and discussion
In this section, we present the results of our calculations

of the NS correction to the SE contributions for the 1s, 2s,
3s, 2p1/2, and 2p3/2 states, as well as for the off-diagonal
1s–2s, 1s–3s, and 2s–3s SE matrix elements for hydrogenlike
neodymium (Z = 60), lead (Z = 82), thorium (Z = 90), and
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uranium (Z = 92). The SE contributions to energy levels cor-
respond to the diagonal case (a = b) in the formulas of the
previous section.

The calculations can be briefly described as follows. We
evaluate the SE contributions for both point and extended nu-
clei and use Eq. (11) to obtain the NS correction. The terms
in momentum space that result from the renormalization pro-
cedure are given by multi-dimensional integrals, see, e.g.,
Refs. [15,18]. Their evaluation does not require the applica-
tion of any partial-wave expansions and, in principle, can be
performed to any desired precision. In contrast, the remain-
der of the SE contribution is treated in coordinate space using
the partial-wave expansion. It is convenient to consider the
corresponding expansion directly for the NS correction. We
truncate the expansion at some |κmax| for the electron propa-
gator (typically, |κmax|= 20–30 depending on the state and Z)
and study the limit |κmax| → ∞ by performing a polynomial
(in 1/|κ|) least-squares fitting of partial sums.[15] By trying
different orders of polynomials and different data samples, an
estimate of the uncertainty associated with the extrapolation
procedure can be obtained. The calculations are performed in
the Feynman gauge for the photon propagator.

Table 1. Individual contributions to the nuclear-size correction to
the self-energy contribution for the 1s state in hydrogenlike uranium
(Z = 92) in terms of the dimensionless function Fna nb (αZ) (na = nb = 1
is the principal quantum number) defined in Eq. (10). The root-mean-
square nuclear-charge radius is R = 5.8569 fm. See the text for details.

Contrib. Value
Momentum space –0.01220619
|κ|= 1 –0.00625895
2 0.00007930
3 –0.00001373
4 –0.00000914
5 –0.00000538
6 –0.00000333
7 –0.00000218
8 –0.00000149
9 –0.00000107
10 –0.00000079
∑

20
|κ|=11 –0.00000268

∑|κ|>20[extr.] –0.00000098(2)
Total –0.01842661(2)

In Table 1, an example of such calculations is given for
the case of the 1s state in uranium. The RMS radius is cho-
sen to be R = 5.8569 fm, as in Ref. [21]. The first line la-
beled “Momentum space” presents the results obtained for the
contributions arising from the renormalization procedure. The
subsequent rows provide the details of the calculations in co-
ordinate space. Namely, the terms of the partial-wave expan-
sion corresponding to specific values of |κ| = 1,2, . . . ,20 for
the electron propagator are shown. For brevity, only the sum
of the terms with |κ| = 11 through 20 is given. The line la-
beled “∑|κ|>20[extr.]” presents the estimate of the uncalcu-
lated part of the partial-wave-expansion series obtained by the

least-squares fitting method. Finally, the total value of the NS
correction for the 1s state is shown in the last row. Here and
below, the numbers in parentheses are the uncertainties in the
last digits. If no uncertainties are given, numerical values are
assumed to be accurate to all digits specified.

Table 2. Nuclear-size correction to the diagonal and off-diagonal ma-
trix elements of the self-energy operator (7) for hydrogenlike uranium
(Z = 92) in terms of the dimensionless function Fna nb (αZ) (na and nb
are the principal quantum numbers) defined in Eq. (10). The root-mean-
square nuclear-charge radius is adopted to be R = 5.8569 fm.

Matr. el. Fna nb (αZ) Reference
1s –0.01842661(2) This work

–0.0184266(7) Yerokhin[21]

2s –0.02898673(5) This work
–0.0289866(8) Yerokhin[21]

3s –0.0284738(4) This work
–0.0284740(6) Yerokhin[21]

2p1/2 –0.00247393(2) This work
–0.00247396(6) Yerokhin[21]

2p3/2 –0.000337183(2) This work
–0.000337183(2) Yerokhin[21]

1s–2s –0.02309386(2) This work
1s–3s –0.02297341(3) This work
2s–3s –0.02873565(7) This work

Table 3. Coefficients B1, B2, and B3 for the ns (with n = 1, 2, and 3),
2p1/2, and 2p3/2 states for the approximate evaluation of the function
GNS defined in Eq. (12) according to the simple three-parameter fit (13).
All the coefficients for Z = 60, 82, and 90 are obtained in this work.

Z State B1 B2 B3 Reference
1s –6.2402 0.4301 0.0098
2s –6.2638 0.4307 0.0103

60 3s –6.1341 0.4309 0.0103 This work
2p1/2 –3.5873 0.4254 0.0074
2p3/2 –0.94061 –0.00098 0.00282
1s –9.8022 0.8903 0.0161
2s –10.0274 0.8921 0.0178

82 3s –9.7938 0.8931 0.0178 This work
2p1/2 –7.3085 0.8718 0.0097
2p3/2 –1.17312 0.00028 0.00389
1s –11.4304 1.1369 0.0185
2s –11.7632 1.1402 0.0212

90 3s –11.4704 1.1418 0.0210 This work
2p1/2 –8.9565 1.1077 0.0099
2p3/2 –1.05627 0.00152 0.00351

92

1s –11.8769 1.2084 0.0191 This work
–11.8768 1.2083 0.0191 Yerokhin[21]

2s –12.2396 1.2124 0.0220 This work
–12.2394 1.2124 0.0220 Yerokhin[21]

3s –11.9291 1.2143 0.0218 This work
–11.9131 1.2143 0.0218 Yerokhin[21]

2p1/2 –9.4111 1.1757 0.0098 This work
–9.4115 1.1759 0.0098 Yerokhin[21]

2p3/2 –1.01437 0.00187 0.00332 This work
–1.0145 0.0019 0.0033 Yerokhin[21]

In Table 2, the NS correction to all the studied SE matrix
elements for the uranium ion is shown. Our results are com-
pared with those obtained in Ref. [21]. For this purpose, we
have chosen the same RMS radius as was employed there. As
can be seen from Table 2, our theoretical predictions for the
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NS corrections are in excellent agreement with the previous
calculations.

The coefficients B1, B2, and B3 for the fit (13) of GNS

for the diagonal and off-diagonal matrix elements of the SE
operator are summarized in Tables 3 and 4, respectively. The
resulting fitting functions approximate the ab initio results in
the region R = 3–12 fm with a relative accuracy of better than
2× 10−4. The values of the coefficients are obtained by the
least-squares method applied to the results of numerical cal-
culations in the specified range with the step ∆R = 1 fm. The
coefficients in Table 3 for Z = 92 are compared with those re-
ported in Ref. [21]. In general, excellent agreement is found
(small deviations in the last significant digits do not affect the
indicated accuracy of the approximation), with the only excep-
tion of the coefficient B1 for the 3s state, for which the value
−11.9131 was obtained in Ref. [21]. Based on a comparison
with the ab initio results, we suppose that there was a misprint
in Ref. [21]. The dependence of GNS on the RMS radius R
for the off-diagonal 1s–2s, 1s–3s, and 2s–3s matrix elements
in the case of Z = 92 is shown in Fig. 2. One can see that
the symmetrized prefactor in Eq. (12) indeed makes the func-
tions GNS for the different off-diagonal matrix elements close
in magnitude.

Table 4. The same as in Table 3 for the off-diagonal 1s–2s, 1s–3s, and
2s–3s matrix elements.

Z Matr. el. B1 B2 B3

1s–2s –6.2676 0.4304 0.0100
60 1s–3s –6.2198 0.4305 0.0100

2s–3s –6.2026 0.4308 0.0103
1s–2s –9.9188 0.8912 0.0170

82 1s–3s –9.8330 0.8917 0.0170
2s–3s –9.9138 0.8926 0.0178
1s–2s –11.5913 1.1386 0.0199

90 1s–3s –11.4810 1.1394 0.0198
2s–3s –11.6184 1.1410 0.0211
1s–2s –12.0497 1.2105 0.0206

92 1s–3s –11.9316 1.2114 0.0205
2s–3s –12.0852 1.2134 0.0219

-9.5

-9.0

3 10 11 124 5 6 7 8 9

G
N

S

R (fm)

1s-2s

1s-3s
2s-3s

-10.0

-10.5

Fig. 2. Nuclear-size correction GNS defined by Eq. (12) for Z = 92
and for the off-diagonal matrix elements of the self-energy operator
as a function of the root-mean-square nuclear-charge radius R.

Finally, in Table 5 the SE contributions to the FS fac-
tor F are considered for Z = 92 and for the diagonal and
off-diagonal s states. The direct numerical evaluation of the
derivatives of the SE contributions with respect to R, Eq. (16),
is compared with the result obtained using the approximation
for GNS discussed above, Eq. (17). As seen from Table 5, the
approximate treatment is in reasonable agreement with the ab
initio numerical results.

Table 5. Self-energy contribution to the field-shift factor for the ns (with
n = 1, 2, and 3) states and off-diagonal 1s–2s, 1s–3s, and 2s–3s matrix
elements for hydrogenlike uranium (Z = 92) in units of Fna nb (αZ)/fm2,
where the dimensionless function Fna nb (αZ) (na and nb are the principal
quantum numbers) is defined in Eq. (10).

Matr. el. F Method
1s –0.0003557114(2) ab initio, Eq. (16)

–0.00035581 approx., Eq. (17)
2s –0.0005590182(8) ab initio, Eq. (16)

–0.00055920 approx., Eq. (17)
3s –0.000547100(9) ab initio, Eq. (16)

–0.00054727 approx., Eq. (17)
1s–2s –0.0004455514(2) ab initio, Eq. (16)

–0.00044566 approx., Eq. (17)
1s–3s –0.0004425808(5) ab initio, Eq. (16)

–0.00044269 approx., Eq. (17)
2s–3s –0.000553178(2) ab initio, Eq. (16)

–0.00055333 approx., Eq. (17)

Recently, experimental studies of isotope shifts have
made significant progress; see, e.g., Ref. [50]. The achieved
experimental accuracy makes the corresponding measure-
ments sensitive to the SE contributions, provided that the other
contributions are evaluated with the required precision. While
for HCIs rigorous QED calculations are, in principle, possible,
in the case of systems with a more complex electronic struc-
ture, approximate methods must be used, e.g., those based
on the model-QED-operator approach. In this context, the
approximate formulas obtained in this work acquire special
value.

4. Summary
In the present investigation, the nuclear-size correction to

the self-energy contributions for the 1s, 2s, 3s, 2p1/2, and 2p3/2

states as well as for the off-diagonal 1s–2s, 1s–3s, and 2s–3s
matrix elements in hydrogenlike ions with Z = 60, 82, 90, and
92 is studied. Nonperturbative in the nuclear-strength param-
eter αZ calculations are performed within the rigorous QED
approach, and the results are found to be in excellent agree-
ment with those reported in the literature. Simple approxima-
tion formulas for the corresponding nuclear-size corrections
are obtained. It is demonstrated that these formulas can be
used to approximately treat the self-energy contribution to the
field-shift factors in hydrogenlike ions.

The findings of the study show that the obtained ap-
proximation formulas, in principle, enable the extension of
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the model-QED-operator approach[23] to isotope-shift calcula-
tions in many-electron ions and even neutral atoms. This can
be accomplished in several ways. First, the existing model-
QED operator can be adjusted to match different values of
the root-mean-squared radii R. Then, one can perform the
electronic-structure calculations for a set of R values and, ap-
plying formulas similar to Eq. (18), evaluate the field-shift
factor F . Second, the derivative of the model-QED operator
with respect to R can be constructed from the very beginning,
and the resulting operator, together with the original one, can
also be employed to calculate F . The accuracy of the obtained
approximate formulas is more than sufficient for treating the
self-energy contribution to the isotope shifts within the model-
QED approach. Both methods will be explored thoroughly in
future studies. Finally, we note that, while in the present work
only the s-state off-diagonal matrix elements are considered,
the corresponding calculations can be readily extended to the
p states if necessary.
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[39] Pašteka L F, Eliav E, Borschevsky A, Kaldor U and Schwerdtfeger P

2017 Phys. Rev. Lett. 118 023002
[40] Machado J, Szabo C I, Santos J P, Amaro P, Guerra M, Gumberidze A,

Bian Guojie, Isac J M and Indelicato P 2018 Phys. Rev. A 97 032517
[41] Si R, Guo X L, Brage T, Chen C Y, Hutton R and Froese Fischer C

2018 Phys. Rev. A 98 012504
[42] Müller A, Lindroth E, Bari S, Borovik A Jr., Hillenbrand P-M, Holste

K, Indelicato P, Kilcoyne A L D, Klumpp S, Martins M, Viefhaus J,
Wilhelm P and Schippers S 2018 Phys. Rev. A 98 033416

[43] Kaygorodov M Y, Kozhedub Y S, Tupitsyn I I, Malyshev A V, Glazov
D A, Plunien G and Shabaev V M 2019 Phys. Rev. A 99 032505

[44] Savelyev I M, Kaygorodov M Y, Kozhedub Y S, Tupitsyn I I and
Shabaev V M 2022 Phys. Rev. A 105 012806

[45] Zaitsevskii A, Mosyagin N S, Oleynichenko A V and Eliav E 2023 Int.
J. Quant. Chem. 123 e27077
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