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Coherence resonance (CR) in noise-induced subthreshold neural firings has been extensively studied, and it is well
established that neural firing exhibits diverse patterns across multiple timescales. In this study, we partition the neural firings
of the Hindmarsh—Rose (HR) neuron model into two distinct timescales — small and large — to investigate coherence
resonance at each timescale individually, as well as across the mixed timescales as a whole. Our results show that CR at
the smaller timescale emerges primarily when noise-induced firings occur simultaneously at both timescales, whereas CR
at the larger and mixed timescales tends to persist over a broader range of parameters. For nonlinear systems possessing
multiple markedly disparate timescales, it is methodologically justified to examine their coherence properties separately.
These findings provide broader insights into investigating coherence in other nonlinear systems characterized by multiscale

dynamics.
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1. Introduction

Stochastic resonance (SR) is a well-documented phe-
nomenon observed across a broad range of noisy nonlinear
systems, including biological,!*! chemical,>*! and ecologi-
cal systems,>! which means that intermediate levels of noise
correspond to optimal coherence in a system with input of

7121 This mechanism facilitates effi-

weak external signals.!
cient signal transmission and processing in various physical
and biological contexts./3-16] Notably, even in the absence of
external signals, noise can induce subthreshold periodic be-
havior, and moderate noise intensity enables the system to
achieve optimal coherence — a phenomenon known as coher-
ence resonance (CR).!'7-2 For example, during the release of
calcium ions (Ca®>*) by a single cluster of 1,4,5-trisphosphate
(IP3) receptors, the periodicity of stochastic calcium signals
reaches its maximum when the number of receptors within
the cluster is optimal, thereby enabling effective information
transmission even under low IP; concentrations.?!! In ther-
moacoustic systems, CR can serve as a signal for the emer-
gence of thermoacoustic instability, allowing researchers to
take measures in advance, thus avoiding the effects of insta-
bility and prolonging the life of the equipment.??!

Research on CR in neural systems contributes to a deeper
understanding of the pathological mechanisms underlying
neurological disorders, thereby providing an evidence-based
foundation for their prevention and treatment.”>>41 Conse-
quently, CR in neural systems has been extensively investi-
gated across a variety of neural models.[!®2-3 For instance,
the Hodgkin—Huxley (HH) model is a classical spiking neu-
ron model based on the nonlinear conductance of ion chan-
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nels, which accurately describes action potential firing in real
neurons.?>31-351 The FitzHugh-Nagumo (FHN) model is a
simplified version of the HH model and is primarily used to
study neural oscillations driven purely by noise.[?®371 The
Izhikevich model is an efficient model designed for large-
scale neural network simulations. ) Compared with the FHN
model, it offers greater biological plausibility while remaining
computationally simpler than the HH model. 381

It is quite common in nonlinear systems for multiple,
distinctly different dynamical behaviors to coexist within
the same system. Prominent examples include cluster
synchronization!*?! and chimera states*!! in neural networks,
as well as multi-mode oscillations in complex dynamical sys-
tems. Despite this prevalence, these coexisting phenomena are
rarely analyzed as separate entities within a single system; in-
stead, they are often treated as a unified or averaged collective
behavior. Recently, Yang et al.[*?) proposed an extended mas-
ter stability function framework to investigate alternating syn-
chronization modes in networked oscillator systems, explicitly
treating two distinct synchronous manifolds independently in-
stead of merging or averaging them. Recent studies based on
three-dimensional (3D) simplified HH neuron models at mul-
tiple timescales have found that white noise can induce differ-
ent types of firing patterns near subcritical Hopf bifurcations,
which has led to the discovery of double stochastic resonances
(DCRs), in which the two optimal levels of noise lead to two
optimal values of coherence. [} In the above study, there were
two distinct timescales of neural oscillations, and the coher-
ence parameter for the two timescales was not calculated sep-
arately. Many experiments have found that neural oscillations
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have more complex multi-periodic patterns, such as the burst
firing simulated by the Hindmarsh—Rose (HR) model.[*+#3] In
these multi-periodic patterns, more complex CR phenomena
may be entailed. In addition, the coherence is measured by cal-
culating the standard deviation of inter-spike intervals (ISIs) in
Ref. [43]. However, it is evident that within mixed-mode neu-
ral oscillations, there exist at least two distinct timescales of
ISIs. The coherence measure is significantly affected by the
disparity between the two timescales, thereby drastically di-
minishing its effectiveness in characterizing the regularity of
oscillations. A more appropriate methodology is to compute
the standard deviations separately for each distinct timescale.

In this letter, we investigate the CR phenomenon using the
HR neuron model, which exhibits richer and more complex
oscillatory dynamics compared to simpler neuronal models.
The ISIs can be approximately partitioned into two distinct
timescales, and the standard deviations of ISIs are then com-
puted separately for each timescale to quantify the regularity
of spiking activity and to identify the presence of CR at each
timescale independently. This multiscale analysis provides a
more precise characterization of ISI variability across different
dynamical regimes, thereby offering deeper insight into the in-
tricate dynamical behaviors underlying noise-induced neural
firing in systems with multiple intrinsic timescales.

2. Model and simulation

Various neural firing patterns have been observed across
different types of neuron cells. The HR model has been one of
the most commonly used models to study the nonlinear dy-

[44.46.47] The HR neuron model contains

namics of neurons.
three variables: the membrane potential x, the recovery cur-
rent y, and the slow adaptation current z. It is composed of

three nonlinear ordinary differential equations, which are as

follows: 48]
dx 3 5
@ = y—ax” +bx" — 72+ lext,
% = c—dx*—y,
dz
i rls(x—xo) — 2] + DE (1). (1)

The parameter values for the HR model are adopted from
Ref. [48] and are as follows: a =1,b=3,c=1,d =5.0,s =
4,xo = —1.6. Additionally, the values of the parameters r and
Iext Will be varied according to the specific context of the in-
vestigation. Moreover, the additive noise term D& (¢) is added
to the right-hand side of the third equation in Eq. (1) to induce
subthreshold neural firing. Here, D denotes the noise inten-
sity, and the statistical properties of the Gaussian white noise
are given by

(E(1) =0, (6(N&(r)) =8(t—1"), 2)

where 0 (-) denotes the Dirac delta function. We use a forward
Euler integration scheme with a time step of 10~2 time unit.
This step size has been verified to ensure numerical conver-
gence throughout the entire parameter regime explored in this
study. The numerical algorithm presented by Sancho et al.[*"!
will be used to simulate the noise term. In all simulations, the
initial 2000 time units of the trajectory are discarded to elimi-
nate transient effects.

(2)
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Fig. 1. Typical firing patterns of the HR neural model in the absence
of noise (D = 0.0). (a) r =0.001, Iexc = 2.0, (b) r = 0.005, Iex; = 2.0,
(©) r = 0.005, Iy = 3.2, (d) r = 0.01, foy, = 2.0.

As illustrated in Fig. 1, the HR model is capable of gen-
erating diverse neural firing dynamics, including simple peri-
odic, multi-periodic, and even chaotic oscillations depending
on the choice of parameter sets. The inter-spike interval (ISI)
is defined as the time elapsed between two consecutive action
potentials in a neuronal membrane potential trace.?%*3! The
statistical distribution and temporal structure of ISI sequences
are instrumental in characterizing neuronal activity patterns.
The coefficient of variation of the ISIs is commonly employed
to measure the coherence of neuronal firing and is defined as

(T7) = (T;)?

= HE @
Here, T; denotes the i-th ISI extracted from the membrane po-
tential time series of a single neuron. Throughout this pa-
per, the coherence measure R is computed over 10® time units
or 4.5 x 10* ISIs. In the low-noise regime, ISIs, particularly
small-timescale ISIs, become exceedingly rare. To ensure sta-
tistical robustness, the simulation duration is extended until at
least 2000 small-timescale ISIs are collected. Owing to the
sufficiently long integration times — which yield a large sam-
ple size of ISIs — time averaging is employed as a reliable
surrogate for ensemble averaging. Consequently, multiple in-
dependent realizations under identical parameter settings are
not performed. Obviously, a smaller value of R corresponds to
higher coherence of the system.
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As characterized by the two-parameter (r and ) bifur-
cation diagram in Fig. 3 of Ref. [48], the HR model exhibits
rich modes of dynamical behavior. For example, the bifur-
cation diagram of ISI versus I for three given values of r
(r =10.001, 0.006, and 0.01) is presented in Fig. 2. These bi-
furcation diagrams are obtained numerically by recording ISIs
over a duration of 2 x 10* time units. There exists a critical
value of the bifurcation parameter such that when I is be-
low this critical value, the neuron remains in a resting state,
and only when it exceeds this critical value can the neuron
exhibit firing activity. The critical values corresponding to
Figs. 2(a)-2(c) are It = 1.27, 1.36, and 1.43, respectively.
Numerical results reveal that, as I is varied, the system
undergoes complex transitions among single-periodic, multi-
periodic, and even chaotic spikes. As illustrated in Figs. 1
and 2, although the HR neuron can exhibit more than two
intrinsic timescales in its firing pattern, these timescales can
be clearly segregated into two distinct groups that differ sub-
stantially from each other. Accordingly, the ISIs are divided
into two distinct categories: short-timescale ISIs (sISIs) and

long-timescale ISIs (/ISIs). The timescale of ISIs exhibits a
strong dependence on the parameter r. As r increases, the
gap between the sISIs and /ISIs narrows significantly, making
it highly challenging to select an appropriate critical value to
separate them — often requiring reliance on empirical insights
from numerical simulations. In this paper, we primarily focus
on the parameter range r < 0.01. Within this range, any critical
value greater than 60 can effectively and clearly separate the
two timescales. Based on practical experience from numeri-
cal simulations, we specifically choose three critical values —
60, 80, and 100 — to segregate the timescales. It is expected
that for » > 0.01, the distinction between the two timescales
becomes even smaller, making their separation considerably
more difficult.

Moreover, it should be emphasized that the aforemen-
tioned I« values correspond to the critical value at which the
system transitions from a resting state to the onset of /ISIs. We
further observe that, as r increases, a higher critical value of
Iext 1s required for the simultaneous emergence of both sISIs
and /ISIs.

600 T _ ]
] (a) 200 (b) 200 (C)

480 H .

E 160 - \; 160 —

= 3607 120 - 120 -

240 0 30 |- 30 4

120 40 | 404
- 70—V o= 0————"—"T—"T T
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Fig. 2. Bifurcation diagrams of the HR neural model in the absence of noise (D = 0), showing the ISI as a function of . (a) r = 0.001,

(b) r=10.006, (c) r =0.01.

3. Results and discussion
3.1. Noise-induced subthreshold firing patterns

CR is a well-documented phenomenon in noise-induced
subthreshold oscillatory dynamics. As shown in Fig. 2(a), the
HR neuron remains in a resting state for bifurcation parame-
ter I.xy < 1.27. Therefore, the bifurcation parameter .. is set
to 1.259, and different levels of noise are applied to induce
subthreshold neural firing (see Fig. 3). In Fig. 3(a), the weak
noise of 7 x 1078 is insufficient to induce any neural activity.
As shown in Figs. 3(b)-3(d), noise can induce mixed-mode
neural firing comprising both /ISIs and sISIs. Notably, both
the firing rate and temporal structure of the neural activity ex-
hibit a pronounced dependence on noise intensity D. In light
of the bifurcation diagram in Fig. 2(a), this indicates that dif-
ferent noise levels effectively drive the HR neuron into distinct
dynamical regimes.

To clearly illustrate the distinct timescales present in the
ISIs, Fig. 4 displays the corresponding probability density
functions of the ISIs shown in Fig. 3. At relatively low noise
levels, a multimodal distribution in the plot reveals multiple
ISI timescales. As the noise intensity D increases, the peaks
corresponding to larger timescales gradually merge. Neverthe-
less, two distinct peaks associated with sISIs and /ISIs remain
clearly discernible, provided the noise is not excessively high.
In contrast to the bimodal distribution reported in Ref. [43], the
bimodal peaks observed in this paper are more pronounced, in-
dicating a greater divergence between the two timescales and
underscoring the necessity of performing separate statistical

analyses of the ISIs at distinct timescales.
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Fig. 3. Noise-induced firing patterns of the HR neural model for lox; =

1.259 and r = 0.001 at different noise intensities: (a) D =7 x 1078,
(b)D=23x10"7,(c) D=1x 107>, (d) D = 0.002.

10"k (@] L (b)
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o] © @
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Fig. 4. Probability density of noise-induced ISIs as a function of interval
length for Ixy = 1.259 and r = 0.001 at different noise intensities: (a)
D=23x10"7,(b)D=2x1073,(c)D=1x1073,(d) D=1x 102

3.2. Coherence resonance in distinct timescales

To investigate the phenomenon of CR, we compute the
coherence measure R across a range of noise intensities. As
illustrated in Fig. 4, the ISIs are clearly bimodal and can be
unambiguously partitioned into two distinct groups: sISIs and
[ISIs. A critical value of 100 is adopted to separate sISIs and
[ISIs. Numerical simulations for » = 0.001 indicate that criti-
cal values in the range of 80 to 150 appear to yield consistent
results, confirming the robustness of the separation. The co-
herence measure R is calculated separately for sISIs and /ISIs,
and also for the mixed-timescale ISIs as a whole. Figure 5
shows that valley values exist for both sISIs and /ISIs, as well

as for all ISIs with mixed timescales. This indicates that CR
occurs simultaneously at two distinct timescales.

As shown in Fig. 5, the noise intensities corresponding
to optimal coherence are 2.3 x 1077 for sISIs and 4 x 107>
for /ISIs, differing by nearly two orders of magnitude. This
indicates that CR on the small timescale occurs at an excep-
tionally low noise intensity. In Ref. [43], the coherence mea-
sure is significantly distorted by the disparity between two dis-
tinct timescales, rendering it incapable of uniquely and quan-
titatively characterizing oscillation regularity. Consequently,
the reported DCR differs substantially from CR in the con-
ventional sense. In contrast, the CR observed in our work —
when analyzed separately on each individual timescale — gen-
uinely reflects traditional coherence resonance, as it faithfully
captures the regularity of oscillations within each intrinsic dy-
namical regime.

Notably, Fig. 5(a) reveals a stage-like variation in coher-
ence as a function of noise intensity. This behavior may be
qualitatively attributed to the bifurcation structure shown in
Fig. 2. Specifically, the sISIs branch in Fig. 2(a) exhibits mul-
tiple periodic sub-branches as the bifurcation parameter lox
varies. Different noise intensities effectively shift the system’s
effective operating point across these sub-branches, thereby
modulating the regularity of spiking in a piecewise manner.
While this interpretation is consistent with the observed dy-
namics, more direct and quantitative evidence is required to
fully substantiate this mechanism in future work.

To assess the robustness of CR across two distinct
timescales, we conducted numerical simulations by varying
the bifurcation parameter r. We find that, once r exceeds a
certain value, the coherence measure R for sISIs no longer
exhibits a minimum; instead, it displays a monotonic, yet
stage-like increase with rising noise intensity. As illustrated
in Fig. 6(a) for r = 0.006, the absence of a valley in R for sISIs
clearly indicates the loss of CR. In contrast, the presence of
valleys in Figs. 6(b) and 6(c) confirms that CR remains clearly
observable for the /ISIs and mixed ISIs. It should be noted
that at » = 0.006, the distinction between the two timescales is
already significantly reduced. Numerical simulations suggest
that, in this case, a critical value of 80 appears to be a suitable
choice for separating the small and large timescales.

As illustrated in Fig. 7, when the noise intensity is 1077,
the weak noise is insufficient to elicit sISIs. sISIs begin to
emerge only when the noise intensity increases to 1074, and
their occurrence frequency grows with further increases in D.
Notably, CR on the small timescale occurs under extremely
low noise conditions (D ~ 10~7). However, when the bifurca-
tion parameter r is set to 0.006, such weak noise is inadequate
to induce sISIs, thereby preventing the observation of optimal
coherence on the small timescale.
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Fig. 5. Coherence measure R as a function of noise intensity D for I = 1.259 and r = 0.001. A critical value of 100 time units is applied to
separate sISIs and /ISIs. (a) R computed from sISIs, (b) R computed from /ISIs, (c) R computed from the full ISI sequence.
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To understand why weak noise fails to elicit small-
timescale spikes, we revisit the bifurcation diagram in Fig. 2.
For r = 0.001, both /ISIs and sISIs emerge simultaneously as
Iex crosses the bifurcation value of 1.27. However, when r
is increased to 0.006, crossing the first bifurcation value at
Iext = 1.36 yields only /ISIs. The sISIs appear only after Iox
exceeds a second, higher bifurcation value at Ixy = 1.62. The
bifurcation points for sISIs and /ISIs, and the difference be-

tween the two bifurcation points, are plotted as a function of
r in Fig. 8. For r < 0.003, the difference between the bifur-
cation points of sISIs and /ISIs is zero, indicating the simul-
taneous emergence of both sISIs and /ISIs once noise triggers
subthreshold firing. However, for » > 0.003, weak noise is
sufficient to drive the neuron across the large-timescale bifur-
cation point, leading to /ISIs, but remains inadequate to cross
the small-timescale bifurcation point to generate sISIs.

45

7 —®— Bifurcation point for [ISIs
4.0 H —®— Bifurcation point for sISIs
Erro between two bifurcation points

3.5 4

3.0+

2.5

2.0 1

1.5

Bifurcation value of I

—=
10" 10°
.

10°

Fig. 8. The bifurcation values of I for the onset of sISIs and /ISIs as
functions of the parameter r. The difference between the two bifurcation
values is also shown.
Extensive numerical simulations were conducted within
the parameter regime r < 0.01, with I set close to the bi-
furcation points and the noise intensity systematically varied
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from 107 to 1. The results suggest that CR in sISIs occurs
primarily when noise-induced sISIs and /ISIs emerge simul-
taneously. As r increases, however, the generation of sISIs
tends to require higher noise intensities, which may lead to the
suppression or absence of CR in this regime. In contrast, CR
in the /ISIs and mixed ISIs appears to persist more robustly
across the parameter range examined.

4. Conclusion

In summary, we investigate the phenomenon of CR in the
HR neural model, which is well known to exhibit mixed—mode
oscillations. By partitioning the noise-induced subthreshold
neural firing into two distinct timescales: sISIs and /ISIs, we
analyze CR phenomena separately at each timescale. Our re-
sults demonstrate that CR at the smaller timescale is highly
sensitive to the neural bifurcation behavior and vanishes when
the bifurcation values for sISIs and /ISIs diverge. In contrast,
CR appears to persist more robustly at the larger and mixed

timescales. Given that mixed-mode oscillations are ubiqui-

[50-53]

tous in a wide range of nonlinear systems, our multi-

scale approach to dissecting coherence resonance offers not
only deeper insight into neural dynamics but also a general
framework applicable to the study of noise-induced subthresh-
old oscillations in multiscale nonlinear systems.
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