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Ocean wave dynamics has emerged as a research focus in Chin. Phys. B. This study investigates the (3 + 1)-
dimensional Hirota–Wazwaz–El Sherif–El Tantawy bilinear equation, a mathematical framework for modeling certain
nonlinear wave phenomena in oceans and seas. We combine the equivalent form to that equation, the non-characteristic
movable singular manifold, and symbolic computation to deal with the equation. Our findings include an auto-Bäcklund
transformation, four families of solitonic solutions, and two families of rational solutions for the equation. All our results
hinge on the coefficients in the equation, under the constraints that these coefficients are respectively non-zero. Various
choices of these coefficients might aid in exploring certain nonlinear wave phenomena in oceans and seas through our
auto-Bäcklund transformation, solitons, and rational solutions.
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1. Introduction
Ocean wave dynamics/physics has emerged as a re-

search focus in Chin. Phys. B[1–3] and other leading jour-
nals, with recent relevant contributions including certain
boundary effects on the modal shape in a deep ocean via
non-integer-order parabolic cylinder functions,[1] topographic
oceanic Rossby solitary waves via physics-informed neural
networks,[2] tubular actuators constructed with dielectric elas-
tomer materials for ocean exploration,[3] triad resonance for
internal waves via rogue waves and breathers, aiming at en-
ergy transfer processes in the oceans,[4] performance assess-
ment for ocean engineering applications via boundary ele-
ment methods,[5] an open-source solver for deterministic non-
linear ocean wave propagation,[6] the impact of ocean cur-
rents on surface waves generated by tropical cyclones,[7] as
well as similarity reductions and Bäcklund transformation for
a (2+ 1)-dimensional generalized variable-coefficient Date–
Jimbo–Kashiwara–Miwa equation with marine-engineering
and ocean-dynamics applications.[8]

To begin our story, Ref. [9] has confirmed the Lax in-
tegrability and presented certain superpositions of solitons,
breathers, and lump waves for a non-Painlevé-integrable ex-
tension of the Boiti–Leon–Manna–Pempinelli equation, which

is

𝒰 xyt +α1
[
𝒰xxxxy +3(𝒰x𝒰y)xx

]
+α2𝒰xyy

+α3𝒰xxy +α4𝒰xxz = 0, (1)

where the subscripts denote the partial derivatives, 𝒰(x,y,z, t)
is a real differentiable function of the scaled spatial variables
x, y, z, and temporal variable t, while α1 . . .α4 are all real con-
stants satisfying[10]

α1 ̸= 0, α2 ̸= 0, α3 ̸= 0, and α4 ̸= 0. (2)

A potential-function relation, i.e.,

𝒰x(x,y,z, t) =ϒ (x,y,z, t),

has helped people link Eq. (1) with Eq. (3) as follows.[10]

Originally proposed in Ref. [10] and “applied to delve
into the study of nonlinear wave phenomena in oceans and
seas”,[11] the (3+1)-dimensional Hirota–Wazwaz–El Sherif–
El Tantawy bilinear equation, i.e.,

ϒyt +α1

(
ϒxxxy +6ϒyϒx +3ϒϒxy +3ϒxx

∫
ϒy dx

)
+α2ϒyy +α3ϒxy +α4ϒxz = 0, (3)

will be the subject that the present study seeks to explore.
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Reference [11] has discussed how Eq. (3) can model cer-
tain nonlinear wave phenomena in oceans, and presented cer-
tain lump-multi-stripe, lump-multi-soliton, and interaction so-
lutions for Eq. (3). Reference [10] has shown that Eq. (3)
does not satisfy the Painlevé integrability test, but that the in-
tegrability characteristics of Eq. (3) can be justified in the Lax
sense, and presented certain multi-soliton, lump, and rational
solutions for Eq. (3).

By the way, all different from Eq. (3), there have existed
some other equations named the “(3+ 1)-dimensional Hirota
bilinear equation”s, as seen in Refs. [12–21] and references
therein. More relevant nonlinear contributions can also be
seen, e.g., in Refs. [22–55].

To our knowledge, there has been no Bäcklund-
transformation work on Eq. (3) as yet. In Section 2 of this
paper, we will present an equivalent form to Eq. (3). In Sec-
tion 3, combining the equivalent form, singular manifold, and
symbolic computation,[56–59] we will obtain an auto-Bäcklund
transformation for Eq. (3). In Section 4, we will construct four
families of solitons and two families of rational solutions for
Eq. (3). Section 5 will present our conclusions.

2. Equivalent form to Eq. (3)
With the introduction of

Γ (x,y,z, t) =
∫

ϒy(x,y,z, t)dx, (4)

Eq. (3) can be equivalently rewritten as

ϒyt +α1 (ϒxxxy +6ϒyϒx +3ϒϒxy +3ϒxxΓ )

+α2ϒyy +α3ϒxy +α4ϒxz = 0, (5a)

Γx =ϒy. (5b)

3. Auto-Bäcklund transformation for Eq. (3)

Through the application of symbolic computation, we uti-
lize the Painlevé expansion, which is a form of the gener-
alized Laurent series centered on a non-characteristic mov-
able singular manifold characterized by the analytic function
λ (x,y,z, t) = 0,[8,60] whereby

ϒ (x,y,z, t) = λ
−Ω (x,y,z, t)

∞

∑
ω=0

ϒω(x,y,z, t)λ ω(x,y,z, t), (6a)

Γ (x,y,z, t) = λ
−Ξ (x,y,z, t)

∞

∑
ξ=0

Γξ (x,y,z, t)λ
ξ (x,y,z, t), (6b)

with ϒω(x,y,z, t)’s and Γξ (x,y,z, t)’s as the analytic functions
of x, y, z, and t, Ω and Ξ as the positive integers, ϒ0(x,y,z, t) ̸=
0, Γ0(x,y,z, t) ̸= 0, λx(x,y,z, t) ̸= 0 and λy(x,y,z, t) ̸= 0.

Matching the exponents of λ (x,y,z, t) at the lowest orders
results in Ω = Ξ = 2.

The truncated Painlevé expansion, denoted by

ϒ (x,y,z, t) =
ϒ0(x,y,z, t)
λ (x,y,z, t)2 +

ϒ1(x,y,z, t)
λ (x,y,z, t)

+ϒ2(x,y,z, t), (7a)

Γ (x,y,z, t) =
Γ0(x,y,z, t)
λ (x,y,z, t)2 +

Γ1(x,y,z, t)
λ (x,y,z, t)

+Γ2(x,y,z, t), (7b)

may consequently be substituted into Eq. (5), where the coeffi-
cients corresponding to the identical powers of λ (x,y,z, t) are
set to zero, respectively. As a result, the Painlevé–Bäcklund
equations can be obtained symbolically as follows:

(λ−6,λ−3) : Γ0 =−2λyλx, (8)

ϒ0 =−2λ
2
x , (9)

(λ−5,λ−2) : Γ1 = 2λxy, (10)

ϒ1 = 2λxx, (11)

(λ−4, − ) : 3α1λxλyϒ2 +3α1λ
2
x Γ2 +α1λxxxλy −3α1λxyλxx +3α1λxλxxy +α2λ

2
y +α3λxλy +α4λzλx +λtλy = 0, (12)

(λ−3, − ) : 6α1λ
3
x ϒ2,y +6α1λyλ

2
x ϒ2,x +9α1λxyλ

2
x ϒ2 +9α1λyλxxλxϒ2 +18α1λxxλ

2
x Γ2 +7α1λxxxyλ

2
x +3α1λxxλxxyλx

−4α1λxyλxxxλx +2α1λyλxxxxλx −3α1λxyλ
2
xx +α1λyλxxλxxx +α2λyyλ

2
x +4α2λyλxyλx +α2λ

2
y λxx

+3α3λxyλ
2
x +3α3λyλxxλx +3α4λxzλ

2
x +3α4λzλxxλx +λytλ

2
x +2λyλxtλx +2λtλxyλx +λtλyλxx = 0, (13)

(λ−2, − ) : 3α1λ
2
x ϒ2,xy +12α1λxyλxϒ2,x +18α1λxxλxϒ2,y +3α1λyλxϒ2,xx +6α1λyλxxϒ2,x +9α1λxxyλxϒ2 +9α1λxyλxxϒ2

+3α1λyλxxxϒ2 +12α1λxxxλxΓ2 +9α1λ
2
xxΓ2 +5α1λxxxxyλx −2α1λxxyλxxx +4α1λxxλxxxy −α1λxyλxxxx

+α1λyλxxxxx +2α2λxyyλx +2α2λ
2
xy +α2λyyλxx +2α2λyλxxy +3α3λxxyλx +3α3λxyλxx +α3λyλxxx

+3α4λxxzλx +3α4λxzλxx +α4λzλxxx +2λxytλx +2λxtλxy +λytλxx +λyλxxt +λtλxxy = 0, (14)

(λ−1, − ) : 3α1λxxϒ2,xy +3α1λxyϒ2,xx +6α1λxxyϒ2,x +6α1λxxxϒ2,y +3α1λxxxyϒ2 +3α1λxxxxΓ2 +α1λxxxxxy

+α2λxxyy +α3λxxxy +α4λxxxz +λxxyt = 0, (15)

( − ,λ−1) : (satisfied automatically)
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(λ 0,λ 0) : ϒ2,yt +α1 (ϒ2,xxxy +6ϒ2,yϒ2,x +3ϒ2ϒ2,xy +3ϒ2,xxΓ2)+α2ϒ2,yy +α3ϒ2,xy +α4ϒ2,xz = 0, (16)

Γ2,x =ϒ2,y. (17)

For Eq. (3) (or equivalently, for Eq. (5)), Eqs. (7)–(17),
taken collectively, constitute an auto-Bäcklund transforma-
tion, with ϒ2(x,y,z, t) and Γ2(x,y,z, t) serving as the seed
solutions.[8,60] This assertion hinges on the fact that Eqs. (7)–
(17) are interconnected in a self-consistent manner in the sense
that they can be explicitly solved to determine the functions
λ (x,y,z, t), ϒ0(x,y,z, t), Γ0(x,y,z, t), ϒ1(x,y,z, t), Γ1(x,y,z, t),
ϒ2(x,y,z, t) and Γ2(x,y,z, t), as elaborated subsequently.

Auto-Bäcklund transformation Eqs. (7)–(17), involving
the variables ϒ (x,y,z, t) and Γ (x,y,z, t), hinges on the coef-
ficients α1 . . .α4, under coefficient constraints Eq. (2).

Various choices of α1 . . .α4 might aid in exploring certain
oceanic nonlinear wave phenomena through auto-Bäcklund
transformation Eqs. (7)–(17).

4. Families of the solitonic and rational solutions
for Eq. (3)
To launch the investigation, we will conduct symbolic

computation on a number of solitonic instances with explicit
solvability, under the assumptions that

λ (x,y,z, t) = ea1(z,t)x+a2(z,t)y+a3(z,t)+1, (18)

ϒ2(x,y,z, t) = b1(z, t)x+b2(z, t)y+b3(z, t), (19)

Γ2(x,y,z, t) = d1(z, t)x+d2(z, t)y+d3(z, t), (20)

where a1(z, t), a2(z, t), a3(z, t), b1(z, t), b2(z, t), b3(z, t),
d1(z, t), d2(z, t), and d3(z, t) are real differentiable functions
of z and t, with a1(z, t) ̸= 0 and a2(z, t) ̸= 0 since λx ̸= 0 and
λy ̸= 0.

Inserting Assumptions Eqs. (18)–(20) into auto-Bäcklund
transformation Eqs. (7)–(17) and carrying out symbolic com-
putation, we obtain

( − ,λ 0) : b2(z, t) = d1(z, t), (21)

(λ−4x1, − ) : b1(z, t) =−
α4a1,z(z, t)
3α1a2(z, t)

−
a1,t(z, t)

3α1a1(z, t)

−a1(z, t)d1(z, t)
a2(z, t)

, (22)

(λ−4y1, − ) : d1(z, t) =−
a2,t(z, t)

3α1a1(z, t)
− a1(z, t)d2(z, t)

a2(z, t)

−
α4a2,z(z, t)
3α1a2(z, t)

, (23)

(λ−4, − ) : d3(z, t) =−
a2(z, t)a3,t(z, t)

3α1a1(z, t)2 − α2a2(z, t)2

3α1a1(z, t)2

− α3a2(z, t)
3α1a1(z, t)

− a2(z, t)b3(z, t)
a1(z, t)

−a1(z, t)a2(z, t)
3

−
α4a3,z(z, t)
3α1a1(z, t)

, (24)

(λ−3, − ) : a2(z, t) = a4 −α4

∫
a1,z(z, t)dt ̸= 0, (25)

(λ 0, − ) : d2(z, t) = 0 (assumed), (26)

a1(z, t) = a5(t) = real non-zero

differentiable function of t, (27)

based on which a4 turns out to be a real non-zero constant.
We now assemble the first family of solitonic solutions

for Eq. (3) (or equivalently, for Eq. (5)), i.e.,

ϒ
(I)(x,y,z, t) = −a5(t)2

2
tanh2

[
a5(t)x+a4y+a3(z, t)

2

]
−

a′5(t)x
3α1a5(t)

+b3(z, t)+
a5(t)2

2
, (28a)

Γ
(I)(x,y,z, t) = −a4a5(t)

2
tanh2

[
a5(t)x+a4y+a3(z, t)

2

]
−

a4a3,t(z, t)
3α1a5(t)2 −

α4a3,z(z, t)
3α1a5(t)

− a4b3(z, t)
a5(t)

− a2
4α2

3α1a5(t)2 − a4α3

3α1a5(t)
+

a4a5(t)
6

, (28b)

where the “′” sign represents differentiation with respect to t.
Again, symbolically and explicitly, for solitonic solutions

under the assumptions that*

λ (x,y,z, t) = e f1(t)x+ f2(t)y+ f3(t)z+ f4(t)+1, (29)

ϒ2(x,y,z, t) = g1(t)x+g2(t)y+g3(t)z+g4(t), (30)

Γ2(x,y,z, t) = h1(t)x+h2(t)y+h3(t)z+h4(t), (31)

where f1(t), f2(t), f3(t), f4(t), g1(t), g2(t), g3(t), g4(t), h1(t),
h2(t), h3(t), and h4(t) are real differentiable functions of t,
with f1(t) ̸= 0 and f2(t) ̸= 0 since λx ̸= 0 and λy ̸= 0, we can
substitute them into auto-Bäcklund transformation Eqs. (7)–
(17) and obtain

( − ,λ 0) : g2(t) = h1(t), (32)

(λ−4x1, − ) : g1(t) =− f ′1(t)
3α1 f1(t)

− f1(t)h1(t)
f2(t)

, (33)

(λ−4y1, − ) : h1(t) =− f ′2(t)
3α1 f1(t)

− f1(t)h2(t)
f2(t)

, (34)

(λ−4z1, − ) : h3(t) =−
f2(t) f ′3(t)
3α1 f1(t)2 − f2(t)g3(t)

f1(t)
, (35)

(λ−4, − ) : h4(t) =− α2 f2(t)2

3α1 f1(t)2 − α3 f2(t)
3α1 f1(t)

*The set of Assumptions Eqs. (29)–(31) can be considered as a special case of Assumptions Eqs. (18)–(20), but we hereby prefer to take one more look at
Assumptions Eqs. (29)–(31).
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− α4 f3(t)
3α1 f1(t)

− f2(t) f ′4(t)
3α1 f1(t)2

− f2(t)g4(t)
f1(t)

− f1(t) f2(t)
3

, (36)

(λ−3, − ) : f2(t) = f5 = real non-zero constant, (37)

(λ 0, − ) : h2(t) = h5 = real non-zero constant, (38)

f1(t) =± f5√
2
(
− f 2

5 f6 −6α1h5t
) , (39)

where f6 is another real constant, and
√
− f 2

5 f6 −6α1h5t ̸= 0.
Due to the “±” sign, we now assemble the second and third
families of solitonic solutions for Eq. (3) (or equivalently, for
Eq. (5)), i.e.,

ϒ
(II)&(III)(x,y,z, t) =

f 2
5

4
(

f 2
5 f6 +6α1h5t

) tanh2

±
f5x√

2(− f 2
5 f6−6α1h5t)

+ f5y+ f3(t)z+ f4(t)

2


+

h5x
2
(

f 2
5 f6 +6α1h5t

) ∓ h5y√
2
(
− f 2

5 f6 −6α1h5t
) +g3(t)z+

f 2
5

4
(
− f 2

5 f6 −6α1h5t
) +g4(t), (40a)

Γ
(II)&(III)(x,y,z, t) = ∓

f 2
5√

8
(
− f 2

5 f6 −6α1h5t
) tanh2

±
f5x√

2(− f 2
5 f6−6α1h5t)

+ f5y+ f3(t)z+ f4(t)

2


∓ h5x√

2
(
− f 2

5 f6 −6α1h5t
) +h5y±

√
2 f 2

5 f6g3(t)z√
− f 2

5 f6 −6α1h5t
+

4h5t f ′3(t)z
f5

± 6
√

2α1h5tg3(t)z√
− f 2

5 f6 −6α1h5t

+
2 f5 f6 f ′3(t)z

3α1
∓

α3

√
2
(
− f 2

5 f6 −6α1h5t
)

3α1
∓

α4 f3(t)
√

2
(
− f 2

5 f6 −6α1h5t
)

3α1 f5

∓g4(t)
√

2
(
− f 2

5 f6 −6α1h5t
)
±

f 2
5

6
√

2
(
− f 2

5 f6 −6α1h5t
) + 2 f5 f6 f ′4(t)

3α1

+4α2h5t +
4h5t f ′4(t)

f5
+

2α2 f 2
5 f6

3α1
. (40b)

Similarly, solitonically, symbolically and explicitly, un-
der the assumptions that

λ (x,y,z, t) = em1x2+m2x+m3y+m4z+m5(t)+1, (41)

ϒ2(x,y,z, t) = n1x2 +n2x+n3y+n4z+n5(t), (42)

Γ2(x,y,z, t) = s1x2 + s2x+ s3y+ s4z+ s5(t), (43)

where m1, m2, m3, m4, n1, n2, n3, n4, s1, s2, s3, and s4 are
real constants, m5(t), n5(t), and s5(t) are real differentiable
functions of t, with m3 ̸= 0 since λy ̸= 0, we can go through
auto-Bäcklund transformation Eqs. (7)–(17) and obtain

( − ,λ 0x1) : s1 = 0, (44)

( − ,λ 0) : s2 = n3, (45)

(λ 0x1, − ) : n1 ̸= 0 but n3 = 0, (46)

(λ 0y1, − ) : s3 = 0, (47)

(λ 0z1, − ) : s4 = 0, (48)

(λ 0, − ) : s5(t) = 0, (49)

(λ−4z1, − ) : n4 = 0, (50)

(λ−4x3, − ) : n1 =−4m2
1

3
̸= 0, (51)

(λ−4x2, − ) : n2 =−4m1m2

3
, (52)

(λ−4x1, − ) : n5(t) =− α3

3α1
− α4m4

3α1m3
−2m1 −

m2
2

3
, (53)

(λ−4, − ) : m5(t) = m6 −α2m3t, (54)

with m6 as another real constant.

We now derive the fourth family of solitonic solutions for
Eq. (3) (or equivalently, for Eq. (5)), i.e.,

ϒ
(IV)(x,y,z, t) =− (2m1x+m2)

2

2

× tanh2
(

m1x2 +m2x+m3y+m4z−α2m3t +m6

2

)
+2m1 tanh

(
m1x2 +m2x+m3y+m4z−α2m3t +m6

2

)
+

2m2
1x2

3
+

2m1m2x
3

+
m2

2
6

− α3

3α1
− α4m4

3α1m3
, (55a)

Γ
(IV)(x,y,z, t) =−m3(2m1x+m2)

2

× tanh2
(

m1x2 +m2x+m3y+m4z−α2m3t +m6

2

)
100207-4



Chin. Phys. B 35, 100207 (2026)

+m1m3x+
m2m3

2
, (55b)

with 2m1x + m2 ̸= 0 since λx ̸= 0. We also prefer to have
m1 ̸= 0.

Let us now symbolically compute some explicitly solv-
able rational examples, firstly under the assumptions that

λ (x,y,z, t) = k1(z, t)x+ k2(z, t)y+ k3(z, t) , (56)

ϒ2(x,y,z, t) = l1(z, t)x+ l2(z, t)y+ l3(z, t) , (57)

Γ2(x,y,z, t) = p1(z, t)x+ p2(z, t)y+ p3(z, t) , (58)

where k1(z, t), k2(z, t), k3(z, t), l1(z, t), l2(z, t), l3(z, t), p1(z, t),
p2(z, t) and p3(z, t) are real differentiable functions of z and t,
with k1(z, t) ̸= 0 and k2(z, t) ̸= 0 since λx ̸= 0 and λy ̸= 0.

Substituting assumptions (Eqs. (56)–(58)) into auto-
Bäcklund transformation (Eqs. (7)–(17)) gives

(−, λ
0) : l2(z, t) = p1(z, t), (59)

(λ−4x1, − ) : p1(z, t) =−
α4k1,z(z, t)
3α1k1(z, t)

−
k1,t(z, t)k2(z, t)

3α1k1(z, t)2

−k2(z, t)l1(z, t)
k1(z, t)

, (60)

(λ−4y1, − ) : p2(z, t) =
α4k1,z(z, t)k2(z, t)

3α1k1(z, t)2 −
α4k2,z(z, t)
3α1k1(z, t)

+
k1,t(z, t)k2(z, t)2

3α1k1(z, t)3 −
k2,t(z, t)k2(z, t)

3α1k1(z, t)2

+
k2(z, t)2l1(z, t)

k1(z, t)2 , (61)

(λ−4, − ) : p3(z, t) =− α2k2(z, t)2

3α1k1(z, t)2 − α3k2(z, t)
3α1k1(z, t)

−
α4k3,z(z, t)
3α1k1(z, t)

−
k2(z, t)k3,t(z, t)

3α1k1(z, t)2

−k2(z, t)l3(z, t)
k1(z, t)

, (62)

(λ−3, − ) : k2(z, t) = k4(z)−α4

∫
k1,z(z, t) dt ̸= 0, (63)

(λ 0, − ) : l1(z, t) = 0 (assumed), (64)

k1(z, t) = k5(z)

= real non-zero differentiable function of z, (65)

with k4(z) as another real differentiable function of z, and with
k4(z)−α4tk′5(z) ̸= 0. Thus, we now derive the first family of
rational solutions for for Eq. (3) (or equivalently, for Eq. (5)),
i.e.

ϒ
(V)(x,y,z, t) =− 2k5(z)2{

k5(z)x+
[
k4(z)−α4tk′5(z)

]
y+ k3(z, t)

}2

−
α4k′5(z)y
3α1k5(z)

+ l3(z, t) , (66a)

Γ
(V)(x,y,z, t) =−

2k5(z)
[
k4(z)−α4tk′5(z)

]{
k5(z)x+

[
k4(z)−α4tk′5(z)

]
y+ k3(z, t)

}2

−
α4k′5(z)x
3α1k5(z)

+
α2

4 tk′′5(z)y
3α1k5(z)

−
2α2

4 tk′5(z)
2y

3α1k5(z)2 − α4k′4(z)y
3α1k5(z)

+
2α4k4(z)k′5(z)y

3α1k5(z)2 +
α4tk′5(z)k3,t(z, t)

3α1k5(z)2 −
α4k3,z(z, t)
3α1k5(z)

−
k4(z)k3,t(z, t)

3α1k5(z)2 +
α4tk′5(z)l3(z, t)

k5(z)
− k4(z)l3(z, t)

k5(z)

−
α2α2

4 t2k′5(z)
2

3α1k5(z)2 +
2α2α4tk4(z)k′5(z)

3α1k5(z)2 +
α3α4tk′5(z)
3α1k5(z)

− α2k4(z)2

3α1k5(z)2 − α3k4(z)
3α1k5(z)

. (66b)

Closing up the work, more rational examples rely on the
assumptions that

λ (x,y,z, t) = c1x2 + c2x+ c3y+ c4z+ c5(t), (67)

ϒ2(x,y,z, t) = j1x2 + j2x+ j3y+ j4z+ j5(t), (68)

Γ2(x,y,z, t) = q1x2 +q2x+q3y+q4z+q5(t), (69)

where c1, c2, c3, c4, j1, j2, j3, j4, q1, q2, q3 and q4 are real con-
stants, c5(t), j5(t) and q5(t) are real differentiable functions of
t, with c3 ̸= 0 since λy ̸= 0.

Substituting Assumptions Eqs. (67)–(69) into auto-
Bäcklund transformation Eqs. (7)–(17) gives

( ;−; λ
0x1) : q1 = 0, (70)

( − ,λ 0) : q2 = j3, (71)

(λ 0x1, − ) : j1 = 0 with c1 ̸= 0, (72)

(λ−4x3, − ) : j3 = 0, (73)

(λ−4y1, − ) : q3 = 0, (74)

(λ−4x2z1, − ) : q4 = 0, (75)

(λ−4x2, − ) : q5(t) =−c3 j2
2c1

, (76)

(λ−4x1z1, − ) : j4 = 0, (77)

(λ−4x1, − ) : j5(t) =− α3

3α1
− α4c4

3α1c3
+

c2 j2
2c1

, (78)

(λ−2, − ) : j2 = 0, (79)

(λ−3, − ) : c5(t) = c6 −α2c3t, (80)

with c6 as another real constant.
Thus, we now assemble the second family of rational so-

lutions for Eq. (3) (or equivalently, for Eq. (5)), i.e.,

ϒ
(VI)(x,y,z, t) = − 2(2c1x+ c2)

2

(c1x2 + c2x+ c3y+ c4z−α2c3t + c6)
2

+
4c1

c1x2 + c2x+ c3y+ c4z−α2c3t + c6

− α3

3α1
− α4c4

3α1c3
, (81a)

Γ
(VI)(x,y,z, t) = − 2c3(2c1x+ c2)

(c1x2 + c2x+ c3y+ c4z−α2c3t + c6)
2 .

(81b)
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Solitonic solutions Eqs. (28), (40), and (55), together with
rational solutions Eqs. (66) and (81), involving the variables
ϒ (x,y,z, t) and Γ (x,y,z, t), hinge on the coefficients α1 . . . α4,
under coefficient constraints Eq. (2).

5. Conclusion
This study has investigated the (3 + 1)-dimensional

Hirota–Wazwaz–El Sherif–El Tantawy bilinear equation, a
mathematical framework for modeling certain nonlinear wave
phenomena in oceans and seas, i.e., Eq. (3) (or equivalently,
Eq. (5)). This study has combined the equivalent form to
Eq. (3), the non-characteristic movable singular manifold, and
symbolic computation to deal with Eq. (3). Our findings have
included auto-Bäcklund transformation (Eqs. (7)–(17)), soli-
tonic solutions (Eqs. (28), (40), and (55)), together with ratio-
nal solutions (Eqs. (66) and (81) for Eq. (3)). All our results
have hinged on the coefficients α1 . . .α4 in Eq. (3), under coef-
ficient constraints (Eq. (2)). Various choices of α1 . . .α4 might
aid in exploring certain nonlinear wave phenomena in oceans
and seas through our auto-Bäcklund transformation, solitons,
and rational solutions.
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[51] Chen Y, Lü X, Jia X J and Tian H 2025 Expert Syst. Appl. 291 128279
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