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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

An improved CRE method and novel interaction solutions to a
fifth-order nonlinear equation
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The consistent Riccati expansion (CRE) method is powerful for deriving interaction solutions of nonlinear evolu-
tion equations. We improve the CRE method by extending the Riccati equation to the Riccati-Bernoulli equation. The
improved CRE method solves nonlinear evolution equations by utilizing both the Riccati and Bernoulli equations. The
effectiveness and convenience of the improved CRE method have been demonstrated by a new fifth-order equation. With
this method, more types of interaction solutions can be constructed. These include not only soliton-cnoidal solutions but
also exponential-elliptic and other interaction solutions. Moreover, the improved CRE method can be applied to construct

interaction solutions of other nonlinear systems.

Keywords: consistent Riccati expansion method, Riccati equation, Bernoulli equation, interaction solutions
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1. Introduction

Nonlinear science is a significant development in nat-
ural sciences after quantum mechanics and relativity. Its
rapid advancement has established nonlinear science as
one of the frontier research topics across numerous disci-
plines. Nonlinear evolution equations (NEEs) can describe
a wide range of natural phenomena, including nonlinear
optics,“‘4J Bose-Einstein condensates, ! ferrimagnetics,lﬁ_g]
and others.[*~!!] Because they are essential for modeling com-
plex natural phenomena, finding solutions to NEEs has be-
come a central focus of nonlinear science. There are a
number of direct approaches to constructing explicit solu-
tions to NEEs, for example, the tanh algorithm,!'?! the gen-
eralized tanh-function algorithm,!3! the Jacobi elliptic func-
tion expansion approach, !4 the consistent Riccati expansion
(CRE) method, "> Hirota’s bilinear method,[!®! the Darboux
transformation,!'”! and so on.['2%) Among these, the CRE
method is a very practical approach for generating interaction
solutions between different waves, including soliton—cnoidal
interaction solution, the resonant soliton solution, and interac-
tions between soliton and triangular periodic waves.[!>21:22]
The main idea of the CRE method is to express the solu-
tions of an NEE as a polynomial in the solutions of the Ric-
cati equation. Therefore, Bicklund transform can be derived
from the CRE method. Using the Bicklund transform, dif-
ferent interaction solutions can be constructed. By apply-
ing the CRE method to many nonlinear systems, such as
Bogoyavlenskii coupled KdV system,?*! Drinfel’d-Sokolov—
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[24]

Wilson equation, (3 + 1)-dimensional P-type evolution

26,27]

equation, [25] and so on,! interesting results have been ob-

tained. Moreover, the CRE method has been extended to
fractional-order NEEs. [28-2]

In many real physical systems, such as shallow water
waves, plasmas, and nonlinear optical fibers, waves often do
not appear as isolated solitons but rather as solitons coexist-
ing with a periodic background, for example, the propagation
of a solitary wave on a swell background in the ocean.3%-31]
Therefore, constructing interaction solutions that capture the
coupling between solitons and background periodic waves is
conducive to providing a better description and explanation
of such practical phenomena, offering deeper insight into the
underlying nonlinear dynamics. Consequently, searching for
interaction solutions and developing new methods to derive
more interactions are of great significance. In this paper,
we will improve the CRE method by extending the Riccati
equation to the Riccati-Bernoulli equation. The improved
CRE method is more general, encompassing the original CRE
method as a special case. The contribution of the improved
CRE method to the fields of mathematical physics and non-
linear science is that it provides a systematic way to construct
exact solutions that describe interactions of different waves.
Using the improved CRE method, more novel types of inter-
action solutions will be directly constructed.

The improved CRE method will be illustrated by the fol-

lowing fifth-order model:

Up ~+ Uyyy + Wy — Ul — Uty — 3Uyllyy — Pllyroe = 0, (1)
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r.1321 This equation can describe the

where U is a real paramete
water wave problem for long, small amplitude waves over the
shallow horizontal bottom.*3! When u = 0, Eq. (1) reduces
to the Gibson—Pickering (GP) model. Painlevé integrability,
multiple soliton solutions, and trigonometric periodic solu-
tions have been studied in Ref. [32]. A generalized Painlevé
integrable fifth-order equation has been proposed and studied
by Hirota’s method. 33! Equation (1) is a new fifth-order non-
linear model and is different from the other fifth-order equa-
tions, such as the fifth-order KdV, Sawada—Kotera and Kaup—
Kupershmidt equations.3437]

The remainder of this paper is structured as follows. The
main steps of the improved CRE method are given in Sec-
tion 2. Sections 3 and 4 demonstrate the application of the
improved CRE method to Eq. (1) and construct interaction so-

lutions for it. A summary of this paper is provided in Section 5.

2. A brief outline of the improved CRE method

In what follows, the improved CRE method is explained
and its main steps are provided.
Step 1 Given a partial differential equation

P(x7t7u7uxvut7uxxauxtauttv'"):0' (2)

The following ansatz is adopted for the solution of Eq. (2):
J .
u=Yy ajR (W), (3)
j=0

where a; (j=0,1,2,...,J) and W are differentiable functions
with respect to x and . The positive integer J is determined
by the principle of homogeneous balance. R(W) satisfies the
following constant-coefficient Riccati—Bernoulli equation

R =A+BR+MR", 4)

where R denotes the derivative of R with respect to W, and N
is an integer with N > 1. Exact solutions of Eq. (4) have been
studied in Refs. [10,11] and listed in Appendix A.

When N =2 and M # 0, Eq. (4) becomes the Riccati
equation.

When N #0,1,2, and A = 0,M # 0, Eq. (4) becomes the
Bernoulli equation.

Step 2 Substituting Egs. (3) and (4) into Eq. (2), we obtain
a system of overdetermined equations by collecting the coef-
ficients of different R/(W). The unknown functions a; and W
will be determined by solving the system of equations. Since
the overdetermined equations are usually difficult to solve, we
introduce two hypotheses.

Case I W = kyx+ kot + kg, where ko, k; and k, are unde-
termined constants.

Case I W = kjx+ kot + ko + H(N), N = nix+ not + ng,
with ng, n; and n, being constants. H’ and H” denote the first

and second derivative of H with respect to 1, and they satisfy
the following Jacobian elliptic equation:

H' = \JoteiH +cr (H) + 3 (H) + e (H), (5)

where ¢y, c1, ¢2, ¢3, and ¢4 are constants. Solutions of Eq. (5)
when ¢, c¢i, ¢z, ¢3, and c4 take different values have been
summarized in Refs. [38,39].

Step 3 Substituting a;, W, and R(W) into Eq. (3).

3. Application of the improved CRE method to
Eq. (1) when N =2

If we take N = 2 into Eq. (4), then Eq. (4) becomes the
Riccati equation and has the form

R =A+BR+MR?, (6)

and the procedure in Section 2 becomes the CRE method.
Taking Eq. (3) with Eq. (6) into Eq. (1), we getJ = 2, so

u=ao+aR(W)+aR*(W), @)

where ag, a1, and a, are functions of x and ¢, R(W) is a solution
of Eq. (6).

Plugging Eqgs. (7) and (6) into Eq. (1) and rewriting it in
the form of a polynomial in terms of R/ (W), we have
hR" (W) +heR®(W) + hsR> (W) + -+ hiR(W) +ho =0, (8)

with hyg, hq, ..
derivatives. Expressions of A7, hg, and hs are as follows:

., h7 being functions of ag, a;, a, W and their

hy = —7201a;MOW? — 60M>*W?3a3,

he = —1200uM*a;W>W,, —2400uBM*a,W?
—150BM*W2 a3 — 60M>*W3ajay — 30M*W, W3
—60M>W2ay.ay — 600UM*Way, — 120uM’a; W,

hs = —12MW,a3, — 2MW,a3 — 12M> W2 a3 — 240uM>W3ay,.,
—12MW,arcar — 12MW,azar — 36M2sza1a2x
—124AM>W2 a3 — 122B* MW a5 — 24MP agW ay
+24M>W,W2ay — 120M*Wiay, u — 36M*W2ayar
—360pa W2W,M> — 240ua, W2 W, M
—720uar W W, M? — 36W,Wya1ayM?
—54BMW, Wya5 — 240pa; W W M*
—144BM*W2ajay — 108BMW as,a;
—1680uar WBM? — 1680ua, W>AM*
—3000ua; W2 B*M> — 360a; W>BM*
—3360Ua, W2 W BM> — 2MW,.a3.

From h7, hg, and hs, the coefficients ag, a;, and a> can be
derived and they are as follows:

ag = (SUAMW, + uB*W + 6uBW W, — 3UuW2

090206-2
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+AUW Wy, — uW2 — WXW,)/(—sz), 3.1. W is a linear function

ay = —12UBMW? — 12UMWy,, ar = —12uM*W?. (9) In this case, we take W = kjx + kpt + ko, where ko, ki,
and k, are constants, then Eqgs. (10) and (11) are automatically
Substituting the above expressions of ap, a; and a; into  gatisfied. Under this circumstance,
Eq. (8), we find that h4, h3, ho, hy, and hg can be reduced

. . k
to the following two equations: ap = —SuAMk% — ,LLBZk% +u+ k—z,
1
2 2,2
WoW, Wy — AUW, W Wi, + SUMAW Wy — UB*WAW,., ay = —12uBMki,ay = —12uM"kj,
— W W + LW W + 3UW,, =0, (10)  and Eq. (7) becomes

_sz‘/Vtt + .quxZWxxxt - llB 2Wx4Wxt + 3qu2xWxt - .UWxWxt Wxxx k
2 272 2
4 u = —8SUAMky — uB“ki+u+—
—3uUW W Wiy + W W W, +4UAMW, Wy, = 0. (11) ky
—12uBMIGR(W) — 12uM>k3R*(W).
So, solving Egs. (10) and (11) is essential for obtaining ex-
plicit solutions to Eq. (1). In the following, we consider the  For different A, B, and M, explicit solutions of Eq. (1) are as

following cases. follows:

up = —3kIp(£csch(W) +coth(W))? +2k3u+7y, (B=0,A=0.5 M=-0.5),
uy = —3kIp(tanh(W) + isech(W))> +2k2u+7y, (B=0,A=0.5, M = —0.5),

3k?  tanh® (W

MSZ_W W)))“FZ"%““” (B=0,4=05,M=-05),
3k} coth® (W

1y = — NI CO ( )+2k%p,+y, (B=0,A=0.5, M =-0.5),

(1£icsch(W))?
us = =3k u(tan(W) £sec(W))?> —2k3u+7y, (B=0,A=0.5 M=0.5),
ug = —3kiu(csc(W) —cot(W))? —2kiu+7y, (B=0,A=0.5 M=0.5),
_ 3kjutan®(W)

(1+sec(W))?2
ug = —3k3u(cot(W) £csc(W))? —2k3u+y, (B=0,A=—-0.5 M=—0.5),
ug = —3kip(sec(W) —tan(W))? —2k3pu+y, (B=0,A=—0.5 M=—0.5),
3k? pcot> (W)
(1+£csc(W))?

W)+8k2u+y, (B=0,A=1,M=—1),
W)+8kiu+y, (B=0,A=1 M=-1),
upy = — 12k ptan®>(W) —8k3u+vy, (B=0,A=1, M=1),

upg = — 12k pcot? (W) —8kiu+vy, (B=0,A=—1, M=—1),
_ 48kjutan®(W)  48kjutan(W)

u; = —2k3u+7y, (B=0,A=0.5 M=0.5),

o = — —2i3u+y, (B=0,A=-05 M=-0.5),

up = —12k%,utanh2
2

—~

Upp = —12k%/.t coth

= anW)2 T a2k Y (B= 2 A= M=),
e — _jfk?ﬂgj?j;gg _ 4%%;3;? C20Buty, (B=2 A1, M—2),

Uty = —‘t?kj‘é;"(fg;/z) 4?]?:;0&;“)/) 20U +y, (B=2,A=—1,M=-2),
g = —ﬁkiﬁégf(tzw(;? = 4811@;0(;(‘/“)/) 2083ty (B=-2,A=—1,M=-2),
ulg:—m+y, (B=0,A=0, M =+#0),

where i = —1 and }/zﬂ-ﬁ-%.

090206-3
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The above solutions include mixed soliton wave solutions
ui, Uy, us, ug, kink wave solutions uq1, ui2, a rational wave
solution u;9, and triangular periodic wave solutions. In partic-
ular, when kg = 0, kr = —(Suk% + uky —apky), where ag is a
constant, the solutions u;1, uj> here are the same as the kink
solutions in Ref. [32], and the solutions u,3, 114 here are the
same as the periodic solutions in Ref. [32].

3.2. W is not a linear function

In this case, we take
W=kix+kyt+ko+H(M), n=mx+nst+ny, (12)

with ng, n1, and ny being undetermined constants. Let H' = ¢,
where @ = @(n) is a differential function with respect to 17, ¢
denotes the first-order derivative, and it satisfies the following
equation:

¢ =\cote19+cr@? +e3p3+capt, (13)

where ¢y, c1, ¢3, ¢3, and ¢4 are constants. Equation (13) is the
third kind Jacobian elliptic equation.

Substituting Eq. (12) with Egs. (5) and (13) into Eqs. (10)
and (11), we obtain

co = [(4AMK] — B + i} — eakin? + eskm) k] /e

c4 = —4AM + B2,

k> (16/JAMn1k% — 4uan1k? + ,un‘l‘cl — 2,un%czk1

+3unicski —king) /(—ny),

where A, B, M, ko, ki, no, ny, na, c1, ¢2, and c3 are free con-
stants. If we take appropriate values of these free constants,
interaction solutions of Eq. (1) can be derived.

3.2.1. A soliton—elliptic interaction solution

Ifwetake A=1,B=0,M=—1,kj =4nj,ci=c3=0
and c; = —m?—1,thenco=m?/4,ca =4,k = (1 —m*)nju +
na/2. Here, m (0 < m < 1) is the modulus parameter. Accord-
ing to Appendix A and the results in Refs. [38,39], solutions
of Eq. (6) and Eq. (13) are as follows:

R(W) = tanh(W), ¢(n) = Zsn(n,m).

[}
S
=N

(b)

Fig. 2. The soliton—elliptic interaction solution (14) with m = 0.3: (a) a three-dimensional plot; (b) a two-dimensional plot with x = 0.

090206-4
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(b) 10

S}
P
=N

Fig. 3. The soliton—elliptic interaction solution (14) with m = 0.5: (a) a three-dimensional plot; (b) a two-dimensional plot with x = 0.

()

4
x 4-6

(b)

Fig. 4. The soliton—elliptic interaction solution (14) with m = 0.9: (a) a three-dimensional plot; (b) a two-dimensional plot with x = 0.

Then, H(1) = §1n(dn(n,m) —men(n,m)), and a solution in
which the soliton wave interacts with the elliptic wave is

u= ni{ — 33 ptanh?(W) (msn(n,m) + 1)
1

+6n3mudn(n,m)en(n,m) tanh(W)
—3nm*usn(n,m)* + 6n3musn(n,m)
—i—n?mzlu +4n?[,t+n1u —l—ng}, (14)
—mzun?t + ,U.n%t + %nlx + %nzt +
$1In(dn(n,m) —men(n,m)) + ko, N = n1x +nat +no.

The above solution (14) is the soliton-elliptic interaction
solution. Taking u =1, n; = 1, np =3, ng = ko = 0, graphs of
Eq. (14) can be obtained for different modulus parameter m.

where W =

It can be seen from the figures that as the modulus pa-
rameter m increases, the amplitude of the background periodic

wave also increases. When m < 0.5, the solitary wave on the
periodic background can be clearly observed. When m — 1,
the background periodic wave approaches a solitary wave.

3.2.2. Another soliton—elliptic interaction solution

If we take A=1, B=0, M = —1, klz%nl, c] =
—m* — 1, then co = m?/4, c4 = 4, ky =
(1—m?)n}p +ny/2. According to Appendix 1 and the results
in Refs. [38,39], solutions of Egs. (6) and (13) are as follows:

c3 =0, and ¢, =

ROW) = tanh(W), 9(n) = ns(1,m)

Then,

H(n)=3n

1 dn(n,
2

m) —cn(n,m)
sn(n,m) ) ’

and another soliton—elliptic interaction solution of Eq. (1) is

w = {sn(n,m)cosh(W) (en(n,m) —dn(n, m)) (mPsn(n,m)%en(n,m) +dn(n,m)en(n, m)

—sn(n,m)dn(n,m) +sn(n,m)en(n,m) — sn(n, m)dn(n,m) —cn(n,m)*dn(n.,m) ) }72

X { (sn(n,m)+ 1) [(m“sn(r],m)4 +6m2sn(n,m)* +sn(n,m)* +4m>sn(n, m)>dn(n,m)cn(n, m)

090206-5
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+Sn(n7m)2dn(n7m)cn(n7m) - 8m2sn(nam)2 - 25“(777’”)2 - 8dn(n ) m)cn(n ) m) + 8)

x (njm*usn(n,m)* +nipusn(n,m)* + unisn(n,m)* +nosn(n,m)* — 6nj 1) cosh*(W)

—6n3 wsinh(W) cosh(W) (4m4sn(17,m)6 +4m?sn(n,m)® + sn(n,m)*dn(n, m)en(n,m)(m* 4+ 6m*> + 1)

—4(m* +4m* + 1)sn(n,m)* — 8m®sn(n,m)>dn(n,m)en(n,m) + 12m>sn(n, m)>

_Ssn(n7m)2dn(nam)cn(n7m) + 123“(’%’”)2 + Sdn(n7m)cn(n7m) - 8) 3”%“’ (Sn(nvm) + 1)2

X (m“sn(n,m)“ +6m?sn(n,m)* +sn(1,m)* +4m*sn(n,m)* (dn(n,m)en(1,m) —2)

+asn(nm) (@n(n.m)en(rm) ~2) = San(r.menn.m)+8) | | (1s)
where

203 3,1 1 1
W=—-m ,unlt—i—,unlt—i—znlx—i—znzt—i—zln

(dn(mm)—cn(n,m)

+k, n=n + nat +ngp.
S ( ’ ) ) 0 X 2 0
3.2.3. A peliOdiC_e"iptiC interaction solution

Ifwetake A=1,B=0,M=1, k; = %mnl, c1 =c3=0and ¢c; = 2m? — 1, then cozfmfz(mzfl), cs = —4, ky =
fmn? u—+ %mnz. According to Appendix A and the results in Refs. [38,39], solutions of Egs. (6) and (13) are as follows:

R(W) = tan(W), ¢(1) = Zen(n,m).

Then, H(n) = %arctan ("é;n((n"’:;)) and Eq. (1) admits a solution in which the trigonometric periodic wave interacts with the
elliptic wave

w= - (en(n,m)+1)72 {3n?m2utan2(W) (—sn(n,m)* +4sn(n,m)*en(n,m) + 8sn(n,m)* — 8cn(n,m) — 8)
n

+6n3musn(n,m)dn(n,m) tan(W) (fsn(n,m)2 +2cn(n,m) +2) + 3n3m?usn(n,m)* + 8nm*usn(n,m)?

—Sn{’usn(r[,m)2 — nl,usn(n,m)2 — nzsn(n,m)2 -2 (Sn?mzu — n?u —nmu— nz) (en(n,m)+1) }, (16)
where
W =—mu 31‘—|—f1 —|—71 t—|—fl arctan 7511( .m) +ko, N =nix+not+
= —mun mn mn ! =n n ng.
R ) dn(n,m) 0 : 2 0

\
4. Application of the improved CRE method to  Here, the coefficients of R/ (W) (j =0, 1,...,14) are functions

Eq. (1) when N =3 of a; (i=0,1,...,4),W and their derivatives. Setting the co-

: 14 13 .
When N = 3 and A = 0, Eq. (4) becomes the following efficients of R**(W) and R*>(W) to zero, we obtain

Bernoulli equation: 4 = —48M2,LLWx2, a3 = 0. (20)

R =BR+MR>. (17) . . .
Substituting the expressions of a4 and a3 into Eq. (19), we

According to the procedure of the improved CRE method, tak-  have
ing Eq. (3) with Eq. (17) into Eq. (1), we get J = 4 by the
principle of homogeneous balance, so Eq. (3) becomes 19200M° uW, (4BMBUW? + 24MUWe+a2) R™(W)
+14175M° uW3a\ R" (W) +--- = 0. 1)
u=ay+aR(W)+aR*(W)+a:R (W) +asR* (W), (18)

By setting the coefficients of R'?>(W) and R'' (W) equal to

where ag, a;, a», az, as, and W are functions of x and ¢. .
zero, we obtain

Gathering the coefficients of different R/ (W), we have

_ 2_ _
—480M3a4Wx3 (48M2#WX2 +a4)R14(W) ay = —4A8MBuUW; —24MuWy,, a; =0. (22)

—693M3G3Wx3 (15M2LLWX2+a4) RB(W)+---=0. (19)  Substituting the expressions of a; and a; into Eq. (21), we
090206-6
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have

4uw,
9216uM°W; (4;132sz + 12UuBWy +ag — 1+ %
X

3,qu%c Wi 10
- —— |R"(W)+--+hRW)+hy=0. (23
wz o )R W)EE RW) +ho (23)

By setting the coefficient of R'(W) equal to zero, we obtain

41Ll' WXXX

X

ap = —4uB*W? — 12uBW,, + 1 —

3uWs W,
L+ —, 24
W T (24)

+

Substituting the above expression of qg into Eq. (23), we find
that ho, hy, hs, h3, and h; are all zero, hg, hg, h4, hy, and hg
can be reduced to the following two equations:
WxVVthx - 4.quWxxWxxx - 4H32Wx4wxx - WXZWXI
FUW Wi + 3UWS =0, (25)
_szvvtt + .LLWXZWxxxt - 4/.132Wx4le + 3/~1Wx2xwxz
_HWxWxthxx - 3HWxWxxWxxt + WxWxtht =0. (26)
So, solving Egs. (25) and (26) is essential for obtaining ex-
plicit solutions to Eq. (1). In the following, we consider the
following cases.
4.1. W is a linear function

In this case, we take W = kjx + kot + ko, where kg, ki,
and k; are constants, then Egs. (25) and (26) are automatically
satisfied. Under this circumstance,

a0 = —4UB + u + % ar =0,
ay = —48UBMK}, a3 =0, a, = —48uM*k3,
and Eq. (1) has the following solution:
u = —4uB’k} +p+ % — 48UBMI3R*(W)
—48uMPIIRY (W). (27)

Analytical solutions of Eq. (1) for different choices of B and
M are presented as follows.
4.1.1. An exponential function solution
When B = M, there is an exponential function solution of
Eq. (1)
1
u = 5 (4B4K12k%u e 4BV
7/(1 (efZBWKlB — M)
+40B* K Ml e 2BV — B2 K}k e 4BY

+4M*IG uB? — B Ky e BV 4 2BK My ue 2BV
12BK koMe 2BV M2k u — M2k2> 7 (28)

where K] is a constant and K # 0.

4.1.2. A singular kink soliton solution
When B = M, Eq. (1) admits a singular kink soliton solu-
tion
1
ki [tanh(BW )K> — K + tanh(BW) + 1]2

u=—

x{4B2 K3k} tanh? (BW) — 8B2K3k} p tanh(BW)
—40B%K>k; ptanh? (BW ) 4 4B2k;  tanh? (BW )
+8B%Ic} i tanh (BW) — K3k i tanh? (BW)

+2K3ky u tanh(BW ) — 2Kyk; 1 tanh? (BW )

+4B% ki + 4B2 K3k 1+ 40B* Kok 1 — Ky

—ky — ko tanh? (BW ) — 2k» tanh(BW)

—ky ptanh? (BW) 4 2K 3k, tanh(BW))

— K3k tanh? (BW) — 2K»k, tanh® (BW )

—2k; ptanh(BW) — K3 ky + 2K ks

K+ 2Kk (29)

where K is an arbitrary constant.

4.2. W is not a linear function

In this case, we take
W=kix+kit+ko+H(N),n=mx+ny+ny, (30)

with ng, n1, and n; being undetermined constants. Let ¢ = H’,
and ¢ satisfy the Jacobian elliptic equation (13).
Substituting Egs. (30) and (13) into Egs. (25) and (26),
we obtain
(4sz? — cln? + Czkln% — C3k%n1) ki

c) = —
nt ’

cq = 432,

2 kiny

ko = 16sz?/,L — [.m?cl + anczklu —3n1c3kT + )
1

where B, M, ko, ki, no, n1, na, c1, ¢z, and c3 are free constants.
If we take appropriate values of these free constants, we can
obtain new types of interaction solutions of Eq. (1).

4.2.1. An exponential-elliptic interaction solution

If we take B=m/2,n =kj,c1 =c3=0,cp = —1 —m?,
then ¢ = 1, ¢4 = m?, ko = 2(m* — l)ukf + ny. According to
Appendix A and the results in Refs. [38,39], exact solutions of
Egs. (17) and (13) are as follows:

\/I(lme\/rZ—W—ZM’ ¢(n) =sn(n,m).

Then, H(n) = %ln (dn(n,m) —men(n,m)), and a new inter-

R(W) =

action solution between the exponential wave and the elliptic
wave of Eq. (1) is

090206-7
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u= kl{mzl(lze’z’"é +4K Mm (men(n,m) —dn(n,m)) e ™ —4M? (2m*sn*(1,m) + 2men(n,m)dn(n,m) —m* — 1) }

1

-1

x{ [—K?m? (6k3m>usn?(n,m)) + 6ksmucn(n,m)dn ,m —kEmiu—i3 —kiu—ny e 2mE
{ [~Kim? (6kimPusn®(n, imyten(n,m)dn(n i =kl =k

+4K\Mm (IZkfmzusn(n,m) F TSR+ +n2) (men(n,m) —dn(n,m)) e

+ (2kimP L+ 2k5 1 — ky e — o) (8M*m?sn? (1, m) + 8Mmen(n,m)dn(n,m))

+4M? (kjm* 1 — 10k m* 1+ ki p + kym? 1+ m*np + ki j + ) } (31)

where & = kyx+ (2m* — Z)uk%t +npt +ko, N = kix+not +ny.

The new exponential-elliptic solution can model dissipa-
tive or unstable systems such as lossy optical fibers or colli-
sional plasma.[40:41]

4.2.2. A singular-soliton—elliptic interaction solution
If we take B=M =m/2, nj =kj, c; =c3=0, ¢ =
—1—m?, then co =1, ca = m?, ko = (2m? — 2)uk; +ny. Ac-

cording to Appendix A and the results in Refs. [38,39], exact
|

1

solutions of Egs. (17) and (13) are as follows:

B 1 —tanh (#)
R(W) = \/(K2 — 1)+ (K + 1)tanh(%) ,
o(n) = sn(n,m).

Then, H(n) = (1/m)In(dn(n,m) —men(n,m)), and a new in-
teraction solution between the soliton wave and the mixed el-
liptic waves of Eq. (1) is

((K2 +1)%tanh? (2W) + (2 — 2K2) tanh(2W) + (K, — 1)2) ki

{ {— 6kim?p (K3 + 1) sn(n,m)* + 24K>kym? usn(n,m)

—6k3 pm (K3 — 1) en(n,m)dn(n,m) + u (K3m* + 14Kom® + K3 +m?* +2K> + 1) k3 + 1 (K2 + 1) ki +n2 (K + 1)2}

2
stanh ( 2w )"+ [1263m?w (K2 — 1) sn(n,m)? + 12k3 um (K2 + 1) dn(n, m)en(n,m) — 2 (1 (m? + 1) &3 + ki +no
(2 1 2 1 2 1

X (K22 —1)] tanh(%W) —6kim?u (K22 +1) sn(n,m)? — 24Ky kim* usn(n,m) — 6k; wm (K22 — 1) en(n,m)dn(n, m)

1 (K3m? — 14Kom® + K3 +m? — 2Ky + 1) k3 + 1 (Ko — 1) ky + 12 (Ko — 1)? } (32)

where
W = kyx+ (2m? —2)ukit +not + ko

1
+% ln(dn(nam) - mcn(n,m)),
n = kix+not +nop.

This solution represents the coexistence of three differ-
ent types of elliptic waves with a singular kink soliton. It can
model complex wave interactions in multicomponent systems,
where solitary waves interact with different periodic back-
grounds.

5. Conclusion

In this research, we propose the improved CRE method
and apply it to the new Painlevé integrable fifth-order equa-
tion. Employing the Riccati equation and the Bernoulli equa-
tion, many new traveling wave solutions and interaction solu-
tions have been derived. The traveling wave solutions include
soliton solutions, exponential function solutions, trigonomet-

ric periodic solutions, and other types of solutions. Except for
ui1, U1z, 413, and uya, all the other traveling wave solutions
are different from those in Ref. [32]. The exponential wave
solution (28) and the singular soliton wave solution (29) can-
not be constructed by the CRE method. Interaction solutions
include soliton—soliton, soliton—elliptic, and interaction solu-
tions between tangent periodic waves and elliptic waves. In-
teractions between the solitary wave and the elliptic wave have
been illustrated by three- and two-dimensional graphs. The
exponential—elliptic interaction solution (31) and the singular—
soliton—elliptic interaction solution (32) are new types of in-
teraction solutions that have not been derived previously. It
is worth mentioning that some exact solutions (e.g., (31) and
(32)) have singularity, which is inherent to the construction of
this class of solutions. For physical applications, we restrict
the solutions to regions where they remain finite. The results
underscore the significant role of the improved CRE method in
deriving interaction solutions for NEEs. The improved CRE

method can be applied to other NEEs arising in physics.
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Appendix A
Table 1. Solutions of d¢/d& = A+ B +M¢".
N=2(¢1—¢12)
B#0,M=0 o1 = %

B=0,A=0.5M=-0.5 @21 = coth(&) £ esch(&),

@22 =tanh(&) £ isech(§)

_ tanh(§)
P23 = 1 +sech(§)’

_ coth(&)
4= 13 icsch(§)

B=0,A=05M=05 931 = tan(§) £sec(§),
¢32 = csc(&) —cot(§)
tan(&)

ST I sec(&)
@11 = cot(§) £ese(§),
@12 = sec(§) —tan(&)

B=0,A=-05M=-05

_cot(§)

4.3—m
B=0,A=1,M=—1 @s5.1 = tanh(&),

@s.2 = coth(&)
B=0,A=1,M=1 ¢ = tan(&)
B=0,A=—1,M=—1 ¢7 = cot(§)
B=-2A=1,M=2 ¢s:1i%(f()§)
At __@n)
B=2A=1,M=2 ¢9717tan(§)
B=2A=—-1,M=-2 ¢1o:1fct7£f(>§)
B=-2A=—-1,M=-2 ¢u:%
B=0,A=0,M#0 ¢122Wimo

N#O,N#1,N#2($13— P14)

o ﬂ K 1-N
BEM ""3‘[ B *expwwfl)a}
1
(K> — )+(Kz+1)tanh<3<1;N)5) e
B=M Q14 = g

B(1-N)
1 —tanh ( 5

~—

Here i2 = 1,K; and K are constants.
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