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While Wigner–Seitz cells of different Bravais lattices exhibit distinct geometric features, their topological formation
follows a unified fundamental principle. This study explores the topological origins of Wigner–Seitz cells. We demonstrate
that a finite set of lattice vectors, termed root vectors, can universally and fully characterize these cells in n-dimensional
Euclidean space (Rn) via half-space representations. The configuration of root vectors determines the topological shapes
of the corresponding Wigner–Seitz cells. Specifically, the number of orthogonal pairs within the base vectors dictates the
degeneracy of codimension-1 faces. For general lattices with no orthogonal pairs, the Wigner–Seitz cell possesses the
maximum possible number of codimension-1 faces.
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1. Introduction

Space partitioning is a classic and persistent problem. As
a special class of Voronoi polytopes, Wigner–Seitz cells have
wide applications, especially in quantum chemistry, crystal
physics, and astrophysics.[1–4] In crystal physics, the deter-
mination of the space occupied by atoms in periodic crystal
lattices is not straightforward. Accordingly, Wigner and Seitz
introduced the so-called Wigner–Seitz polyhedron in body-
centered cubic sodium.[5] This construction preserves trans-
lational invariance and provides a practical method to define
the space occupied by atoms in crystals.[5,6] With such oc-
cupied volumes, they also defined the Wigner–Seitz radius,
which has found applications in crystallography and in the
modeling of ultra-dense neutron-star matter.[7–11] In quantum
chemistry, Wigner–Seitz cells also arise naturally for atoms
and molecules with confined boundaries.[12] Wigner–Seitz
cells also underlie approaches to analyzing charge distribu-
tions in crystals and molecules.[13] In ab initio calculations,
the first Brillouin zone of a reciprocal lattice is a Wigner–
Seitz polytope. Their geometric features enable computations
in momentum space without explicit real-space descriptions
of local potentials or charge densities.[14] Wigner–Seitz cells
also play a role in the success of density functional methods
in condensed matter physics.[15,16] The Wigner–Seitz cell of
the displacement-shift-complete lattice is used to characterize
grain boundary microstates via a translation vector.[17]

It is well known that the choice of a Bravais lattice ba-
sis influences the shape of the corresponding Wigner–Seitz
cell. Wigner–Seitz cells of Bravais lattices have been dis-
cussed in detail in crystallography.[18] Background on lattices,
Voronoi polytopes, and reduction theory can be found in stan-
dard references.[19–22] Recently, Voronoi and Delone cells of
root/weight lattices for W (An) and W (Dn) have been system-
atically constructed, revealing their facet topology and aperi-
odic tilings.[23] Much of the literature focuses on highly sym-
metric cases, while low-symmetry Wigner–Seitz cells have re-
ceived comparatively less attention. From a topological point
of view, natural questions include: which polytopes can arise
as Wigner–Seitz cells, how many topological types occur,
and what relations exist among them.[24–26] Addressing these
questions requires rigorous criteria and proofs.

This paper studies the topological shapes of Wigner–Seitz
cells. In general, Wigner–Seitz cells are convex polytopes.
Two convex polytopes are considered topologically equivalent
if there is a one-to-one correspondence between their vertices,
edges, and faces that preserves the incidence relation.

2. Results and discussion
A lattice Γ is generic if for any lattice Γ ′ sufficiently close

to Γ , the Wigner–Seitz cell of Γ ′ is topologically equivalent to
that of Γ .

A finite half-space description is now introduced. For a
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lattice Γ in Rn, the Wigner–Seitz cell Wn of Γ is a polytope
obtained as the intersection of half spaces[1,2]

Wn(Γ ) =
⋂
𝑐∈Γ

𝒫+(𝑐), (1)

where 𝒫+(𝑐) is a half space carved by a vector 𝑐: 𝒫+(𝑐) =

{𝑣 ∈ Rn|(𝑣−𝑐/2) ·𝑐≤ 0}.
In this equation, Wn(Γ ) is the intersection of infinite half

spaces. The goal is to express Wn(Γ ) as a finite intersection by
carefully choosing a minimal finite subset Ωn(Γ )⊂ Γ , called
the set of root vectors, such that[1,22]

Wn(Γ ) =
⋂

𝑐∈Ωn(Γ )

𝒫+(𝑐). (2)

The description of the topological shapes of Wn(Γ ) then fol-
lows from the study of the geometry of the configuration
Ωn(Γ ).

To construct Ωn(Γ ), the concept of flat basis is intro-
duced. A flat basis is a basis of Rn, {𝛼1,𝛼2, . . . ,𝛼n}, such
that {

𝛼i ·𝛼 j < 0, i ̸= j,

𝛼i · (𝛼1 +𝛼2 + · · ·+𝛼n)> 0.
(3)

When the above inequalities are not strict (𝛼i ·𝛼 j ≤ 0; 𝛼i ·
(𝛼1+𝛼2+ · · ·+𝛼n)≥ 0), {𝛼1,𝛼2, . . . ,𝛼n} is called a weakly
flat basis. In particular, every flat basis is a weakly flat basis.

Given a lattice Γ in Rn and a weakly flat basis (flat basis)
{𝛼1,𝛼2, . . . ,𝛼n} ⊂Γ , if any 𝑐 ∈Γ can be uniquely expressed
as a linear combination of 𝛼1,𝛼2, . . . ,𝛼n with integer coeffi-
cients, then {𝛼1,𝛼2, . . . ,𝛼n} is called a weakly flat basis (flat
basis) of Γ . A key technical input is that a weakly flat basis ex-
ists for every lattice in dimensions 2 and 3 (see the discussion
below). By contrast, in higher dimensions there exist lattices
without a weakly flat basis.

In the construction of Ω2(Γ ) in dimension 2, let {𝛼1,𝛼2}
be a weakly flat basis of Γ and define Ω2(Γ ) = {𝛼1,𝛼2,𝛼1 +

𝛼2,−𝛼1,−𝛼2,−𝛼1 −𝛼2}. By relabeling 𝛼1 as 𝑎 and 𝛼1 +

𝛼2 as 𝑏, one may write Ω2(Γ ) = {𝑎,𝑏,𝑏−𝑎,−𝑎,−𝑏,𝑎−𝑏}
(see Fig. 1). Therefore, the corresponding Wigner–Seitz cell
is W2(Γ ) =

⋂
𝑐∈Ω2(Γ )

𝒫+(𝑐).

All degenerate (non-generic) cases in dimensions 2 and
3 are listed, yielding a complete classification of the possi-
ble topological shapes of Wigner–Seitz cells in these dimen-
sions. This classification recovers the classical results on crys-
tal systems and suggests analogous investigations for higher-
dimensional lattices and related settings. Motivated by the
low-dimensional classification, it is conjectured that for any
generic lattice in Rn, the number of codimension-1 faces of
the Wigner–Seitz cell equals 2 · (2n − 1). In contrast to the
cases n = 2,3, generic types need not be unique when n ≥ 4.

Let Π2 denote the set of all unordered pairs {𝑟1,𝑟2} of
distinct root vectors in Ω2(Γ ). As shown in Fig. 1, in the case
of 𝑎 ·𝑏> 0, 𝑏 · (𝑏−𝑎)> 0, and 𝑎 · (𝑎−𝑏)> 0, no pair in Π2

is orthogonal, and W2 is a polygon of 6 edges and 6 vertices,
namely a parallel hexagon. In the degenerate cases, where one
of 𝑎 ·𝑏, 𝑏 · (𝑏−𝑎), and 𝑎 · (𝑎−𝑏) is 0 (one element of Π2 is
orthogonal), W2 is a rectangle. It follows that there can be at
most one orthogonal pair in Π2. Ultimately, two-dimensional
Wigner–Seitz cells are either parallel hexagons or rectangles.

(a) (b)

Fig. 1. Wigner–Seitz cells in 2D. Vectors 𝑎, 𝑏, 𝑏−𝑎, −𝑎, −𝑏, and 𝑎−𝑏
form a set of root vectors. Dashed lines are perpendicular bisectors of the
corresponding vectors. (a) It contains no right angles (generic case), and
the Wigner–Seitz cell is a parallel hexagon. (b) One of the angles is a
right angle, ∠1 = π/2, and the Wigner–Seitz cell is a rectangle.

Similarly, in dimension 3, one may define the set of root
vectors by

Ω3(Γ ) =
{
𝛼1,𝛼2,𝛼3,𝛼1 +𝛼2,𝛼2 +𝛼3,𝛼3 +𝛼1,

𝛼1 +𝛼2 +𝛼3,−𝛼1,−𝛼2,−𝛼3,−𝛼1 −𝛼2,

−𝛼2 −𝛼3,−𝛼3 −𝛼1,−𝛼1 −𝛼2 −𝛼3

}
, (4)

where Γ is a lattice in R3, and {𝛼1,𝛼2,𝛼3} is a weakly flat
basis of Γ . As shown in Fig. 2, by relabeling 𝛼1 as 𝛼′, 𝛼2

as 𝛽′, −𝛼3 as 𝛽, and 𝛼1 +𝛼2 +𝛼3 as 𝛼, with 𝛾1 = 𝛼−𝛼′;
𝛾2 = 𝛽−𝛼′; 𝛾3 =𝛼+𝛽, one may write Ω3(Γ ) as

Ω3(Γ ) = {𝛼,𝛽,𝛼′,𝛽′,−𝛼,−𝛽,−𝛼′,−𝛽′,

𝛾1,−𝛾1,𝛾2,−𝛾2,𝛾3,−𝛾3}. (5)

Weakly flat bases and their associated graphs are in-
troduced next, and degeneracy is characterized by counting
right angles. The corresponding Wigner–Seitz cell in 3D is
W3(Γ ) =

⋂
𝑐∈Ω3(Γ )

𝒫+(𝑐). Since Ω3(Γ ) contains 14 root vec-

tors, W3(Γ ) is the intersection of 14 half spaces. Hence
W3(Γ ) has at most 14 faces.

1. Let α = {α1,α2, . . . ,αn} be a weakly flat basis of Rn,
and denote α0 = α1 +α2 + · · ·+αn. Then {α1,α2, . . . ,αn} is
defined as the base vectors (Vn). The associated graph of α is
the graph G(α) defined as follows:

(i) the set of vertices of G(α) is Ṽn = {α0,α1, . . . ,αn}.
(ii) there is an edge between αi and α j (with i ̸= j) if

αi ·α j = 0.
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Definition 1 Two weakly flat bases α = {α1,α2, . . . ,αn}
and β = {β1,β2, . . . ,βn} are equivalent if the lattices gener-
ated by α and β have topologically equivalent Wigner–Seitz
cells. The associated graph can be used to classify weakly flat
bases up to equivalence.

Fig. 2. A set of root vectors in R3: Ω3(Γ ) =
{𝛼,𝛽,𝛼′,𝛽′,−𝛼,−𝛽,−𝛼′,−𝛽′,𝛾1,−𝛾1,
𝛾2,−𝛾2,𝛾3,−𝛾3}

2. The case of R3. Let G(α) be the associated graph of a
weakly flat basis, α = {α1,α2,α3}. Then

(i) For each vertex αi of G(α), deg(αi)≤ 2.
To show deg(αi) ≤ 2, suppose for contradiction that

deg(α1)≥ 3. Since there are only four vertices α0,α1,α2,α3,
the vertex α1 must be adjacent to at least three of the oth-
ers. Without loss of generality, assume α1 is adjacent to α2,
α3, and α0. Then by definition of adjacency, α1 · α2 = 0,
α1 · α3 = 0, and α1 · α0 = 0. But α0 = α1 + α2 + α3, so
α1 ·α0 = |α1|2 +α1 ·α2 +α1 ·α3 = |α1|2. Setting this to zero
gives |α1|2 = 0, a contradiction. Hence deg(αi)≤ 2.

(ii) G(α) contains no cycle of length 4.
Indeed, if α1 · α2 = 0, α2 · α0 = 0, α0 · α3 = 0, and

α3 ·α1 = 0, then 0 = α0 · (α2 +α3) = α1 · (α2 +α3)+ (α2 +

α3)
2 = (α2 +α3)

2, a contradiction.
Hence, G(α) is one of the following: (a) no edges, (b) ex-

actly 1 edge, (c) exactly 2 disjoint edges, (d) exactly 2 edges
sharing a vertex, (e) exactly 3 edges forming a path of length
3, as shown in Fig. 3.

Let α1, α2, α3 be a weakly flat basis and let α0 = α1 +

α2 +α3. Among the 6 angles ∠(αi,α j), 0 ≤ i < j ≤ 3, some
of them might be π/2. Let N be the number of right angles
among these 6 angles. Degeneracy occurs when N > 0.

Case (0) N = 0 In this case, none of the six angles is π/2,
hence no degeneracy occurs. Equivalently, αi ·α j ̸= 0 for all
0 ≤ i < j ≤ 3. The corresponding polyhedron is in the generic
topological type T14.

Case (1) N = 1 The basic situation is

α1 ·α2 = 0,

and the shape of the polyhedron is T12a.
Case (2) N = 2.

αi ·α j = αk ·αl = 0 (i, j,k, l ∈ {0,1,2,3}).

Subcase (1)

{αi,α j}∩{αk,αl}= /0.

It may be assumed

α1 ·α2 = 0, α0 ·α3 = 0.

The shape of the polyhedron is T12b.
Subcase (2)

{αi,α j}∩{αk,αl} ̸= /0.

The basic situation is

α1 ·α2 = 0 = α1 ·α3,

and the shape of the polyhedron is T8.
Subcase (3) Other configurations with N = 2 can be re-

duced to Subcase (1) or Subcase (2) by changing the weakly
flat basis:

(i) If α1 · α2 = 0 and α1 · α0 = 0, one may choose
{−α1,−α2,α0} as a basis, which is still weakly flat; this re-
duces to the previous basic situation.

(ii) If α0 · α1 = 0 and α0 · α2 = 0, one may choose
{α0,−α1,−α2} as a basis.

Case (3) N = 3 The basic situation is

α1 ·α2 = α1 ·α3 = α2 ·α3 = 0.

(one verifies that there are no other right angles in this situa-
tion). The shape of the polyhedron is T6. Other possibilities
are considered next and reduced to the basic situation.

α α

α α

α α

α α

α α

α α

α α

α α

α α

α α

Fig. 3. Orthogonality of the V3 base vectors; red lines represent orthog-
onal pairs. (a) No right angles. (b) One right angle. (c) Two separated
right angles. (d) Two adjacent right angles. (e) Three right angles.
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Subcase (1)

α1 ·α2 = α1 ·α3 = 0, α0 ·α j = 0,

for some j ∈ {1,2,3}. Then α0 ·α1 ̸= 0; otherwise

α1 ·α1 = α1 · (α0 −α2 −α3) = α1 ·α0 −α1 ·α2 −α1 ·α3 = 0,

which is impossible. So α0 ·α2 = 0 or α0 ·α3 = 0. Suppose
α0 ·α2 = 0; then

α2 · (α2 +α3) = α2 ·α0 −α2 ·α1 = 0.

In this subcase, we have α0 · α2 = 0. Together with
α0 = α1 +α2 +α3, this implies

0 = α0 ·α2 = (α1 +α2 +α3) ·α2 = α1 ·α2 + |α2|2 +α3 ·α2.

Since α1 ·α2 = 0, we obtain α2 ·α3 =−|α2|2 < 0.
Now observe that the original basis {α1,α2,α3} itself

already satisfies the basic situation of Case (3): we have
α1 ·α2 = 0, α1 ·α3 = 0, and α2 ·α3 < 0. The weak flatness
condition αi · (α1 +α2 +α3) ≥ 0 for each i follows from the
fact that {α1,α2,α3} is a weakly flat basis of the original lat-
tice. Thus, no basis change is needed; the basic situation is
already attained with the original basis. The problematic basis
{α1,α2,α2 +α3} is therefore not used.

Subcase (2)

α1 ·α2 = 0, α0 ·α j = α0 ·αk = 0,

for some j,k ∈ {1,2,3}, j ̸= k.
(i) If α0 ·α1 = α0 ·α2 = 0, choose {−α1,−α2,α0} as a

basis.
(ii) If α0 ·α1 = α0 ·α3 = 0, then

α1 · (α1 +α3) = α1 · (α0 −α2) = α1 ·α0 −α1 ·α2 = 0.

Choose {α0,α1,α1 +α3} as a basis.
It remains to verify that this new basis is weakly flat. The

pairwise inner products are

α0 ·α1 = 0, α0 · (α1 +α3) = 0,

α1 · (α1 +α3) = |α1|2 +α1 ·α3 = 0,

where the last equality follows from α0 ·α1 = 0, which implies
α1 ·α3 =−|α1|2. Hence all off-diagonal inner products of the
new basis are non-positive.

Furthermore, let the total sum of the new basis vectors be

S = α0 +α1 +(α1 +α3) = α0 +2α1 +α3.

We compute

α0 ·S = |α0|2 > 0, α1 ·S = |α1|2 > 0,

and

(α1 +α3) ·S = α1 ·α3 + |α3|2 =−|α1|2 + |α3|2.

Since the original basis is weakly flat, we have α2 · α3 ≤
0. From α0 ·α3 = 0 and α0 = α1 +α2 +α3, together with
α0 ·α1 = 0, one obtains

α2 ·α3 = |α1|2 −|α3|2.

Thus α2 · α3 ≤ 0 gives |α3|2 ≥ |α1|2, so (α1 + α3) · S ≥ 0.
Therefore, all weak flatness conditions are satisfied.

Subcase (3)

α0 ·α1 = α0 ·α2 = α0 ·α3 = 0.

Then
α0 ·α0 = α0 ·α1 +α0 ·α2 +α0 ·α3 = 0,

which is impossible.

(a) No orthogonal 
pair, T14

(b) One orthogonal
pair, T12a

(c) Two orthogonal
pairs, T12b

(d) Three orthogonal pairs, T8 (e) Five orthogonal pairs, T6

Fig. 4. Topological shapes of Wigner–Seitz cells in R3, cataloged accord-
ing to the number of orthogonal pairs among the V3 base vectors. Red
lines represent the basis.

The above arguments enumerate the topological shapes
of Wigner–Seitz cells in dimensions 2 and 3, each of which
has a unique generic case (Fig. 1 and Fig. 4). This unique-
ness need not persist in higher dimensions (n ≥ 4). In every
dimension, explicit generic lattices can be constructed whose
Wigner–Seitz cells attain 2 · (2n −1) codimension-1 faces.

Assume that {𝛽1,𝛽2, . . . ,𝛽n−1} is a flat basis of Rn−1.
Define 𝛼n = (0,0, . . . ,0,1) and 𝛼i = 𝛽i −ε𝛼n for 1 ≤ i ≤ n−
1, where ε > 0. If ε is sufficiently small, then {𝛼1,𝛼2, . . . ,𝛼n}
is a flat basis of Rn. Let Γ =Γ (𝛼1,𝛼2, . . . ,𝛼n) denote the lat-
tice in Rn generated by {𝛼1,𝛼2, . . . ,𝛼n}, namely

Γ (𝛼1,𝛼2, . . . ,𝛼n) =
{ n

∑
i=1

λi𝛼i

∣∣∣λi ∈ Z
}
.

Define the corresponding root vectors by

Ωn(Γ ) = {𝛼s | s ⊆ {1,2, . . . ,n},s ̸=∅}∪
{−𝛼s | s ⊆ {1,2, . . . ,n},s ̸=∅}, (6)

where s ⊆ {1,2, . . . ,n},s ̸= ∅, 𝛼s = ∑
i∈s

𝛼i, and (i) for

s,s′ ⊆ {1,2, . . . ,n}, s ∩ s′ = ∅, 𝛼s ·𝛼s′ < 0; (ii) for s,s′ ⊆
{1,2, . . . ,n}, s ⊆ s′, 𝛼s ·𝛼s′ > 0.
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As in the low-dimensional case, by decomposing Rn into
suitable cones, the intersection of infinitely many half spaces
can be reduced to a finite intersection. For the lattice Γ , the
Wigner–Seitz cell satisfies

Wn(Γ ) =
⋂
𝑐∈Γ

𝒫+(𝑐) =
⋂

𝑐∈Ωn(Γ )

𝒫+(𝑐).

Since #Ωn(Γ ) = 2 ·(2n−1), the Wigner–Seitz cell Wn(Γ ) has
at most 2 · (2n −1) codimension-1 faces.

On the other hand, one verifies that for any s,s′ ⊆
{1,2, . . . ,n} with s,s′ ̸= ∅ and s ̸= s′, the following hold:
(i) (𝛼s −𝛼s′) ·𝛼s′ < 0; (ii) (𝛼s +𝛼s′) · (−𝛼s′) < 0; (iii)
(−𝛼s −𝛼s′) ·𝛼s′ < 0; (iv) (−𝛼s +𝛼s′) · (−𝛼s′) < 0. These
inequalities imply that for any 𝑟,𝑟′ ∈ Ωn(Γ ) with 𝑟 ̸= 𝑟′,
the point 𝑟/2 lies in the interior of 𝒫+(𝑟

′). Consequently,
∂𝒫+(𝑟)∩∂Wn(Γ ) is non-degenerate for each 𝑟 ∈Ωn(Γ ), and
therefore Wn(Γ ) has exactly 2 · (2n −1) codimension-1 faces.
Furthermore, any lattice Γ ′ sufficiently close to Γ is also gen-
erated by a flat basis of Rn, and its Wigner–Seitz cell Wn(Γ

′)

has the same topological shape as Wn(Γ ). In particular, Γ is
generic.

For example, one can construct a generic lattice
Γ (𝛼1,𝛼2,𝛼3,𝛼4) in dimension 4 with the following flat ba-
sis: 

𝛼1 = (1,1,1,−ε),

𝛼2 = (1,−1,−1,−ε),

𝛼3 = (−1,−1,1,−ε),

𝛼4 = (0,0,0,1).

(7)

When ε is sufficiently small, {𝛼1,𝛼2,𝛼3,𝛼4} is a flat basis of
R4. Therefore, the root vectors and the Wigner–Seitz cell are
Ω = {𝛼s | s ⊆ {1,2,3,4},s ̸=∅}∪{−𝛼s | s ⊆ {1,2,3,4},s ̸=
∅}, W(Γ ) =

⋂
𝑐∈Ω

𝒫+(𝑐), respectively. Here, W(Γ ) has ex-

actly 30 faces, each having either 12 or 24 vertices. However,
in higher dimensions (n≥ 4), such a generic case is not unique.

3. Conclusion
In conclusion, the topological origin of Wigner–Seitz cell

shapes has been investigated, and it has been shown that a fi-
nite set of lattice vectors (the root vectors) suffices to describe
the corresponding Wigner–Seitz cell in Rn as a finite intersec-
tion of half spaces. In particular, the number of half spaces
needed is bounded above by the number of root vectors. Or-
thogonality within base vectors leads to degeneracies that re-
duce the number of codimension-1 faces; in the generic case,

where no such orthogonality occurs, the Wigner–Seitz cell at-
tains the maximal number of codimension-1 faces, 2(2n − 1).
In dimensions 2 and 3, this yields a complete classification:
there are only two (resp. five) topological types of polytopes
that occur as Wigner–Seitz cells in R2 (resp. R3), and all de-
generacies of vertices, edges, and faces are enumerated.
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