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Ocean wave dynamics has emerged as a research focus in Chin. Phys. B. This study investigates the (3 + 1)-
dimensional Hirota—Wazwaz—El Sherif—-El Tantawy bilinear equation, a mathematical framework for modeling certain
nonlinear wave phenomena in oceans and seas. We combine the equivalent form to that equation, the non-characteristic
movable singular manifold, and symbolic computation to deal with the equation. Our findings include an auto-Bécklund
transformation, four families of solitonic solutions, and two families of rational solutions for the equation. All our results
hinge on the coefficients in the equation, under the constraints that these coefficients are respectively non-zero. Various
choices of these coefficients might aid in exploring certain nonlinear wave phenomena in oceans and seas through our

auto-Bécklund transformation, solitons, and rational solutions.
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1. Introduction

Ocean wave dynamics/physics has emerged as a re-
search focus in Chin. Phys. BU'=3! and other leading jour-
nals, with recent relevant contributions including certain
boundary effects on the modal shape in a deep ocean via
non-integer-order parabolic cylinder functions,!!! topographic
oceanic Rossby solitary waves via physics-informed neural
networks, [ tubular actuators constructed with dielectric elas-
tomer materials for ocean exploration,[3] triad resonance for
internal waves via rogue waves and breathers, aiming at en-
ergy transfer processes in the oceans,!*! performance assess-
ment for ocean engineering applications via boundary ele-
ment'methods,®! an open-source solver for deterministic non-
linear ocean wave propagation,[®! the impact of ocean cur-

T as

rents on surface waves generated by tropical cyclones, !
well as similarity reductions and Bicklund transformation for
a (24 1)-dimensional generalized variable-coefficient Date—
Jimbo—Kashiwara—Miwa equation with marine-engineering
and ocean-dynamics applications. (¥

To begin our story, Ref. [9] has confirmed the Lax in-
tegrability and presented certain superpositions of solitons,
breathers, and lump waves for a non-Painlevé-integrable ex-

tension of the Boiti-Leon—-Manna—Pempinelli equation, which
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is
u oyt T 0 [Z/{xxxxy +3 (uxuy) xx} + aquy}'
+a3uxxy + a4uxxz =0, (D

where the subscripts denote the partial derivatives, U (x,y,z,t)
is a real differentiable function of the scaled spatial variables

X, y, Z, and temporal variable 7, while ¢ ... o4 are all real con-

stants satisfying!!*]

Otlséo, Otz?éo, a37é0, anda47é0. 2
A potential-function relation, i.e.,
Ue(x,y,2,t) = T (x,9,2,1),

has helped people link Eq. (1) with Eq. (3) as follows. ]
Originally proposed in Ref. [10] and “applied to delve

into the study of nonlinear wave phenomena in oceans and

seas”,[!!] the (3 4 1)-dimensional Hirota—Wazwaz—El Sherif—

El Tantawy bilinear equation, i.e.,
T+ <rm +OGT, + 3T Yy + 31y / L dx)
+a21;y + aSY:ry + OC4Y}z =0, 3)

will be the subject that the present study seeks to explore.
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Reference [11] has discussed how Eq. (3) can model cer-
tain nonlinear wave phenomena in oceans, and presented cer-
tain lump-multi-stripe, lump-multi-soliton, and interaction so-
lutions for Eq. (3). Reference [10] has shown that Eq. (3)
does not satisfy the Painlevé integrability test, but that the in-
tegrability characteristics of Eq. (3) can be justified in the Lax
sense, and presented certain multi-soliton, lump, and rational
solutions for Eq. (3).

By the way, all different from Eq. (3), there have existed
some other equations named the “(3 + 1)-dimensional Hirota
bilinear equation”s, as seen in Refs. [12-21] and references
therein. More relevant nonlinear contributions can also be
seen, e.g., in Refs. [22-55].

To our knowledge, there has been no Bicklund-
transformation work on Eq. (3) as yet. In Section 2 of this
paper, we will present an equivalent form to Eq. (3). In Sec-
tion 3, combining the equivalent form, singular manifold, and
symbolic computation, 31 we will obtain an auto-Bicklund
transformation for Eq. (3). In Section 4, we will construct four
families of solitons and two families of rational solutions for
Eq. (3). Section 5 will present our conclusions.

2. Equivalent form to Eq. (3)

With the introduction of
I(x,y,2,t) Z/E(x,y7z7t)dx, )
Eq. (3) can be equivalently rewritten as

Yy + 01 Yy + 61,15+ 3T, + 30,1

L=T1, (5b)

3. Auto-Biacklund transformation for Eq. (3)

Through the application of symbolic computation, we uti-
lize the Painlevé expansion, which is a form of the gener-
alized Laurent series centered on a non-characteristic mov-
able singular manifold characterized by the analytic function
A(x,y,2,t) = 0,180 whereby

Y(xyz0) =A"2(x,,21) Y Yoluyst)A®(x,y,2,1), (6a)

w=0

T

L (x,y,2,1) = A7 (x,,2,1) Z (x9,2,0)A% (x,y,2,1), (6b)

with Ty (x,y,2,¢)’s and I (x,y,z,1)’s as the analytic functions
of x, y, z, and ¢, Q and & as the positive integers, 1p(x,y,z,t) #
0, In(x,y,z,t) #0, Ac(x,y,z,¢) # 0 and Ay(x,y,z,1) # 0.
Matching the exponents of A (x,y,z,¢) at the lowest orders
results in 2 = & =2.
The truncated Painlevé expansion, denoted by

Hx,yzt)  Ti(xy,z1)
Y t) = Y t), (7
(anazv ) l(x,y,z,t)z (X V.2, l) + z(x,)%Z, )7 ( a)
Iy(x,y,z,t) | Li(x,21)
r t) = I t), (7b
(X,y,z, ) l(}@y,z,t)z ()C v,2, t) + 2(x7yvza )7 ( )

may consequently be substituted into Eq. (5), where the coeffi-
cients corresponding to the identical powers of A (x,y,z,t) are

set to zero, respectively. As a result, the Painlevé—Bicklund

+0oYy + oLy + oyl =0, (5a) equations can be obtained symbolically as follows:
|

(A7) o= —24A,, (8)

o= =247, ©)
(A% i =2M,, (10)

1= 2N, (11
(A7 =) 3 ATs + 300 AT + 0 Adxer Ay — 300 Ay A + 300 A Ay + Oézlyz + o3 A Ay + cud A+ A, =0, (12)
(A2 =) 6auAay+ 61 A, + 900 Ay A2 Yo + 90 Aydc A 1o + 1800 A A2 T3 + Tt Ay AL + 3001 Ay Ay A

—4061 )vxy)vxxxﬂvx + 2051 )vylxxxxlx

- 3O‘l )vxyﬂv)gx + allylxxlxxx + aZ)Vyylxz + 4062}7)1.)@}\95 + (XZAyZAXX

+303 A7 + 306 Ay + 30 A2 + 30 A A Ay + Aye A2 + 22 A Ax + 22 Ay A + Ay Ay Ay = 0, (13)

301 AT 4y + 1200 Ay AT + 1800 A ATy + 300 Ay AT ey + 601 Ay AT + 900 Ay A 1o + 901 Ay Ay 1o

2(xl Axxyafxxx + 4'(xl Afxxlxxxy — 0 lxy)L)cxxx

+a )Lyzfxxxxx + 2“21xyylx + 2“21)5- + aZA'yylxx + zaZA'ylxxy + 3a3lxxylx + 3a3ﬂfxylxx + a3zfy)bxxx
+3 Oy l)(xz)toc + 3(14 llexx + a4)Lz)Lxxx + 2}0@1 lx + let Aocy + A'yt lx)c + A'ylxxt + A't)bm = 0, (14)

as)

(272 =)
300 A A 1s + 1200 s AT + 90 ALT3 + 500 Ay A

(/’L_l s T ) 3(xl A’XJCY‘Z,xy + 3al lxyTZ.,xx + 6al )LxxyTZ,x + 6(Xl Axx)cTZ,y + 3(X1 lxx)cyTZ + 3(X1 /’Lxxxxl—i + 0 l)cxx)cxy
+00 )Lxxyy + 03 )Lxxxy + a4)txxxz + lxxyt =0,

(—,A7"): (satisfied automatically)
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()LO» 210) : Y‘Z,yt + (Y‘Z,xxxy + 6T2,yT2,x + 3YZYZ,xy + 3T2,xxB) + OCZTZ,yy + O‘BYZ,xy + a4T2,xz = 0; (16)
B,x = 1"2,y~ (17)
\

For Eq. (3) (or equivalently, for Eq. (5)), Eqgs. (7)~(17), _ai(zt)ax(zt)  ouaz.(zt) Q4

taken collectively, constitute an auto-Bécklund transforma- 3 3ouai(z,t)
tion, with 15(x,y,z,7) and I3(x,y,z,t) serving as the seed (1*37 —): ax(zt) =as— o4 /al,z(z,t)dt £0, (25)

solutions. 301 This assertion hinges on the fact that Eqs. (7)— 0 )

(A%, =) : da(z,t) =0 (assumed), (26)

(17) are interconnected in a self-consistent manner in the sense
that they can be explicitly solved to determine the functions
A(x,,2,1), Yo(x,3,2,1), To(x,,2,1), Yi(x,,2,t), Ti(x,y,2,1),
Y5 (x,y,z,¢) and I3(x,y,2,7), as elaborated subsequently.

Auto-Bicklund transformation Egs. (7)—-(17), involving
the variables Y'(x,y,z,7) and I'(x,y,z,t), hinges on the coef-
ficients @ ... a4, under coefficient constraints Eq. (2).
Various choices of @ ... 04 might aid in exploring certain
oceanic nonlinear wave phenomena through auto-Bicklund
transformation Eqgs. (7)—(17).

4. Families of the solitonic and rational solutions
for Eq. (3)

To launch the investigation, we will conduct symbolic
computation on a number of solitonic instances with explicit
solvability, under the assumptions that

/'L(x,y,z,t) _ eal(z,t)x+a2(z,l)y+a3(z,t) +14 (18)
Yz(x,y,z,t):b1(z,t)x+b2(z,t)y+b3(z,t), (19)
Fz(x,y,z,t):d1(z,t)x+d2(z7t)y+d3(z,t), (20)
ax(z,t), a3(z,t), bu(z,1), ba(z,1), b3(z,1),
dy(z,t), da(z,t), and d3(z,t) are real differentiable functions
of z and ¢, with a;(z,¢) # 0 and ax(z,7) # 0 since A, # 0 and
Jy £0.

Inserting Assumptions Egs. (18)—(20) into auto-Bécklund

where a;(z,t),

transformation Eqs. (7)—(17) and carrying out symbolic com-
putation, we obtain

(=A%) : ba(z,t) =di(z,1), @1
1 B o agaig(zt)  ae(zt)
(A7, =) bi(zr) = 3aqanx(z,t)  3ayar(z.t)
_a@)di(z1)
az(Z,I) ’ 22
DR _ay(nn)  ai(zn)da(z)
A7 =) dizt) = 3aia(z,1) ax(z,t)
_Quare(z1)
3aar(z,1)’ >
N 7ia2(z,t)a37,(z,t) - oar(z,1)?
(A7 =) d(zr) = 3oqay(z,t)? 3oqai(z,1)?
_ ozax(z,t) _ a(z,t)b3(z,t)
3oqay(z,t) ai(z,1)

ai(z,t) = as(t) = real non-zero
differentiable function of 7,  (27)
based on which a4 turns out to be a real non-zero constant.

We now assemble the first family of solitonic solutions
for Eq. (3) (or equivalently, for Eq. (5)), i.e.,

2
r0(eyr) = - Sy [a5<f>x+a4y+a3<z,r>]

2
/ 2
as(t)x as(t)
- ~tb 28
3(x1a5(t)+ 3(z,0) + > (28a)
t t t
r(ey,z1) = 7a4a25( ) tani? {"5( )x+“‘12y+a3(zv )}
Casase(z,t)  uaze(zt)  asbs(zt)
3061a5(t)2 3061(15(1‘) a5(t)
L at | aasll) o,
3061(15([)2 3O£1a5(t) 6

A4

where the “"” sign represents differentiation with respect to z.
Again, symbolically and explicitly, for solitonic solutions

under the assumptions that*

Ax,y,2,1) = 1O+ L2y +f3(0)z+fa(t) | 1, (29)
BL(x,y,z,t) = g1(t)x+ga(t)y+g3(t)z+ga(t), (30)
I (x,y,2,t) = hi(t)x + ho(t)y + ha(t)z+ ha(t), (31)
where f1(t), f2(t), f3(t), fa(t), g1(t), 82(t), g3(¢), g4(t), h1 (),

ha(t), h3(t), and hy(z) are real differentiable functions of f,
with fi(t) # 0 and f>(r) # 0 since A, # 0 and 4, # 0, we can
substitute them into auto-Bicklund transformation Eqgs. (7)-
(17) and obtain

(—.A%: gz<r>=h1() (32)
A = ‘3031?1(2)2 S0

*The set of Assumptions Eqs. (29)—(31) can be considered as a special case of Assumptions Egs. (18)-(20), but we hereby prefer to take one more look at

Assumptions Egs. (29)—-(31).
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ou f3(t 1) fa(t
@) PO fl) =+ /5 SENED)
3oufi(t) 3aufi(r) \/2(—f52f6—6a1h5t)
A0 AOLO g
N h(0) 3 where fg is another real constant, and 4/ — f52 Jfo — 60 hst # 0.
(A7, =)+ f2t) = f5 = real non-zero constant, ~ (37) Due to the “£” sign, we now assemble the second and third
families of solitonic solutions for Eq. (3) (or equivalently, for
(A%, —): hy(t) = hs = real non-zero constant, (38)  Eq. (5)), ie.,
|
f5x
Tt f5y + f3(t)2+ fa(1)
(IT) &(III) _ f3 2 2(=f3 fo—bauhst)
Y (x,9,2,t) = 5 tanh
4(f2fo+ 60 hst) 2
hsx hsy f3
+—"% F +g3(t)z+ 5 +8a4(t),  (40a)
2(f5f6+6a1h5t) \/2 (—f52f6—6alh5t) 4(—f5f6—6a1h5f)
f5x
= fsy+ f3()z+ falt)
rI&m) ey 2y — ¢ 12 i 2(—£2 fo—60t hst)
\/8 (—f2f6 —60uhst) 3
212 t 4hst f(t
. hsx eyt V212 fe83(t)z LA f( )Zi 6V200hs183(1)z
V2 (=12 fs— 6ast) VBfo—bahst 5 -2 p—6ouhst
2fsfofi(t)z _ % J 2(—f3fe—60uhst)  aufs (W 2 (—f2fs—60i1hst)
+ F F
3(X1 3061 3a1f5
12 2 (¢
F4(1)y/2 (—f2 o — 60 hst) & : 4 25510
6\/2 (= f2f6 —6auhst) I
Bhst f1 (1) 200f2
taaphst 1 M50, 2001576 (40b)
fs 3oy
\
Similarly, solitonically;, symbolically and explicitly, un- ( 242 _ ): = _Amymy (52)
der the assumptions that 3 5
g L owms o
A/(_)C’y’Z,[) :emlx2+m2x+m3y+m4z+m5(t) +1’ (41) (A« X, ) ns(t) 3a1 3a1m3 2 3 ) (53)
—4 _
Y (x,,2,t) = nx> +nox+n3y+naz+ns(t), (42) (A7% =) ms(t) =me— opmst, (54)
L,y 2,0) = 518 +spx+s3y +saz+55(1),  (43)

where miy, np, mz, my, niy, Ny, N3, N4, 1, 2, 53, and S4 are
real constants, ms(t), ns(t), and ss(r) are real differentiable
functions of #, with m3 # 0 since A, # 0, we can go through
auto-Bicklund transformation Eqs. (7)—(17) and obtain

(=, A% : s;=0, (44)
(=A% s2=ns, (45)
(%', —): n; #0 but n3 =0, (46)
(A%, =) s3=0, (47)
(A%, =) sy =0, (48)
(A% =) ss(1) =0, (49)
(A4 =) ng=0, (50)
(A4, =) nlz—%m% #£0, (51)

with mg as another real constant.
We now derive the fourth family of solitonic solutions for

Eq. (3) (or equivalently, for Eq. (5)), i.e.,

2myx +my)?
(%,,2,1) 5
> tanh2 m1x2 + mox +m3y +myz — Opmst + mg
2
+2m tanh (m1x2 +myx A may+myz — Comst + m6)
2
Zm%x2 2mymox ﬁ o3 oumy e
3 3 6 30 30611’!137
2mix+my)
rav 1) = _m3(—
(x,,2,1) 5
X tanh? <m1x2 +maX + m3y +maz — Opmst +m6>
2
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mpms3
+mym3x+ 5

(55b)

with 2mix +my # 0 since A, # 0. We also prefer to have

nt 7£ 0.
Let us now symbolically compute some explicitly solv-
able rational examples, firstly under the assumptions that

Alx,y,z,t) =ki(z,0)x+ka(z,0)y+k3(z,2) ,  (56)
Yo(x,y,2,t) = li(z,t)x+ h(z,t)y+3(z,t) ,  (57)
Fz(xv)’,Zﬁ =p1(Z,t)x+p2(z,t)y+p3(z7t) ) (58)

where k1 (2,1), ka(2,1), k3(2,1), L1 (2,1), b (2,1), B3(z,1), pi(2,1),
p2(z,t) and p3(z,t) are real differentiable functions of z and 7,
with ki (z,7) # 0 and k»(z,7) # 0 since A, # 0 and A, # 0.

Substituting assumptions (Egs. (56)—(58)) into auto-
Bicklund transformation (Egs. (7)—(17)) gives

(=A% bz =pi(z0), (59)
A ) i) = =S~ e
S (Z?Zl,l t()z’ 2 (60)
a7t e =

ki (z,0)ka(z,0)*  kau(z,0)ka(z,1)
30k (Z,t)3 3ok (Z,I)z

+k2(Z,t)211 (Zat)

PENC 61)
-4 _ (szz(Z,t)z _ 063](2(Z,t)
(A ’ ) p3(Z,t) - 3a]k1(z,t)2 3a1k1(z,t)
. a4k3.,z(zvt) N kZ(th)k3,t(Z7t)
3ok (Z,t) 3ok (Z,t)2
ka(z,)B(=1)
ki(z,t) ©
(A7, =) e = ka(2) — o [licle)di 20, (63)
A%, —): L(z6) =0 (assumed), (64)

ki(z,t) = ks(z)

= real non-zero differentiable function of z,  (65)

with k4(2) as another real differentiable function of z, and with
k4(z) — aurki(z) # 0. Thus, we now derive the first family of
rational solutions for for Eq. (3) (or equivalently, for Eq. (5)),
ie.

2ks(z)*
{ks(2)x + [ka(z) — 0tk (2)] y + ks (2,1)}

Y(V)(x7yazvt) = -

Ouks(2)y
———+1(z,t) ,
3061k5(Z) + 3(2 )

(66a)
2ks(2) [ka(z) — outkl(z)]

F(V) X, ¥,2,1) = —
zt) {ks(2)x+ [ka(z) — otk ()] y+k3(z,t)}2

 ouks(z)x N ogtks(2)y  2041k5(2)%y okl (2)y
3anks(z)  3auks(z)  3ouks(z)> 3ouks(z)
20uks(2)k5(2)y | outks(2)kss(z,t)  ouks.(z,1)

3aks(z)? 3anks(z)? 3anks(z)
ka(@ksa(z,1) | outks(2)l3(z1)  ka(2)B(z,1)
3061/(5 (Z)z k5 (Z) k5 (Z)
001’k (2)* | 2000utks(2)ks(z) | ooutk(z)
3anks(z)? 3aks(z)? 3anks(z)
ks(2)? asks(2) (66b)

 Bauks(z)> 3ouks(z)’

Closing up the work, more rational examples rely on the

assumptions that

l(x,y,z,t) :CIX2+C2X+CS}’+C4Z+CS(I), (67)
Yo(x,y,2,8) = j1xX* + jox+ jay + jaz+ js(t),  (68)
L(x,y,81) = q1X* + qax+qzy + qaz+qs5(t),  (69)

where ¢y, c2, C35¢4, j1, J2, J3, J4> 41, 42, q3 and g4 are real con-
stants, ¢5(t), js(7) and gs(¢) are real differentiable functions of
t, with ¢3.# 0 since A, # 0.

Substituting Assumptions Egs. (67)-(69) into auto-
Bicklund transformation Eqgs. (7)-(17) gives

=A%) q1=0, (70)
(=A% q=js, 1)
(A%, —): ji1 =0 with ¢ #0, (72)
(A7, =) j3=0, (73)
AH =) @3=0, (74)
(A%, =) qa=0, (75)
(A2, = ): as() =57, (76)
(A%, =) =0, (77)
(A=)t ) = 5~ gt 5 (78)
(A% =)t jp=0, 79)
(A73, =) es(t) = cs— e, (80)

with c¢g as another real constant.
Thus, we now assemble the second family of rational so-
Iutions for Eq. (3) (or equivalently, for Eq. (5)), i.e.,

T(VI)(X,)/,ZJ) _ 2(261x+c2)2 .
(c1x2 4+ cax+c3y+ 42— et +co)
4C1
C1X2 4+ cpx 4¢3y +caz— Qeat + ¢
o3 (02 o7
_37061_ 3aics’ (81a)
2¢3(2c1x+¢2)

F(VU(X,y’Z’[) = — 5
(c1xX%2 4+ cox+c3y+caz— ae3t +cg)

(81b)
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Solitonic solutions Egs. (28), (40), and (55), together with
rational solutions Eqgs. (66) and (81), involving the variables
Y (x,y,z,t) and I'(x,y,z,t), hinge on the coefficients ¢ ... 04,
under coefficient constraints Eq. (2).

5. Conclusion

This study has investigated the (3 + 1)-dimensional
Hirota—Wazwaz—FEl Sherif-El Tantawy bilinear equation, a
mathematical framework for modeling certain nonlinear wave
phenomena in oceans and seas, i.e., Eq. (3) (or equivalently,
Eq. (5)). This study has combined the equivalent form to
Eq. (3), the non-characteristic movable singular manifold, and
symbolic computation to deal with Eq. (3). Our findings have
included auto-Bécklund transformation (Eqgs. (7)—(17)), soli-
tonic solutions (Egs. (28), (40), and (55)), together with ratio-
nal solutions (Egs. (66) and (81) for Eq. (3)). All our results
have hinged on the coefficients @ ... @4 in Eq. (3), under coef-
ficient constraints (Eq. (2)). Various choices of ¢ ... 04 might
aid in exploring certain nonlinear wave phenomena in oceans
and seas through our auto-Bécklund transformation, solitons,
and rational solutions.
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