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Recent investigations into the role of the quantum geometric tensor (QGT) in exotic condensed matter phenomena
have attracted considerable attention. However, the conventional QGT only captures the geometry of the Bloch states,
leaving out contributions from non-trivial physical quantities such as magnetizations. We therefore generalize the .conven-
tional QGT to incorporate the orbital magnetization, energy magnetization, and Drude weight. To address the influence of
disorder on these tensors, we further develop a set of real-space formulas for the generalized QGTs. Using the Haldane
model as an example, we demonstrate that the semi-positive definiteness of these tensors still enforces meaningful con-
straints. Moreover, the real-space formulation provides a basis for studying more intriguing cases involving various types

of disorder.
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1. Introduction

The quantum geometric tensor, with its real and imagi-

[1.2 3]

nary parts as the quantum metric I and Berry curvature!

encoding the amplitude distance and phase distance between

(4] respectively, plays a central role in emer-

quantum states,
gent transport phenomena in condensed matter physics.>~7)
On one hand, exploring exotic effects of the quantum met-
ric has garnered considerable attention recently,'®! with the
focus on the nonlinear Hall effect,®-191 the connection with
bulk electron—phonon coupling, ™} superfluid density in flat-
band superconductivity!!?l and so on. On the other hand,
the semi-positive definite properties impose non-trivial con-
straints on the quantum geometric tensor (QGT), indicating

13-16] Fyrthermore, disorder ef-

meaningful physical bounds.
fects on QGT in the two-band model have been studied with
the perturbation method!!”! and the numerical method.!'®! We
point out that work on quantum geometry in two respects is
still lacking. Firstly, a further generalization to include orbital
magnetization!®! and energy magnetization!?! is necessary to
investigate the anomalous (thermal) Hall effect from the point
of view of generalized quantum geometry. Secondly, a sys-
tematic study of disorder effects on QGT and its generaliza-
tions remains absent, leaving a critical gap in understanding
the physics induced by ubiquitous impurities.

Here, we further generalize the definition of the QGT.
With the generalization of the definition of the QGT to in-
clude the orbital magnetization,!'”! energy magnetization, !

and Drude weight,?!! intriguing transport phenomena can be
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discussed in a-uniform frame. With the semi-positive definite-
ness properties of the generalized quantum geometric tensors
(GQGT), we put forward the inequalities satisfied by the real
and imaginary parts, which are supposed to be valid in a clean
bulk system. However, whether these inequalities still work in
disordered lattices is an interesting and open question. To this
end, we develop a group of real-space formulas, focusing on
both the imaginary!*?! and real parts, and perform a system-
atic calculation of the GQGTSs in disordered lattices. With the
Haldane model®¥) as an example, we demonstrate that these
inequalities are still effective constraints.

The remainder of the manuscript is organized as follows.
In Section 2, we present the definitions for the GQGT in mo-
mentum space, and its properties due to the semi-positive def-
initeness. In Section 3, we give the real-space formalism for
GQGTs, which makes it possible to carry out the calculations
in disordered lattices. In Section 4, we present the model and
methods, and in Section 5, we provide results of GQGT of the
Haldane model in disordered lattices. Finally, in Section 6, we
make a brief summary and outlook.

2. Generalized quantum geometric tensors

We put forward a set of GQGTs for non-interacting elec-

trons as a generalization of the QGT in a lattice

QY =Ry +iTl), (1)
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where we have defined the real part as

Rez

neocc,k

R(J —

ap = Ok (Hr — énk)j Ok | Oy ttnke) , (2)

<akﬁ Unke

and the imaginary part as

Ok (Hr + énk)j Ok | Oy Unke) - (3)

i 1
Iéjé = ;Im Z <8kﬁ Unk

neocc,k

Here, “occ” denotes occupied states, the projector operator

Ok = Zn%occ |unk> <

Bloch states for energy band n with momentum k. Hj =

, and |upg) is the periodic part of the

Hp — u with Hp, being the electron Hamiltonian, y being
the chemical potential, and &, = €, — 1 with &, being the
eigen-energy. We focus on a two-dimensional lattice with
o,B € {x,y} and d, = d/dky. Weset j =0, 1,2, correspond-
ing to different physical quantities. Iy ) = I)({) = 0. Both the
real and imaginary parts have a clear hierarchy structure.

We discuss the physical meaning of ngg for j = 0, 1,2.
I with
the real and imaginary parts as the quantum metric and Berry

curvature, respectively. The off-diagonal imaginary part 7' [;

Clearly, QEX 23 is the usual quantum geometric tensor,®

is effectively the orbital magnetization at zero temperature!!°);
and the real part foll); is the inter-band Drude weight.**] We
further point out that the off-diagonal imaginary part of I((ng
is, in fact, the energy magnetization at zero temperature. >’
Meanwhile, we term the real part fozl); as the inter-band energy
Drude weight. While j =0, 1 has been studied in Ref. [24], the
case of j = 2 is systematically studied in this work.

. " . . ()

We comment on semi-positive definite properties of Q ap

For j = 0,1, it has been proved in Ref. [24] that Qgg =
%Zk Tr [0561) <8kapk‘8kppk):| s with Pp = Y, cocc |unk> <unk|,
where 0 = Perand 02 = Ay, (I—2P,,) with I being the

identity operator. Qgg for j = 0,1 is semi-positive definite,

Even though both the real and imaginary parts have a clear hi-

)

erarchy structure, in general Q B is not semi-positive definite.
With the Cauchy—Schwarz inequality, one can show the real

part is semi-positive definite, but the imaginary part is not.

3. Real space formalism

What is the fate of Eq. (4) for j = 0, 1 if onsite disorders
are introduced? What are the effects of onsite disorders on
these physical quantltles‘7 To this end, we introduce a real-
space formalism for Q 1n Eq. (1).-We first present the real-

space formulas as follows
O = 2Ty (Prgrgl 5
ro[i __A70 1"( raQ’”ﬁ )7 Q)
Q) = ATty (PryQRQrsP — QryPAPrRQ),  (6)
af Ac o B o B ’

4n ~ -
fog - —A—CTr(PraHerﬁP—i—PraQrBHzP

—2PArgQHroP). 7

Here o, € {x,y}, and H = H — u with H being the real-
space Hamiltonian. A is the area of a unit cell in the two-
dimensional case we have considered. The trace Tr is over
all the lattice sites. P =Y -, |n)(n| and Q =1—P. ry =
diag[riq,. .., ne| With N being the number of all the lattice
sites considered. Surprisingly, in real space, there are unified
formulas for all the cases of j. Similar formulas have been de-
veloped in Ref. [22], which specifically focused on the imagi-
nary part.

Since the real-space formalisms for the imaginary parts
of Q% with j = 0,1 have been developed in Refs. [25,26],
we focus on the derivation details for the case of j =2. We
start with Ig), which is the energy magnetization introduced
in Ref. [20] as

: 1 ' du _ 2| dungk
which states that 7% = ——Im dk < "%\ (A +& - >
v A AT LA
det [R } ’IX\’ ‘ ‘ ) By inserting the projector operator Oy, we have
|
1 - - &u k 8u k

7% = “Im | dk Evi+§ 2<" Uy ><u/ n>. 8
Xy T 87 né;c nlgo‘,cc( n'k nk) 8kx n'k n'k (9ky ( )

2
With the identity, ?” (W k| 7o | Wnre) = 2”) S (k—K) (tyy| Viunr) Where |W,y) is the Bloch state, we arrive at

I)EZ) = —flm / dk

neocc H’¢OCC

Using H |Wx) = &k | Wk ), We can write

Y X Gt Em) (Wl x W) (Wrnel y [ Wik ©)

1 -
Iyl = ——Im | dk Y ¥ (<wnk|xH2|wnlk><w,,fk|y|wnk>
BZ neocc p/ éocc
+<l/fnkXqun/k><wn/k|yﬁzlwnk>+2<wnk|xﬁ|wn/k><wkyHwnk>>. (10)
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With the definition of projector P =

(2ATC)2 Y coce Joz AK [ Wnk) (Wak| and Q = I — P, where the inte-
gral is over the first Brillouin zone, we have obtained the final

operators

formula as
4r 2 7
I,g) = _XImTr(PxQHzQyP+ PxQyPH?
C

—2HPyQHQxP). (11)

Here we have used

ImTr (PxI:I OvH P) = —ImTr (PI:I yQI:IxP) , (12)

where PxH QyHP and PHyQHxP are Hermitian conjugates of
each other. Compared with the real part, the only difference
lies in the sign of Eq. (10). Noticing the sign difference in
Egs. (2) and (3), we emphasize that the identity in Eq. (12)
combined with Re (PxI:I OyH P) = ReTr (PI:I yQI:IxP) is a key
step to provide a unified formula for both the real and imagi-
nary parts.

Equations (5)—(7) form the basis for carrying out calcu-
lations of GQGTs in real-space lattices with disorder. The
motivations for introducing disorder are two-fold. First, it is
to check disorder effects on the behaviors of these physical
quantities. Second, it is interesting to find out whether the
non-trivial inequality in Eq. (4) is still valid in a disordered
lattice.

4. Model and methods

We demonstrate the effects of disorder by using the Hal-
dane model as an example.  The Hamiltonian in real space is
written as!?3]

Hy=1 Zc;rcj+t2 Z eivif¢c;rcj+21l7[§icjc,-. (13)
(i.j) () i
(1)

Here, c; ‘~annihilates (creates) an electron on site i, #; is the
real nearest-neighbor hopping on pairs (i, ), and t, is the
next-nearest-neighbor hopping on pairs ((i, j)) with a complex
phase e!Vi®, in‘which ¢ is the magnetic flux, and Vi = %1
distinguishes clockwise from counterclockwise hopping paths
inside a unit cell, breaking time-reversal symmetry without a
net magnetic field. M is a staggered sublattice potential with
& = +1 on sublattice A and —1 on sublattice B. The model
exhibits a topological phase transition as a function of M and
¢. When 1, # 0 and ¢ # 0, 7, the system enters the phase of
a Chern insulator with the absolute value of the Chern number
|C| = 1 provided that | M| < 3v/3,|sin ¢|. Outside this regime,
the system is a trivial band insulator. We introduce onsite dis-
order to the system as

Hyis = Y Aiclci. (14)
i

Here, A; denotes the onsite disorder potential uniformly dis-
tributed in the interval [—A, A] with strength A > 0. We calcu-
late the physical quantities in Eqgs. (5)—(7) by averaging over
different disorder configurations.

5. Results and discussion

We present our results for the physical quantities of the
Haldane model in Eqgs. (5)—(7) for different onsite disorder
strengths. We set #; = 1, which is the energy unit, , = ﬁ,
¢ = 7, and fix the chemical potential just on the top of the va-
lence band. For the Haldane model without disorder, the topo-
logical phase transition happens at M =1, which is clearly in-
dicated by the Chern number for A = 0 in Fig. 1(a). VdetR(©)
for A = 0 can also signify the topological phase transition,
consistent with results in Refs. [13,24,28]. When onsite dis-
orders are turned on, both the Chern number and v detR(©) in
Figs. 1(a) and 1(b) show that the topologically non-trivial area
is enlarged. It can be attributed to the effective change of the
staggered potential M due to onsite disorders, as formulated in
Ref. [29].

0 025 050 075 100 125 150 1.75 2.00

det R()

050 0.75

0 025

100 125 150 1.75 2.00
M

Fig. 1. The Chern number and V' detR(®) for the Haldane model versus
M for different disorder strengths. The lattice size is 24 x 24. t; = 1,
= ﬁ, and ¢ = Z. For disordered cases, these quantities are calcu-
lated by averaging over 256 configurations. We fix the chemical poten-
tial just on the top of the valence band.

In Fig. 2, we show the orbital magnetization M, and
VdetR(1) for the Haldane model versus M for different disor-
der strengths. In the calculations we fix the chemical potential
just on the top of the valence band, and it means that the chem-

ical potential may be changed due to parameter variations. For
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A =0, we observe that the orbital magnetization decreases lin-
early with M and vanishes when the gap is closed, consistent
with its formula in Eq. (1) in the momentum space, in contrast
to the quadratic decrease with M of the energy magnetization
M . in Fig. 3(a). Meanwhile, v'detR(1) in Fig. 2(b) also shows
the phase transition at M = 1. When the disorder is turned
on, we see the trend that the phase transition point is shifted
to M greater than 1. Similar behaviors are also observed for

detR(2) in Fig. 3(b). However, when the disorder strength is
increased to 2, the phase transition is largely smeared out due
to strong fluctuations induced by disorder.

2.00

1.754

0 025 050 075 1.00 125 150 1.75 2.00

——A=0 (b)

241
——A=1
221 ——A=2
= 2.0
&
15
< 1.84
1.6 1
141

0 025 050 075 1.00 125 150 1.75 2.00
M

Fig. 2. The orbital magnetization M, and V'detR(1) for the Haldane model
versus M for different disorder strengths. We fix the chemical potential just
on the top of the valence band. The other parameters are the same as those in
Fig. 1.

Importantly, we point out that the inequality in Eq. (4) is
still valid in disordered cases, as shown clearly in Figs. 1 and
2. In disordered cases, the semi-positive definite property is
valid for every disorder configuration, and on average the in-
equality in Eq. (4) still works. Surprisingly, we see that the
inequality in Eq. (4) is satisfied for j = 2. For the two-band
Haldane model, the real and imaginary parts of Qgg can be
written as

ReQl) = /BzdkRe(éok—éuk)zRng)g.k, (15)

2) . ~ ~ 2 (0)
ImQaﬁ = /BZ dkIm (& + Eux) ImQaﬁ,k’ (16)
where we have defined Q(O) 1 <aauT":

— a"40k',
aBk T Uyk Uyk ke |
and the subscripts o and u stand for occupied and unoccu-

pied, respectively. Equations (15) and (16) can be treated

as a linear combination of Rng)l)ik and Ing)l)Lk with dif-
ferent coefficients. If all the coefficients are ones, the con-
straint due to the semi-positive definiteness of Qg)l)? is fol-
lowed. Here, for the uniformly distributed disorder we have
implemented, on average the particle-hole symmetry of the
band structure is preserved; for most momenta k, the relation
(Bok — Eut)? > (o + Eurc)” is satisfied, which in fact strength-
ens the positive contribution of ReQEIZl)%. As a result, the con-
straint imposed by the semi-positive definiteness is followed.

0 025 050 075 1.00 125 150 175 2.00
M

—— A= £ (b)

0 025 050 0.75 1.00 125 150 175 2.00
M

Fig. 3. The energy magnetization Mg ; and V/detR®? for the Haldane model
with different disorder strengths. We fix the chemical potential just on the top
of the valence band. The other parameters are the same as those in Fig. 1.

In Figs. 4 and 5, we fix the chemical potential at pt = 0.
Our observations are as follows. The inequality in Eq. (4) is
valid for j = 1 even though there are disorders. Furthermore,
we find that the orbital magnetization M, in Fig. 4(a) is almost
zero, consistent with expectation from Eq. (1) in the momen-
tum space. Finally, in both Figs. 4(a) and 5(a), we see that
the feature at the phase transition is smeared out by disorders,
in contrast to VdetR(!) and vdetR(2) in Figs. 4(b) and 5(b),
which are not affected by the chemical potential.

We now comment on the experimental measurement of
the energy magnetization and energy Drude weight. We can
decompose the energy magnetization Mg ; into three distinct
contributions as follows:

Mg = / dk Y (ME e +4Mopi +2Q, ), (I7)
BZ neocce
where the energy magnetic moment

1 814 k
ML =——=1 X
ok nm<8@

(H —&u)?

8unk
ok, /|
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the orbital magnetic moment

1 aunk aunk
M e = ——Im (& — H—¢
z,nk 7'Cm( nk u)<8kx ( nk) 8k, )
0.5
—— A=005 (2)
0.4 —a—A=1
—— A=15
0.34
N
0.2
0.1
04

0 025 050 075 1.00 1.25 1.50 1.75 2.00
M

(b)

VdetR(M

0 025 050 075 1.00 125 150 1.75 2.00
M

Fig. 4. The orbital magnetization M, and vdetR(1) for the Haldane model ver-
sus M for different disorder strengths. We set the chemical potential at i = 0,
and average over 1024 disordered configurations. The other parameters are
the same as those in Fig. 1.

0.5
0.4
. 031
5}
=
0.2
0.14
0
0 025 050 075 1.00 125 150 175 2.00
M
—— A=0.05 (b)
—— A=
B
%
+
[
=

0 025 050 075 100 125 1.50 1.75 2.00
M

Fig. 5. The energy magnetization Mg ; and VdetR®) for the Haldane
model versus M for different disorder strengths. We set the chemical
potential at u = 0, and average over 1024 disordered configurations.
The other parameters are the same as those in Fig. 1.

and the Berry curvature Q, ,, = —2Im <a; ke ‘ a; ke > . The or-
, o | hky

bital magnetic moment can be measured by the x-ray magnetic
circular dichroism,?%! while the Berry curvature can be mea-
sured via their relationship with the anomalous Hall effect.[3!]
In Ref. [32], the authors proposed that, via the entanglement
brought by the electron—phonon coupling, the energy Drude
weight Din . Which is from the real part of Q%, and the en-
ergy magnetic moment ank can be measured by exploring
their relationship with the linear phonon dichroism and circu-
lar phonon dichroism, respectively.

6. Summary and outlook

To sum up, we carry out a generalization of the usual
QGT to include the energy magnetization. By formulating
these quantities in real space, we explore their properties when
disorder is introduced. With the disordered Haldane model
as an example, we find that (1) the topologically non-trivial
area is enlarged due to disorder, and (2) the inequality due to
the semi-positive properties of these quantities is still valid in
disordered cases, which we attribute to its validity for every
configuration. The generalization to other lattice models is
straightforward. In the future, we plan to explore more inter-
esting lattice models with different types of disorder.
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