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1. Introduction

The study of nonlinear partial differential equations
(NLEs) has been a cornerstone of modern mathematical
physics, providing the fundamental language for describing
complex phenomena in fields ranging from fluid dynamics and
plasma physics to nonlinear optics and quantum.field theory.
Among the vast landscape of NLEs, integrable systems oc-
cupy a privileged position. These are equations endowed with
a rich mathematical structure that, in a precise sense, makes
them “exactly solvable”, despite their inherent nonlinearity.
This integrability manifests through a constellation of remark-
able features: the existence of an infinite number of conserved
quantities/symmetries, a Lax pair formulation, the applicabil-
ity of the inverse scattering transform (IST), and the presence
of stable, particle-like solutions known as solitons.

The concept of symmetry is inextricably linked to in-
tegrability. In the context of differential equations, symme-
tries are transformations that map solutions to other solutions.
The pioneering work of Sophus Lie laid the groundwork for
the systematic analysis of continuous symmetries through Lie
group theory, a framework comprehensively treated by Olver
(1993).1 For integrable NLEs, the symmetry structure is ex-
ceptionally rich. They often possess infinite-dimensional sym-
metry algebras, which are intimately connected to their infi-
nite sets of conservation laws via Noether’s theorem. A piv-
otal breakthrough was Peter Lax’s discovery that many inte-
grable equations arise as the compatibility condition of a linear
system—the Lax pair.[?! This formulation not only provides a
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method for solving the initial value problem via the IST but
also reveals a deep hidden symmetry: the equation can be
viewed as an isospectral flow on a space of linear operators.
The study of these symmetries, including master symmetries
and recursion operators, and their connection to the IST frame-
work, has been extensively developed in foundational works
such as Ablowitz and Segur (1981).[%!

The symmetry integrability is related to several powerful
integrable theories. Two of the most influential are the Hirota
bilinear method and the Darboux transformations (DT) and/or
B acklund transformations (BT). The Hirota method, master-
fully presented in Hirota (2004),*! introduces a clever bilin-
ear dependent variable transformation that converts a nonlin-
ear equation into a quadratic form in terms of a 7-function. In
this bilinear form, soliton solutions appear as elegant polyno-
mials of exponentials, and the algebraic structure of the equa-
tion becomes transparent. By means of Hirota’s bilinear form,
the whole hierarchy of local and nonlocal symmetries can be
written in some simple compact forms.®! On the other hand,
BT provide a non-linear superposition principle: they gener-
ate new solutions from known ones by solving a pair of related
first-order equations. Iterative application of these transforma-
tions, often crystallized in DT for the associated linear spec-
tral problem, allows for the systematic construction of multi-
soliton, breather, rogue waves and even some cnoidal wave so-
lutions, as detailed in Matveev and Salle (1991).1%! The nonlo-
cal symmetries are just the infinitesimal forms of DT/BT.!"-10]
By means of nonlocal symmetries, one can find finite Levi
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transformations.!! =131 These methods decompose the prob-
lem of solving the nonlinear differential equation (PDE) into
more manageable algebraic or linear steps.

Unraveling the intricate structure of integrable systems
and constructing their solutions has motivated the develop-
ment of powerful decomposition techniques that transcend
linearization. Beyond the celebrated Hirota bilinear method
and DT/BT approaches, which map nonlinearities into bilin-
ear forms or provide nonlinear superposition principles, more
profound algebraic-geometric decompositions have emerged.
One influential approach is the nonlinearization method pio-

14151 \here the Lax pair of an

neered by Cao and colleagues,|
integrable hierarchy (e.g., the KdV hierarchy) is constrained
by its own eigenfunctions. This procedure decomposes the
infinite-dimensional integrable flow into finite-dimensional,
completely integrable Hamiltonian systems (e.g., the Neu-
mann or Bargmann systems), thereby linking soliton equations
to classical integrable mechanics.

Closely related are symmetry constraints, which leverage
the infinite-dimensional symmetry algebras of integrable sys-
tems. By imposing constraints that equate the symmetry (or
potential) with a function of the eigenfunctions, the original
(14 1)-dimensional PDE can be decomposed into two com-
muting finite-dimensional Hamiltonian flows or a set of (0 +
1)-dimensional ordinary differential equations. This method
provides a systematic way to generate finite-dimensional inte-
grable subsystems and particular solutions, as independently
established by Cheng and Li!'®! and Konopelchenko ez al.!']
The nonlinearization approach!'*! or the symmetry constraints
method!!%! is also called the variable separation approach.!'®!

For broader applicability, including to some non-
integrable models, the concept of formal variable separation
was developed to decompose a multi-dimensional field into
lower-dimensional components. While not guaranteeing in-
tegrability, it can facilitate the solution procedure for a wide
class of equations, as demonstrated in early work by Lou and
Chen. "1 More recently, the paradigm of integrable decompo-
sition-has been articulated, where a given nonlinear system is
shown to be a consistent combination of two or more simpler,
exactly solvable subsystems. This framework not only eluci-
dates-the system’s structure but also facilitates the construc-
tion of new solutions through linear superposition of solutions
to the decomposed parts, a principle exemplified in studies
of the BKP hierarchy and its dispersionless limit by Hao and
Lou. [20-22]

A remarkable and more stringent criterion for integrabil-
ity is the Painlevé property, which demands that all movable
singularities of solutions in the complex plane are poles (i.e.,
no branch points or essential singularities that depend on ini-
tial conditions). This property, originally studied for ordinary
differential equations (ODEs) by Paul Painlevé and his school

[23] led to the classification

(classically summarized in Ince),
of all second-order ODEs with this property. The result was
the discovery of six new nonlinear ODEs whose general so-
lutions define the Painlevé transcendents—nonlinear special
functions that are now considered the ODE analogues of in-
tegrable PDEs. The connection to PDEs is forged through
similarity reduction. When a symmetry (often scaling) is
used to reduce an integrable PDE to an ODE, this result-
ing ODE is frequently one of the Painlevé equations or their
higher-order/generalized versions, a connection extensively
explored by Ablowitz and Clarkson/[?*! This Painlevé test (or
the Weiss—Tabor—Carnevale method for PDEs!?3]) has become
a powerful heuristic for detecting integrability, as discussed
in the collective volume by Conte.[20! From the Painlevé test,
one can find the so-called residual symmetries.[>”] Applying
the integrable decomposition method to (1 + 1)-dimensional
cases, a novel method, the deformation algorithm, can be es-
tablished to find higher-dimensional integrable systems. 28]

The traditional ‘sech?’ profile solitons of the Korteweg-
de Vries (KdV) equation exist on a constant background. Re-
cent decades have witnessed the exploration of integrable sys-
tems on non-constant, spatially periodic backgrounds. This
leads to the fascinating concept of elliptic solitons, where the
soliton’s profile and the background are expressed in terms of

k)

Jacobi elliptic functions (e.g., ‘cn’, ‘sn’, ‘dn’). These solu-
tions, which interpolate between periodic cnoidal waves and
traditional solitons, reveal a deeper algebro-geometric struc-
ture connected to finite-gap integration on Riemann surfaces,
as presented in the rigorous work of Gesztesy and Holden.?"!

Perhaps even more intriguing is the synthesis of the afore-
mentioned ideas in the concept of Painlevé solitons or solu-
tions with Painlevé asymptotics. These are solutions to inte-
grable PDEs where, in certain regions of space-time, the pro-
file is governed not by a hyperbolic function but by a Painlevé
transcendent. A quintessential example arises in the study of
asymptotic behavior. The second Painlevé equation (PII) fa-
mously describes the universal transition shape (the nonlinear
modulation) near the edge of a rarefaction wave for the KdV
equation in the small-dispersion limit!3!! or in the semiclassi-
cal limit of the focusing nonlinear Schrodinger equation. 3]
In this sense, the Painlevé functions act as “nonlinear special
functions” that govern critical transitional patterns, bridging
different asymptotic regions dominated by elliptic or solitonic
behavior. These objects sit at the confluence of symmetry, re-
duction, and transcendentality, representing a frontier in the
understanding of integrable systems.

In Section 2 of this paper, we outline the symmetry in-
variant decomposition method for general nonlinear systems.
In Section 3, taking the celebrated AKNS system as a typi-
cal example, Lie point symmetries are derived in a standard
manner, while nonlocal residual symmetries are obtained via
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the truncated Painlevé expansion. To derive group-invariant
solutions associated with these nonlocal symmetries, the lo-
calization of nonlocal symmetries is presented in Section 4.
By combining both local and nonlocal symmetries, the corre-
sponding symmetry invariant decompositions are established
in Section 5. Section 6 focuses on plotting several special
types of JacobiPQ solitons, where P and Q denote any two
elements from the set C, D, N, S—such as JacobiSN, Jaco-
biCN, and JacobiDN solitons, among others. In Section 7,
Painlevé solitons—including rational/irrational algebraic soli-
tons and Whittaker/cylindrical solitons—are investigated. The
final section provides a brief summary and further discussions.

2. General aspect of the symmetry invariant de-
composition method

For a general nonlinear autonomous (14 1)-dimensional
PDE system

F(u) = F(u, u, Uy, Uyy, ...) =0,
w={uj,uz, ..., up}, (1)
its Lie point symmetry takes the form
oc=U—-Xu,—Tu,, U={U,U,...,Up,}, (©))
where X =X (x, 1, u), T =T(x,t,u), and U; = U;(x, £, u) for
i=1,2, ..., n are functions depending only on u and the in-

dependent variables {x, }.

The group-invariant solutions of Eq. (1) associated with
the symmetry Eq. (2) are obtained by solving the coupled sys-
tem

F(u)=0 and o =0.

From the quasilinear Eq. (2) with ¢ = 0, a group-invariant
variable £ can be introduced via

dé =X "'dx—T"'dr, (3)

up to an-arbitrary function of £; equivalently, for simplicity,
one may. apply a transformation & — £ (&) with a suitable
choice of §.

For instance, for the spacetime translation symmetry X =
xo0, T = to with arbitrary constants {xo, fy}, we obtain & =
tox —xot. For the spacetime scaling invariance with X = x,
T = at and constant a, one may take & = xt—l/a,

By means of the group-invariant variable &, we can make
the spacetime transformation

{x, 1} —{&, 1}, (4)
u(x, t) — u(&, 1). (5)

Under the transformation Eq. (5), the group-invariant condi-
tion 0 = 0 is changed to a simple #-dynamic system

1
ut:?(U—Xux), u=u(&, 1). (6)

By using the transformation Eq. (5) and the ¢#-dynamical sys-
tem Eq. (6), the original nonlinear PDE Eq. (1) becomes a
&-dynamical system

F(u)=0—F'(x, tu, ug, uge, ...) =0, u=wu(&, 1). (7)

If the original PDE system Eq. (1) is integrable, both the 7-
dynamical system Eq. (6) and the &-dynamical system must
be consistent.

3. Lie point symmetries and residual symme-
tries of the AKNS system

For concreteness, we apply the symmetry invariant de-
composition method to the celebrated AKNS system 33

1 . .
pi+ 5 bipg — ip’q =0,

1
¢ — Fbigut+igp =0, b* =1, ?=—-1.  (@®)

If g is taken as the complex conjugate of p (ie., g = p*),
the' AKNS system reduces to the widely applicable nonlinear
Schrodinger (NLS) equation

1 . . .
Pt Sbipe—ilpPp =0, i=V-1, B’ =1 ()

Here, b = 1 corresponds to the normal-dispersion NLS equa-
tion, while » = —1 corresponds to the anomalous-dispersion
case.

The NLS Eq. (9) describes the evolution of slowly vary-
ing wave envelopes in dispersive media and has found un-
paralleled applications across diverse fields, including non-
linear optics,**33 plasma physics,*® and Bose-Einstein
condensates.*”] Through the IST method, the NLS equation
yields a rich solution structure. The most well-known are its
fundamental solitons—localized, particle-like waves that re-
tain their form and speed upon interaction. These solutions
arise from the discrete spectrum of the associated scattering
problem and are typically constructed on a vanishing (or con-
stant) background. In many physically relevant and mathe-
matically interesting scenarios, however, solitons propagate on
non-trivial, spatially or temporally varying backgrounds. This
gives rise to a broader class of solutions that intertwine soli-
tonic features with the complex structure of the background
field.[38-40]

A symmetry of the AKNS system, denoted by o =
P
(gq> , s defined as a solution of the corresponding linearized
equations

1
of + S bict — ip*c? —2ipgo? =0,

1
ol — Ebic)?x—l—iqch—i—ﬁqpcq =0, (10)

100202-3



Chin. Phys. B 35, 100202 (2026)

which ensures that the original system Eq. (8) remains invari-
ant under the infinitesimal transformation

p—p+ect, g—q+eo?,

with € being an infinitesimal parameter.
The Lie point symmetry of the AKNS system can be ex-
pressed as

o’ =P—Xp,—Tp;, 09=0—Xqx—Tq,, (11)

where P=P(x, t, p, q),Q=0(x, t, p, q), X =X(x, t, p, q),
and T =T(x, t, p, q) are smooth functions of the indicated
variables.

Substituting Eq. (11) into the symmetry condition
Eq. (10), eliminating p; and g, via Eq. (8), and setting the coef-
ficients of the differential polynomials in p and g to zero yields
the determining equations for P, Q, X, and T

Py=0p=Xp =Xy =T =T =Ty =Ppp =0y
=T, —2X: =0,
X; — 3ibXee +1bQxg = X, + 31bX — 1Py, = 0,
P —i [p261(2Xx —P,)+2pgP+p*Q— %Pxx] =0,
0/~ i[Pa*(Q, —2X) — ¢ —2pgP + 5Qu] =0. (12)
The general solution of Eq. (12) is given by

X =cx+at+xy, T=2c+1ty, P==iabxp+(¢o—c)p,
Q = iabxq — (9o +¢)q, (13)

where ¢, a, xg, fo, and ¢ are arbitrary constants.
Consequently, the explicit form of the Lie point symme-
tries reads

of = —iabxp+(¢o— c)p — (cx+at +xo) px — (2ct +10) py,
o9 = iabxq— (¢o +¢)g — (cx+at +x0)qx
—(2et +10)q;, (14)

which constitutes a combination of space translation (the xg
term), time translation (the 7y term), spacetime scaling (the ¢
term), Galilean transformation (the a term), and scaling of the
fields p and ¢ (the ¢y term).

To obtain infinitely many generalized local symmetries,
one may apply the known recursion operator of the AKNS
system.!*! For an integrable system, besides the infinitely
many generalized local symmetries, there also exist infinitely
many nonlocal symmetries, which can be derived via inverse
recursion operators, =4I truncated Painlevé analysis,*"! in-
finitesimal Darboux/Bicklund transformations,!”! or the for-

mal series symmetry approach. (3]

For the AKNS system Eq. (8), a special type of nonlocal
symmetry can be obtained via the truncated Painlevé expan-

sion
GPI G‘Il
[):CQT-F[)], q:C07+q1, C%:b7 (15)
where
ol = frel, ol = fre ", (16)
(. i b . ) i
=—c, |15+ —1ibA | e',
== (fx 21,
—1 ~ﬁ bfxx . ) —1iu
el L +ibA ) e 4, 17
n=c (fx 2f,
2bf, bfwx +8Af, | 3b fi+4f?
u +A, up=— A+ , (18)
A ' 21 4 f?
1 fi foe 312
=3CC, — =Sy + 2bA = g=Ja “Juw g
C, = 3CC, 4Sx+ C,, C fx’S g (19)

The Eq. (15) constitutes a special Biacklund transformation re-
lating the solutions {p, ¢} and {p;,q1 }. The symmetry

GPI
0= G‘I 1 ’

is precisely the residual symmetry associated with the solution
{Pl g1 }~

The singular manifold equation for f, namely the
Schwarzian NLS Eq. (19), is invariant under the M&bius trans-
formation
af+b
cf+d’

This Mobius invariance Eq. (20) corresponds to a particular

f— ad —bc # 0. (20)

Lie point symmetry of the Schwarzian NLS Eq. (19)
of =af* +aif+a, @n

where the term proportional to f2 is directly linked to the non-
local symmetry Eq. (16) for the fields p and gq.

4. Localization of nonlocal symmetries of the
AKNS system

In order to find the group-invariant solutions associated
with the nonlocal symmetry Eq. (22) with {p1, ¢1} — {p, g},

namely

o’ = fee', o= fie ™, (22)
St bf . )i,,

=—c i—+ —ibA | e'™,

Pm (fx 2,
—1 fl bfxx . ) —iu

=c i — +ibA ) e, 23

= (fx 21, @9

9.10.39.44.46] should be em-

the so-called localization procedure!
ployed.
From Eq. (22) we see that when the fields p and g undergo

the infinitesimal transformation

(p, 9) — (p, q) +€(0”, o),
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the auxiliary quantities f, g = fy, u and A must undergo cor-
responding transformations

(f7 g7 u7 l) % (f7 g) u7 A’)—’—E(Gf? Gg7 Gu? 6)’

where the functions (6/, o, o%, §) are to be determined
from the linearized equations of Egs. (23) and (18), and the
relation f, = ¢

o’ = —¢,! ic—’f —if’offx - bow _ bfuot —ibS | e
fx 12 2fc 2f2

—cy? (1]{’ + b;;” - ibl) ic“el,

o 1.0 fiol bol  bfuc!
o’ = ¢ 1— —1— - + 5
Jx I 2f 2f3

b .
—cy! (if’ _ Dl +ibl> icte i,

+ib5> e in

fo 2f
2bo!  2bfcf

Gu — t 4 57

! fx f?
i _ _boka 88/ 1+8A0]  bfunt8AS

' 2fx 212 !

2 2 2 2
4 f? 2 R

Using a procedure analogous to that employed in the previ-
ous section for the symmetry Egs. (10) and (24), the Lie point
symmetries of the prolonged AKNS system Eqs. (8), (18), and
(23) can be found, which take the following form:

o’ = —cyVbge —iabxp+ (9o —c)p
—(ex+at +x0) px — (2ct +10) py,

09 = —cyVbge " Fiabxg— (@ +c)q
—(ex+at +x0)gx — (2er +10) gy,

of = czfz—i-clf—i—co—(cx—i—at—i—xo)fx
=(2ct+10) fis

0f = 2c2fg+ (c1 —c)g— (ex+at +x0p)gx

—(2¢t +19)g:,
o' = —abx—i¢y— (cx+at +xo)uy — (2ct +19)uy,
0 = cA —ab. (25)

From Eq. (25) we observe that the nonlocal symmetry
Eq. (22) of the original AKNS system Eq. (8) becomes a local
symmetry for the extended AKNS system Egs. (8), (18), and
(23).

5. Group invariant decompositions of the AKNS
system

According to the general symmetry decomposition the-
ory summarized in Section 2, we can obtain two types of sig-

nificant decompositions with the help of the group invariants
E=tox—tot and n = xt~ /2.

5.1. Spacetime translation invariant decomposition

Removing the scaling and Galilean transformations in
Eq. (25) by setting ¢ = a = 0, we apply the transformation

p= p(é,l‘), q= Q(éat)v f= f(é?t)a
g:g(éJ)v u= M(é,l), é =X Xof,
where we have set 7o = 1 without loss-of generality.
Substituting Eq. (26) into the group-invariant condi-
tions 67 = 69 = 6/ = 68 = 6" = § =0 yields a (0+1)-
dimensional dynamical system
u = —ido, fi=caf? te1f+co,
g = (c1+26/)g, 4= —9oq — Vberge ™™,
pe = dop= Vberge™. (26)
Combining transformation Eq. (26) with the #-dynamical

system Eq. (26), the extended AKNS system described by
Egs. (8), (18) and (23) reduces to a &-dynamical system

ug = /’L—2bxo+%b(qf2+c1f+co), fr =g,

gc = —2bagqge™ +2i(A — bxg)g +2bi(cof* +c1f +co),

gz = b {1(202]‘4-01 — o) +Axo — glz —PQ} e
+i(2bxo — A)gq,

pe = —b? [i(zczf+c1 +¢0)—Axo+gkz+pq} el
—i(2bxo — A)p. 27

It is interesting to observe that the f-dynamical system
Eq. (26) and the £-dynamical system Eq. (27) become con-
sistent after eliminating one of the quantities {p, ¢, f, u, g}
via

iapg (qei“ — pe‘“‘) +2(bA —xp)g
+2(c2f* +c1f +co) = 0. (28)

5.2. Spacetime scaling invariant decomposition

In this case, we may setc=1,a=A =0,and xo =1 =0
without loss of generality, as these constants can be recovered
via spacetime translations and Galilean transformations.

Applying the spacetime transformation {x,
{xt=1/2 1} with

1} —

p=pn, 1), g=qn, 1), f=f(n,1), g=g(n, 1),
u=u(n, 1), n=x'2 29)

to the symmetry vanishing conditions ¢? = 69 = o/ =
08 = o = § = 0, together with the extended AKNS system
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Egs. (8), (18), and (25), we obtain the following ¢-dynamical
system:

2 = —igo, 2fi =cof*+c1f+co,
gQ2crf+c1—1),

2tp; = (¢o—1)p—Vbeage™,
—(9o+1)g—Vberge ™, (30)

and the corresponding 71-dynamical system

2t =

2tq =

b
ug = —bn+—"(caf* +c1f +co), fn =18,

Vig
gn = b\/( ivm — Z\ftpe*l")—ﬁ(ﬂf +eif+co),
ip3/2 .
Py = 2\/ (2c2f +c1+¢o — 1 —2itpg)e™ —ibnp,
ibn3/? . T
qn = 2\/(1+¢0 2c2f —c1 —2itpg)e " +ibng. (31)

It is straightforward to verify that the z-dynamical system
Eq. (30) and the n-dynamical system Eq. (31) are consistent
upon eliminating one of the quantities {p,q, f,u, g} via

|aor(ge™ — pe ™)~ vim| g+ caf> 1 f +co =0. (32)

6. Elliptic solitons of the AKNS/NLS systems

In this section, we study the elliptic solutions of the
AKNS/NLS systems, which arise from the #-dynamical sys-
tem Eq. (26) and the £-dynamical system Eq. (27).

Denoting

% =3 —4cper, (33)

the general solution of the coupled dynamical systems
Egs. (26) and (27) can be readily expressed as follows:

260

f= m[cﬁra)tanh(q))], o= E(F—i—cot)
F £ F(E) = Flx =),
g = w§ Gsechz((p) GE)=G=F,

u = U~1¢0t, U=U(E), Us = A —2bxo+2b0G ',

1 . 1 .
p=Vb LGtanh((p) —i(A —bxp) — E(G@ + 21ba))]
% e%t+iU

1
=
xe P iU, (34)

|:§Gmnh(([)) +i(bA —x0) — L(bG;; — 2i0))]

2G

where the remaining undetermined function G is given by an
elliptic integral, subject to the equation

G} = G*+Ci1G + (12bAx) — 647 — 4 — 4ibgy) G

+8w(xg — bA)G — 402, (35)

with C; an arbitrary integration constant.
Owing to the invariance of the G-equation (Eq. (35))
under Mobius transformations (up to redefinitions of the

) [47,48]

constants its solutions can be expressed in terms of

standard elliptic functions as

. aJ+ag
- a3 +a

, ajay # apaz; (36)

provided that suitable relations are imposed among the con-
stants {ag,ay,az,a3,C1,A, do,xo, @} and the parameters of the
elliptic functions. In the representation Eq:(36), the function J
can be chosen as the Weierstrass elliptic function P(d&, g2,g3)
or as Jacobi elliptic functions pq(d&,m), where p and q are
any pair from the set {s,c,d,n}. Specific choices of J are

discussed in the following subsections.

6.1. Square JacobiSN solitons of the AKNS/NLS equation

The first type of elliptic soliton is obtained by expressing
G as

2
aysn*(d&,m)+ag
= =+ 37
azsn2(dé,m) +ay’ a1z 7 dods, 7

which corresponds to the choice J = sn?(d&,m). Equivalently,
one may take J to be the square of any Jacobi elliptic function
pq(d&,m), where p and q are selected from the set {s,c,d,n}.

Substituting Eq. (37) into Eq. (35) and setting the coeffi-

cients of the different powers of sn(d&,m) to zero, we have

m? = 8 A* apn=ar+a
= . 4a3az3agd2’ 23 =d2 3y
A = apaz —ajay,
2
2 a0a1a01d a1a01a0
0 = — - apl =ap+ai,
azA 4a3a23a2’ o1 =40 !
C 4a3a23d2 a\ap 2a; +3ay  2apaz
1= — - — - ,
A azays a aay;
PR dz(aga%—l—aza% + 2apaans)
b 2bway A
n ag (a(z)a3 +3apaias +2apaiaz + 2a2a%)
Sbwa3a23a% ’
A2 mPd’A dbazwA
¢oib<A2+M + =
2 ayas al
320 &P
+= +12>, A =2 —bxo, (38)
aj dajz

where the constants ag, ai, az, az, d, and x¢ remain free.
Corresponding to Eq. (37), the solution of the AKNS sys-
tem takes the form

e¢0t+iU

1
J? tanh(@) — ib®J? +dASnCnDn
P = \fJ1J2 [ 1 () 3
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. 92
+ibA (apaz + A Sn? +a1a3$n4)} ) 0 = ﬁ, QF = (mPad+m"a3)(dd — a?),
2
he—%i1—iU ] 2
g = \feJT [Eb.llztanh((p)—|—ib(oJ22+dASnCnDn €= [2Am* (a3 — a3) + a3 (aparas + aya3 —2a1a3))
2
2m’A(a} — a?) + ay (akaz + apaiar — 2d%a3)
—iA(a0a2+A1$n2+a1a3$n4)}, 39) A = bxy+ 0 1 11%%3 0212 193 ,
4bw 823
where Sn = sn(d&, m), Cn = cn(d€, m), Dn = dn(d&, m), % l‘b 5
= —ibx
Ji = ag +aiSn%, h=a —|—a3Sn2, Ay = apaz + ajaz, @ = 2 0
Y(F+ot), and N iA? [4m* —2m?* (a} — a})(af — 3a}) +a (af + 2a7)]
202 J
ag A a3 8b3 2
F=— x| Sn, ——
as + da2a3 ( I'l, ’ m) ’ (43)
A 2bwA
T L a(sn, —% m), .
aj dapay agp where the constants agy, aj; a», az, m, and xy remain free.
A1 = a1A +2basw — 2bay xg, (40) Corresponding to the G-function selection Eq. (42), the

. . solution of the AKNS/NLS system can be expressed as
where 0 is an arbitrary constant and 7(z, v, m) denotes the Y P

standard incomplete elliptic integral of the third kind, defined
by P =

2 dr
)= /0 (1—ve2) /(1 —2)(1—m22) @D =2ib>? & Cn3 +2iv/b(bxo — l)Canz] :

odotHiU

~— |V/bCn}tanh —dvVbASnDn
2v/bCn;Cn, [ itanh(g)

n(z, v, m

Figure 1 denotes the density plot of the strength I = |p|* = pg Vhed0r-iU ,
for the elliptic soliton with the free parameters being fixed by q= “2Cn Cny {\/l; Cnjtanh(¢) —d Vb A SnDn
b:d:xo:ao: 1,611 :2,a2:—5,a3:3.
+2ib*2® Cn —2ib>/(bxg — 2)Cn;Cn ] (44)
30 2 0 1Cnp |,

with

ap aA a2
F=—&+ 2)71?<Sn, 232,m>

as das (a% —a3

az —da;

A @,5n
2 arctanh | ——2>0 || 45
Tag, e [(a%—a%)Dn} @)

A 2bwayA 2
U:—lg Bdo )ﬂ(Sn, 4 m)

- 2 2 2 2
a da(ag — aj aj —ag

+ 2bwA arctan
a2,

.Q] Sn
(a3 —a?3)Dn

] +0, (46)

-20 —10 0 10 20

where all notations used in this solution, such as Sn, Cn, Dn,
. . L . . II, 6, and A}, are the same as those in the first type of solution
Fig. 1. Density plot of the elliptic soliton solution Eq. (40) for the quantity

I=|pl>= pq. Egs. (37)-(41).
6.2. JacobiCN, cnoidal solitons of the AKNS/NLS system

6.3. JacobiDN, dnoidal solitons of the AKNS/NLS system

The second type of elliptic soliton is obtained by express-
For the third type of elliptic soliton, we take the solution

ing G as
aren(dE,m)+ao _ Cny of the G-Eq. (35) as
=———— =_—"—, ai; Fayas. (42)
asen(dé,m)+a,  Cny
) ] G ajdn(dé,m)+ay _ Dn "
In this case, the relations among all relevant parameters are = m = Dny’ ayay # apas, 47
A2
2 _ 27 12 02— (22 2 2\ (22
4= Q3 m==1—m’, & =(m'a;+m a;)(a; - a3), with the parameter relations
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A2 (1)2
d2 = 2 ) (1)2 ( mlza%)(a% - Cl%), 602 = 47127 6012 (a% - mlza%xa(z] - a%)’
) )
2 2A (a3 — a?) +aym?*(akas + apaiar — 2a%a3)
C1 = —[2A(a; —a3) + + 2 A =bxg— —2—1 L =,
1 a)22 [ ( a3) m 613(610612613 a1a2 alag)] X0 4bcow22
b — —libx(z) B iA? [Zmz(a% —a%)(a(z) — 301) m ;zl(ao +2a? 1) - 4(a% fa%)z} 7 48)
2 8b®? W7

In this case, the solution of the AKNS/NLS system becomes

20 2
2b@(D +may)A \/ o= 4iSn
; +——+——"—arctanh | =————| +6, (51)
Vhedr iU \/ﬁ D1 (1+Cn) ’
= m |:Dn% tanh((p) — dm2A SnCn aO - aldDDl
—2ibwDn3 + 2i (bxo — A)Dnanz} 7 with
pe—%oi—iU B=/a%—m"a3, B :\/a2+a2 2m? — 1) 4 2masB,
g = L {Dn% tanh(¢@) —dm* A SnCn 2 s & 2+ ) ’
ZDH]DHQ
B, = \/a% +a3(2m? — 1) —2ma3B, D= \/a3—m"a?,
+2iboDn2 — 2ib(bxo — )L)Dnanz} : (49)
]2 2002
where D, = \/ao—i—al(Zm 1) +2ma D,
2.2
PG azzA _n(sn, r;la3 - Dzz\/a(2)+a%(2m271)f2ma1D,
az dasz(a; — a3)
while the other notations are the same as in the first and second
_ (B—ma3)A arctanh types of solutions.
\Ja2 — d2dBB, 1+Cn
B0 6.4. JacobiSC elliptic solitons of the AKNS/NLS system
(B+maz)A — a2 For the fourth type of elliptic function, one can take the
- arctanh 1 Bi(i£Cn) (0 G_function of Eq. (35) in the form
a3 — a2d381
Al 2a0ba)A m al — w SCI
U=—¢— RPN ;m azsc(dé m)+a> ~ Scy’
as day(ay—ay) at—a}’
ajay # apas, sc(d€,m) = sn(d6,m) (52)
2ba)(D may)A \/ (2) 152 7 0% T en(dé,m)’
——————arctan C
\/a§ —aidDD, 1+ n) with the parameter relations
|
A? 07
@* =5, o= (@ mia) (@ +a), 0= 5, o) = (ag(m’ — 1) —af)(a +ai),
03 03

2
C, = o [mzaz(a1a2a3 + aoa% + ZaOa%) - 2(a(2) + a%)(a% + a%)} ,
2

—2(apay + alag)(a(z) + a%) + aomz(a%ag +apaiaz + Ea%az)

A{ = b — )
o 4ba)0%
b = —1ibx% B 1A% [m*a}(2af — a) — 2m*(a} + a? ) (a} 4 3ad) +4(a} + a})?] , (53)
2 8bo%0%
In this case, we have
\/Ee¢0l+iU
p= W[Sc%tanh((p)—i-cm = 21wac2+21(bx0—7L)5c1sC2},
\/Eef(])olfiU Dn ) )
= sese {s& tanh(9) +dA 5 +2ibSe3 ~2ib(bx - A)SCISCZ} : (54)
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where the F and U functions are determined by

with Ay = 2bw(apas +araz) + (a3 +a3) (A — 2bx).

6.5. JacobiSD elliptic solitons of the AKNS/NLS system

P (apay +ajaz)é azA z(sn 1+é -
- a% + a% daz(a% + a%) ’ a% ’ The fifth type of elliptic G-function Eq. (35) can be taken
as
A (a3 +a3)*Dn+ 03
+-2 arctanh : : 55
doy " {(a% +a3)(Dn+1)os (53) _ arsd(dg,m)+ap _ Sdi
A2é 2ba; @A ( @ azsd(d€,m)+ay ~ Sdy’
= T SH, 1 + =, m) d
ag+aj  dag(ag+aj) @y ajay # apaz, sd(d&,m)= %ﬁ,m})’ (57)
n(dé,m
2bwA ) (a3 +a})*Dn—o? 0 56
- doy arctan (a% +a )(Dn +1)o +0, (56) where the following parameter conditions should be satisfied:
|
dz_Az 02 — n 2 _ 2, .22 2_0% 0 = 2 o292 2
_0—%7 F=m(dd—m?d}), ay=di+mPd}, o _TO%’ oy (m*ad—ad), o= m*a} +a,
C=—-——= [2a0a3m4 —2m*ay(apd3 — ayaraz — apal) — as(apazas + aya3 — 2a1a§)} /
2
2= buot 2a8a2m4 —a; (a(z)a3 +apaiay — Za%a3) — Zaomz(a(z)az —apgagaz — a%az) ’
4bw03
oo = flibxz B iA2 [4m6a4 2a0m (3a0 4a%) + m2(2a3 - Sa%a% + 4a?) - a% (a% + Za%)z] (58)
2 0 800207 ’

In this case, fields p and ¢ are determined by

\/Ee%ﬂriU ) Cn )
= YT ISq? tanh(g) + dA — <2ibeSd
25d;5d; [ tanh(@) +dA 1 <2ibaSd;

—|—2i(bx0 — ;L)Sdl Sd2:| ,

Vbedor—iU
2S5d;Sd,

Cn
[Sd% tanh(@)+dA — o2 2ibw Sd3

(- b/l)Sdlsdg} , (59)

where the F and U functions are given by

azA
dazOtz

(agagm>+ ayaz )&
(0]

T (Smazz,
)
a3Cn + O3
&% (Cn+1)0, |’

o
b2 Sn, 72,1’”
ap

a?Cn—0?

t _ = 71
arctan |:Otl (Cn+ 1)01

F

")

(60)
p

AsS
o

A
— ——arctanh
0 arctan [

2ba1 WA
dagoy

n 2bwA
0}

}+6, 61)

with A3 = 2b(agazm?* + ayas) + o (A —2bxo).

6.6. JacobiCD elliptic solitons of the AKNS/NLS system

The sixth type of elliptic soliton solution is related to

_a Cd(dé, )+a0 Cd,
" azcd(dé,m)+a;  Cdy’
d
ajay # apaz, cd(d&,m) = M, (62)

where the following parameter conditions should be satisfied:

A2
d* = R 722 = pa(a3 _a%)v B = mza% —a32,
143
v
o = 712» 7/12:[31( _aO) B = maO_a%v
143
2(2a0a% — aoa% —ajayaz) 2azA
€ = 2_ 2 - ’
ax(az —as) Bras
1 agm ,u —av
X0 = bA — -
4 0B (a3 —a3)
u = Za%az —apaiasz — a%az, V= a(z)a3 +apaiar — Qa%az,
| id(agum?® —ayv)
= ——ibxp 4 —2— LY
% 2170 40y
ib(koa; + pim?* + pagm*)
- 2.0 ) (63)
vy
where Ly = 2a(3)a2a3 — 3a%a1a§ — a?a% + Za?a%, n =

4.2 2 6 2
6a0%aja; — agaz —

3adata3 — aba’

2

4.2 2
3agajas; —

3.3 2 4
dajajaras + 6agaja; —

and U = 2aoa2 agag 3aoa%a% + Za?a2a3.

In this case, the quantities p and q are fixed as
\/Ee¢()l+iU s Sn
=~ |Cdftanh dm®A —
2Cd;Cds { 1tanh(@) - Dn’
—2ibo Cd3 + 2i(bxo — A)Cd, Cdz} ,

Vbedor—iU
2CdCd,

Sn .
{Cd% tanh(¢) —dm'>A o T 2ib Cd3

—2i(be —A)Cd1Cd2:| 5 (64)
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where the F and U functions are given by

F_ (apaym® —ara3)§  arazmA T (Sn ﬁ§7m>

B2 dayy; G
A ﬁzSn)
———arctanh , 65
dy ( yo) 6>
A 2aga;bm> A 2
l/::mi_aw”;"n<sm__;,m>
Bl le "
2bwA
+ bo arctan (ﬁlsn) + 0, (66)
dn T

with Ay = 2bw(apaym® — ajaz) + B (A — 2bxo).

6.7. Weierstrass elliptic solitons of the AKNS system

The first six types of elliptic solitons presented in Subsec-
tions 6.1-6.6 serve not only as solutions to the AKNS system
Eq. (8) but also to the NLS Eq. (9), as the complex conju-
gate condition ¢ = p* can be readily fulfilled by appropriately
choosing the free parameters. In this subsection and the next,
we propose two examples that are solutions to the AKNS sys-
tem but not to the NLS equation, as the complex conjugate
condition cannot be satisfied in these cases.

For the seventh example of the elliptic soliton solution,
we take the G-function of Eq. (35) in the form

_aP(d,g2,83) tap _ W

© w3P(dE,g2.83)+ar Wy

ayay # apasz, . (67)

where P(z,g2,g3) = is the standard Weierstrass elliptie func-
tion, which is a solution of

P2 =4P3 gy P =g (68)
In this case, all the parameters satisfy the following con-
ditions:
> A2 2 2 3 3
d- = = P2 = a3(graza3 — g3a; —4a3),
P;
2 pi 2 3 3 2
w° = »12’ pl =aj (400 +g3a3 7g2a0al)a
4p;
o 4gsara3+ 4a3(3agas +araz) — g2a3(3apaz + ayaz)
1 = )
p3
A= bxy
+g2a%(3aoa3 +a1az) — 4gszajaz — 4ag(aoas +3a1az)
8bwp3? ’
I,
$o = -3 bxg
| 3iA%(g3at +8gaagat — 32gsavay + 164p) (69)
32p1p;

Correspondingly, the solutions of the AKNS system read

b Pot+iU
p= xgsviw Witanh(@) +dAP' —2ibo W3
12

+2i(be - A)W1W2:| s

Vbe iU .
4= [letanh((p) +dAP +2ibo W2

—2i(bxo —A)W1W2] , (70)

where P’ is the derivative of the Weierstrass function
P(z,82,83), while the F and U functions are given by

a A

17& + {ZdC(Z7 82, g3)§

az  dps
c(dE -7, g, 83)} }
o(dé+Z, g, 83)] )’

Aré - 2iboA
— 2d
a a dpl { C(Zv 82, g3)§

o(dé -z, g, gz)} }
1 2
+in [G(dé +2z, &2, g3) +67 (7 )

where 6 (y,82,g3) and §(f,g2,g3) are the Weierstrass ¢ func-

F =

+1n[ (71)

tion and Weierstrass { function, respectively, A; = a;(A —
2bxyp).+ 2baz®, while the constants Z and z are determined
by a3P(Z; g2, g3) +a2 =0 and a;P(z, g2, g3) +ap = 0, re-
spectively.

Based on the expressions in Eq. (70), the complex con-
jugate condition ¢ = p* requires that both F and U be real.
However, from Eqs. (71) and (72) it is evident that no choice
of parameters can satisfy this reality condition. Consequently,
the solution given by Eq. (70) together with Egs. (69), (71),
and (72) is a solution of the AKNS system only, and not of the
NLS equation.

6.8. JacobiSN elliptic solitons of the AKNS system

If we select the solution of the G- Eq. (35) in the form
. a]JacobiSN(dﬁ,m) +aop _ Snj

 a3JacobiSN(d&,m) +a; ~ Snp’

ayay # apaz, (73)

then we obtain the eighth type of elliptic soliton solution,

Vbebor iU

oS [Sn% tanh(¢) + dACnDn — 2ib® Sn3

2i(bxo — A)Snlsnz},

\/Eef(])ol*iU .
1= S |Sn? anh(g) +dACnDn +2iba Sn
~2i(bx — A)Snlsnz} : (74)
where
A 2
F = % + (Sn, ag,l’l’l)
az dayas a;
A B..Sn? +2r,a3CnDn +C_
———arctanh 5 5 )
dr B_Sn” +2ra5CnDn+C .

By = m’a3(2a3 —a3) £a3(a3 — a3),
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Ce = 2a3— (1+m?)ddd3 T a3, (75)

2ibwA
— arc

r

canh (B;Snz—I—Zirza%CnDn—f—C/) 0
a )
B’ Sn?+2irja?CnDn+C/,

and A| = (A — 2bx0)a1 +2bwas, ,
B, = 2m* +1)ada? — (14+m*)df,
AE 2bwA (s az
= —— n,—,m
a  daoa ‘a3 C, = 2at — (1 +m*)a}a? +af. (76)
|
In this case, the parameters {d, @, C, A, ¢y, 1|, r2} are related to the free parameters {a;, az, as, a4, m, xo} by
2A22222222r12222222
d” = > = (a3 —a3)(m°a; — a3), =5, I'n= (a1 —ap)(m°ag — ay),
rs 4ry
2
C = o) [a3(aoa2a3 —i—ala% — 2a1a%) — m2a2(2aoa% — agag — a1a2a3)] ,
2
2= bt m2a0(2a6a2 —apaiaz — a%az) —a (a%a3 +apajay — Za%a3)
4ba)r% ’
oo = —libx% iA%(m*ag(2a3 +a?)) +m?(2af — IOaOa1 +2a1)+a%(a%+2a%). a7
2 8br1 r2
\
Based on th? expressions in Eqs. (76) and (77), it is FaFyn —2a)2Ff;— %(2ib¢o+n2)Fﬁ
clear that no choice of parameters can make U real; there-
fore, the complex conjugate condition ¢ = p* cannot be sat- 75 nn +4nF; —6=0. (79)

isfied. Consequently, the solution given by Eq. (74) together
with Egs. (77), (75), and (76) is a solution of the AKNS system
only, and not of the NLS equation.

7. Painlevé solitons of the AKNS systems

7.1. General Painlevé IV soliton of the AKNS system
Solving the spacetime scaling invariant decomposition

system Eqs. (30) and (31), it is not difficult to find that the

extended AKNS system Egs. (8), (18), and (23) possesses the
solution

f =Atanh(0¢), ¢ =In(r)+F F=F(n), n=—=,

=

u = —%i(boln(t)—i-U, U=U(n),

g = Gt_l/zsechz(wq)), G=G(n),

p = \A[ (9o—1) [G ¢! U tanh(o ¢)+P], P=P(n),
q = \ft 2(9o+1) {G e 'V tanh(@ (P)—&-Q}, 0=0(n),

(78)

while the group invariant functions F, U, G, P and Q are de-
termined by

G=A0fy,

A .
P =5 (ibn = FaqFy ' = 2ibF; 1) €'Y,
0=—

Uy = 2bF,;1 —bn,

(21bF‘ —ibn — FypFy ') e 'Y,

From Egs. (79) and (78), we observe that once the quantity F is
determined from the F-equation (the last equation in Eq. (79)),
the solution of the extended AKNS system is completely spec-
ified.

The presence of hyperbolic functions in the solution ex-
pression Eq. (78) indicates the existence of a soliton propagat-
ing on a background governed by F. Moreover, the function
F is intimately connected to the Painlevé IV equation

1w? 3 [3
Wa=5 oty (22— Oc)w—i— = (80)
via the relations
4u 4u 4u
Fn = — = = -,
W(un) w(z) w
4 B
= =-2 =—— 1
u 7 ¢o = —2ib’a, 32 (81)

Accordingly, we refer to the solution Eq. (78) as a Painlevé
soliton — that is, a soliton embedded in a background dictated
by the Painlevé IV equation.

Although the expressions Eq. (78) together with Egs. (79)
and (81) constitute a family of solutions to the AKNS system
for any given special solution of the Painlevé IV Eq. (80), it re-
mains highly nontrivial to extract physically relevant solutions
of the NLS equation from Eq (80) due to the complex nature
(51+521) ,with 62 =1,87 = 1.
The difficulty is further compounded by the reality condition

of its argument z = un =

q = p*, which forces F' to be real.
To construct real solutions for F, it is more convenient
to work directly with the original F-equation, or equivalently,
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with the following bilinear equation

2V Vi + 1600V V;, =3V,

—(M*+2ibgo ) V2 — 480°V? =0, (82)
n n
under the transformation
1

for complex ¢p.

Since the Painlevé IV Eq. (81) and the V-Eq. (82) are
both derived from the same underlying F-equation, we refer
to Eq. (82) as the variant Painlevé IV (VPIV) equation.

7.2. Polynomials of the variant Painlevé IV Eq. (82)

It is well known that for Painlevé equations, certain fam-
ilies of rational solutions exist, which are associated with spe-
cific types of polynomials under appropriate choices of pa-
rameters. For example, rational solutions of the Painlevé II
equation are governed by the so-called Yablonskii—Vorob’ev
polynomials, 499 while those of the Painlevé IV equation can
be expressed in terms of the Okamoto polynomials.>!)

In this subsection, we present several families of rational
solutions to the VPIV Eq. (82) by introducing new classes of

polynomials.

7.2.1. Polynomial solutions of the variant Painlevé IV
Eq. (82)

Formally, the variant Painlevé IV equation can be solved
by Laurent/power series solutions in the form

V= i axn*?,
k=0

with the recursion relation

(84)

k
aj{480ar_j_s+ [(j=0)(ar_j-a(k— j—4—160—6)
j=0

J
—aj(k— j =0k~ j—1-0)

+2i bag—j o2 (k—j—2=0)¢)]}, k=0, 1, ...,00,  (85)

witha; =0,V j <0,

Substituting k = 1 into Eq. (85), it is found that 6 may
be taken as 8. =.0, 1 and —1. It is interesting that for some
specially selected parameters @ and ¢, the series will be trun-
cated. Here are some special cases:

Case 1. Complex variant Hermite polynomials If we

fix the parameters @ and ¢y as
w:%, do=—(n—1)b, n=0,1,2,...,0, (86)

then the solution Eq. (84) is truncated to the polynomials
(which we call complex variant Hermite polynomials) for
6 =0, 1 with the linear recursion relation

Virt =NV +1kViy, o =1, Vi =1, (87)
while the next four polynomials read

V2 = 712+i7

Vs = n°+3in,
Vy = n*46in? -3,

Vs = n°+10in° —15 1. (88)

Case 2. Special real polynomials and real truncated Lau-
rent series In addition to the complex variant Hermite poly-
nomial solutions Eq. (87), there are several other interesting
special cases of truncated Laurent series solutions. Here we
only list some real ones

1
Vi=m, w_Za ¢0_07
Vo = (0] 1 0o =0
ain’ 7]2’ 07 )
5 5
Vp = n 4451, @ IEE ¢ =0,
1 1
Vo= — 0= 0
C n’ a) 47 ¢O )
1 1
Vo= =, 0=——, ¢g=0
d nv w 12’ ¢0 ’
3 3
Vo=1n’-=, o= =0
e n n7 (O] 47 ¢0 ’

567

7
Ve = n"+1261n n w 2 0o =0. (89)

In addition to the polynomial solutions, there are infinitely
many other types of exact solutions of the VPIV Eq. (82) for
some special choices of the parameters @ and ¢.

7.3. Rational soliton of the AKNS system

Applying the polynomial solutions listed in the last sub-
section to Eq. (78) together with Eq. (79), we immediately ob-
tain the corresponding solutions of the AKNS/NLS systems.
For the complex polynomial solutions, namely, the complex
variant Hermite polynomials given in Eq. (88), we obtain solu-
tions of the AKNS system, but not of the NLS equation, since
the complex conjugation condition ¢ = p* cannot be satisfied.

The first three nontrivial rational soliton solutions of the
AKNS system read

L Vbel Ui (b+3) 2+ (b= 1)(i 1)

2 XFP[i (1+22) —1] ’
_ Ivbe i (b=3) 4 (b4 1)(i—1)]
T2 cox!P[i (14x2) —1] ’
2 1)\2 2 2

= pPrlgp= SIS o (90)

covVbel (b+2)x* +3i(b+1) tx®> + (b —1)x — 312
B (ix2—0)"*P[i (14+x3) —3x1] ’

Vbhe 1 (b—2)x* +3i(b—1)tx® + (b4 1)x + 317

:1+cg’

1= co(i2 — 1) B[i (1+23) — 3] ’
4312 - 2x)2 49
I= Pl = & 91
\p|”+al Cl+ e o]’ 1)
and
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_covVbel 13(1—b) (ix* 4367 —1) +

i(3b+5) (92 —x*)x* +3(7h +9) tx4]

2(ix3 — 3xt) 0 [x* 4 6ix2t — 362 + 1] ’
Vbe  B(1+b) (1 =i —3) +i(3b—5) (9 —x)2 +3(7b—9) x]

q:

2C(ix3 —3xt) 10 [x* + 6ix?r — 312 4 1] ’
x*(2x* — 912 — 6)2 43612 (31 — 1)% + 459 x* + 361%x* + 64

I=|p]*+]q)* =

with two arbitrary real constants c¢; and c¢y. The rational so-
lutions Egs. (90), (91), and (92) are related to the complex
polynomial solutions V;, Va3, and V4 given in Eq. (88).
Remark 1 From the solutions Egs. (90), (91), and (92),
we see that these solutions hold only for the AKNS system
but not for the NLS equation, since g # p*. Consequently, the
quantity pq is complex, i.e., its imaginary part is nonzero.
Remark 2 The quantities J,—1 y—y, = (|p|* +|q|?) |h:1,v:vk
and I,— 1 y—y, are exactly the same for all k > 2, where V, is
defined by Eq. (87). In other words, the intensity / of the ra-
tional solutions is the same for the AKNS systems regardless
of whether they exhibit normal dispersion and/or anomalous

dispersion.

7.4. Rational soliton of the AKNS/NLS system

To obtain rational soliton solutions for both the AKNS
system and the NLS equation from the VPIV Eq.(82), we need
to employ the real polynomial (and/or rational) solutions.

Substituting V; or V, into the solution Eq. (78) together
with Eq. (79), we obtain a time-independent rational solution

_ CO\/E eicl

x+1

\/E efiq

1= colx+1)’

; (93)
where c¢; and ¢p are two arbitrary constants.

It should be emphasized that the stationary rational solu-
tion Eqg. (93) is a solution of the AKNS system for both b =1
and b = —1. However, Eq. (93) is a solution of the NLS equa-
tion only for b = 1, but not for the b = —1 case.

Applying the real polynomial solution V, given in

ACIAH(x* 43012 +2) 4+ (312 — 1)?] ’

q

92)

\
Eq. (89) to Eq. (78) together with Eqgs. (79).and (83), we obtain

coVb ei“1[2ibtx(3r* — x* — x) — 207 =106%x> 4+ x* — 17]
(312 —x* —x) (x* +2) b (x> + 1) ’
Vb e 1 2ibtx(31? —x* —x) +2x7 + 10%x° — x* 412
co (317 —x* —x)(x* +12) 1P (ix2 —1)?b ’
%4

where c; and ¢g are two real constants.

It can be readily verified that solution Eq. (94) is valid
only for the AKNS system but not for the NLS equation, since
q # p* for any real ¢; and co.

For the AKNS system, the intensity

(2% +1)? 436122 (cg + 1)

c3(x* =312 +x)? 69

I=|[p]*+]q)* =

remains the same regardless of whether the system exhibits
normal dispersion and/or anomalous dispersion.

7.5. Irrational algebraic solitons of the AKNS/NLS system

Although rational solutions to a wide range of nonlinear
systems, including the AKNS systems, NLS equations, and
KP equations, have been extensively investigated by mathe-
matical physicists, the study of irrational solutions remains
largely untouched. It is interesting that some types of real
polynomial (and/or rational) solutions of the VPIV Eq. (82)
will lead to irrational algebraic solitons for the AKNS/NLS
systems.

For the polynomial solutions V;, (or V), V},, and V; given
in Eq. (89), the corresponding solutions of the AKNS system
can be written as

= w2
_eoVBBt (e A ) b byt )
p= 3t(x+t'/3) ) 3C0t(x+ll/3) 5
8/3 2.4/3 4.2/3 3 2
I:|p|2—|—|q|2:9t/ 42143 4 x423 4 2ex co 96)
9Ct8/3(x+t1/3)2 ’ 1+Cg’

(o b2
~ coVb[i bxA (9% —x*) + 6x318/3 — 9rb — 1215t5}e‘(" )

A=Y —&-t5/3—|—45)ct27

3tA(x* 4+ 912) 10 (3 — i x2)2

Vb[ibxA (91> — x*) — 6x318/3 + 9128 + 12157 il

2
ba
1= 3Yt )

1= 3ol AP 1+ 92) P (31 + 1)

)
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x2(912 — x*)2A% — 36231113 (33 + 4051 — x319/3) + 8172 (x4 13514)2

I=p*+|q)* = 97
ifa-t5) “i(a-t)
~ coVb(ONt'93 +12tx°M + i bxAD) e &l ~ coVb(ONt'93 + 126x°M — i bxAD) e el
B 3tDB'b(x* 4912 + 61 1x2)2b B 3tDB'b(x* + 912 — 6i1x2)2b ’
24212 2,612 2.20/3 772 3,13/3
X2A%D? 4 14425M? + 81IN?12/3N? - 216N Mt
1=|pP+lq* = , (98)

9Ct*B2D?

where ¢ and ¢ are arbitrary real constants, and the other nota-
tions are defined by A = x84 1812x* +-405¢*, B = x® +54¢%x* +
81r%, D = 1" 3x + 18 + 126x%2 — 5671*, M = x'? 4 81128 +
4131#*x* 4+ 2551515, and N = 27r* —x8 — 18¢%x*.

Figure 2 displays the intensity profiles of the irrational
algebraic solitons, where I = |p|? + |g|?, corresponding to so-
lutions Egs. (97) and (98), respectively, with the parameters
chosenas co =b=1.

Fig. 2. Intensity distributions of the irrational algebraic solitons for
I=| p\z + \q|2: (a) corresponding to solution Eq. (97) and (b) correspond-
ing to solution Eq. (98), with parameters co = b = 1.

As in the case of the rational algebraic soliton solutions
with real V, the irrational algebraic solitons listed in this sub-
section are solutions of the AKNS system for both » = 1 and
b = —1. However, they are solutions of the NLS equation only

|
forb=1.

Similar to the rational case, the intensity / = |p|> + |g|?
of the irrational algebraic solitons is the same for the AKNS
system regardless of normal or:anomalous-dispersion.

7.6. Kummer solitons of the AKNS system

In addition to the polynomial/rational solutions, there are
many other types of solutions. If we make the transformation

V:K(%n2> =K(z) =K, (99)
and fix the parameters @ and ¢ as

o= (1-2u), ¢o=2bp, (100)

the V Eq. (83) becomes an extended Kummer equation

22K, = (2z— 1)K, + (2u — 1)K —2ZH.,
(227, +(Z -2z~ 1)Z] K, —2(2u — 1)ZK = 0. (101)

Especially, taking Z = 0, the extended nonlinear Kummer
Eq. (101) becomes a special linear variant Kummer equation

22K, = (22— K. + (21 — 1)K, (102)

which possesses the general solution

3 3
V=K=z [clKM </J, X z) + Ky <.U7 5 Z)} , (103)

where the Kummer-M function Ky (i, v, z) and Kummer-
U function Ky (i, v, z) are two independent solutions of the
Kummer equation

K.+ (v —2)K. — uK =0. (104)

Taking ¢; = 0 and p = —n/2, the solutions Eq. (103) are re-
duced back to the complex variant Hermite polynomial solu-
tions Eq. (87).

By fixing some different parameters i, c¢; and ¢, in the
Kummer-soliton solutions Eq. (78) together with Egs. (79),
(82) and (103), one can find rich structures of Kummer soli-
tons for the AKNS system (but not the NLS equation). Here
we just list two more results for the fields p and ¢
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_ (I+b)icovie'™ i(1—b)coe "1E (ix* +1+VIEy) B —ex <1x2>
2(Ey + 1) 22(Eq + 1) B =P )

b—1)ieltsr  (14+b)e 'PE,(ix>+1+IE
= - s £ (105)

2¢0(Eg + /1) 2c0t2(Eg + /1) ’

(b—1)eoxy/—beller=2/C01 (1 i)deo/brb/? eile—(b=12/(20)]
- 1—b)2 . )

2 N [derf(“l)x) + 1}
2,/()
“peile—b/(21)] i =b/2 g il(b+1)x%/(21)=c1]

_ (1+b)xv/—be (1—1i)dvbt=/e (106)

260t1+b/2

where d, ¢; and ¢y are three real constants and erf(z) is the
standard error function defined by

2 [Fetdr
erf(z) = foei.
N3
Figure 3 is a plot of the intensity profiles of the special

Kummer solitons, where I = |p|* + |¢|?, corresponding to the
solution Eq. (105) with the parameters fixedas co =b=d = 1.

20 10

Fig. 3. Intensity plot of the special Kummer soliton for I = |p|? + |¢|?
corresponding to the solution Eq. (105) with parameters co =b=d = 1.

8. Summary and discussion

In this paper, we have proposed and systematically de-
veloped a novel symmetry decomposition method for solving
nonlinear evolution equations, based on the concept of group-
invariant spacetime rather than the usual natural spacetime.
Taking the Ablowitz—Kaup—Newell-Segur (AKNS) system as
a concrete and important example, we have demonstrated how
this method can be used to construct a remarkable diversity of
exact solutions, ranging from classical solitary waves to highly
nontrivial elliptic, rational, irrational, and Painlevé-type soli-
tons. The key idea is to enforce the vanishing of the symme-
try generator not in the original coordinates, but in a trans-
formed frame where the group-invariant variable becomes the

(1=i)x ’
coV/T [derf<2m) + 1]

new spatial coordinate. This procedure systematically decom-
poses the original (I'#1)-dimensional PDE into a pair of con-
sistent lower-dimensional dynamical systems: a ¢-dynamical
system and a &-dynamical system (or an 77-dynamical system
for scaling invariance). . The consistency condition between
these two._subsystems provides a powerful integrability con-
straint, ' which in turn leads to the explicit construction of the
solutions.

A central technical achievement of this work is the suc-
cessful localization of the nonlocal residual symmetries of the
AKNS system, which originate from its Painlevé property and
are intimately related to the Mobius invariance of the singular
manifold equation. By extending the original system to in-
clude the auxiliary fields f, g, and u, we have shown that these
nonlocal symmetries become local in the prolonged system.
This localization is crucial because it allows the full power
of standard Lie group theory to be applied. Consequently, the
group-invariant decomposition yields closed-form expressions
for a vast array of solutions. The general solution is expressed
in terms of a single function G(§) that satisfies a fourth-order
elliptic equation, whose general solution is given by the ra-
tio of two linear combinations of Jacobi elliptic functions, the
Weierstrass P function, or their degenerations. This result el-
egantly unifies the description of periodic cnoidal waves and
localized solitons within a single framework.

The richness of the obtained solutions is truly remarkable.
By choosing different representations for the function G, we
have constructed at least eight distinct families of elliptic soli-
ton solutions, including those expressed via JacobiSN, Jaco-
biCN, JacobiDN, JacobiSC, JacobiSD, JacobiCD, the Weier-
strass P function, and JacobiSN again (but with a different
parameterization). Some of these families, particularly those
involving the Weierstrass P function and the second JacobiSN
representation, are genuine solutions of the full AKNS system
but do not satisfy the complex conjugate reduction to the NLS
equation, thus highlighting the greater generality of the AKNS
system. For those families that do satisfy the NLS reduction,
they represent new classes of elliptic solitons propagating on
nontrivial periodic backgrounds, generalizing the well-known
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solitons on a constant background.

Beyond the elliptic realm, the spacetime scaling invari-
ant decomposition has led to the discovery of a new class
of solutions that we term Painlevé solitons. In this case, the
reduced equations are shown to be intimately connected to
the fourth Painlevé equation (PIV). By establishing a connec-
tion between the F-equation and a bilinear variant of PIV (the
VPIV equation), we have been able to generate an infinite hi-
erarchy of rational, irrational, and special function solutions.
In particular:

(i) We have introduced new classes of polynomials, such
as the complex variant Hermite polynomials, which generate
rational soliton solutions for the AKNS system. These solu-
tions are distinct from the classical rational solutions of the
NLS equation.

(i) We have constructed genuine rational and irrational
algebraic solitons that satisfy both the AKNS system and the
NLS equation (for the b = 1 case). The irrational solitons,
expressed in terms of fractional powers and algebraic combi-
nations of x and ¢, are particularly novel and have been largely
unexplored in the literature.

(iii) By connecting the VPIV equation to the Kummer
equation, we have derived solutions in terms of the Kummer
functions Kj; and Ky, leading to what we call Kummer soli-
tons. These include solutions expressed through elementary
exponentials and the error function, the latter representing a
type of diffusive soliton with a front-like structure.

The results presented in this paper open up several in-
teresting avenues for future research: First, the symmetry
decomposition method should be applicable to a wide range
of other integrable and possibly non-integrable systems. Ex-
tending this approach to higher-dimensional systems, such
as the Kadomtsev—Petviashvili (KP) equation or the Davey-
Stewartson system, is a natural next step. The deformation
conjecture, which suggests that lower-dimensional integrable
systems-can be deformed into higher-dimensional ones using
conservation laws, may provide a guiding principle for such
extensions. Second, the physical interpretation of the new so-
lutions, particularly the irrational and Kummer solitons, de-
serves further investigation. For the NLS equation, these so-
lutions - may describe novel nonlinear wave patterns in opti-
cal fibers or deep-water waves, where the background itself
is not constant but varies algebraically or in a way governed
by Painlevé transcendents. The error-function soliton, for in-
stance, might be relevant to the description of dispersive shock
waves or the merging of solitons with a diffusive background.
Third, the connection between the group-invariant decompo-
sition and the IST on non-constant backgrounds is a deep the-
oretical question. The elliptic solutions presented here likely
correspond to finite-gap potentials, and it would be interesting
to clarify their spectral characterization. Finally, the discovery

that the intensity I = |p|* + |g|> for many of the rational and
irrational solutions is identical for both the normal (b = 1) and
anomalous (b = —1) dispersion regimes of the AKNS system
suggests the existence of a hidden symmetry or an underlying
reality condition that transcends the specific dispersion sign.
This observation merits further analytical exploration.

In conclusion, the group-invariant spacetime decomposi-
tion method provides a powerful, systematic, and unified ap-
proach for constructing exact solutions to nonlinear PDEs. Its
application to the AKNS system has yielded a treasure trove
of new solutions, including elliptic, rationaly-irrational, and
Painlevé solitons, thereby significantly enriching our under-
standing of this fundamental integrable system and opening
new perspectives for the study of nonlinear wave phenomena.
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