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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications
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Studying the influence of various orders of dispersion and nonlinear effects on optical soliton interactions holds
crucial theoretical value for optimizing the transmission capacity of optical communication systems, enhancing signal
transmission stability, and designing ultrafast photonic devices. However, most studies only consider a single order of
dispersion or a specific type of nonlinearity, and research on the coupled effects of multiple factors, such as various orders
of dispersion and different types of nonlinearities, is still insufficient, lacking a unified theoretical framework. This paper
aims to explore the influence of different orders of dispersion and nonlinear mechanisms on the interaction characteristics
of optical solitons. By introducing the bilinear transformation, an analytical two-soliton solution describing the physical
process is successfully constructed. The research results reveal that an accurate balance between second-order dispersion
and nonlinearity is the core prerequisite for maintaining pulse stability and avoiding morphological degradation. On this
basis, third-order dispersion and nonlinear behavior can destroy the symmetrical characteristics of the pulse and excite
excess ripples and tails, so suppressing them to near zero is crucial for ensuring transmission quality. Furthermore, although
first-order dispersion only changes the timing of optical solitons when acting alone, its dynamic intervention cannot be
ignored due to interference from frequency evolution induced by higher-order nonlinearity. When the first-order dispersion

effect tends to zero, optimal distortion-free long-distance transmission can be achieved.

Keywords: optical soliton, soliton interaction, soliton solutions, optical communication systems
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1. Introduction

As a balanced product of dispersion and nonlinearity, op-
tical solitons have been a core research object in the fields of
nonlinear optics and optical communication since their exper-
imental verification in optical fibers.['?! In actual fiber op-
tic transmission systems, optical solitons do not exist in iso-
lation, but rather propagate and evolve in the form of pulse
sequences. > Therefore, the study of the interaction between
optical solitons has irreplaceable physical significance and
engineering value.!®! Soliton interactions directly determine
crosstalk and timing jitter in wavelength division multiplexing
(WDM) systems, limiting transmission capacity and commu-
nication distance.[®! Meanwhile, soliton bound states and their
interactions are fundamental to cutting-edge applications such
as microcavity soliton frequency combs, all-optical switches,
and photonic computing.[”! Therefore, delving into the dy-
namic mechanism of the interaction between optical solitons
is of great guiding significance for breaking through the bot-
tleneck of existing optical information processing. 8]

After decades of development, the current research sta-
tus of optical soliton interactions has formed a relatively com-
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plete theoretical framework. Early research was mainly based
on the standard nonlinear Schrédinger equation (NLSE), uti-
lizing inverse scattering transformations or perturbation the-
ory to analytically derive the classical conclusions that in-
phase solitons attract each other and anti-phase solitons repel

10.111 Based on this, scholars have proposed various

each other. !
methods to suppress interactions, such as introducing initial
phase differences, chirp control, amplitude asymmetry, and
periodic dispersion management.!'>~13 In recent years, with
the advancements in numerical simulation and experimental
observation methods, studies have found that the interactions
between low-order solitons mainly manifest as periodic energy
exchange and trajectory shifts, and under specific conditions,
stable soliton molecules can be formed. These achievements
have greatly promoted the application of soliton theory in fiber
optic systems. 16181

However, with the evolution of optical communica-
tion towards single-channel qubits and the generation of
femtosecond-level ultrashort pulses in micro—nano photonics,
traditional research based on standard NLSE has gradually ex-
posed significant limitations. When the width of the soliton

pulse reaches the femtosecond level, its spectral bandwidth
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increases sharply. At this point, the influence of high-order
dispersion and high-order nonlinear effects of optical fibers
on the evolution of optical solitons has reached an undeni-
able level. Standard NLSE cannot accurately describe soli-
ton evolution under such extreme conditions due to its inclu-
sion of only second-order dispersion and Kerr nonlinearity.[!%)
In addition, the complexity and uncontrollability of the in-
teraction mechanism between optical solitons have become
increasingly prominent. In high-power femtosecond lasers,
high-order dispersion not only destroys the symmetry of soli-
tons, but also leads to soliton fission and radiation of dis-
persive waves. These dispersive waves undergo cross-phase
modulation with adjacent solitons, causing the originally peri-
odic interactions to evolve into complex non-periodic chaotic
behavior, resulting in unpredictable binding and dissocia-
tion of soliton molecules.!?’! Besides, some higher-order ef-
fects are also widely discussed in nonlinear science.l?!-%3]
These higher-order terms do not act in isolation, but rather
form a multi-stage synergistic coupling mechanism between
them, resulting in rich and complex spatiotemporal dynam-
ics phenomena.>*?3] Based on the existing problems men-
tioned above, systematically studying the influence of various
orders of dispersion and nonlinearity on the interaction of opti-
cal solitons is not only a necessary requirement for theoretical
improvement, but also an important way to address practical
engineering challenges.

In this paper, we introduce high-order dispersion and non-
linear terms, and construct a high-order nonlinear Schrodinger
equation (HNLSE) model as follows: [>6]

g+ Y190+ 121912 g+ B
i (WG + % gl gx) — %45 =0, (1)

where g represents the slowly varying envelope of the opti-
cal field, x represents spatial coordinates, and ¢ represents the
time coordinate. i, Y5, V3, Y4, V5, and Y respectively represent
second-order dispersion, self-phase modulation, spatiotempo-
ral coupling, third-order dispersion, self-steepening, and first-
order dispersion coefficients. For Eq. (1), researchers previ-
ously focused on suppressing interactions through individual
physical parameters such as phase difference and chirp con-
trol, which makes it difficult to reveal the synergistic effects of
multiple-order terms. Here, we will reveal the asymmetry and
stability control mechanisms arising from the synergistic ef-
fects of multiple orders of dispersion and nonlinear effects on
the interaction between optical solitons, and reconstruct the
theory of optical soliton interaction within a complete frame-
work incorporating various orders of dispersion and nonlinear

effects.

2. Analytical soliton solutions

At first, in order to obtain the soliton solutions of Eq. (1),
we assume that

q(x,1) = g(x,1)/ f(x,1), 2
where g(x,#) and f(x,t) are the complex and real functions, re-
spectively. Substituting expression (2) into Eq. (1), we obtain
the bilinear forms of Eq. (1) as follows:

iDig-f+nDig f+inDig f—ixDsg-f =0, (3)
DYf-f—2lgl* =0, @)

with p =27, 3=0, 5 = 64.
Secondly, we assume that

g(x,1) = g1 (x,1) + € g3(x,1), (5)
Fl,t) = 1+€*fo(x,0) +€* falx,1). (©6)
In order to obtain the analytical two-soliton solution, we as-
sume
g1(x,1) = o exp[m(x,0)] + ez exp[ma(x,2)], (7
where

m (x,t) =kix+wit= (k]] + iklz)er (W11 + iwlz)t,
M (x,1) = kox+wot = (kai +ikoo)x + (wa1 +iwao)t.
Substituting Egs. (5) and (7) into Egs. (3) and (4), we obtain

wit = ki1 Y% — 2kikiy — ki ya + 3k kv,
wiz = k¥ + ki — kian — 3ktikiu + ki,
wat = ka1% — 2katkaa i — k31 Y + 3kat kg, 1,
wn = kn¥s+ k31 — ki — 351k + k.
Thirdly, we assume that
fa(x,t) = @rexp[mi(x,1) + 1y (x,1)]
+@2exp[n2(x,1) + 1y (x,1)]
@3 exp[m (x,1) + 13 (x,1)]

+(P4CXP[772(XJ)+77T(XJ)}» (8)
and substituting Eq. (8) into Egs. (3) and (4), we obtain
0 oo ooy
1 = b = )
4k%1 41(%1
_ 010
(k“ + ik +kp — ikzz)z ’
o oo
4 = - - .
(ki1 — iki2 + ka1 +ika2)?

Assuming

g3(x,t) = orexp[ni(x,t) +n2(x,1) + Ny (x,1)]
+0exp[n1(x,1) + M2 (x,1) + 15 (x,1)],
we obtain

(k]-kz)zalazaf o) — (kl—kz)ZOC]OCzOC;
(kP2 +K1)2" 72 (ki) (ke +5)%

o] =
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According to the above expression, we assume

Ja(x,t) = pexp[ni (x,1) + M2 (x,1) + 17 (x,1) + 13 (x,1)],
where the value of p can be expressed as

(ki —ka)* (ki —k3)* o o0t 05
ki +kT)2<k2 +kT)2(k1 -‘rk;)z(kz +k§)2 '

P

At last, assuming that € = 1, we can obtain the analytical two-
soliton solution as

_ g(x,1) _ g1(x.1) +g3(x,1)
0= T T A AE) O

where the expressions of g;(x,1), g3(x,t), f2(x,t), and fa(x,1)

are given above.

3. Discussion

For the two-soliton solution Eq. (9), there are three phys-
ical parameters ¥, 74, and Y, and six free parameters k1, k12,
ka1, ko2, 01, and 0. In this paper, we mainly discuss the influ-
ences of ¥, %, and % on the two-soliton interactions. Firstly,
we set k11 = 0.1, k12 = 0.5, k21 = —0.1, k22 = —0.4, Y4 = 0.3,
Y% =—1, a; =0.2, ap = 0.5, and analyze the effects of second-
order dispersion and nonlinear effects on optical soliton inter-
actions in Fig. 1. For the second-order dispersion and non-
linear effects, they should satisfy the following relationship
> = 271. That is to say, only when the second-order nonlin-
earity and second-order dispersion satisfy such a relationship
can stable optical soliton transmission be achieved. In addi-
tion, when 7 takes different values, the interaction phenom-
ena between optical solitons exhibit different characteristics.
In Fig. 1(a), y1 = 2, the modulation is relatively small during
the interaction process of the two optical solitons. In Figs. 1(b)
and 1(c), as the value of ¥, decreases, the modulation dur-
ing the interaction process becomes larger. When 3 = 0.2 in
Fig. 1(d), the two optical solitons propagate almost in parallel,
and the modulation during their interaction is very intense.

Figure 2 is the waveform diagram at the highest ampli-
tude point in Fig. 1. For Fig. 2(a), x = 3.67, which means
that during the interaction process of optical solitons, the am-
plitude value |g| = 0.186 is at its maximum at t = 2.92. In
Fig. 2(b), the maximum amplitude is |¢| = 0.186 at x = 4.69
and r = 3.99. In Fig. 2(c), the maximum amplitude is |g| =
0.192 at x = 13.85 and t = 13.69. In Fig. 2(d), the maximum
amplitude is |g| = 0.199 at x = 33.93 and ¢t = 35.12. We can
find that as the value of y; decreases, the interaction between
optical solitons becomes more intense. This is primarily due to
the condition that when the second-order dispersion matches
the second-order nonlinearity, the weaker the dispersion, the
more likely it is for issues such as pulse splitting and wave-
form distortion to occur. On the contrary, if the dispersion is

too strong, it cannot form a soliton and cannot effectively un-
dergo nonlinear shaping. Therefore, we set the value of ¥, to
2 in Fig. 1(a).

120

-120

(d)

0.2
lal ©
120

t
lq| ©
x
0
t
-120 -120

0
-120

Fig. 1. Analysis of the effects of second-order dispersion and nonlin-
ear effects on optical soliton interactions. The related parameters are
ki1 =0.1,k12=0.5,ky; =—0.1, kpp = —0.4, Ya= 0.3, Yo = —1,01=0.2,
and op = 0.5, with (a) 1 =2, (b) 1 = 1.5,(c) 1 =0.5,and (d) y1 =0.2.

() la] (b) lal
0.2 0.2
0.1 0.
t t
10— o 75 1500 —is0  —75 | 75 150
lal
@ 0.2
0.1
L t t
—150 —75 [ 75 150 —150 —75 ‘ 75 150

Fig. 2. The waveform diagrams at the highest amplitude points in Fig. 1.
The x-values at these highest points are, respectively: (a) x = 3.67, (b)
x=4.69, (c) x=13.85, and (d) x = 33.93.

(a)

0.2
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120

(c)

0.2
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-120 ) -120

Fig. 3. Analysis of the effects of third-order dispersion and nonlinear ef-
fects on optical soliton interactions. The values of ki1, k12, k21, k22, %,
a1, and @ are the same as those in Fig. 1. The other parameter is y; = 2,
with (a) 4 =2, (b) » = 1.5, (¢) » = 0.8, and (d) 15 = 0.001.
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Fig. 4. The waveform diagrams at the highest amplitude points in Fig. 3.
The x-values at these highest points are, respectively: (a) x = 3.14, (b)
x=3.45,(c) x =3.69, and (d) x = 3.56.

In Figs. 1 and 2, we discussed the influence of second-
order dispersion and second-order nonlinearity on the interac-
tion process of optical solitons. In Figs. 3 and 4, we primar-
ily discuss the impact of third-order dispersion and third-order
nonlinear effects on the interaction of optical solitons with the
value of second-order dispersion ¥; = 2 under the condition
that 5 = 674. In Fig. 3, the interaction between optical soli-
tons becomes weaker as the value of y; decreases. The ampli-
tude of the optical solitons is approximately 0.19. In Fig. 4, the
maximum amplitude occurs at x = 3.14, 3.45, 3.69, and 3.56,
respectively. In Figs. 3(a) and 4(a), third-order dispersion and
third-order nonlinear effects significantly alter the interaction
between optical solitons, induce asymmetric deformation of
optical solitons, and generate sidelobes. In Figs. 4(c) and 4(d),
the pulse has asymmetric front and trailing edges, exhibiting
time-domain skew and trailing dispersion waves. From the
comparison between Figs. 4(a) and 4(d), it can be seen that
the greater the third-order dispersion, the stronger the side-
lobes, and the more chaotic the modulation of the interac-
tion. Thus, under the premise that the second-order dispersion
and second-order nonlinearity have been perfectly matched
to form standard solitons, neither third-order dispersion nor
third-order nonlinearity is necessarily better at greater or lesser
values. Instead, they are preferably weaker, and ideally, they
should approach 0 as much as possible. Any increase in these
values will deteriorate the morphology of optical solitons and
the stability of their interactions.

In Figs. 5 and 6, we primarily discuss the impact of
first-order dispersion effects on the interaction of optical soli-
tons. 7y = 2 indicates that the second-order dispersion and
second-order nonlinear effects have been precisely matched.
Y2 = 0.05 indicates the presence of a relatively weak third-
order effect. First-order dispersion J; itself does not alter the
soliton waveform, disrupt the soliton equilibrium, or change
the inherent interaction rules between optical solitons; how-
ever, it only produces an overall time shift. Due to the presence

of third-order nonlinearity, the optical solitons themselves will
undergo spectral drift, and the first-order dispersion will vary
dynamically with frequency. Therefore, this will in turn mod-
ulate the interaction between optical solitons. In Fig. 5, the
smaller the absolute value of first-order dispersion, the weaker
the interaction between optical solitons. The maximum ampli-
tude of optical solitons is 0.18 in Fig. 6. Besides, in Fig. 6(d),
we can observe that due to 9 — 0, the optical solitons ex-
hibit almost no modulation during their interaction process,
demonstrating excellent waveform quality. Therefore, there
is no need to deliberately increase or retain a small amount
of ¥%. When 9% — 0, it is most beneficial for the stability of
soliton timing sequence and conformal transmission over long
distances.

120

120 120

-120 ) -120

Fig. 5. Analysis of the effects of first-order dispersion and nonlinear ef-
fects on optical soliton interactions. The values of kji, k12, k21, k22, @
and oy are the same as those in Fig. 1. The other parameters are y; = 2
and y; = 0.05, with (a) % = =2, (b) %5 = —1, (c) % = —0.5, and (d)
Y% = —0.01.

() lal (b) lal
0.2 0.2
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(c) (d)
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Fig. 6. The waveform diagram at the highest amplitude point in Fig. 5.
The x-values at these highest points are, respectively: (a) x = 6.31, (b)
x=23.59, (c) x=12.23, and (d) x = 0.89.

4. Conclusion

In summary, based on the bilinear method, this paper de-
rives analytical two-soliton solutions and systematically ex-
plores the dynamical mechanism of optical soliton interaction
under the synergistic effects of dispersion and nonlinearities of

094211-4
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various orders. The results show that second-order dispersion
and second-order nonlinearity must satisfy a strict matching
relationship » = 27, to achieve stable transmission of opti-
cal solitons, and the degree of their matching directly modu-
lates the interaction strength between optical solitons. On this
basis, third-order dispersion and third-order nonlinearity with
¥s = 674 can disrupt soliton equilibrium, induce asymmetric
waveform distortion, sidelobes, and dispersive waves, thereby
deteriorating the stability of the interaction. Theoretically,
their parameters should approach zero. Furthermore, due to
the coupled influence of spectral drift caused by third-order
nonlinearity, first-order dispersion dynamically modulates the
interaction between optical solitons. The smaller its absolute
value, the more beneficial it is for suppressing waveform per-
turbations. When it is zero, optimal stability and long-distance
stable transmission of optical solitons can be achieved. The
conclusions of this paper establish clear parameter regulation
criteria for suppressing interference in optical soliton interac-
tions and achieving stable transmission over long distances in
optical communication systems.
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