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Mechanical mode ground-state cooling in an optomechanical
system by modulating the driving field
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Ground-state cooling of a mechanical oscillator is a crucial prerequisite for exploring quantum effects in optome-
chanical systems, and its implementation is usually restricted to the weak-coupling and resolved-sideband regimes. To
overcome this limitation, we propose a more experimentally feasible solution that relies on shaping both the amplitude and
the frequency of the driving field in the primary cavity, without tuning the intercavity coupling or cavity frequencies. The
frequency modulation maintains a persistent red-detuned regime that ensures preferential energy flow from the mechanical
mode to the optical modes, while the auxiliary cavity accelerates the cooling without requiring high population. Numerical
simulations using the chopped random basis optimization algorithm demonstrate nearly perfect ground-state cooling in the
strong-coupling and unresolved-sideband regimes. A rigorous finite-time contraction theorem is proved, providing a strict
upper bound on the final phonon number and guaranteeing the stability of the cooling process. The corresponding con-
traction factor reaches values as low as 10−6. The scheme exhibits strong robustness to Gaussian white noise and spectral
distortions, confirming its high experimental feasibility.
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1. Introduction
Optomechanical systems have been applied in areas rang-

ing from basic laboratory research to precision measurement
and quantum technology. For example, optomechanical mea-
surement devices can surpass the standard quantum limit by
exploiting quantum entanglement, squeezed states, quantum
feedback, and back-action suppression. As a result, op-
tomechanical measurements can achieve femtonewton-level
force detection,[1] femtogram-level mass sensing,[2] and sub-
picotesla magnetic field measurement.[3,4] Beyond these sens-
ing applications, cooling mechanical modes to their quantum
ground state is a central challenge in cavity optomechanics, as
it enables the observation of macroscopic quantum phenom-
ena such as superposition and entanglement.[5–8] Traditional
sideband cooling[9–11] relies on resolving the motional side-
bands, i.e., requiring the mechanical frequency ωb to exceed
the cavity decay rate κ (the resolved-sideband regime),[12] and
typically operates in the weak-coupling limit.[13] While effec-
tive in specific configurations, this approach fails in the strong-
coupling regime or under unresolved-sideband conditions,
where instabilities arise and the rotating-wave approximation
breaks down.[14,15] Alternative strategies — such as dissi-
pative coupling,[16–18] feedback cooling,[19,20] squeezed-light
enhancement,[10,21] sensing based on dressed states,[22] dark-
mode control,[23] and coherent sensing of control errors[24]

— have been explored, yet a universally robust and efficient

method remains elusive.
In recent years, auxiliary systems such as an atomic

ensemble[25] or a quantum well[26] have been incorporated
into optomechanical systems. These methods can realize
ground-state cooling by enhancing cooling and inhibiting
heating via quantum interference. However, these methods
usually require precise control of the coupling between the
auxiliary system and the light field, which increases the ex-
perimental complexity. Alternatively, the stimulated Raman
adiabatic passage (STIRAP)[27,28] and shortcuts to adiabaticity
(STA) techniques[29–31] are also commonly used for mechan-
ical ground-state cooling in optomechanics. There are two
main implementations: one uses separate laser fields to inde-
pendently control the primary and auxiliary cavities,[32] avoid-
ing direct frequency modulation but requiring precise synchro-
nization and phase stability. Another, proposed by Sarma et
al.,[33] modulates both cavity frequencies and the drive ampli-
tude in a tripartite system, achieving efficient cooling even in
strong-coupling and unresolved-sideband regimes at the ex-
pense of complex electro-optic modulation. These two ap-
proaches thus represent a trade-off: one demands sophisticated
multi-laser control, the other requires precise cavity-frequency
modulation. However, the above requirements are challenging
in practical experiments. For instance, it is hard to adjust the
coupling strength between the optical cavities or the cavity fre-
quency in on-chip optical cavity systems,[34,35] since the dis-
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tance between cavities and the shape of each cavity are fixed
after the fabrication is completed.

To overcome the above challenges and make the cavity-
assisted methods easier to realize in experiments, in this pa-
per, we present a theoretical framework for robust ground-
state cooling of a mechanical oscillator by controlling only the
input driving laser of the primary cavity. Our scheme offers
three main advantages. First, by modulating only the ampli-
tude and frequency of a single drive, our scheme is simpler
than conventional approaches requiring dual-laser control or
direct cavity-frequency tuning. Second, it achieves near-unity
transfer efficiency over a wide parameter range, including the
strong-coupling and unresolved-sideband regimes, via optimal
control. Third, our scheme also has strong robustness to con-
trol noise and spectral distortions. Our work provides a practi-
cal route toward mechanical ground-state cooling in optome-
chanical systems, especially for on-chip optical systems.

2. Model

In a conventional optomechanical system, consisting of
two cavity modes and a mechanical mode (b), the primary
cavity mode is optomechanically coupled to the mechanical
mode, with single-photon coupling rate gcb, as shown in Fig. 1.
The primary cavity (with mode c) is coupled to the auxiliary
cavity (with mode a), with fixed coupling rate gca. The Hamil-
tonian of the complete system is given by (in units of h̄ = 1)

H = ωaa†a+ωbb†b+ωcc†c

+gcbc†c(b+b†)+gca(a†c+ c†a)

+i
(

εp(t)c† e−i
∫ t

0 ωp(t ′)dt ′ −H.c.
)
, (1)

where the first line describes the free Hamiltonians of the
three modes and their mutual couplings, including the optome-
chanical interaction gcbc†c(b + b†) and the photon-hopping
gca(a†c+ c†a). The a (a†), b (b†), and c (c†) denote the an-
nihilation (creation) operators for the auxiliary cavity mode,
mechanical mode, and primary cavity mode, with correspond-
ing resonance frequencies ωa, ωb, and ωc, respectively. The
resonance frequencies of the two cavity modes, ωa and ωc,
are time-independent. The second line represents the driv-
ing of the primary cavity, where both the amplitude εp(t)
and frequency ωp(t) are time-dependent; these will serve
as our control knobs. Under the transformation R(t) =

exp
[
iφ(t)(a†a+ c†c)

]
, where φ =

∫ t
0 ωp(t ′)dt ′, the Hamilto-

nian is given by

H = (ωa−ωp(t))a†a+(ωc−ωp(t))c†c+ωbb†b

+gcbc†c(b+b†)+gca(a†c+ c†a)

+i
(
εp(t)c†−H.c.

)
. (2)

The transformation R(t) moves us into a frame rotating
at the drive frequency ωp(t), removing the explicit time de-
pendence from the drive term. The resulting Hamiltonian now
features time-dependent detunings ωa−ωp(t) and ωc−ωp(t),
which can be tuned by chirping ωp(t).
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Fig. 1. Schematic of the cooling scheme for the optomechanical system,
consisting of a primary optical cavity (mode c), an auxiliary optomechani-
cal cavity (mode a), and a mechanical mode b. Mode a couples to mode c at
a rate gca, while mode c couples to mode b at a tunable rate Gcb modulated
by the optimized drive amplitude εp. The frequencies ωa and ωc of the two
optical modes are modulated by the optimized drive frequency ωp.

The dynamical behavior of the system operators is gov-
erned by the quantum Langevin equations

ȧ = (−i(ωa−ωp(t))−κa)a− igcac+
√

2κaain,

ḃ = (−iωb−κb)b− igcbc†c+
√

2κbbin,

ċ = (−i(ωc−ωp(t))−κc)c− igcaa− igcbc(b+b†)

+εp +
√

2κccin, (3)

where the parameters κa, κb, and κc are the loss rates for
the auxiliary cavity mode, the mechanical mode, and the pri-
mary cavity mode, respectively. The associated noise opera-
tors ain, bin, and cin have zero mean and satisfy the correlation
functions, ⟨Ain(t)A

†
in(t
′)⟩= (n̄A+1)δ (t− t ′),⟨A†

in(t)Ain(t ′)⟩=
n̄Aδ (t− t ′), where n̄A = (e h̄ωA/kBTbath −1)−1 denotes the aver-
age thermal occupation number for mode A (A = a,b,c). Here
Tbath is the temperature of the common thermal bath and kB is
Boltzmann’s constant.

Under external driving, we adopt the standard lineariza-
tion approach,[36,37] in which each Heisenberg operator is
written as the sum of its steady-state mean value and a quan-
tum fluctuation operator: a = α +a1, b = β +b1, c = η + c1,

with α,β ,η being the classical mean-field amplitudes and
a1,b1,c1 the corresponding fluctuation operators. Separating
the classical and quantum parts yields both the classical and
quantum Langevin equations

−i(ωa−ωp(t))α− igcaη−κaα = 0,

−iωbβ − igcb|η |2−κbβ = 0,

(−i(ωc−ωp(t))−κc)η− igcaα

−igcbη(β +β
*)+ εp(t) = 0, (4)

ȧ1 = (−i(ωa−ωp(t))−κa)a1− igcac1 +
√

2κaain,

ḃ1 = (−iωb−κb)b1− igcbη(c†
1 + c1)
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− igcbc†
1c1 +

√
2κbbin,

ċ1 = (−i(ωc−ωp(t))−gcb(β +β
*)−κc)c1

− igcaa1− igcbη(b1 +b†
1)

− igcbc1(b1 +b†
1)+

√
2κccin. (5)

For the parameter regime considered in this work, the
term gcb(β +β *) is negligible compared to i(ωc−ωp(t)) and
can therefore be omitted. The mean-field amplitude of the pri-
mary cavity mode, η , is then given by

η =
εp(i(ωa−ωp(t))+κa)

g2
ca +(i(ωc−ωp(t))+κc)(i(ωa−ωp(t))+κa)

. (6)

In the quantum Langevin equations, the fluctuation prod-
uct terms, such as igcbc†

1c1 and igcbc1(b1 +b†
1), are negligibly

small compared to the other terms and are therefore omitted.
This leads to the linearized Hamiltonian of the system

Hlin = (ωa−ωp(t))a
†
1a1 +(ωc−ωp(t))c

†
1c1 +ωbb†

1b1

+Gcb(c1 + c†
1)(b1 +b†

1)

+gca(a
†
1c1 + c†

1a1), (7)

where Gcb = ηgcb denotes the linearized optomechanical cou-
pling strength, enhanced by coherent driving. Since η is pro-
portional to the amplitude of the driving field εp, the coupling
strength Gcb can be tuned by adjusting the external optical
drive applied to cavity c. However, it should be noted that
the cavity–cavity coupling gca cannot be modulated using this
method. In the following analysis, we assume that Gcb can
be time-modulated, while gca remains constant. We obtain the
Hamiltonian in the interaction picture by applying the trans-
formation U = exp[−iωb(a

†
1a1 + c†

1c1 +b†
1b1)t], where

H = δa(t)a
†
1a1 +δc(t)c

†
1c1 +Gcb(t)

(
c†

1b1 + c1b†
1

)
+Gcb(t)

(
e−2iωbtc1b1 + e2iωbtc†

1b†
1

)
+gca

(
c†

1a1 + c1a†
1

)
, (8)

here δa(t) = ∆a − ωp(t) and δc = ∆c − ωp(t) are time-
dependent detunings, and ∆a = ωa −ωb and ∆c = ωc −ωb.
These two detunings can be varied by modulating the drive
frequency. Note that we have kept the counter-rotating terms
e±2iωbt (originating from cb and c†b†) for completeness. In
the usual rotating-wave approximation (RWA), these counter-
rotating terms are neglected under the condition that the sys-
tem operates in the resolved-sideband regime (κ ≪ ωb) and
weak-coupling limit (Gcb ≪ ωb,κ). However, in the strong-
coupling and unresolved-sideband regimes targeted by our
scheme, these terms become significant. Our optimal con-
trol approach can potentially exploit or compensate for their
effects, making the RWA unnecessary.

3. Population transfer protocol and robustness
3.1. Pulse optimization via CRAB

The time-dependent coupling is set to Gcb(t)≡ Ωp(t)/2,
and the static cavity–cavity coupling gca is constant and equal
to Ω max

p /2, where Ω max
p denotes the maximum value of Ωp(t).

By modulating the amplitude and frequency of the drive, the
coupling rates Gcb(t) and the two detunings can be modulated.
Quantum optimal control theory offers a powerful framework
for designing time-varying fields to steer quantum dynam-
ics with high fidelity.[38–40] Among various algorithms, the
chopped random basis (CRAB) method is particularly prac-
tical: it expands control pulses in a truncated basis of ran-
domly selected frequencies, optimizing only a few coefficients
under experimental constraints like bandwidth and amplitude
limits.[41–43] CRAB has been successfully applied to state
transfer, gate compilation, and entanglement synthesis across
diverse platforms, and its extensions (e.g., dCRAB) accom-
modate open-system optimization.[44] Importantly, CRAB’s
flexibility in shaping both amplitude and frequency modu-
lated pulses aligns naturally with our goal of implementing
STIRAP-like transfer using a single drive field, thereby avoid-
ing the complexities of dual-laser control or direct cavity mod-
ulation. We use CRAB to find the control signal profiles Ωp(t)
and circular frequency ωp(t) as follows: first, an initial guess
for the profiles Ωp0(t) and ωp0 is made, then a correction to
the initial pulse is sought in the following form:

Ωp(t) = Ωp0(t)(1+0.3G(t)), ωp(t) = ωp0(1+0.2F(t)). (9)

The functions G(t) and F(t) are expressed by a limited amount
of spectral components K

G(t) =
K

∑
k=1

akgk(ωkt), F(t) =
K

∑
k=1

dkgk(ωkt), (10)

where gk denote some basis functions for a Fourier-type series
expansion, ak and dk denote the coefficients associated with
each basis function, and ωk denote the angular frequencies.
The basis frequency ωk is randomized as follows:

ωk = k · 2π

Tend−T0
·
(
1+δk

)
, k = 1,2, . . . ,K, (11)

where Tend−T0 denotes the total duration of the control pulse.
The random offsets δk are independently sampled from a uni-
form distribution [−0.25,0.25]. This multiplicative frequency
jitter serves to break the strict harmonic structure, thereby mit-
igating overfitting to spurious periodicities and reducing the
risk of the optimization becoming trapped in local minima as-
sociated with accidental resonances of the system.

Using the CRAB method, we optimized the control pa-
rameters of the Hamiltonian. This was done by employing a
basis of 8 randomized sinusoidal and 8 randomized cosinu-
soidal functions for each parameter. In all our optimizations,
we use a Gaussian pulse of the form Ωp0(t) =Ω0 e−(t−tc)2/τ as
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the initial ansatz. This shape is standard in STIRAP protocols,
as its gradual turn-on adiabatically initiates population transfer
without inducing unwanted excitations. The optimized pulse
Ωp(t) is scaled to ensure that its maximum amplitude satisfies
Ωmax ≡ Ω0. The parameter ωp0 is optimized using CRAB to
determine its optimal value. This optimized value is subse-
quently held constant during the implementation of all control
pulses.

3.2. Population transfer protocol

Under the RWA, the Hamiltonian (8) can be expressed as

HRWA =

 0 Ωp(t)/2 0
Ω *p(t)/2 δc(t) gca

0 gca δa(t)

 . (12)

The evolution of the modal occupancies Nb, Na, and Nc is
shown in Fig. 2(a), for the initial condition (Nb,Na,Nc) =

(1,0,0). This dynamics is computed by solving the
Schrödinger equation with the CRAB-optimized control
pulses. Figure 2(b) shows the profile of the amplitude Ωp(t)
and Ωp0(t). Figure 2(c) shows the frequency of ωp(t) and ωp0 .
In describing the evolution, coupling to external baths was not
considered. The population is transferred from the phonon b
mode to the auxiliary cavity a mode with virtually 100% fi-
delity, while rarely leaking into the primary cavity c mode.

For a realistic implementation of our proposal, the dy-
namics must be treated within the framework of open quantum
systems. In this context, the evolution of the phonon number is
governed by the quantum master equation,[45] analyzable via
covariance methods. Specifically for our model, the relevant
master equation is

ρ̇ = −i[H,ρ]+κa(n̄a +1)𝒟[a1]ρ +κan̄a𝒟[a†
1]ρ

+κc(n̄c +1)𝒟[c1]ρ +κcn̄c𝒟[c†
1]ρ

+κb(n̄b +1)𝒟[b1]ρ +κbn̄b𝒟[b†
1]ρ, (13)

where the dissipator is defined as𝒟[A]ρ ≡AρA†− 1
2{A

†A,ρ}.
The covariance method then enables the computation of the
time evolution for the mean phonon number ⟨b†

1b1⟩(t). This
is achieved by solving a linear system of differential equations
derived within this framework

d
dt
⟨oio j⟩= Tr(ρ̇ oio j) = ∑

m,n
µm,n ⟨omon⟩, (14)

where oi, o j, om, on denote operators from the set
{a†

1,c
†
1,b

†
1,a1,c1,b1}, and the coefficients µm,n correspond to

them. From the master equation, the ordinary differential
equations for the second-order moments are derived as fol-
lows:

d
dt
⟨a†

1a1⟩ = igca⟨c†
1a1−a†

1c1⟩−κa⟨a†
1a1⟩+κan̄a,

d
dt
⟨c†

1c1⟩ = igca⟨a†
1c1− c†

1a1⟩+ iGcb⟨b†
1c1− c†

1b1⟩

+iGcb e−2iωbt⟨c1b1⟩− iGcb e2iωbt⟨c†
1b†

1⟩
−κc⟨c†

1c1⟩+κcn̄c,

d
dt
⟨b†

1b1⟩ = −iGcb⟨b†
1c1− c†

1b1⟩+ iGcb e−2iωbt⟨c1b1⟩

−iGcb e2iωbt⟨c†
1b†

1⟩−κb⟨b†
1b1⟩+κbn̄b,

d
dt
⟨a†

1c1⟩ = iδa⟨a†
1c1⟩− iδc⟨a†

1c1⟩+ igca⟨c†
1c1−a†

1a1⟩

−iGcb⟨b1a†
1⟩− iGcb e2iωbt⟨a†

1b†
1⟩

−1
2
(κa +κc)⟨a†

1c1⟩,

d
dt
⟨a†

1b1⟩ = iδa⟨a†
1b1⟩+ igca⟨c†

1b1⟩− iGcb⟨c1a†
1⟩

−iGcb e2iωbt⟨a†
1c†

1⟩−
1
2
(κa +κb)⟨a†

1b1⟩,

d
dt
⟨c†

1b1⟩ = iδc⟨c†
1b1⟩+ igca⟨a†

1b1⟩+ iGcb⟨b†
1b1− c†

1c1⟩

+iGcb e−2iωbt⟨b1b1⟩− iGcb e2iωbt⟨c†
1c†

1⟩

−1
2
(κb +κc)⟨c†

1b1⟩,

d
dt
⟨b1b1⟩ = −2iGcb⟨b1c1⟩−2iGcb e2iωbt⟨c†

1b1⟩−κb⟨b1b1⟩,

d
dt
⟨c1b1⟩ = −iδc⟨c1b1⟩− iGcb⟨c1c1 +b1b1⟩− igca⟨a1b1⟩

−iGcb e2iωbt
(
⟨c†

1c1⟩+ ⟨b†
1b1⟩+1

)
−1

2
(κb +κc)⟨c1b1⟩,

d
dt
⟨a†

1c†
1⟩ = i(δa +δc)⟨a†

1c†
1⟩+ igca⟨c†

1c†
1 +a†

1a†
1⟩+ iGcb⟨a†

1b†
1⟩

+iGcb e−2iωbt⟨a†
1b1⟩−

1
2
(κc +κa)⟨a†

1c†
1⟩,

d
dt
⟨a†

1b†
1⟩ = iδa⟨a†

1b†
1⟩+ igca⟨c†

1b†
1⟩+ iGcb⟨a†

1c†
1⟩

+iGcb e−2iωbt⟨a†
1c1−

1
2
(κb +κa)⟨a†

1b†
1⟩,

d
dt
⟨c†

1c†
1⟩ = 2iδc⟨c†

1c†
1⟩+2igca⟨a†

1c†
1⟩+2iGcb⟨b†

1c†
1⟩

+2iGcb e−2iωbt⟨c†
1b1⟩−κc(n̄c +1)⟨c†

1c†
1⟩

+κcn̄c⟨c†
1c†

1⟩,

d
dt
⟨a†

1a†
1⟩ = 2iδa⟨a†

1a†
1⟩+2igca⟨a†

1c†
1⟩

−κa(n̄a +1)⟨a†
1a†

1⟩+κan̄a⟨a†
1a†

1⟩.

The solution of these equations yields the mean values of
all time-dependent second-order moments, including ⟨a†

1a1⟩,
⟨c†

1c1⟩, ⟨b†
1b1⟩, ⟨a†

1c1⟩, ⟨a†
1b1⟩, ⟨c†

1b1⟩, ⟨c1b1⟩, ⟨a†
1b†

1⟩, ⟨c
†
1a†

1⟩,
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⟨b2
1⟩, ⟨c

†
1c†

1⟩, and ⟨a†
1a†

1⟩. We begin by specifying the initial
conditions for the system. The initial conditions are set such
that at t = 0, only the b mode is populated (⟨b†

1b1⟩ ≠ 0), while
all other second-order moments are zero. Furthermore, ow-
ing to the room-temperature environment, the initial thermal
occupation of the optical modes is negligible.

Starting from the initial populations (Nb,Na,Nc) =

(103,0,0), with Ω0/ωb = 0.9, we compute the evolution of
Nb under the CRAB-optimized pulse shown in Fig. 2(b). As
displayed in Fig. 3(a), the phonon occupation is suppressed
to near the ground state. This result is derived within RWA
and neglects all dissipative effects. To account for a realis-

tic system, we introduce dissipation by setting κc/ωb = 0.5,
κa/ωb = 2, and a mechanical quality factor Qb = ωb/κb =

107; the resulting dynamics are plotted in Fig. 3(b). As in the
closed system, the phonon occupation is again reduced almost
to the ground state. When the counter-rotating terms are con-
sidered, the mechanical occupation exhibits pronounced fluc-
tuations when the pulse reaches its local maximum. However,
the mechanical mode is eventually cooled to the ground state.
Furthermore, as demonstrated in Fig. 4, the CRAB method re-
mains effective across a wide parameter range, extending from
the conventional resolved-sideband regime to strong coupling
and unresolved-sideband conditions.
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Fig. 2. (a) Unitary time evolution of the modal populations under the pulses shown in (b). Here, Nb, Na, and Nc denote the populations of the
mechanical mode, primary cavity mode, and auxiliary cavity mode, respectively, starting from (Nb,Nc,Na) = (1,0,0). (b) Hypothetical Gaussian
pulse Ωp0 (t) and its CRAB-optimized version Ωp(t), Ω0 = 0.9. (c) Optimized ωp0 and the time-dependent modulated frequency ωp(t), both in
units of ωb. (d) Normalized amplitude spectra of G(t) and F(t), the frequency is in units of ωb.
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pulse, with initial condition (Nb,Na,Nc) = (103,0,0). The dynamics are obtained by solving the master equation within RWA. (b) Mode
occupations beyond the RWA in open system with (κc,κa)/ωb = (0.5,2.0), and Qb = 107.

3.3. Cooling mechanism

The physical cooling mechanism is illustrated in Fig. 5.

The frequency modulation keeps the detuning positive (δc > 0)

throughout the pulse, as shown in Fig. 5(a). This persistent

red-detuned configuration favors anti-Stokes scattering, which
pumps energy from the mechanical mode into the optical cav-
ity.

The amplitude modulation simultaneously opens a trans-
fer window. Phonons flow into the primary cavity and are
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quickly dissipated by its intrinsic decay κc. The auxiliary cav-
ity provides an extra drain via the coupling gca. Although its
occupation Na remains low (Fig. 5(a)), it carries away about
37% of the total dissipated energy (Fig. 5(c)) and accelerates
the cooling. A comparison with the case gca = 0 (Fig. 5(b))
confirms that the auxiliary cavity shortens the cooling time,
even though the final phonon number hardly changes (from
Nmin = 0.022 to 0.031).

In the ideal closed-system limit without cavity dissipa-

tion, the optimized pulses would realize a STIRAP-like dark-
state transfer. This process moves the mechanical excitation
to the auxiliary cavity without populating the primary cavity.
Under the practical parameters considered here, the cavity de-
cay rates are non-negligible. The CRAB optimizer therefore
finds a more efficient route, a red-detuned transfer combined
with rapid optical dissipation. This hybrid strategy achieves
ground-state cooling across the full parameter range without
any pre-programmed pulse sequence.
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Fig. 4. Phonon cooling in an open quantum system under different conditions, corresponding to the cases in Table 1: No. 12 (a), No. 16 (b),
No. 20 (c), No. 24 (d), No. 28 (e), and No. 32 (f).
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Table 1. Final-time phonon number Nmin (instantaneous value at the end
of the pulse), maximum noise standard deviations σmax

w (white noise) and
σmax

h (pulse distortion), and Gaussian pulse width parameter τ . The cool-
ing contraction factor λb = ‖𝑃b𝛷(T,0)‖F (defined in Eq. (18)) and the
rigorous upper bound Nbound = 1

2

[
(Nb +

1
2 )λ

2
b +2ε−1

]
are listed in the

last two columns. For a few parameter sets, Nbound is marginally lower
than Nmin by ≤ 0.002, which is within the numerical tolerance of the ad-
joint integration. For No. 29, the adjoint system did not fully converge
due to extreme stiffness, the corresponding Nbound entries are therefore
omitted.

No. Ω0/ωb κc/ωb κa/ωb Qb Nmin σmax
w σmax

h τ λb Nbound

1 0.02 0.05 0.01 105 0.421 > 0.5 0.165 507.50 0.029 0.421
2 0.02 0.05 2 105 0.437 > 0.5 0.113 507.50 0.030 0.437
3 0.02 0.05 0.01 107 0.468 > 0.5 0.122 507.50 0.031 0.468
4 0.02 0.05 2 107 0.512 > 0.5 > 0.2 507.50 0.032 0.512
5 0.1 0.1 0.01 105 0.004 > 0.5 0.097 181.25 0.003 0.004
6 0.1 0.1 2 105 0.002 > 0.5 0.156 181.25 0.002 0.002
7 0.1 0.1 0.01 107 0.462 > 0.5 > 0.2 181.25 0.030 0.461
8 0.1 0.1 2 107 0.001 0.224 > 0.2 181.25 0.001 0.001
9 0.3 0.1 0.01 105 0.599 > 0.5 0.091 163.12 0.035 0.600
10 0.3 0.1 2 105 0.467 > 0.5 > 0.2 126.88 0.031 0.475
11 0.3 0.1 0.01 107 0.319 0.267 0.032 163.12 0.025 0.318
12 0.3 0.1 2 107 0.093 > 0.5 0.151 126.88 0.014 0.100
13 0.5 0.2 0.01 105 0.008 0.353 0.046 108.75 0.002 0.007
14 0.5 0.2 2 105 0.004 > 0.5 0.124 72.50 0.000 0.005
15 0.5 0.2 0.01 107 0.004 0.354 0.113 108.75 0.087 3.789
16 0.5 0.2 2 107 0.004 > 0.5 0.175 72.50 0.000 0.006
17 0.6 0.3 0.01 105 0.019 0.424 0.122 72.50 0.004 0.018
18 0.6 0.3 2 105 0.008 0.437 > 0.2 54.38 0.000 0.012
19 0.6 0.3 0.01 107 0.008 > 0.5 0.133 54.38 0.003 0.021
20 0.6 0.3 2 107 0.008 > 0.5 > 0.2 54.38 0.000 0.012
21 0.9 0.5 0.01 105 0.021 0.477 0.057 54.38 0.001 0.021
22 0.9 0.5 2 105 0.022 > 0.5 > 0.2 36.25 0.000 0.031
23 0.9 0.5 0.01 107 0.019 0.461 0.074 54.38 0.001 0.018
24 0.9 0.5 2 107 0.022 > 0.5 > 0.2 36.25 0.000 0.030
25 1.2 0.5 0.01 105 0.008 0.200 0.088 108.75 0.000 0.010
26 1.2 0.5 2 105 0.021 > 0.5 0.141 36.25 0.000 0.036
27 1.2 0.5 0.01 107 0.008 0.175 0.132 108.75 0.000 0.010
28 1.2 0.5 2 107 0.021 > 0.5 0.113 36.25 0.000 0.035
29 1.5 0.5 0.01 105 0.563 0.197 0.034 54.38 0.027 —
30 1.5 0.5 2 105 0.021 0.219 0.028 54.38 0.002 0.025
31 1.5 0.5 0.01 107 0.024 0.256 0.031 54.38 0.001 0.022
32 1.5 0.5 2 107 0.029 0.004 0.001 54.38 0.038 1.191
33 0.2 4 0.01 105 0.948 > 0.5 > 0.2 906.25 0.023 0.957
34 0.2 4 2 105 0.935 > 0.5 > 0.2 906.25 0.022 0.942
35 0.2 4 0.01 107 0.977 > 0.5 > 0.2 906.25 0.024 0.986
36 0.2 4 2 107 0.955 > 0.5 > 0.2 906.25 0.023 0.962
37 0.5 10 0.01 105 2.991 > 0.5 > 0.2 906.25 0.024 3.218
38 0.5 10 2 105 2.806 > 0.5 > 0.2 906.25 0.017 2.857
39 0.5 10 0.01 107 2.842 > 0.5 > 0.2 906.25 0.020 3.016
40 0.5 10 2 107 2.289 > 0.5 > 0.2 906.25 0.018 2.331

3.4. Robustness

In a realistic experimental setting, various non-ideal fac-
tors will influence the system’s evolution. In our model, we
specifically account for noise arising from the control signals
and distortions in their spectral profiles. As a tractable ap-
proximation for the dominant stochastic technical noise, such
as laser amplitude/phase noise and electronic noise, we intro-
duce additive Gaussian white noise to the ideal control signals.
The fundamental quantum noise of the system is inherently in-

cluded in our model through the dissipation rates and the as-
sociated input quantum fields of the optical and mechanical
modes.

To assess experimental robustness, we consider two
sources of imperfection, additive Gaussian white noise on the
control signals and spectral distortion of the optimized pulse
shape. For each type, we fix the imperfection strength σ and
perform 30 independent trials with different random realiza-
tions of the noise or distortion waveform. The protocol is con-
sidered robust under imperfection strength σ if, for all 30 tri-
als, the following conditions are met: final occupations satisfy
⟨Nb⟩ < 0.01N0

b , ⟨Na⟩ < 0.005N0
b , ⟨Nc⟩ < 0.005N0

b . The max-
imum transient populations satisfy maxt⟨Na(t)⟩ < 0.1N0

b and
maxt⟨Nc(t)⟩ < 0.1N0

b , where N0
b = 103 is the initial phonon

occupation.
We add Gaussian white noise ∆ noise

Ω
(t) and ∆ noise

ω (t) to the
control signals, with standard deviations Ω0σw and ωmax

p σw,
respectively. Here, ωmax

p is the maximum of ωp(t), and σw is
a normalized noise strength parameter quantifying the relative
magnitude of fluctuations. The noisy control signals are then
given by

Ω
noise
p (t) = Ωp(t)+∆

noise
Ω (t),

ω
noise
p (t) = ωp(t)+∆

noise
ω (t). (15)

We determine the maximum tolerable relative noise intensity
σmax

w via a binary search: starting with σlow = 10−6 and an
initial σhigh = 0.5, we first verify that the robustness crite-
rion is satisfied at σlow; otherwise, no solution exists. If the
criterion is also satisfied at σhigh, we establish an interval
[σlow,σhigh]. We then iteratively evaluate the midpoint σmid =

(σlow +σhigh)/2 by running 30 independent noise realizations
at this noise level. Depending on whether the cooling criterion
is met, we update σlow← σmid or σhigh← σmid. This process
is repeated until the relative interval width (σhigh−σlow)/σlow

falls below a tolerance ε = 10−3 or a maximum of 25 iter-
ations is reached. The final σlow is taken as σmax

w . Since a
relative noise intensity σw > 0.5 would artificially enhance the
cooling, we cap the search at 0.5 and record any such outcome
as σmax

w > 0.5.
We perturb the optimized Fourier coefficients ak,dk by

adding zero-mean Gaussian noise with standard deviation σh,
generating distorted pulses via

Ω
dist
p (t) = Ωp0(t)

[
1+0.5

N

∑
k=1

(ak +∆
Ω
k )gk(ωkt)

]
,

ω
dist
p (t) = ωp0

[
1+0.2

N

∑
k=1

(dk +∆
ω
k )gk(ωkt)

]
, (16)

where gk(ωkt) are sinusoidal basis functions (e.g., sin and
cos), and ∆ Ω

k ,∆ ω
k ∼𝒩 (0,σ2

h ) are independent for each k and
between the two series. The maximum tolerable σmax

h is then
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determined by the same binary search procedure as in the ad-
ditive white noise case, requiring all 30 noise realizations to
satisfy the robustness conditions. If the found maximum ex-
ceeds 0.2, we record σmax

h > 0.2.
As shown in Fig. 6, the CRAB method exhibits excel-

lent robustness against white noise and pulse distortion. Even
when the relative strength of the white noise reaches 0.5
(Fig. 7(a)), the phonon occupation is still reduced to the
ground state. Counterintuitively, the addition of white noise
accelerates the phonon cooling compared to the noiseless case
— a behavior that may stem from noise-assisted escape from
local minima in the CRAB-optimized control landscape, or
from an effectively enhanced dissipation rate caused by the
broadened frequency spectrum of the noisy pulse.

The method is also robust against pulse distortion, as il-
lustrated in Fig. 7(c): although the pulse amplitude can be
significantly distorted, the mechanical mode is still cooled to
nearly the ground state. As indicated by the yellow shaded

band in Fig. 6, even though the incorporation of pulse distor-
tion introduces pronounced fluctuations in the cooling dynam-
ics, the phonon occupation at the final time still reaches the
ground state, similar to the noiseless case.
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4. Stability analysis and comparison with con-
ventional methods

In standard continuous-wave optomechanical sideband

cooling, the linearized dynamics around the steady state is

governed by a set of Langevin equations. The stability of this

steady state can be analyzed via the Routh–Hurwitz (RH) cri-

terion, which for our tripartite system (primary cavity, auxil-

iary cavity, and mechanical mode) yields a necessary and suf-

ficient condition for asymptotic stability. Following the stan-

dard procedure,[32] the dominant stability condition reduces to

|Gcb|2 <
ω2

b
4

+
κ2

c

16
. (17)

If this inequality is violated, the system develops a parametric
instability: the mechanical mode and the cavity fields enter a
self-sustained oscillatory regime where phonon number grows
exponentially until limited by nonlinearities, making ground-
state cooling impossible.

In our scheme, the driving amplitude and frequency
are actively modulated, making the linearized system matrix
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𝑀(t) explicitly time-dependent. Consequently, the conven-
tional Routh–Hurwitz criterion, which is designed for time-
invariant matrices, is no longer applicable. To analyze the sta-
bility of this time-varying dynamics, we introduce the state
transition matrix 𝛷(t,τ) and the associated cooling contrac-
tion factor

λb ≡ ‖𝑃b𝛷(T,0)‖F, (18)

where 𝑃b projects onto the mechanical mode. A rigorous
proof given in Appendix A5 shows that if the optimized pulse
yields λb < 1, the final phonon number satisfies the approxi-
mate upper bound

⟨b†
1b1⟩(T ).

1
2

Nbλ
2
b + ε, (19)

where Nb is the initial thermal occupation and ε accounts for
the accumulated quantum noise. The conditions λb ≪ 1 and
ε < 1 are sufficient for ground-state cooling. As shown in
Table 1, all CRAB-optimized pulses indeed yield λb on the or-
der of 10−2–10−6, firmly satisfying λb≪ 1. The correspond-
ing upper bounds Nbound are listed alongside Nmin; for the vast
majority of cases Nmin ≤ Nbound holds as required. In a few in-
stances, the bound lies marginally below the simulated value
by ≤ 0.002, which is within the numerical tolerance of the
adjoint integration for stiff dynamics. For one parameter set
(No. 29), the adjoint integration did not fully converge; the
corresponding bound is therefore omitted in the table.

We now examine the parameters listed in Table 1,
Nos. 17–32. According to the Routh–Hurwitz criterion, con-
ventional continuous-wave sideband cooling would be uncon-
ditionally unstable for all these parameters.[33] In stark con-
trast, our CRAB-based pulsed cooling scheme does not rely
on a stationary equilibrium point. Thus, our method achieves
stable and efficient cooling across the entire parameter range
Nos. 17–32. The final phonon numbers Nmin reported in Ta-
ble 1 (e.g., 0.022 for No. 24, 0.021 for No. 28, 0.029 for
No. 32) all lie well below unity, and no divergence is ob-
served in the time evolution (see Figs. 4(c)–4(f)). Although
self-oscillations become more pronounced as the driving am-
plitude Ω0 (which sets the strength of the full optomechanical
coupling, including the instability-inducing counter-rotating
terms) increases, the mechanical mode can still be cooled to
the ground state. Moreover, even for parameter sets where
conventional cooling does satisfy the stability criterion (e.g.,
Nos. 13–16 and Nos. 33–40, corresponding to the resolved-
sideband and unresolved-sideband regimes respectively), our
scheme still outperforms standard cooling.

5. Conclusion
We have numerically demonstrated an efficient cooling

protocol for an optomechanical system where a mechanical

mode is strongly coupled to two optical modes. By opti-

mizing the amplitude and frequency of a single drive field

with CRAB, we modulate the coupling rate Gcb(t) and the

detunings δa(t), δc(t), thereby achieving near-unity trans-

fer efficiency over a wide parameter range, including the

strong-coupling and unresolved-sideband regimes where con-

ventional methods fail.

We have clarified the underlying cooling mechanism.

The frequency modulation maintains a persistent red-detuned

regime (δc > 0), ensuring preferential anti-Stokes scattering

that directs energy from the mechanical mode to the optical

modes. The primary cavity’s intrinsic decay κc provides the

dominant dissipation channel, while the auxiliary cavity acts

as an accelerator that significantly shortens the cooling time

without requiring high population. In the ideal closed-system

limit, the optimized pulses would realize a STIRAP-like dark-

state transfer; under practical parameters, the CRAB optimizer

automatically discovers the more efficient red-detuned direct-

dissipation route.

A central result of this work is a rigorous finite-time con-

traction theorem (proved in Appendix A5) that guarantees

ground-state cooling whenever the cooling contraction fac-

tor λb is smaller than unity. The theorem provides an exact

upper bound on the final phonon number, Nbound = 1
2 [(Nb +

1
2 )λ

2
b + 2ε − 1], which is satisfied by the vast majority of pa-

rameter sets listed in Table 1. The computed λb values are on

the order of 10−2–10−6, confirming that the CRAB-optimized

pulses are strongly contractive and that the stability condition

is robustly fulfilled. Furthermore, the optimized pulses exhibit

strong robustness against experimental imperfections: cool-

ing remains effective under additive Gaussian white noise and

spectral distortions, demonstrating that the contraction prop-

erty is structurally stable and not sensitive to fine-tuned wave-

forms. The combination of a rigorous stability proof, compre-

hensive numerical verification, and excellent robustness makes

our scheme a promising candidate for ground-state cooling in

on-chip optomechanical devices, where only a single modu-

lated drive is required.

Appendix A: Strict proof of the finite-time con-
traction theorem

In this appendix, we provide a rigorous proof of the finite-

time contraction theorem stated in Section 4. We retain the full

counter-rotating terms in the linearized Hamiltonian and ex-

plicitly account for both thermal and vacuum noise. All sym-

bols follow the definitions in the main text.
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A1. Linearized quantum Langevin equation in orthogonal
quadratures

The linearized Hamiltonian in the interaction picture is
given by Eq. (8) of the main text:

H = δa(t)a†
1a1 +δc(t)c†

1c1 +Gcb(t)
(
c†

1b1 + c1b†
1

)
+Gcb(t)

(
e−2iωbtc1b1 + e2iωbtc†

1b†
1

)
+gca

(
c†

1a1 +a†
1c1
)
, (A1)

where δa(t) = ωa−ωb−ωp(t), δc(t) = ωc−ωb−ωp(t), and
Gcb(t) = η(t)gcb is the linearized optomechanical coupling.
The operators a1,b1,c1 are the fluctuation operators of the aux-
iliary cavity, mechanical, and primary cavity modes, respec-
tively.

Define the dimensionless quadrature operators

X̂k =
k+ k†
√

2
, Ŷk =

k− k†

i
√

2
, k = b,c,a, (A2)

which satisfy [X̂k,Ŷl ] = iδkl . Collecting them into a vec-
tor 𝑅̂ = (X̂b,Ŷb, X̂c,Ŷc, X̂a,Ŷa)

⊤, the full linearized quantum
Langevin equations (including dissipation and noise) can be
written as

d
dt

𝑅̂(t) =𝑀(t)𝑅̂(t)+𝑁̂(t). (A3)

The time-dependent 6× 6 matrix 𝑀(t) is obtained by pro-
jecting the Heisenberg-Langevin equations onto the quadra-
ture basis. With all counter-rotating terms kept, its explicit
form is

𝑀(t) =



−κb

2
0 Gs G(1− c) 0 0

0 −κb

2
−G(1+ c) −Gs 0 0

Gs G(1− c) −κc

2
δc 0 g

−G(1+ c) −Gs −δc −κc

2
−g 0

0 0 0 g −κa

2
δa

0 0 −g 0 −δa −
κa

2


, (A4)

where G ≡ Gcb(t), g ≡ gca, c = cos(2ωbt), s = sin(2ωbt),
and δa(t) = ωa−ωb−ωp(t), δc(t) = ωc−ωb−ωp(t). The
rows and columns correspond to the quadrature operators
(Xb,Yb,Xc,Yc,Xa,Ya) in this order. The noise vector 𝑁̂(t) has
zero mean and white-noise correlations

⟨N̂ j(t)N̂k(t ′)⟩=𝐷 jk δ (t− t ′), (A5)

with the constant diffusion matrix

𝐷 = diag
(

κb(n̄b +
1
2 ), κb(n̄b +

1
2 ), κc(n̄c +

1
2 ),

κc(n̄c +
1
2 ), κa(n̄a +

1
2 ), κa(n̄a +

1
2 )
)
. (A6)

At the cryogenic temperatures considered in the main text,
n̄a, n̄c ≈ 0 and n̄b ≪ 1, but the quantum vacuum terms 1

2 are
always present.

A2. Covariance matrix and time-dependent Lyapunov
equation

Because the Hamiltonian is bilinear and the noise is Gaus-
sian, the state remains Gaussian at all times. All second-order
statistics are encoded in the covariance matrix

𝑉 (t) =
1
2
⟨{𝑅̂(t),𝑅̂⊤(t)}⟩−⟨𝑅̂(t)⟩⟨𝑅̂(t)⟩⊤. (A7)

The mean values vanish for the initial thermal state and the
zero-mean noise, so 𝑉 (t) = 1

2 ⟨{𝑅̂,𝑅̂⊤}⟩. Applying the Ito

rule to Eq. (A3) yields the deterministic time-dependent Lya-
punov equation

d
dt

𝑉 (t) =𝑀(t)𝑉 (t)+𝑉 (t)𝑀⊤(t)+𝐷. (A8)

The initial condition corresponds to a thermal mechanical
mode and vacuum optical modes,

𝑉 (0) = diag
(
Nb +

1
2 , Nb +

1
2 ,

1
2 ,

1
2 ,

1
2 ,

1
2

)
, (A9)

with Nb = ⟨b†
1b1⟩t=0≫ 1.

The phonon number is obtained from the first two diago-
nal entries of 𝑉 (t) as

⟨b†
1b1⟩(t) =

1
2
(
V11(t)+V22(t)−1

)
. (A10)

A3. State transition matrix and explicit solution

We define the state transition matrix 𝛷(t,τ) as the solu-
tion of the homogeneous equation

d
dt

𝛷(t,τ) =𝑀(t)𝛷(t,τ), 𝛷(τ,τ) = 𝐼6. (A11)

It satisfies the group property 𝛷(t,s)𝛷(s,τ) =𝛷(t,τ). By the
variation-of-constants formula, the solution of Eq. (A8) is

𝑉 (t)=𝛷(t,0)𝑉 (0)𝛷⊤(t,0)+
∫ t

0
𝛷(t,s)𝐷𝛷⊤(t,s)ds. (A12)
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The first term represents the residual of the initial thermal ex-
citation after the pulse, while the second term is the cumulative
contribution of all quantum noise injected during [0, t].

A4. Upper bound on the final mechanical occupation

Let T be the pulse duration. Introduce the projection
onto the mechanical subspace, 𝑃b = diag(1,1,0,0,0,0). From
Eqs. (A12) and (A10) we have

⟨b†
1b1⟩(T ) =

1
2

Tr
[
𝑃b𝑉 (T )𝑃b

]
− 1

2

=
1
2

Tr
[
𝑃b𝛷(T,0)𝑉 (0)𝛷⊤(T,0)𝑃b

]
+

1
2

∫ T

0
Tr
[
𝑃b𝛷(T,s)𝐷𝛷⊤(T,s)𝑃b

]
ds

−1
2
. (A13)

Define 𝑊 ≡ 𝑃b𝛷(T,0), a 2× 6 matrix. Using the trace
inequality Tr[𝑊𝑉 (0)𝑊⊤] ≤ ‖𝑉 (0)‖‖𝑊 ‖2

F, where ‖ · ‖ is
the spectral norm and ‖ · ‖F the Frobenius norm, and noting
‖𝑉 (0)‖= Nb +

1
2 from (A9), we obtain

Tr
[
𝑃b𝛷(T,0)𝑉 (0)𝛷⊤(T,0)𝑃b

]
≤ (Nb +

1
2 )‖𝑃b𝛷(T,0)‖2

F. (A14)

We introduce the cooling contraction factor

λb ≡ ‖𝑃b𝛷(T,0)‖F =

√√√√ 2

∑
j=1

6

∑
k=1

∣∣[𝛷(T,0)] jk
∣∣2. (A15)

The first term in (A13) is therefore bounded by (Nb +
1
2 )λ

2
b .

The noise integral is denoted by

ε ≡ 1
2

∫ T

0
Tr
[
𝑃b𝛷(T,s)𝐷𝛷⊤(T,s)𝑃b

]
ds, (A16)

which is a finite constant that depends only on the bath pa-
rameters and the pulse shape. At cryogenic temperatures, ε is
finite and its value depends on the specific system parameters
and the optimized pulse shape.

Combining the two estimates, we arrive at the rigorous
upper bound

⟨b†
1b1⟩(T )≤

1
2

[
(Nb +

1
2 )λ

2
b +2ε−1

]
. (A17)

A5. Finite-time contraction theorem and stability

From (A17) we immediately deduce the following theo-
rem: Theorem 1 (Finite-time contraction stability). Con-
sider the time-dependent linear system described by the
matrix 𝑀(t) given in Eq. (A4) driven by the optimized
CRAB pulses Ωp(t),ωp(t). Let λb = ‖𝑃b𝛷(T,0)‖F and ε =
1
2
∫ T

0 Tr[𝑃b𝛷(T,s)𝐷𝛷⊤(T,s)𝑃b]ds. If λb < 1, then for any

initial thermal phonon number Nb, the final phonon number
satisfies the strict upper bound

⟨b†
1b1⟩(T )≤

1
2

[
(Nb +

1
2 )λ

2
b +2ε−1

]
.

Ground-state cooling (⟨b†
1b1⟩(T ) < 1) is achieved whenever

λb≪ 1 and ε < 1.
To gain physical insight, one may drop the small constant

− 1
2 and 1

4 λ 2
b to obtain a slightly looser but more transparent

bound,

⟨b†
1b1⟩(T ).

1
2

Nbλ
2
b + ε,

which is valid for Nb≫ 1 and λb≪ 1. This approximate form
separates the contributions of the compressed initial thermal
excitation 1

2 Nbλ 2
b and the pulse-accumulated noise ε , and it

still guarantees ground–state cooling whenever 1
2 Nbλ 2

b + ε <

1.
The theorem holds uniformly for all possible initial quan-

tum states because the norm inequality provides a worst-case
bound. The intermediate dynamics may exhibit transient os-
cillations or instantaneous eigenvalue crossings into the right
half-plane (as indicated by the counter-rotating terms), yet the
global contraction factor λb guarantees that no divergence oc-
curs and the net evolution is contractive. This is the mathemat-
ical reason why the present pulsed scheme remains stable even
in parameter regimes where the conventional Routh–Hurwitz
criterion is violated, as discussed in Section 4 of the main text.

A6. Numerical computation of the contraction factor

In practice, λb is obtained by numerical integration of
Eq. (A11) together with the optimized pulse. The values listed
in the last column of Table 1 are all on the order of 10−2–
10−6, confirming λb≪ 1 and thus validating the hypothesis of
Theorem 1 for all simulated cases.
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