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SPECIAL TOPIC — Quantum frontiers with Rydberg atoms

Microwave-controlled switching of continuous time-crystalline
behavior in driven-dissipative Rydberg ensembles
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We propose a microwave-controlled interaction switch for driven-dissipative Rydberg ensembles. Through microwave
dressing, the effective interaction is continuously reshaped from a short-range form dominated by van der Waals coupling
to a longer-range form with an enhanced dipole-exchange contribution. This switch drives stationary-to-oscillatory transi-
tions in both macroscopic thermal gases and two-dimensional (2D) lattices. In the mean-field description of thermal gases,
microwave-controlled interaction tuning induces a supercritical Hopf bifurcation from a steady state to a stable limit cycle,
giving rise to dissipative continuous time-crystalline behavior. In 2D lattices, where spatial correlations become important,
cumulant-expansion calculations show that the same switching mechanism remains effective beyond mean-field theory.
Although correlations reduce the classical oscillatory region, they sustain a correlation-modified oscillatory regime and ad-
ditionally generate an oscillatory regime absent in mean-field theory. These results show that the proposed switch provides
a unified route to controlling dissipative oscillatory behavior from thermal Rydberg gases to 2D lattices.

Keywords: Rydberg atoms, continuous time crystal, microwave dressing, driven-dissipative systems
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1. Introduction

Spontaneous symmetry breaking provides a unifying
framework for understanding the emergence of ordered phases
in many-body systems.!!! Its extension to the temporal do-
main has stimulated broad interest in time crystals,!>3! which
are characterized by the spontaneous breaking of time-
translation symmetry. Although continuous time crystals
(CTCs) are ruled out in thermal equilibrium by general no-
go theorems, ! persistent oscillatory phases can emerge in
nonequilibrium open systems through the interplay of co-

-8 In these

herent driving, dissipation, and interactions.
regimes, continuous time-crystalline behavior manifests as ro-
bust, long-lived oscillations of macroscopic observables in the
absence of explicit periodic driving. Rydberg atomic systems
provide a particularly attractive platform for exploring these
nonequilibrium phases, owing to their strong interactions, long
lifetimes, and a high degree of optical controllability.[*~'%! In-
deed, driven-dissipative Rydberg ensembles have been shown
to support a rich variety of nonequilibrium phenomena, includ-

[13-19] [20]

ing multistability, collective synchronization, and

continuous time crystals.[?1=%3]
In thermal Rydberg gases, dissipative continuous time-
crystalline behavior has been observed and is commonly un-

derstood at the mean-field level, where limit-cycle dynam-
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ics arise from nonlinear interaction-induced feedback. 14-20-23]
Meanwhile, theoretical studies of driven-dissipative two-
dimensional (2D) lattices have shown that beyond-mean-field
correlations can qualitatively reshape this picture.** Correla-
tions can suppress part of the classical oscillatory region while
also generating oscillatory regimes absent at the mean-field
level. These advances have substantially deepened our under-
standing of dissipative continuous time-crystalline behavior in
Rydberg systems.

However, most existing studies have focused primarily
on the existence and characterization of oscillatory phases,
whereas their controllable switching remains much less
explored.[?! External tuning of the effective interaction may
therefore provide a direct route to switching the system be-
tween stationary and oscillatory regimes. More broadly,
optical and microwave control fields have become versatile
tools for engineering light—matter interactions and tunable re-
sponses across atomic and photonic platforms. 26-27]

A direct way to achieve such interaction tuning is through
microwave dressing of Rydberg states.!?®! By coupling nearby
Rydberg levels with opposite parities, a microwave field can
modify both the strength and the spatial character of the ef-
fective interatomic interaction. Microwave dressing has been
widely used for interaction engineering and state manipula-
tion in Rydberg systems.[?*=32] This makes it a natural can-
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didate for realizing interaction-based switching between sta-
tionary and oscillatory regimes in driven-dissipative Rydberg
ensembles.

In this work, we propose a microwave-controlled inter-
action switch for driven-dissipative Rydberg ensembles. The
key idea is that the microwave mixing angle 6 continuously
reshapes the effective interaction from a short-range van der
Waals form to a longer-range form with an enhanced dipole-
exchange contribution, providing an experimentally tunable
parameter for controlling the nonlinear feedback responsi-
ble for dissipative oscillations. We demonstrate this switch
in two complementary settings. First, within the mean-
field description of a macroscopic thermal gas, we show that
microwave-induced interaction tuning drives a supercritical
Hopf bifurcation®3 from a steady state to a stable limit cy-
cle, giving rise to dissipative continuous time-crystalline be-
havior. Second, in a 2D lattice, where spatial correlations can-
not be neglected, we show that the same switching mechanism
remains effective beyond mean-field theory: correlations sup-
press part of the classical oscillatory region while still support-
ing a correlation-modified oscillatory regime and additionally
enabling an oscillatory regime absent at the mean-field level.
This establishes a direct link between microwave-controlled
interaction engineering and nonequilibrium dynamical phases
in driven-dissipative Rydberg systems, and provides a unified
route to controlling dissipative oscillatory behavior from ther-
mal gases to 2D lattices.

2. Physical model and methods
2.1. Model and effective Hamiltonian

We consider an ensemble of N interacting Rydberg atoms,
as schematically illustrated in Fig. 1. Each atom is described
by a ladder-type level structure consisting of a ground state |g),
an intermediate excited state |e), and a Rydberg state |r;). A
probe laser with Rabi frequency €2, and detuning A, drives the
transition |g) <> |e), while a control laser with Rabi frequency
Q. couples |e) «»
the i-th atom as 6(% =|a);(B|, where o, € {g,e,r1,72,...}.
Within the rotating-wave approximation, the single-particle

r1). We define the atomic operators for

Hamiltonian of the bare three-level system is written as
Agnge = Y (4968 + 2y (68 + 610) + Qe (88, + 611) ).
i
(1
In the absence of microwave dressing, atoms excited to |r;)

interact via the van der Waals (vdW) potential [34]

A NOENGe C6
Hiy = Zvll(Rij)Gr(:)rl O'r(ljr)p Vii(Rij) = Ik
ij

i<j

2

where R;; denotes the distance between atoms i and j, and Cs
is the vdW interaction coefficient.

To engineer the interaction profile, we introduce a mi-
crowave field that couples |r|) to a nearby Rydberg state |rp)
of opposite parity, with Rabi frequency Q, and detuning Ap,.
Diagonalizing the {|r;),|r2)} subspace yields the microwave-

dressed states!3

|[+) =cosO|r)) +sinb |r),
|—) = —sinB|r;)+cosO|r), 3)

where the mixing angle satisfies tan(26) = 2Qy,,/Ap. The mi-
crowave field thus provides a direct control parameter 6 for
tuning the Rydberg character of the dressed states.

The control laser then couples |e) simultaneously to |+)
and |—). When the microwave-induced Autler-Townes split-
ting is much larger than the remaining dynamical scales, the
control field can be tuned into resonance with the |e) <> |+)
In this
regime, the |—) state can be adiabatically eliminated, and the

transition while remaining far detuned from |-).

system reduces to an effective three-level ladder {|g), |e),|+)}
(see Appendix A for details). The corresponding effective
Rabi frequency is Qc(eff) = Q.cos 0. To isolate the effect of
interaction tuning from trivial changes in the driving strength,
we assume that the control-laser intensity is adjusted together
with 6 such that ("

constant effective coupling is again denoted by €.

remains constant. In the following, this

Projecting the interaction Hamiltonian onto the dressed
|[+) manifold yields the effective two-body interaction (see
Appendix A for details)

1
U(Rij, 9) = V11(R,‘j) + E sin2(29) (Vlz(Rij) - Vll(Rij))v “4)

where Vi2(R;j) = C3 /R?j denotes the dipole-dipole (dipole-
exchange) interaction. The first term represents the vdW
background, while the second term introduces a microwave-
controlled longer-range component originating from the ex-
change process |rir;) <+ |rary).13* Therefore, increasing 6
continuously reshapes the effective interaction from a vdW-
dominated short-range form to a longer-range profile with an
enhanced dipole-exchange contribution.

The resulting effective many-body Hamiltonian takes the
form

Aar = Y (368 + 2y (68) + 60) + au(6{) + 611))
l
+Y U(R;;,0)6).67). o)
i<j

This formulation unifies the microwave-off case, 8 = 0, and
the microwave-dressed case, 6 # 0, and identifies 6 as the
single external control parameter of the dynamical switching
mechanism studied below.

Accounting for spontaneous emission from the interme-
diate state via the decay channel |e) — |g) with rate ¥, the

083202-2
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open-system dynamics are governed by the Lindblad master

equation”!

A

d A A D an® LA 4
7’2 = —i[Hefr, P -H/Z (Ggge)P(’e(g) - Z{Ge(e)vp}) » (©

1

(a)
0000000
Coupling & e 0000000
I:: » & 0000000
» [ 3 0o000000
o . 0000000

\\
Probe > "

N

Microwave

where p is the many-body density matrix, and the anticom-
mutator is defined as {A,B} = AB+ BA. The radiative decay
of the Rydberg states is neglected throughout, assuming a pa-
rameter regime in which their lifetime is much longer than the
timescale of the driven-dissipative dynamics considered here.

A

le) L2 gk le)
- i 9)

o) ——— — g
Atom 14 Atom j

Fig. 1. Schematic illustration of the microwave-controlled dynamical switch in Rydberg thermal gases and 2D lattices. (a) and (c) Schematics
of the system without and with microwave dressing, respectively. (b) and (d) Corresponding energy-level diagrams and interatomic interaction

potentials for the two configurations.
2.2. Mean-field description for thermal gases

We first consider a macroscopic thermal Rydberg gas. In
this limit, atomic motion tends to wash out spatial correla-
tions, and the nonequilibrium dynamics can be described at
the mean-field (MF) level. We accordingly factorize two-body
expectation values as <6éf[)j 6 ﬁ(fv)> = <6(%>< 6 ‘(fv)> for i # j,136:371
and assume a homogeneous gas such that the single-particle
expectation values are site-independent, i.e. pgp = <6'g> ).

Within this approximation, the interaction enters only
through a collective mean-field shift. We define the effective
collective interaction strengths>*381 y; =y i V11(Rij) and
X2 = X j+: Vi2(R;;) for the vdW and dipole-exchange contribu-
tions, respectively. In practice, these quantities are regarded as
effective collective interaction parameters that absorb the den-
sity, geometry, and short-distance regularization of the macro-
scopic gas. The microwave-controlled collective interaction is
then

1
2(0) = 11+ 5in%(26) (42— 21) (7

Thus, in the thermal-gas MF description, the many-body
interaction reduces to a nonlinear density-dependent shift
x(0)ps+ of the dressed Rydberg level. Changing the mi-
crowave mixing angle modifies this shift through x(6) and
thereby affects the existence and stability of the MF fixed
points. Starting from the master equation, we obtain the fol-
lowing closed set of MF equations:

Pgg = 1Q2p (—Peg + Pge) + VPee,

Pee = —YPee — i (Qcp+e - -Qcp6+ - 'Qppeg + ‘QPpge) ’

P+ =12 (Pe — Pe+t)

. YPge
pge:_ gg

—i (Appge - -Qch+ + Qppee - -Qppgg) )
Por =1 (—ApPgs +QcPge — LpPer +%(0)p11Pg1) 5

Per = — yp26+ —i (-Qcp++ - -Qcpee

+ g+ fx(ﬂ)p++pe+). ®)

These equations form the basis for the mean-field phase-
diagram analysis and for identifying the onset of limit-cycle

dynamics in the thermal-gas regime.

2.3. Cumulant expansion method for 2D lattices

We next consider a 2D square lattice, where atomic mo-
tion is frozen and spatial correlations can no longer be ne-
glected. In this regime, the MF approximation is generally
insufficient, and we instead employ a second-order cumulant
expansion method (CME). [39-43]

Within the Cl\/g])i, we evolve both the single-particle ex-

All

pectation values (6,,y) and the two-body correlators Ci{vya 5=

(6 l(j‘), 6&’3 y—(6 ‘(f\),> <6éjg }. Because of the two-body interaction

term in H.g, the corresponding equations of motion are cou-
pled to three-body expectation values. To close the hierarchy,
we neglect three-body cumulants and approximate

N ~

(ABC) = (A)(BC) + (B)(AC) + (C)(AB) —2(A) (B) (C). (9)
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This approximation retains all two-body correlations while
discarding higher-order correlations.

A brute-force implementation would require O(N?) cou-
pled equations for the two-body correlators. However, for a
square lattice with periodic boundary conditions, translational
invariance implies that all single-particle expectation values
are site-independent, (6 ff‘),) = Puv, and that the two-body cor-
relators depend only on the relative displacement, such that

sz,aﬁ = Cuy,qp(ri — ;). This reduces the number of in-
dependent dynamical variables from O(N?) to O(N), making
long-time simulations of large lattices numerically feasible.
To compare the lattice calculations with the thermal-gas
MF description on a common energy scale, we parameterize
the microscopic interaction coefficients C3 and Cg in terms of
the collective interaction strengths ¥; and ),. For a square

lattice with lattice constant a, we have

—1 —1

1 1
CGo=x ZRT ) G=x ZF
7 Rij 77 Rij

(10)

This mapping provides a consistent way of matching the char-
acteristic interaction scales of the two descriptions, allowing
us to isolate the role of spatial correlations in the lattice dy-

3. Results and discussion

3.1. Microwave-controlled onset of dissipative oscillations
in thermal gases

We first analyze the mean-field dynamical response of
a macroscopic thermal gas and show that microwave dress-
ing provides a direct control knob for switching oscillatory
dynamics on and off. In the absence of microwave dressing
(6 = 0), the effective interaction is dominated by the short-
range van der Waals contribution, and the A, — £2,, phase dia-
gram contains only steady-state solutions. By contrast, when
the microwave field is applied and the mixing angle is tuned
to 6 = 7 /4, the enhanced longer-range dipole-exchange con-
tribution qualitatively modifies the nonlinear feedback in the
mean-field equations. Linear-stability analysis then reveals
three dynamical regimes in the A, — £, plane, as shown in
Fig. 2(a): a monostable region with a single stable fixed point,
a bistable region with two coexisting stable fixed points, and
an oscillatory region in which the stable fixed point loses sta-
bility and the long-time dynamics approach a limit cycle. 3]
Specifically, we obtain the fixed points of the MF equations
and determine their stability from the eigenvalues of the cor-
responding Jacobian matrix. The corresponding bifurcation
diagram in Fig. 2(b) shows how the dressed-state population

namics. p++ evolves across these regimes as the probe detuning varies.
10 0.6 0.6
(a) Monostable (b) —— Monostable (c) — MW ON
0.51 §  ----Bistable 0.51 — MW OFF
\ \ """" Oscillatory
0.4 1% 0.4
= \
~ + | +
C}Q ey 0.3 'l’ Y 0.3
0.2+ : 0.2
]
0.1 /I’ 0.1
0 T T 0+ T T
—10 10 990 995 1000
Ap/AY t’)/
Microwave mixing angle 6 (rad)
0 w/6 w/5 w/4
1.0 + — F L
< 109 L1.0 .
< S~
= 0.8 2 0.8 0.8 5
& 0.6 £ 06 2
2 : 2 069 10.6 T
E E &
g 0.4 _5 0.4 1 L0.4 g
0.2 = 0.24 r0.2 E
o A = — Amplitude 8
MW ON 0 MW OFF ;0_4 0 ; : ' - 'erque'nq LO O
-10 -5 0 5 ~10 -5 0 5 & 2 1 —14-15-16—-17—18
A/ Ap/y Effective interaction x/v

Fig. 2. Mean-field dynamics and microwave-controlled onset of oscillatory phases in thermal Rydberg gases. (a) Dynamical phase diagram
in the A, — QP plane for the microwave-dressed case (6 = m/4), where the white, blue, and red regions denote the monostable, bistable, and
oscillatory phases, respectively. (b) Bifurcation diagram of the dressed-state population p, versus the probe detuning A, at £, = 4y. (c)
Late-time evolution of p for the microwave-on and microwave-off cases at A, = —2.4y and £, = 2.1y. (d), (e) Oscillation frequency and
normalized amplitude (color scale) of p, . as functions of A, for the microwave-on and microwave-off cases, respectively, at 2, = 5y. (f)
Oscillation amplitude and frequency of p. . versus the collective interaction strength y (bottom axis) and the corresponding microwave mixing
angle 0 (top axis) at A, = —2.4y and £, = 2.17. Other parameters are Q. = 6y, ¥1 = 2¥, xo = —38y,and y= 1.
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Solid and dashed curves represent stable and unstable steady-
state branches, respectively, while the dotted segment indi-
cates the parameter window in which the attractor is a stable
limit cycle. The switching behavior is illustrated more directly
in Fig. 2(c), which shows the late-time evolution of p, for a
representative parameter point within the oscillatory region.
In the microwave-off case, the system eventually relaxes to
a steady state. When the microwave field is turned on, the
dressed interaction drives the system into a stable limit cycle,
leading to persistent oscillations.

We further test the robustness of the switch with respect
to probe-detuning variations. Figures 2(d) and 2(e) compare
the detuning dependence of the oscillation frequency and am-
plitude for the microwave-on and microwave-off cases at fixed
Q, = 5y. With microwave dressing, stable finite-frequency
oscillations persist throughout an extended detuning window,
whereas the microwave-off case relaxes to a steady state over
the same range. Thus, the robustness of the switching effect is
reflected directly in the finite-frequency oscillatory response
of the microwave-on case and its absence in the microwave-
off case. The frequency in Fig. 2(d) is extracted from the
fundamental period of the long-time trajectory after transient
dynamics have been discarded. In the scanned oscillatory in-
terval, this period is determined from successive maxima of
P4+ (); possible higher harmonics associated with the non-
sinusoidal waveform do not affect the fundamental frequency
reported here.

The nature of the mean-field transition is clarified in
Fig. 2(f), which shows the oscillation amplitude and frequency
as functions of the collective interaction strength y. At the
critical point ¥, a pair of complex-conjugate eigenvalues of
the linearized dynamics crosses the imaginary axis, and the
stable fixed point loses stability. The oscillation amplitude
emerges continuously from zero with the characteristic scal-
ing o< (% — xc)'/?, while the oscillation frequency becomes
finite at the onset. Together, these features identify the transi-
tion as a supercritical Hopf bifurcation.** Thus, in the mean-
field description of a thermal gas, the proposed switch drives
the system across the Hopf threshold, thereby switching the
dynamics from a steady state to dissipative continuous time-
crystalline behavior.

3.2. Correlation effects and microwave-controlled oscilla-
tory regimes in 2D lattices

We now turn to the 2D lattice, where spatial correlations
render a purely mean-field description insufficient. The key
question is whether the proposed switch remains effective be-
yond mean-field theory and how correlations modify the os-
cillatory phase diagram. To address this, we compare the
cumulant-expansion results with the corresponding mean-field
results.

As in the thermal-gas case, no long-time oscillations are
found for 6 = 0, so the lattice relaxes to a steady state through-
out the parameter range considered. When the microwave field
is turned on (6 = 7 /4), however, the CME dynamics reveal
two distinct correlation effects. First, correlations suppress
part of the oscillatory region predicted by mean-field theory.
This surviving oscillatory domain, which remains continu-
ously connected to the mean-field oscillatory phase, is referred
to as qCTC-I, following the terminology of Ref. [24]. Second,
the CME additionally yields an oscillatory regime in a region
where mean-field theory predicts only a steady state. We refer
to this regime as qCTC-II, again following the same termi-
nology, and interpret it here as a correlation-enabled oscilla-
tory regime within the second-order CME description. For the
CME amplitude maps, the oscillation amplitude is evaluated as
half of the peak-to-peak variation of the long-time p (¢) tra-
jectory, and parameter points with amplitudes below 107° are
classified as stationary. The small-amplitude edge of qCTC-
II should therefore be understood as an operational numeri-
cal boundary associated with its smooth onset rather than as a
sharp mean-field-like instability line.

These effects are summarized in Fig. 3(a), where the
CME oscillation amplitude is overlaid on the mean-field oscil-
latory region. The comparison shows that correlations do not
simply suppress oscillations uniformly. Instead, they reshape
the phase diagram in two qualitatively different ways: they
suppress part of the classical oscillatory region but also enable
oscillatory behavior in a distinct parameter window outside the
mean-field boundary.

The representative late-time evolutions of py. in
Figs. 3(b)-3(e) make these two effects explicit. In the qCTC-I
regime (Fig. 3(d)), both mean-field and CME approaches yield
persistent oscillations when the microwave field is on, but the
CME oscillation amplitude is significantly reduced. This in-
dicates that spatial correlations modify, rather than eliminate,
the classical limit-cycle dynamics. By contrast, for parame-
ters well outside the oscillatory regime (Fig. 3(c)), both de-
scriptions relax to a steady state. More interesting behavior
occurs near the mean-field phase boundary. Figure 3(e) shows
a point that lies inside the mean-field oscillatory region but
outside qCTC-I: here, mean-field theory predicts a limit cycle,
whereas the CME dynamics relax to a steady state, demon-
strating that correlations can suppress the classical oscillatory
order. Conversely, Fig. 3(b) shows the qCTC-II regime, where
the mean-field solution is steady but the CME solution devel-
ops persistent oscillations. The oscillatory response therefore
originates beyond the mean-field description and is enabled by
spatial correlations captured at the two-body cumulant level.
In the qCTC-I and qCTC-II regimes (Figs. 3(d) and 3(b)),
turning off the microwave field switches the system back to
a steady state, showing that the proposed switch remains ef-
fective in Rydberg 2D lattices.
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Fig. 3. Correlation-induced reshaping of the oscillatory phase diagram in a 2D lattice. (a) Dynamical phase diagram obtained from the cumulant
expansion method (CME) for a 33 x 33 square lattice with microwave dressing (6 = 7/4). The color scale shows the oscillation amplitude of
Pp++, and the gray shaded area marks the oscillatory region predicted by mean-field (MF) theory. Following Ref. [24], we refer to the surviving
oscillatory region inside the MF boundary as qCTC-I and the additional oscillatory regime outside the MF boundary as qCTC-II. (b)—(e) Late-
time evolution of p, ; for representative parameter points, comparing CME and MF results with and without microwave dressing: (b) qCTC-II
regime (A, = —11.2y,Q2, = 8.7y); (c) stationary regime (A, = —6.07,€, = 8.0y); (d) qCTC-I regime (A, = —2.4y,L2, = 2.1Y); (e) a point
inside the MF oscillatory region but outside qCTC-I (A, = —1.07, £, = 2.17). Other parameters are the same as in Fig. 2.
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Fig. 4. Microwave-controlled frequency and amplitude response in the
correlated lattice regime. (a) and (b) Oscillation frequency and normal-
ized amplitude (color scale) of p.; versus A, near the qCTC-I regime for
the microwave-on and microwave-off cases, respectively, at £, = 2.1y.
(c) and (d) Corresponding responses near the qCTC-II regime at £, =
8.77. Other parameters are identical to those in Fig. 3.

Figure 4 further demonstrates the robustness of the pro-
posed switch in the 2D lattice by comparing the detuning-
dependent frequency and amplitude responses with and
without microwave dressing near the qCTC-I and qCTC-
IT regimes. In both cases, microwave dressing produces a
finite-frequency oscillatory response over a wide detuning in-
terval, whereas no oscillations appear in the corresponding
microwave-off case over the same range. This shows that the

switching effect is not restricted to a fine-tuned point but re-
mains robust against parameter variations even in the presence
of many-body correlations.

To further benchmark the CME results, we have also per-
formed a 2 x 2 cluster mean-field (CMF)*# calculation for
the same four representative parameter points shown in Fig. 3.
The CMF treatment, which retains short-range correlations ex-
actly within each cluster while approximating the inter-cluster
coupling at the mean-field level, provides a complementary
beyond-mean-field description. As shown in Appendix A, the
CMF results qualitatively reproduce the same phase classifi-
cation obtained from the CME analysis: persistent oscillations
are found in the qCTC-I and qCTC-II regimes, whereas sta-
tionary behavior is recovered both at the reference stationary
point and at the point lying inside the mean-field oscillatory
region but outside qCTC-I. This agreement indicates that the
correlation-induced suppression and emergence of oscillatory
behavior identified here are not specific to the CME treat-
ment alone, further supporting the robustness of the proposed
switching mechanism beyond mean-field theory.

3.3. Distinguishing qCTC-I from qCTC-II

To better understand the difference between qCTC-I and
qCTC-II, we analyze how the oscillatory response evolves as
the collective interaction strength J is increased, as shown in
Fig. 5. This comparison reveals two qualitatively distinct onset

behaviors.
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For qCTC-I, the oscillatory phase remains continuously
connected to the mean-field limit-cycle regime. As shown in
Fig. 5(a), the oscillation amplitude of the single-particle ob-
servable p ;. emerges from zero at a well-defined critical point
X, but its onset is modified relative to the mean-field square-
root scaling. Within the CME, the initial growth is approx-
imately linear in ¥ — )., indicating that spatial correlations
quantitatively modify the classical critical behavior. The oscil-
lation frequency also becomes finite at the critical point ). At
the same time, the nearest-neighbor correlator C_T 4 4+ Shown
in Fig. 5(b), appears together with the onset of macroscopic
oscillations, signaling the buildup of spatial correlations at the
transition. Deeper in the oscillatory regime, the correlator de-
creases again. This is consistent with the interpretation above
that gqCTC-I is not a purely correlation-induced phase, but in-
stead a mean-field oscillatory phase modified by correlations.

Microwave mixing angle 6 (rad) Microwave mixing angle 6 (rad)
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Fig. 5. Scaling of single-particle oscillations and two-body correlations.
(a) Oscillation amplitude and frequency of p4 ., and (b) the correspond-
ing nearest-neighbor connected correlator, as functions of the collective
interaction strength )y (bottom axis) and microwave mixing angle 6 (top
axis) in the qCTC-I regime (Ap = —2.4Y,€,, = 2.1y). In this regime, the
onset is associated with a well-defined critical point. (c) and (d) Corre-
sponding quantities in the qCTC-II regime (Ap = —11.27,8, =8.7y). In
panels (c) and (d), the onset is better interpreted as a smooth crossover
rather than a sharp mean-field-like critical transition. The apparent finite
jump of the oscillation frequency from zero mainly results from the am-
plitude threshold 10~° used to identify oscillatory behavior and should
not be interpreted as evidence for a true critical point. Other parameters
are the same as in Fig. 3.

The behavior of qCTC-II is qualitatively different. Fig-
ures 5(c) and 5(d) show that the onset of oscillations is no
longer characterized by a well-defined critical point. In-
stead, the amplitude grows through a smooth crossover, and
the nearest-neighbor correlator develops together with the
single-particle oscillation amplitude. Within the second-order
CME description, this synchronized buildup indicates that the
gCTC-II regime is not inherited from a pre-existing mean-field
limit cycle. Rather, its oscillatory dynamics are enabled by

the same correlations responsible for reshaping the phase di-
agram in Fig. 3(a). For this reason, qCTC-II is more appro-
priately interpreted here as a correlation-enabled oscillatory
regime rather than a straightforward extension of the classical
mean-field continuous-time-crystalline phase.

4. Conclusion

In conclusion, we have proposed a microwave-controlled
interaction switch for driven-dissipative Rydberg ensembles.
By tuning the microwave dressing, the effective interaction
can be continuously reshaped from a short-range form dom-
inated by van der Waals coupling to a longer-range form with
an enhanced dipole-exchange contribution. In the mean-field
description of thermal gases, this switch drives a supercrit-
ical Hopf bifurcation from a steady state to a stable limit
cycle, thereby switching the system into dissipative continu-
ous time-crystalline behavior. In two-dimensional lattices, the
same switching mechanism remains effective beyond mean-
field theory. Spatial correlations reduce the classical oscil-
latory region while sustaining a correlation-modified oscilla-
tory regime and, within the second-order CME description,
additionally enabling a correlation-enabled oscillatory regime
absent in mean-field theory. A complementary 2 x 2 clus-
ter mean-field benchmark yields the same qualitative phase
classification, further supporting the robustness of this mech-
anism beyond mean-field theory. These results establish a di-
rect link between microwave-controlled interaction engineer-
ing and nonequilibrium dynamical phases. More broadly, this
work shifts the focus from identifying dissipative oscillatory
regimes to actively controlling their accessibility through an
experimentally tunable interaction parameter.

The parameter regime considered here is compatible with
current laser-driven Rydberg platforms. The optical excitation
and dissipation assumed in our model correspond to standard
driven Rydberg schemes, while the key additional ingredient
is microwave control of the effective interaction. This can be
realized by coupling an optically excited |nS) Rydberg state
to a nearby opposite-parity |nP) state, following established
microwave-control schemes for Rydberg interactions.?8! In
particular, the representative case 6 = /4 used in our calcu-
lations corresponds to resonant microwave coupling between
the two Rydberg states, whereas other mixing angles can be
accessed by adjusting the microwave Rabi frequency and de-
tuning. In this way, the effective interaction can be tuned from
a vdW-dominated form toward one with an enhanced dipole-
exchange contribution, providing the experimentally accessi-
ble interaction switch considered here. The proposed mech-
anism therefore provides a unified route to controlling dis-
sipative oscillatory behavior from thermal Rydberg gases to
2D lattices and may further facilitate the design of practical
nonequilibrium quantum optics devices.
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Appendix A: Effective model and cluster mean-
field benchmark

In this Appendix, we provide two supplementary results
that support the main text. In Section Al, we briefly derive
the effective three-level Hamiltonian and the corresponding
microwave-controlled interaction U (R;;,6) starting from the
underlying four-level Rydberg scheme. In Section A2, we
present a complementary 2 x 2 cluster mean-field benchmark
for representative points in the correlated lattice regime, in or-
der to compare with the cumulant-expansion results and fur-
ther support the qualitative phase classification discussed in

the main text.
Al. Effective three-level Hamiltonian and microwave-
controlled interaction

We briefly summarize the derivation of the effective
three-level model used in the main text. Starting from a four-
level atom with states |g), |e), |r1), and |r2), where |r1) and |rp)
are nearby Rydberg states with opposite parities, the single-
atom Hamiltonian within the rotating-wave approximation is

Huare = Ap|8) (8] = Aclri) (ri| = (Ac + Am) |r2) (1]

+ (2ple) (g + Qc|ri) (e + Lm|r2) (r1| +H.c.). (Al)
Restricting to the Rydberg subspace {|r1),|r2)} and diagonal-
izing the microwave coupling yields the dressed states

|[+) = cosO|r1) +sinB|ry),

|—) = —sinB|r;) +cos 8|ry), (A2)

with tan(20) = QA?:‘ , and Autler-Townes splitting Aar =
In the dressed basis, the control field couples |e) to both
|+) and |—) with amplitudes Q. cos 0 and —€.sin 0, respec-
tively. Choosing the control-laser detuning such that the |e) <>
|+) transition is resonant, the |e) <> |—) transition is detuned
by approximately Axr. When Aar > Q. sin 0, £, 7, the state
|—) can be adiabatically eliminated, reducing the system to the
effective ladder {|g), |e),|+)} with coherent Hamiltonian

Agingte = Aplg) (gl +2p(|e) (g +2) (e])

+ QI (1) (e + le) (+]), (A3)

where Qc(eff)

= Q.cos6. As in the main text, this factor
is absorbed into a redefined effective coupling €2, by syn-
chronously adjusting the bare control-laser intensity as 6 is
varied.

The corresponding microwave-controlled interaction is
obtained by projecting the two-atom interaction Hamiltonian

in the bare basis

A = Vi (R rm) (rir| + Vas (Rij) | rar) (rars |

Via(Ryp) (Inr2) (ran |+ rar) (), (ad)
onto the dressed state | ++) = |+); ® |[+) j, which gives
U(Rij,0) = (++ [Hine| ++)
= cos*O Vi (R,'j) +sin*6 V22(R,'j)

+2cos” Bsin” 6 Viz(Rij)- (A5)

For nearby Rydberg states with similar principal quantum
numbers, we take Vi1 (R;j) = V22(R;;), so that

1
U(R,'j, 9) = V11(R,'j) + 5 Sin2(29) (Vlz(Rij) — Vi (Rij)). (A6)

This expression shows that the microwave mixing angle 6
continuously reshapes the effective interaction from a vdW-
dominated short-range form to a longer-range form with an
enhanced dipole-exchange contribution.

A2. The 2 x 2 cluster mean-field benchmark

To complement the second-order cumulant-expansion
analysis in the main text, we further perform a 2 x 2 cluster
mean-field (CMF)*¥ calculation for representative parame-
ter points in the correlated lattice regime. In this approach,
the lattice is partitioned into identical 2 x 2 plaquettes. Quan-
tum correlations are treated exactly within each cluster, while
the inter-cluster coupling is approximated at the mean-field
level. The CMF calculation therefore provides an indepen-
dent benchmark that retains short-range correlations beyond
single-site mean field and is complementary to the CME treat-
ment, which captures two-body correlations over the full lat-
tice. Explicitly, we factorize the many-body density matrix
into identical 2 x 2 cluster density matrices, p ~ Q. Pc, and
solve the Lindblad dynamics of each cluster self-consistently
in the presence of mean fields generated by neighboring clus-
ters.

Here we focus on the same four parameter points used
in Fig. 3 of the main text, namely: the gCTC-II point (A, =
—11.2y,0, = 8.7y), the stationary point (4, = —6.07, 02, =
8.07), the qCTC-I point (A, = —2.4y,8, = 2.17Y), and the
point inside the mean-field oscillatory region but outside
qCTC-1 (Ap = —1.0y,£2, = 2.1y). For all cases, we consider
the microwave-on case with 8 = m/4 and plot the long-time
evolution of the dressed-state population p4 ;.

The CMF results are summarized in Fig. Al. At the
qCTC-I and qCTC-II points, the late-time CMF dynamics dis-
play persistent oscillations of p, ., in qualitative agreement
with the CME results in the main text. By contrast, at the
reference stationary point, the CMF trajectory relaxes to a
time-independent value, again consistent with the CME pre-
diction. Importantly, for the parameter point that lies inside
the single-site mean-field oscillatory region but outside qCTC-
I, the CMF dynamics also relax to a steady state rather than
sustaining a limit cycle. Taken together, these results show
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that

the 2 x 2 CMF calculation reproduces the same quali-

tative phase classification as the CME analysis: correlations

suppress part of the classical oscillatory region, while also sup-

porting an additional oscillatory regime beyond the mean-field

theory. This agreement indicates that the main correlation ef-

fects discussed in the text are not specific to the CME treat-

ment alone.

0.7
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—— Cluster MF

— CME
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Fig. Al. Late-time evolution of the dressed-state population p . for four
representative parameter points in the correlated lattice regime, compar-
ing the mean-field, 2 x 2 cluster mean-field, and CME results. All curves
correspond to the microwave-on case with 6 = /4 and are shown in
the late-time window 990 <ty < 1000. Parameters in panels (a)—(d) are
identical to those in Figs. 3(b)-3(e), respectively.
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