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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

Localized wave solutions and rogue wave solutions for the complex
modified KdV equation under the elliptic function background

Xin-Yi Xu(许馨苡) and Huan-He Dong(董焕河)†

College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao 266590, China

(Received 1 April 2026; revised manuscript received 20 May 2026; accepted manuscript online 26 May 2026)

Nonlinear wave phenomena frequently evolve on periodically fluctuating backgrounds, yet systematic theoretical
frameworks for the complex modified Korteweg–de Vries (cmKdV) equation on elliptic backgrounds remain incomplete.
To address this, this study systematically investigates localized and rogue wave solutions of the cmKdV equation on ellip-
tic function backgrounds. The methodology combines the Theta function representation with the Darboux transformation
within a genus-1 algebraic geometry framework. By utilizing linear combinations of Lax pair solutions and small-parameter
expansions near the branch points of the spectral curve, the study extracts degenerate vector solutions. The results explic-
itly present five typical localized waves, including elliptic solitons and elliptic breathers, on both cn-type and dn-type
backgrounds. Furthermore, general formulas for higher-order rogue waves are derived. The work reveals distinct dynamic
behaviors, such as the coexistence of different families of rogue waves on cn-type backgrounds and nonlinear superpositions
on modulationally stable dn-type backgrounds.

Keywords: cmKdV equation, elliptic function, localized wave, rogue wave
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1. Introduction

Nonlinear wave phenomena pervade a wide range of
physical systems, from optical fiber communications and
plasma physics to fluid mechanics and atmospheric dynam-
ics. In contrast to linear systems, where waves superpose
trivially, the interplay among waves in nonlinear media gives
rise to rich dynamical behaviors — energy localization, self-
focusing, and modulational instability — that remain central
topics in modern physics and applied mathematics. Among the
most remarkable manifestations of nonlinearity is the soliton,
a localized wave packet that preserves its shape and velocity
through collisions. The particle-like nature of solitary waves
was first identified by Zabusky and Kruskal[1] in numerical
simulations of the Korteweg–de Vries (KdV) equation, trig-
gering more than half a century of developments in soliton
theory. Shortly afterwards, Gardner et al.[2] introduced the
inverse scattering transform (IST), providing an exact frame-
work for solving the KdV initial-value problem. Lax[3] subse-
quently formulated the operator-pair (Lax pair) approach that
links nonlinear evolution equations with linear spectral prob-
lems, establishing a unified criterion for integrability. In re-
cent years, data-driven approaches such as physics-informed
neural networks have also been employed to investigate non-
linear wave dynamics in geophysical fluids.[4] The IST was
extended to the nonlinear Schrödinger (NLS) equation by Za-
kharov and Shabat,[5] and Ablowitz et al.[6,7] constructed the

general AKNS hierarchy, which encompasses the KdV, modi-
fied Korteweg–de Vries (mKdV), NLS, and sine-Gordon equa-
tions within a single integrable framework.

Within the KdV hierarchy, the complex modified
Korteweg–de Vries (cmKdV) equation

ψt +ψxxx +6|ψ|2ψx = 0 (1)

is a class of integrable models with significant theoretical and
applied value. The real-valued mKdV equation was first in-
troduced and solved via the IST by Wadati.[8,9] As its natural
generalization to the complex domain, the cmKdV equation
has important applications in nonlinear optics. When an opti-
cal pulse is compressed to contain only a few oscillation cy-
cles, the slowly varying envelope approximation fails, and the
cmKdV equation provides an appropriate description of cir-
cularly polarized few-cycle pulse propagation in Kerr media.
Leblond, Triki et al.[10] derived this model rigorously from
Maxwell’s equations and subsequently delineated the appli-
cable regimes of various few-cycle evolution equations.[11,12]

He et al.[13] investigated rogue wave solutions of the cmKdV
equation on plane-wave backgrounds using the Darboux trans-
formation, thereby elucidating the role of this equation in
characterizing few-cycle optical rogue waves. Lan[14] fur-
ther constructed multi-soliton, breather-like, and bound-state
soliton solutions of the cmKdV equation in the context of
optical fibers, enriching the understanding of localized wave
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structures for this model. Beyond optics, the cmKdV equa-
tion also finds application in analyzing nonlinear vector waves
in molecular chains.[15] From the standpoint of mathematical
structure, the cmKdV equation possesses hallmarks of com-
plete integrability, including a Lax pair, infinitely many con-
served quantities,[16] and a bi-Hamiltonian structure.[17]

In parallel with the deepening understanding of inte-
grable structures, a powerful arsenal of solution-construction
methods has been developed. Hirota’s bilinear method[18,19]

offers a direct algebraic route to multi-soliton solutions.
The Darboux transformation was systematically established
by Matveev and Salle,[20] and further developed by Gu
et al.[21] Additional techniques — including the Bäcklund
transformation[22] and the Riemann–Hilbert method[23] —
have been refined and consolidated into the standard toolkit of
integrable systems theory.[24,25] A particularly influential re-
cent advance is the generalized Darboux transformation pro-
posed by Guo et al.[26] for the NLS equation, which enables
the extraction of higher-order rogue wave solutions through
Taylor expansions at degenerate spectral points. This tech-
nique has since been extended to numerous integrable mod-
els, including the derivative NLS equation[27,28] and the Hi-
rota equation.[29] He et al.[30] further elucidated the generation
mechanism of higher-order rogue waves, and Yang[31] pro-
vided a comprehensive account of both bilinear and Darboux-
transformation approaches to rogue waves. For the mKdV
equation specifically, Wadati and Ohkuma[32] studied multi-
pole solutions; Tsuchida and Wadati[33] investigated the in-
tegrability of coupled mKdV systems; Alejo and Muñoz[34]

proved the nonlinear stability of mKdV breathers and ana-
lyzed the dynamics of cmKdV solitons and their implications
for breather stability.[35]

Traditional soliton theory has been largely confined to
zero or constant backgrounds. In realistic physical settings,
however, nonlinear waves frequently evolve on periodically
modulated backgrounds — continuous-wave carriers in op-
tical fibers, regular wave trains in the ocean, or periodic
plasma oscillations. Mathematically, the most general periodic
traveling-wave solutions of integrable equations are expressed
via Jacobi elliptic functions, rooted in the finite-band inte-
gration theory.[36,37] Belokolos et al.[38] comprehensively sur-
veyed the application of algebro-geometric methods to nonlin-
ear integrable equations, while Cao et al.[39] established con-
nections between the KP equation and finite-dimensional in-
tegrable systems through confocal involutive representations.
Superimposing localized structures on elliptic function back-
grounds not only reveals the rich dynamics of nonlinear waves
in periodic media but also maintains deep intrinsic connections
with the phenomenon of modulational instability.[40–42]

For the focusing NLS equation, substantial progress has
been achieved in constructing exact solutions on periodic

backgrounds. Chen and Pelinovsky[40] employed the Dar-
boux transformation to obtain rogue wave solutions on dn-
type and cn-type periodic-wave backgrounds and determined
the rogue-wave amplification factors as functions of the ellip-
tic modulus. Subsequently, they generalized the method to
double-periodic backgrounds,[43] uncovering multiple rogue-
wave families associated with distinct branch points. On pe-
riodic standing-wave backgrounds, they systematically con-
structed rogue waves and analyzed their connection to modula-
tional instability.[44] Grinevich and Santini[45] provided an ex-
act analytical description of rogue wave recurrence in the peri-
odic NLS Cauchy problem via the finite-gap method. Bertola
et al.[46] investigated rogue waves in multiphase NLS so-
lutions, and Bertola and Tovbis[47] established exact upper
bounds for the maximum amplitude of finite-band solutions.
Feng et al.[48] constructed multi-breather and higher-order
rogue wave solutions on elliptic backgrounds for the NLS
equation, furnishing unified determinant-form formulas.

Turning to the mKdV equation, Chen and Pelinovsky[49]

pioneered the study of rogue waves on periodic traveling-wave
backgrounds, demonstrating that dn-type periodic waves are
modulationally unstable whereas cn-type periodic waves are
modulationally stable. In subsequent work,[50] they provided a
complete classification of the most general periodic traveling-
wave solutions and systematically constructed rogue waves
on these backgrounds. Ling and Sun[51] carried out a rigor-
ous spectral stability analysis of elliptic function solutions for
the real mKdV equation, establishing stability conditions un-
der subharmonic perturbations via the squared-eigenfunction
method. Building on this foundation, they constructed multi-
elliptic-localized wave solutions[52] with unified analytical ex-
pressions using the Darboux–Bäcklund transformation and Ja-
cobi Theta functions, and proved the elastic nature of colli-
sions. More recently, Ling and Sun[41] established a quantita-
tive correspondence between elliptic rogue waves and modu-
lational instability.

Despite these advances, the study of the cmKdV equa-
tion on elliptic function backgrounds remains unsystematic
and incomplete. Sinthuja et al.[53] used the Darboux trans-
formation to investigate rogue waves on elliptic backgrounds,
but their results were confined to special first-order exam-
ples without providing general higher-order formulas. Rao
et al.[54] studied multi-soliton and multi-breather solutions on
periodic cmKdV backgrounds via the bilinear method. Hu and
Gegen[55] recently constructed N-breather solutions as well as
hybrid rogue-wave–breather solutions for the cmKdV equa-
tion, providing further insight into the coexistence of breather
and rogue wave structures. To date, however, a unified the-
oretical framework encompassing general localized wave for-
mulas and systematic rogue wave expressions for the cmKdV
equation on elliptic backgrounds has not been established.
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The present work aims to fill this gap. By combining
Theta function representations within the genus-1 algebro-
geometric framework with both the standard and generalized
Darboux transformations, we systematically construct local-
ized wave solutions and rogue wave solutions of the cmKdV
equation on elliptic function backgrounds. Complete Theta
function representations for the elliptic periodic solutions and
the fundamental Lax pair solutions are first derived. Utiliz-
ing linear combinations of the Lax pair vector solutions to-
gether with Theta function addition formulas, we obtain ex-
plicit determinant formulas for n-fold localized wave solu-
tions on both cn-type and dn-type backgrounds, encompass-
ing elliptic solitons, elliptic breathers, elliptic two-solitons, el-
liptic soliton-breathers, and elliptic two-breathers. Through
small-parameter expansions near the branch points of the spec-
tral curve and the generalized Darboux transformation, gen-
eral determinant formulas for n-th order rogue waves are de-
rived. On the cn-type background, two identical rogue wave
families arise from the involution symmetry of the Lax pair,
while on the modulationally stable dn-type background, the
two branch points generate distinct elliptic-soliton and elliptic-
breather modes that combine into elliptic-soliton-breathers at
second order.

2. Theta function representations of elliptic
function solutions and Lax pair solutions
In this section, we first derive the elliptic function solu-

tions of the cmKdV equation and then obtain the correspond-
ing solutions of the Lax pair using algebraic geometry meth-
ods, which are detailed in monographs. Here we only consider
the genus-1 case, where the solutions can be represented using
elliptic functions and integrals.

This paper primarily investigates the focusing cmKdV
equation, whose Lax pair can be written as follows:

Φx =𝑀Φ , 𝑀 =−iλσ3 +𝑄,

Φt =𝑁Φ , 𝑁 =

[
A B
C −A

]
, (2)

where

σ3 =

[
1 0
0 −1

]
, 𝑄=

[
0 ψ

−ψ∗ 0

]
,

A =−4iλ 3 +2iλ |ψ|2 +ψ
∗
x ψ−ψxψ

∗,

B = 4λ
2
ψ +2iλψx−ψxx−2|ψ|2ψ,

C =−4λ
2
ψ
∗+2iλψ

∗
x −ψ

∗
xx−2|ψ|2ψ

∗. (3)

By applying the compatibility condition Φxt = Φtx or the
zero-curvature equation 𝑀t −𝑁x + [𝑀 ,𝑁 ] = 0, we can re-
cover the cmKdV equation. The potential functions 𝑀 and
𝑁 satisfy the symmetry relations 𝑀 †(𝑄;λ ∗) = −𝑀(𝑄;λ )

and 𝑁 †(𝑄;λ ∗) = −𝑁(𝑄;λ ), where the symbol † denotes
the Hermitian conjugate. Based on the above symmetry,
if Φ(x, t;λ ) is a matrix solution to the Lax pair (2), then
Φ†(x, t;λ ∗) is a matrix solution to the adjoint Lax pair, which
takes the following form:

Ψx =−𝑀(𝑄;λ )Ψ , Ψt =−𝑁(𝑄;λ )Ψ . (4)

As a more general symmetry, if Φ(x, t;λ ) satisfies the
Lax pair (2), then (iσ2)Φ

T(x, t;−λ )(−iσ2) satisfies the ad-
joint Lax pair (4), where σ2 is the Pauli matrix

σ2 =

(
0 −i
i 0

)
.

Based on the Lax pairs (2) and (4), we define a new matrix
function

𝐷(x, t;λ ) =−1
2

Φ(x, t;λ )(iσ2)Φ
T(x, t;−λ )(−iσ2).

It satisfies the following stationary zero-curvature equa-
tions

𝐷x = [𝑀 ,𝐷], 𝐷t = [𝑁 ,𝐷]. (5)

The compatibility condition of the aforementioned sta-
tionary zero-curvature equations is given, and through the
compatibility condition of the Lax pair and the Jacobi iden-
tity, the cmKdV equation can also be derived.

2.1. Elliptic function solutions

To obtain the analytical formula for the matrix func-
tion 𝐷(x, t;λ ), we rewrite the matrix functions Φ(x, t;λ ) and
𝐷(x, t;λ ) according to the Lax pair (2) and the stationary zero-
curvature Eqs. (5)

Φ(x, t;λ ) =

(
φ1(x, t;λ ) φ2(x, t;λ )

ϕ1(x, t;λ ) ϕ2(x, t;λ )

)
,

𝐷(x, t;λ ) =

(
−iq(x, t;λ ) w(x, t;λ )

m(x, t;λ ) iq(x, t;λ )

)
, (6)

where

q(x, t;λ ) =
i
2
(
φ1(x, t;λ )ϕ2(x, t;λ )−φ2(x, t;λ )ϕ1(x, t;λ )

)
,

w(x, t;λ ) = φ1(x, t;λ )φ2(x, t;λ ),

m(x, t;λ ) =−ϕ1(x, t;λ )ϕ2(x, t;λ ). (7)

[φi, ϕi]
T (i = 1,2) are two vector solutions to the Lax pair (2),

and then we write out the stationary zero-curvature equations
in more detail

qx = ψ
∗w−ψm, wx =−2ψq−2iλw,

mx = 2ψ
∗q+2iλm, qt = i(Cw−Bm),

wt = 2Aw+2iBq, mt =−2Am−2iCq, (8)

where A, B, and C are given by Eq. (3).
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For the genus-1 case, we assume that the matrix function
𝐷 is a quadratic polynomial in λ

𝐷 =𝐷0(x, t)λ
2 +𝐷1(x, t)λ +𝐷2(x, t). (9)

Substituting Eq. (9) into Eq. (5) and comparing the coef-
ficients of λ , we obtain:

For the x-equation

λ
3 : σ3𝐷

off
0 = 0,

λ
2 : 𝐷0,x +2iσ3𝐷

off
1 +[𝑄,𝐷0] = 0,

λ
1 : 𝐷1,x +2iσ3𝐷

off
2 +[𝑄,𝐷1] = 0,

λ
0 : 𝐷2,x +[𝑄,𝐷2] = 0.

From this, we obtain

𝐷(x, t;λ ) = −iα0σ3λ
2 +(−iα1σ3 + iα0𝑄)λ − iα2σ3

+iα1𝑄+
iα0σ3

2
(i𝑄2−𝑄x),

where αi ∈ R(i = 0,1,2).
For the t-equation

λ
5 : σ3𝐷

off
0 = 0,

λ
4 :−8iσ3𝐷

off
1 +[4𝑄,𝐷0] = 0,

λ
3 :−8iσ3𝐷

off
2 +[4𝑄,𝐷1]+ [2iσ3(𝑄x−𝑄2),𝐷0] = 0,

λ
2 : 𝐷0,t − [4𝑄,𝐷2]− [2iσ3(𝑄x−𝑄2),𝐷1]

− [2𝑄3−𝑄xx,𝐷0] = 0,

λ
1 : 𝐷1,t − [2iσ3(𝑄x−𝑄2),𝐷2]− [2𝑄3−𝑄xx,𝐷1] = 0,

λ
0 : 𝐷2,t − [2𝑄3−𝑄xx,𝐷2] = 0.

From this, we obtain α0,t = α1,t = 0, and

𝑄t +4α2𝑄x +4iα1σ3𝑄
3−4α

2
1𝑄x +8iα1α2σ3𝑄= 0. (10)

Combining the above assumptions, the determinant of the
matrix 𝐷(x, t;λ ) can be written as

det(𝐷(x, t;λ )) = q(x, t;λ )2−w(x, t;λ )m(x, t;λ ) = P(λ ),

P(λ ) :=
4

∏
i=1

(λ −λi) = λ
4− s1λ

3 + s2λ
2− s3λ + s4, (11)

where λi are the roots of the polynomial, and the root coef-
ficients si are related to the phase velocity of the background
wave. Through the symmetry relation and the existence and
uniqueness of solutions to ordinary differential equations, we
know that the solution satisfies 𝐷(x, t;λ )=−𝐷†(x, t;λ ). Fur-
thermore, we can obtain α0 = 1. Let µ(x, t) :=−i(lnψ)x/2−
α1, ν = |ψ|2. Then q(x, t;λ ), w(x, t;λ ), and m(x, t;λ ) can be
represented by the following polynomials and are consistent
with the results of Eq. (8)

q(x, t;λ ) = λ
2 +q1(x, t)λ +q2(x, t) = λ

2 +α1λ +α2,

w(x, t;λ ) =−m∗(x, t;λ
∗) = ψ(λ −µ). (12)

By comparing the coefficients of λ on both sides of
Eq. (11), we obtain

s1 =−2α1, s2 = α
2
1 +2α2 + v,

s3 =−2α1α2 + v(µ +µ
∗), s4 = α

2
2 + vµµ

∗, (13)

and two quantitative relationships concerning µ , µ∗, and v

µ +µ
∗ =

s1

2
− g

v
, µµ

∗ =
1
4v

(4s4− v2 +2hv−h2). (14)

The other variables involved are g =
s2
1
4 − s2 + 2ν and h =

s3
1
4 − s1s2 + s3. According to the above equations, the expres-

sions for ψ∗α1 and ψα∗2 can be obtained as

µ,µ∗ =
s1

4
−

g± i
√
−R(v)

2v
, (15)

where

R(v) = v3 +

(
s2

1
4
−2h

)
v2 +(h2− s1g−4s4)v+g2. (16)

If there exists a root ν1 such that R(ν1) = 0, then
det(D(x, t;λ )) can be factorized as[

λ
2 +(iα1− i

√
v1)λ +

(
iα2−

iv1

2

)
− i
√

v1µ

]
×
[

λ
2 +(iα1 + i

√
v1)λ +

(
iα2−

iv1

2

)
− i
√

v1µ

]
.

Therefore, iα1− i
√

v1 = −λ1−λ3, iα1 + i
√

v1 = −λ2−
λ4 and v1 = − 1

4 (λ1 +λ3−λ2−λ4)
2. Similarly, for the other

two roots v2 and v3, we can obtain

v2 =−
1
4
(λ1 +λ4−λ2−λ3)

2,

v3 =−
1
4
(λ1 +λ2−λ3−λ4)

2.

We utilize the effective integration technique.[56] Under
the periodic wave background, q1 is related to the phase veloc-
ity of the periodic wave. In this paper, for the sake of simplic-
ity, we set q1 = 0. The case for q1 6= 0 can be given in the same
way as the case for q1 = 0. To satisfy q1 = 0 and v ≥ 0, the
four zeros λi must consist of two pairs of complex conjugates
λ1,3 = b± ic and λ2,4 =−b± id, where b, c, and d are positive
real numbers, and the coefficients vi and si (i = 1,2,3,4) can
be simplified as

v1 =−4b2, v2 = (c−d)2, v3 = (c+d)2,

s1 = 0, s2 =
v1 + v2 + v3

2
, s3 =

√
−v1v2v3,

s4 =
v2

1−2(v2 + v3)v1 +(v2− v3)
2

16
. (17)

Below, we will see that the parameters v1, v2, and v3 de-
termine the dynamic characteristics of the solution ψ . Due to
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the aforementioned relationship between vi (i = 1,2,3) and λi

(i = 1,2,3,4), the parameters λi also determine the dynamic
characteristics of the solution ψ . We proceed to derive the
Dubrovin-type equations corresponding to µ(x, t). Applying
Eqs. (8) and (9) and setting λ = µ , we deduce the expressions
for the partial derivatives of µ with respect to x and t

µx =−2i f (µ) =−2i
√

P(µ),

µt =−2i(2h− s2
1)
√

P(µ). (18)

Furthermore, from Eqs. (10) and (15), along with the re-
lationship µ−µ∗ =− i

2
vx
v , we can obtain

vt = (s2
1−2h)vx = 2i(s2

1−2h)
√

R(v). (19)

It can be obtained that the three roots satisfy the quanti-
tative relationship v1 ≤ 0 ≤ v2 ≤ v3. Through simple mathe-
matical analysis of the differential equation (19), we find that
ν is a periodic function on the interval [v2,v3], which can be
represented by Jacobi elliptic functions as

v(x−2s2t) = v3 +(v2− v3)sn2 (√v3− v1(x−2s2t) | k2) , (20)

where k =
√
(v3− v2)/(v3− v1). According to the above

equation, the traveling wave transformation ξ = x− 2s2t can
be adopted. From Eqs. (10), (15), and (19), we obtain

ψx = 2iµψ, ψt =−(4v−2h)ψx +2vxψ. (21)

According to Eqs. (19)–(21), we can deduce the expres-
sion for the function ψ(ξ , t) as

ψ(ξ , t) =
√

v(ξ )exp
(
−is3

∫
ξ

0

ds
v(s)
−4is3t

)
=
√

v3 +(v2− v3)sn2
(√

v3− v1ξ | m
)

×exp
(
−is3

∫
ξ

0

ds
v(s)
−4is3t

)
. (22)

2.2. Fundamental solutions of the Lax pair and their Theta
function representations

To find the corresponding solutions of the Lax pair,
we introduce the notation y2(ξ , t;λ ) = −det(𝐷(ξ , t;λ )),
where y2(ξ , t;λ ) = q(ξ , t;λ ) + w(ξ , t;λ )m(ξ , t;λ ). There-
fore, 𝐾1(ξ , t;λ ) = (1,r1(ξ , t;λ ))T and 𝐾2(ξ , t;λ ) =

(1,r2(ξ , t;λ ))T are the kernels of the matrices 𝐷(ξ , t;λ )− iyI
and 𝐷(ξ , t;λ )+ iyI, respectively, where

r1(ξ , t;λ ) = i
q(ξ , t;λ )+ y

w(ξ , t;λ )
= i

m(ξ , t;λ )

q(ξ , t;λ )− y
,

r2(ξ , t;λ ) = i
iq(ξ , t;λ )− y

w(ξ , t;λ )
= i

m(ξ , t;λ )

q(ξ , t;λ )+ y
. (23)

Assuming that the Lax pair (2) has the initial condi-
tion Φ(0,0;λ ) = I and that there exists a fundamental ma-
trix solution Φ̂(x, t;λ ), the matrices Φ̂(ξ , t;λ )𝐷(0,0;λ ) and

𝐷(ξ , t;λ )Φ̂(ξ , t;λ ) are also matrix solutions of the Lax
pair (2). By the existence and uniqueness of solutions to ordi-
nary differential equations, we obtain Φ̂(ξ , t;λ )𝐷(0,0;λ ) =

𝐷(ξ , t;λ )Φ̂(ξ , t;λ ). Furthermore, let us reconsider the solu-
tion Φ(x, t;λ ) = (Ψ1(ξ , t;λ ),Ψ2(ξ , t;λ )). Since the Lax pair
is linear, we can normalize the first components of the vector
solutions Ψ1(0,0;λ ) and Ψ2(0,0;λ ) to unity and set their sec-
ond components to ϕ1(0,0;λ ) and ϕ2(0,0;λ ), respectively. In
other words

Φ(x, t;λ ) = Φ̂(x, t;λ )(𝐾1(0,0;λ ),𝐾2(0,0;λ )).

Based on this, we obtain [𝐷(x, t;λ )− iyI]Φ(x, t;λ ) = 0,
and hence

ri(x, t;λ ) =
ϕi(x, t;λ )

φi(x, t;λ )
, i = 1,2.

Since q(x, t;λ ) and w(x, t;λ ) are known, the functions
ϕi(x, t;λ ) for i = 1,2 can be obtained. The remaining un-
known variables of the Lax pair are φi(x, t;λ ) for i = 1,2. In
fact, based on the previously known variables, φi(x, t;λ ) can
be obtained by integration

φ1,ξ = (−iλ +ψr1)φ1,

φ1,t =
[
−4iλ 3 +2iλv+(4λ

2
ψ +2iλψξ −2ψv−ψξ ξ )r1

]
φ1,

φ2,ξ = (−iλ +ψr2)φ2,

φ2,t =
[
−4iλ 3 +2iλv+(4λ

2
ψ +2iλψξ

−2ψv−ψξ ξ )r2
]
φ2. (24)

Substituting Eq. (12) into Eq. (24) yields

φ1(ξ , t;λ ) =

√
v(ξ )−β1

v(0)−β1
exp(θ1),

θ1 = i
∫

ξ

0

C1 ds
v(s)−β1

+ iλξ + i(4yλ −2s3)t,

φ2(ξ , t;λ ) =

√
v(ξ )−β2

v(0)−β2
exp(θ2),

θ2 = i
∫

ξ

0

C2 ds
v(s)−β2

+ iλξ − i(4yλ +2s3)t, (25)

where Ci = 2λβi− s3, β1,2 = 2(λ 2 + s2
2 ∓ y). Through steps

similar to those used to obtain the first set of solutions for the
Lax pair, we can also obtain another set of solutions, as shown
below:

ϕ1(ξ , t;λ ) = −

√
v(0)−β2

v(0)−β1

√
v(ξ )−β2

v(0)−β2
exp(−θ2),

ϕ2(ξ , t;λ ) = −

√
v(0)−β1

v(0)−β2

√
v(ξ )−β1

v(0)−β1
exp(−θ1). (26)

Ignoring the constant factors in the vector solutions, we
arrive at the following theorem.

090204-5



Chin. Phys. B 35, 090204 (2026)

Theorem 1 When ψ is given by the elliptic function (22),
a fundamental solution of the Lax pair (2) can be expressed as

Φ(ξ , t;λ ) =

[ √
v(ξ )−β1 eθ1

√
v(ξ )−β2 eθ2

i
√

v(ξ )−β2 e−θ2 i
√

v(ξ )−β1 e−θ1

]
, (27)

where θ1 and θ2 are given in Eq. (25).
Let α =

√
v3− v1 and k =

√
(v3− v2)/(v3− v1). To ob-

tain the Theta function representation of the solution, we in-
troduce the following parameters:

v1 =−α
2 dn2(K +2il | k2),

v2 =−k2
α

2 cn2(K +2il | k2),

v3 = k2
α

2 sn2(K +2il | k2). (28)

According to Eqs. (20) and (28), we obtain

v(ξ ) = k2
α

2 (sn2(K +2il | k2)− sn2(αξ | k2)
)
,

g = ik2
α

3 sn(K +2il | k2)cn(K +2il | k2)dn(K +2il | k2).

Based on the addition formulas for Theta functions, we
obtain

v(x) = α
2 ϑ 2

2

ϑ 2
3

ϑ 2
4 ϑ1

(
K+2il+αξ

2K

)
ϑ1

(
K+2il−αξ

2K

)
ϑ 2

4

(K+2il
2K

)
ϑ 2

4

(
αξ

2K

) . (29)

Then, we obtain the Theta function representation of ψ

ψ = α
ϑ2ϑ4

ϑ3

ϑ2

(
αξ+2il

2K

)
ϑ3
( 2il

2K

)
ϑ4

(
αξ

2K

)e−αZ(K+2il)ξ+4is3t . (30)

Furthermore, to derive the Theta function representation
of the Lax pair solutions, we need to parameterize the spectral
curve y2 = ∏

4
i=1(λ −λi) with the help of Eq. (18), yielding

λ (z) = µ(i(z− l)/α), y(z) =
α

2
dµ(i(z− l)/α)

dz
. (31)

We use the addition formulas for Jacobi elliptic functions
to simplify µ(i(z− l)/α) and obtain a more convenient repre-
sentation

λ (z) =
αi
2

[
−sn(K +2il)cn(K +2il)dn(K +2il)

sn2(K +2il)− sn2(i(z− l))

+
sn(i(z− l))cn(i(z− l))dn(i(z− l))

sn2(K +2il)− sn2(i(z− l))

]
=

αi
2

[
idn(i(z− l))dn(iK′+K− i(z+ l))

dn(K +2il)

+
msn(K +2il)cn(K +2il)

dn(K +2il)

]
. (32)

The above formula can be simplified to

λ (z) =


αik2

2
sn(i(z− l))cn(i(z− l))

dn(i(z− l))
, l =±K′

2
,

αi
2

sn(i(z− l))dn(i(z− l))
cn(i(z− l))

, l = 0.

(33)

In addition, through the addition formulas for Jacobi el-
liptic functions, we obtain a simple formula for λ 2(z)

λ
2(z) =

α2

4
[
dn2(K +2il)+m−2+dn2(i(z− l))

+dn2(iK′+K− i(z+ l))
]
, (34)

Thus, y(z) can be rewritten as

y(z) =
α2

4
[
dn2(K + iK′− i(z+ l))−dn2(i(z− l))

]
. (35)

Based on β1 = 2(λ 2+ s2
2 −y) and β2 = 2(λ 2+ s2

2 +y), as
well as the aforementioned results, we obtain

β1 = 2(λ 2(z)+ s2/2− y(z))

= mα
2[sn2(K +2il)− sn2(i(z− l))],

β2 = 2(λ 2(z)+ s2/2+ y(z))

= mα
2[sn2(K +2il)− sn2(iK′+K− i(z+ l))]. (36)

From this, we obtain

v(x)−β1 = mα
2(sn2(i(z− l))− sn2(αξ )),

v(x)−β2 = mα
2(sn2(iK′+K− i(z+ l))− sn2(αξ )). (37)

According to the above equations, through calculations
similar to those leading to Eq. (30), we obtain

φ1(ξ , t;z) = α
ϑ2ϑ4

ϑ3

ϑ1

(
i(z−l)−αξ

2K

)
ϑ4

(
i(z−l)

2K

)
ϑ4

(
αξ

2K

)
×e(αZ(i(z−l))+iλ )ξ+i(4yλ−2s3)t ,

φ2(ξ , t;z) = α
ϑ2ϑ4

ϑ3

ϑ1

(
iK′−K−i(z+l)−αξ

2K

)
ϑ4

(
iK′−K−i(z+l)

2K

)
ϑ4

(
αξ

2K

)
×e(−i απ

2K −αZ(iK′+K−i(z+l))+iλ )x−i(4yλ+2s3)t . (38)

Through the addition formulas for Theta functions (B6),
we obtain

λ (z)−µ(ξ ) =
αiϑ2ϑ4

2ϑ3

×
ϑ1

(
i(z−l)−αξ

2K

)
ϑ3
( 2il

2K

)
ϑ3

(
i(z+l)+αξ

2K

)
ϑ2

(
i(z+l)

2K

)
ϑ4

(
i(z−l)

2K

)
ϑ2

(
αξ+2il

2K

)
ϑ4

(
αξ

2K

) ,
λ (z)−µ

∗(ξ ) =
αiϑ2ϑ4

2ϑ3

×
ϑ1

(
i(z−l)+αξ

2K

)
ϑ3
( 2il

2K

)
ϑ3

(
i(z+l)−αξ

2K

)
ϑ2

(
i(z+l)

2K

)
ϑ4

(
i(z−l)

2K

)
ϑ2

(
αξ−2il

2K

)
ϑ4

(
αξ

2K

) . (39)

According to Eqs. (37), (39), and ri =
ϕi
φi

, it follows that

r1(ξ , t;z) = −
ϑ4

(
i(z−l)

2K

)
ϑ3

(
i(z+l)−αξ

2K

)
ϑ2

(
i(z+l)

2K

)
ϑ1

(
i(z−l)−αξ

2K

)eαZ(2il+K)ξ−4is3t ,
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r2(ξ , t;z) = −
ϑ2

(
i(z+l)

2K

)
ϑ1

(
i(z−l)+αξ

2K

)
ϑ4

(
i(z−l)

2K

)
ϑ3

(
i(z+l)+αξ

2K

)
×eα(Z(2il+K)+ iπ

2K )ξ−4is3t , (40)

thus

ψ1(ξ , t;z) = −α
ϑ2ϑ4

ϑ3

ϑ3

(
i(z+l)−αξ

2K

)
ϑ2

(
i(z+l)

2K

)
ϑ4

(
αξ

2K

)
×E1(ξ , t;z)E3(ξ , t;z),

ψ2(ξ , t;z) = −α
ϑ2ϑ4

ϑ3

ϑ1

(
i(z−l)+αξ

2K

)
ϑ4

(
i(z−l)

2K

)
ϑ4

(
αξ

2K

)
×E2(ξ , t;z)E3(ξ , t;z), (41)

where

E1(ξ , t;z) = exp [(αZ(i(z− l))+ iλ )ξ + i(4yλ −2s3)t] ,

E2(ξ , t;z) = exp
[(
−i

απ

2K
−αZ(i(z+ l)+K + iK′)+ iλ

)
ξ

−i(4yλ +2s3)t
]
,

E3(ξ , t;z) = exp
[

α

(
Z(2il +K)+

iπ
2K

)
ξ −4is3t

]
. (42)

Based on Eqs. (38), (40), and (41), we can draw the fol-
lowing conclusion.

Theorem 2 When ψ is given by Eq. (30), the vector so-
lution of the Lax pair for Eq. (2) can be expressed in terms of

Theta functions as follows:[
φ1(ξ , t;z)
ϕ1(ξ , t;z)

]
= α

ϑ2ϑ4

ϑ3ϑ4

(
αξ

2K

)E1(ξ , t;z)

×



ϑ1

(
i(z−l)−αξ

2K

)
ϑ4

(
i(z−l)

2K

)
i
ϑ3

(
i(z+l)−αξ

2K

)
ϑ2

(
i(z+l)

2K

) E3(ξ , t;z)


, (43)

[
φ2(ξ , t;z)
ϕ2(ξ , t;z)

]
= α

ϑ2ϑ4

ϑ3ϑ4

(
αξ

2K

)E2(ξ , t;z)

×



ϑ3

(
i(z+l)+αξ

2K

)
ϑ2

(
i(z+l)

2K

)
i
ϑ1

(
i(z−l)+αξ

2K

)
ϑ4

(
i(z−l)

2K

) E3(ξ , t;z)


. (44)

3. Elliptic-localized wave solutions

In this section, we obtain elliptic-localized wave solutions
by applying the n-th-order Darboux transformation, while si-
multaneously obtaining the Theta function representations of
the solutions of the cmKdV equation.

We consider the localized wave solutions obtained
through linear combinations of the two sets of Lax pair so-
lutions Eqs. (43) and (44)

Φ(ξ , t;z j) =

[
φ1(ξ , t;z j)

ϕ1(ξ , t;z j)

]
+α j

[
φ2(ξ , t;z j)

ϕ2(ξ , t;z j)

]

= α
ϑ2ϑ4

ϑ3ϑ4

(
αξ

2K

)


E1



ϑ1

(
i(z j− l)−αξ

2K

)
ϑ4

(
i(z j− l)

2K

)

−
ϑ3

(
i(z j + l)−αξ

2K

)
ϑ2

(
i(z j + l)

2K

) E3


+α jE2



ϑ3

(
i(z j + l)+αξ

2K

)
ϑ2

(
i(z j + l)

2K

)

−
ϑ1

(
i(z j− l)+αξ

2K

)
ϑ4

(
i(z j− l)

2K

) E3




. (45)

At the same time, we present the complex conjugate of solution Eq. (45)

Φ
∗(ξ , t;zi) =

[
φ1(ξ , t;zi)

ϕ1(ξ , t;zi)

]
+α

∗
i

[
φ2(ξ , t;zi)

ϕ2(ξ , t;zi)

]

= α
ϑ2ϑ4

ϑ3ϑ4

(
αξ

2K

)


E∗1



ϑ1

(
i(z∗i − l)−αξ

2K

)
ϑ4

(
i(z∗i − l)

2K

)

−
ϑ3

(
i(z∗i + l)−αξ

2K

)
ϑ2

(
i(z∗i + l)

2K

) E3


+α

∗
i E∗2



ϑ3

(
i(z∗i + l)+αξ

2K

)
ϑ2

(
i(z∗i + l)

2K

)

−
ϑ1

(
i(z∗i − l)+αξ

2K

)
ϑ4

(
i(z∗i − l)

2K

) E3




, (46)
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where α j and αi are complex constants, and E1, E2, and E3 are defined in Eq. (42).
Through the Darboux transformation (A4), the general solution can be obtained. The solution obtained by the n-th-order

Darboux transformation can be expressed as

ψn(ξ , t) = ψ(ξ )− [𝛷1,𝛷2, . . . ,𝛷n]𝑈
−1


𝛷∗1
𝛷∗2
...
𝛷∗n

 , (47)

where ψ(ξ ) is given in Eq. (30) and

𝑈 =

(
𝛷†(zi)𝛷(z j)

2(λ (z j)−λ (z∗i ))

)
1≤i, j≤n

. (48)

Next, we utilize Eqs. (45) and (46) to express the components in Eq. (48)

𝛷†(zi)𝛷(z j) =
α2ϑ 2

2 ϑ 2
4

ϑ 2
3 ϑ 2

4

(
αξ

2K

) (−E1(z j)E∗1 (zi)∆1 +α
∗
i E1(z j)E∗2 (zi)∆2−α jE2(z j)E∗1 (zi)∆3 +α

∗
i α jE2(z j)E∗2 (zi)∆4) , (49)

where

∆1 = −
ϑ3
( 2il

2K

)
ϑ3

(
i(z∗i +z j)

2K

)
ϑ4

(
α1ξ−i(z j−z∗i )

2K

)
ϑ4

(
α1ξ

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z∗i +l)

2K

)
ϑ2

(
i(z j+l)

2K

) , ∆2 =−e
iαπξ

2K
ϑ3
( 2il

2K

)
ϑ1

(
i(z j−z∗i )

2K

)
ϑ4
(

αx
2K

)
ϑ2

(
αx−i(z∗i +z j)

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ4

(
i(z j+l)

2K

)
ϑ4

(
i(z∗i +l)

2K

) ,
∆3 = e

iαπξ

2K
ϑ3
( 2il

2K

)
ϑ1

(
i(z∗i −z j)

2K

)
ϑ4
(

αx
2K

)
ϑ2

(
αx+i(z∗i +z j)

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z j+l)

2K

)
ϑ2

(
i(z∗i +l)

2K

) , ∆4 =
ϑ3
( 2il

2K

)
ϑ3

(
i(z j+z∗i )

2K

)
ϑ4
(

αx
2K

)
ϑ4

(
αx−i(z∗i −z j)

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z j+l)

2K

)
ϑ2

(
i(z∗i +l)

2K

) .
Through the addition formulas for Theta functions, we obtain

2(λ (z j)−λ (z∗i )) = αi
ϑ2ϑ4

ϑ3

ϑ3
( 2il

2K

)
ϑ1

(
i(z j−z∗i )

2K

)
ϑ3

(
i(z j+z∗i )

2K

)
ϑ2

(
i(z j+l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z∗i +l)

2K

)
ϑ4

(
i(z∗i −l)

2K

) . (50)

From this, we obtain

𝛷†(zi)𝛷(z j)

2(λ (z j)−λ (z∗i ))
=

1
αi

ϑ3ϑ4

(
αξ

2K

)
ϑ2ϑ4

Oi, j, (51)

where

Oi, j = E1(z j)E∗1 (zi)
ϑ4

(
αξ+i(z∗i −z j)

2K

)
ϑ1

(
i(z j−z∗i )

2K

) +α
∗
i E1(z j)E∗2 (zi)

ϑ2

(
αξ−i(z∗i +z j)

2K

)
ϑ3

(
i(z j+z∗i )

2K

)
+α jE2(z j)E∗1 (zi)

ϑ2

(
αξ+i(z∗i +z j)

2K

)
ϑ3

(
i(z j+z∗i )

2K

) +α
∗
i α jE2(z j)E∗2 (zi)

ϑ4

(
αξ−i(z∗i −z j)

2K

)
ϑ1

(
i(z j−z∗i )

2K

) . (52)

With the help of the above equations and the addition formulas for Theta functions, we obtain the expression for Hi, j

Hi, j = E1(z j)E∗1 (zi)
ϑ2

(
i(z j+l)

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z∗i +l)

2K

) ϑ2

(
i(z∗i −z j)+2il+αξ

2K

)
ϑ1

(
i(z∗i −z j)

2K

)
+α

∗
i E1(z j)E∗2 (zi)

ϑ2

(
i(z j+l)

2K

)
ϑ2

(
i(z∗i +l)

2K

)
ϑ4

(
i(z j−l)

2K

)
ϑ4

(
i(z∗i −l)

2K

) ϑ4

(
−i(z∗i +z j)+2il+αξ

2K

)
ϑ3

(
i(z∗i +z j)

2K

)
090204-8
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−α jE2(z j)E∗1 (zi)
ϑ4

(
i(z j−l)

2K

)
ϑ4

(
i(z∗i −l)

2K

)
ϑ2

(
i(z j+l)

2K

)
ϑ2

(
i(z∗i +l)

2K

) ϑ4

(
i(z∗i +z j)+2il+αξ

2K

)
ϑ3

(
i(z∗i +z j)

2K

)
+α jα

∗
i E2(z j)E∗2 (zi)

ϑ4

(
i(z j−l)

2K

)
ϑ2

(
i(z∗i +l)

2K

)
ϑ2

(
i(z j+l)

2K

)
ϑ4

(
i(z∗i −l)

2K

) ϑ2

(
i(z j−z∗i )+2il+αξ

2K

)
ϑ1

(
i(z j−z∗i )

2K

) . (53)

Finally, by substituting Eqs. (52) and (53) into Eq. (48),
we can deduce the following theorem.

Theorem 3 The localized wave solution of the cmKdV
equation on a Jacobi elliptic function background is given by

ψn = α
ϑ2ϑ4

ϑ3ϑ3
( 2il

2K

)
 ϑ4

(
αξ

2K

)
ϑ2

(
αξ+2il

2K

)
n−1

×det(𝐻)

det(𝑂)
e−αZ(2il+K)ξ+4is3t , (54)

where 𝑂 = (Oi, j)1≤i, j≤n and 𝐻 = (Hi, j)1≤i, j≤n.
Through the above analysis, we obtain elliptic-localized

wave solutions with different dynamic behaviors. Based on
Theorem 3, n in the elliptic-localized wave solution ψn rep-
resents the total number of localized waves. Below, we
present different elliptic-localized wave solutions, including
elliptic soliton solutions, elliptic breather solutions, elliptic
multi-soliton solutions, elliptic multi-breather solutions, and
elliptic multi-soliton-multi-breather solutions, primarily tak-
ing n = 1,2 as examples. During the solution process of the
cmKdV equation, different types of localized solutions on the

elliptic background can be systematically constructed by vary-
ing the matrix dimension n and the spectral parameter config-
uration. Here, we illustrate this with n = 1,2.

3.1. Dynamics of elliptic-localized wave solutions on cn-
type backgrounds

Taking the parameters l = 0, α = 1, and k = 1/2 in
Eq. (54), we obtain v1 = −0.75, v2 = 0, v3 = 0.25, and s2 =

−0.25. Furthermore, by selecting different parameters zi and
αi, i = 1,2, the elliptic-soliton solutions, elliptic-breather so-
lutions, elliptic-two-soliton solutions, elliptic-soliton-breather
solutions, and elliptic-two-breather solutions of the cmKdV
equation on the cn-type background are presented in Figs. 1–
4.

In this subsection, setting the parameters l = 0 and n =

1 in Eq. (54) and utilizing the transformation formulas of
Theta functions, we derive a more compact expression for the
elliptic-single-localized wave solution

ψ1 = α
ϑ2ϑ4

ϑ3ϑ3
( 2il

2K

) H1

O1
e−αZ(2il+K)ξ+4is3t , (55)

where

O1 = E1(z1)E∗1 (z1)
ϑ4

(
αξ+i(z∗1−z1)

2K

)
ϑ1

(
i(z1−z∗1)

2K

) +α
∗
1 E1(z1)E∗1 (z1)

ϑ2

(
αξ−i(z∗1+z1)

2K

)
ϑ3

(
i(z1+z∗1)

2K

)

+α1E2(z1)E∗1 (z1)
ϑ2

(
αξ+i(z∗1+z1)

2K

)
ϑ3

(
i(z1+z∗1)

2K

) +α
∗
1 α1E2(z1)E∗2 (z1)

ϑ4

(
αξ−i(z∗1−z1)

2K

)
ϑ1

(
i(z1−z∗1)

2K

) , (56)

H1 = E1(z1)E∗1 (z1)
ϑ2

(
i(z1+l)

2K

)
ϑ4

(
i(z∗1−l)

2K

)
ϑ4

(
i(z1−l)

2K

)
ϑ2

(
i(z∗1+l)

2K

) ϑ2

(
i(z∗1−z1)+2il+αξ

2K

)
ϑ1

(
i(z∗1−z1)

2K

)

+α
∗
1 E1(z1)E∗2 (z1)

ϑ2

(
i(z1+l)

2K

)
ϑ2

(
i(z∗1+l)

2K

)
ϑ4

(
i(z1−l)

2K

)
ϑ4

(
i(z∗1−l)

2K

) ϑ4

(
−i(z∗1+z1)+2il+αξ

2K

)
ϑ3

(
i(z∗1+z1)

2K

)

−α1E2(z1)E∗1 (z1)
ϑ4

(
i(z1−l)

2K

)
ϑ4

(
i(z∗1−l)

2K

)
ϑ2

(
i(z1+l)

2K

)
ϑ2

(
i(z∗1+l)

2K

) ϑ4

(
i(z∗1+z1)+2il+αξ

2K

)
ϑ3

(
i(z∗1+z1)

2K

)

+α1α
∗
1 E2(z1)E∗2 (z1)

ϑ4

(
i(z1−l)

2K

)
ϑ2

(
i(z∗1+l)

2K

)
ϑ2

(
i(z1+l)

2K

)
ϑ4

(
i(z∗1−l)

2K

) ϑ2

(
i(z1−z∗1)+2il+αξ

2K

)
ϑ1

(
i(z1−z∗1)

2K

) . (57)
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Fig. 1. Elliptic-soliton solutions of the cmKdV equation on the cn-type background. (a) α1 = 1 and z1 = K′+Ki/3; (b) α1 = exp(iπ/3) and z1 = K′+Ki/3.

Fig. 2. Modulus cross-section profiles |ψ1(x,0)| of the elliptic-soliton
solutions at t = 0, compared with the background wave.

When α1 = 1 and z1 = K′+Ki/3, λ (z1)≈−0.836i. Sub-
stituting these parameters into Eq. (55) yields the elliptic-
soliton solution shown in Fig. 1(a), where the soliton solution
reaches a maximum value of approximately 2.1716 at the ori-
gin. Since the free parameter α1 ∈ R, the solution ψ1 remains
real, and the cmKdV equation reduces to the mKdV equa-
tion. When α1 = exp(iπ/3) and z1 = K′+Ki/3, since z1 re-
mains unchanged, λ (z1)≈−0.836i. Substituting these param-
eters into Eq. (55) yields the elliptic-soliton solution shown
in Fig. 1(b), where the maximum value of the soliton solu-
tion is approximately 1.7840. Although the spectral parameter
λ (z1) still lies on the imaginary axis, the complex-valued free
parameter α1 = exp(iπ/3) makes the solution ψ1 complex-
valued, introducing phase modulation that significantly alters
the amplitude profile.

Figure 2 displays a comparison between the modulus
cross-section profiles |ψ1(x,0)| of the elliptic-soliton solutions
under different parameters and the background wave at t = 0.
The black dotted line represents the unperturbed background
elliptic cosine wave, while the two colored curves correspond
to the classical mKdV soliton and the parameter-modulated
cmKdV soliton, respectively. It can be clearly observed that all
soliton solutions converge to the background wave in regions
far from the perturbation center, confirming the localized char-
acteristics of these solutions on periodic backgrounds. Com-
paring the different curves reveals that the introduction of the
complex free parameter α1 breaks the parity symmetry of the

waveform and produces a phase shift, while the complex spec-
tral parameter further modifies the wave packet width and am-
plitude modulation depth of the soliton. These features indi-
cate that the cmKdV model possesses a richer soliton dynam-
ical structure than the traditional real-valued model.

When α1 = 1 and z1 = 3K′/4 + Ki/3, the correspond-
ing spectral parameter is λ (z1) ≈ −0.504− 0.429i, yielding
the elliptic-breather solution shown in Fig. 3(a). In this case,
the breather solution reaches a maximum value of approx-
imately 1.3559 at the origin, and the wave packet exhibits
periodic oscillations while propagating steadily along the x-
axis. By adjusting the parameter to z1 = 0.5571 + 0.6743i,
we obtain λ (z1)≈−0.314−0.286i, which yields the elliptic-
breather solution shown in Fig. 3(b). Here, the translational
velocity of the breather is completely canceled, transform-
ing it into a stationary breather with local envelope beating
at a fixed position. The breather solution reaches a maxi-
mum value of approximately 1.0722 at the origin, exhibit-
ing stronger energy concentration. By further introducing the
complex parameter α1 = 1+0.5i, with z1 = 3K′/4+Ki/4 and
λ (z1) ≈ −0.626− 0.427i, we obtain the elliptic-breather so-
lution shown in Fig. 3(c), with a maximum value of approx-
imately 1.3338. The complex parameter α1 introduces addi-
tional phase modulation, leading to the rotation and distortion
of the phase profile of the wave packet, thereby directly alter-
ing the symmetry and amplitude profile of the breather.

Next, setting the parameters l = 0 and n = 2 in Eq. (54),
we obtain the elliptic-double-localized wave solutions on the
cn-type background.

When α1 = exp(iπ/4), α2 = exp(iπ/3), z1 = K′+2Ki/9,
and z2 = K′+Ki/3, the corresponding spectral parameters are
λ (z1)≈−1.301i and λ (z2)≈−0.836i. Substituting these pa-
rameters into the formula yields the elliptic-two-soliton so-
lution shown in Fig. 4(a), with a maximum peak value of
approximately 3.517. When α1 = exp(iπ/4), α2 = 1, z1 =

K′+ 2Ki/9, and z2 = 3K′/4+Ki/3, the corresponding spec-
tral parameters are λ (z1) ≈ −1.301i and λ (z2) ≈ −0.504−
0.429i. Substituting these parameters into the formula yields
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the elliptic-soliton-breather solution shown in Fig. 4(b), with
a maximum peak value of approximately 3.230. When α1 =

α2 = 1, z1 = 0.176K′+ 0.85Ki, and z2 = 0.874K′+ 0.174Ki,
the corresponding spectral parameters are λ (z1) ≈ −0.945−

0.591i and λ (z2) ≈ −0.874− 0.895i. Substituting these pa-
rameters into the formula yields the elliptic-two-breather so-
lution shown in Fig. 4(c), with a maximum peak value of ap-
proximately 3.397.

Fig. 3. Elliptic-breather solutions of the cmKdV equation on the cn-type background. (a) α1 = 1 and z1 = 3K′/4+Ki/3; (b) α1 = 1 and
z1 = 0.5571+0.6743i; (c) α1 = 1+0.5i and z1 = 3K′/4+Ki/4.

Fig. 4. Elliptic localized wave solutions on the cn-type background. (a)–(c) 3D plots of the elliptic-two-soliton, elliptic-soliton-breather, and
elliptic-two-breather solutions, respectively. (d)–(f) Corresponding contour plots.

3.2. Dynamics of elliptic-localized wave solutions on dn-
type backgrounds

In this subsection, setting the parameter l = K′/2 in
Eq. (54), we obtain the dynamical characteristics of soliton
and breather solutions on the dn-type background. Using the
parameters α = 1 and k = 9/10, we obtain v1 = 0, v2 =−0.19,
v3 = 1, and s2 =−0.595.

When α1 = 1 and z1 =−K′/2+Ki/5, λ (z1)≈−1.189i.
Substituting these parameters into the Darboux transforma-
tion yields the elliptic-soliton solution shown in Fig. 5(a),
where the soliton solution reaches a maximum value of ap-
proximately 3.3779 at the origin. When α1 = 1 + 0.5i and
z1 =−K′/2+2Ki/5, λ (z1)≈−0.752i. Substituting these pa-
rameters into the Darboux transformation yields the elliptic-
soliton solution shown in Fig. 5(b), where the maximum value

of the soliton is approximately 1.5467. Although the spectral
parameter still lies on the imaginary axis, the modulus of the
free parameter α1 = 1+ 0.5i is |α1| ≈ 1.118 > 1, which not
only endows the solution with a complex phase structure but
also introduces distinct asymmetric modulation features, caus-
ing the amplitude envelope of the soliton to exhibit a biased
and asymmetric profile on the periodic background.

When α1 = 1, z1 =−K′/8+2Ki/5, and λ (z1)≈ 0.103−
0.535i, we obtain the elliptic-breather solution shown in
Fig. 5(a), with a maximum peak value of approximately
2.070. When α1 = 1, z1 = −K′/5 + Ki/3, and λ (z1) ≈
0.186−0.604i, we obtain the elliptic-breather solution shown
in Fig. 6(b), where the maximum value of the breather is
approximately 2.208. Due to the increase in the real part
of z1, the generated breather moves faster, exhibiting a dis-
tinctly inclined propagation path on the spatiotemporal plane
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and demonstrating the dynamic translational characteristics
of nonlinear waves for the cmKdV equation on an elliptic
background. When α1 = 1+ 0.5i, z1 = −K′/6+Ki/4, and
λ (z1) ≈ 0.322− 0.557i, we obtain the elliptic-breather solu-
tion shown in Fig. 6(c), where the maximum value of the solu-
tion is approximately 2.100. The introduction of the complex-
valued free parameter α1 = 1+ 0.5i injects additional initial

phase modulation into the breather, directly altering the sym-
metry and amplitude profile of the waveform and causing the
breather’s modulation on the periodic background to exhibit
an asymmetric profile.

Next, setting the parameters l = K′/2 and n = 2 in
Eq. (54), we obtain the elliptic-double-localized wave solu-
tions on the dn-type background.

Fig. 5. Elliptic-soliton solutions of the cmKdV equation on the dn-type background. (a) α1 = 1 and z1 = −K′/2+Ki/5; (b) α1 = 1+0.5i and
z1 =−K′/2+2Ki/5.

Fig. 6. Elliptic-breather solutions of the cmKdV equation on the dn-type background. (a) α1 = 1, z1 = −K′/8+ 2Ki/5; (b) α1 = 1, z1 =
−K′/5+Ki/3; (c) α1 = 1+0.5i, z1 =−K′/6+Ki/4.

Fig. 7. Elliptic localized wave solutions on the dn-type background. (a)–(c) 3D plots of the elliptic-two-soliton, elliptic-soliton-breather, and
elliptic-two-breather solutions, respectively. (d)–(f) Corresponding contour plots.
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When α1 =α2 = 1, z1 =−K′/2+Ki/5 and z2 =−K′/2+
2Ki/3, the corresponding spectral parameters are λ (z1) ≈
−1.189i and λ (z2) ≈ −0.821i. Substituting these parameters
into the formula yields the elliptic-two-soliton solution shown
in Fig. 7(a), with a maximum peak value of approximately
4.844. Taking z1 =−K′/2+Ki/5 and z2 =−K′/5+Ki/3, the
corresponding spectral parameters are λ (z1) ≈ −1.189i and
λ (z2)≈ 0.186−0.604i. Substituting these parameters into the
formula yields the elliptic-soliton-breather solution shown in
Fig. 7(b), with a maximum peak value of approximately 4.304.
Taking z1 =−K′/5+3Ki/20 and z2 =−K′/5+Ki/3, the cor-
responding spectral parameters are λ (z1)≈ 0.584−0.534i and
λ (z2) ≈ 0.186− 0.604i. Substituting these parameters into
the formula yields the elliptic-two-breather solution shown in
Fig. 7(c), with a maximum peak value of approximately 3.151.
From the corresponding contour plots, it can be observed that
the two breather trajectories propagate on the dn-type periodic
background at distinctly different velocities and inclination an-
gles, each exhibiting a periodically expanding and contracting
wave-like structure accompanied by closed vortex-like con-
tour clusters. The two trajectories generate complex interfer-
ence patterns in the intersection region and both recover their
regular oscillation modes away from the collision area.

4. Elliptic rogue wave solutions
In this section, we utilize limit expansion techniques to

address the degeneracy problem at the branch points. Specifi-
cally, by performing a small-parameter expansion of the spec-
tral parameter near the branch points, we extract a second set
of linearly independent solutions from the degenerate vector
solutions.

Since the representation of the Theta function contains
the parameters of the Abel map, we still use the original pa-
rameters to derive the formula for the rogue wave solutions.
Assuming that we expand the eigenvalue λi around the branch
point λ1, we set λ = λ1 + ε2

1 , where ε1 is a small parameter.
We then obtain

y(λ ) =
√
(λ −λ1)(λ −λ2)(λ −λ3)(λ −λ4) = ε1y1Y1, (58)

where

y1 =
√

(λ1−λ2)(λ1−λ3)(λ1−λ4),

Y1 =

√(
1+

ε2
1

λ1−λ2

)(
1+

ε2
1

λ1−λ3

)(
1+

ε2
1

λ1−λ4

)
.

Expanding the components in Eq. (49), we obtain

β1(λ ) = 2(λ1 + ε
2
1 )

2 + s2−2y(λ )

= 2λ
2
1 + s2 +2ε

2
1 (2λ1 + ε

2
1 )−2ε1y1Y1,

C1(λ ) = 2(λ1 + ε
2
1 )(2λ

2
1 + s2 +2ε

2
1 (2λ1 + ε

2
1 )

−2ε1y1Y1)− s3

= 4λ
3
1 +2s2λ1 +4

[
ε

2
1 (3λ

2
1 + s2/2+2λ1ε

2
1 + ε

4
1 )

−ε1y1Y1(λ1 + ε
2
1 )
]
− s3,

v(ζ̃ )−β1(λ ) = u1(ζ̃ )−2ε
2
1 (λ1 + ε

2
1 )+2ε1y1Y1,

where u1(ξ )= v(ξ )−(2λ 2
1 +s2). Substituting the above equa-

tions into the vector solution Φ1 and expanding it into a Taylor
series with respect to the small parameter ε1, we obtain the re-
quired Taylor expansion coefficients. First, expanding the first
component φ1 into a Taylor series with a radius of convergence
of 1, we have

φ1 =
√

v(ξ )−β1(λ )exp(θ1) =
∞

∑
i=0

φ
[i]
1 ε

i
1,

φ
[i]
1 =

1
i!

∂ iφ1

∂ε i
1

∣∣∣∣
ε1=0

,

θ1(λ ) = i
∫

ξ

0

C1

v(s)−β1
ds+ i(λ1 + ε

2
1 )ξ

+4iε1y1Y (λ1 + ε
2
1 )−2is3t. (59)

From this, we can calculate the second component ϕ1 = r1φ1

in the vector solution Φ1. First, we need to derive the expres-
sion for r1. From Eqs. (21) and (23), we obtain

r1 =
m

iq− y
=

2v(ξ )(λ1− ε2
1 )− i(vξ (ξ )/2+ iq)

i
√

v(ξ )(v(ξ )−β1(λ ))
exp(−θ0),

θ0 = is3

∫
ξ

0

ds
v(s)

+2is3t. (60)

Thus, the expression for ϕ1 is

ϕ1 = r1φ1 =
2v(ξ )(λ1− ε2

1 )− i(vξ (ξ )/2+ iq)√
v(ξ )

√
v(ξ )−β1(λ )

exp(θ1−θ0)

=
∞

∑
i=0

ϕ
[i]
1 ε

i
1, (61)

where ϕ
[i]
1 = 1

i!
∂ iϕ1
∂ε i

1

∣∣∣∣
ε1=0

.

Similarly, we choose another eigenvalue for the iteration
to obtain a new solution. Taking λ2, we set λ = λ2+ε2

2 , where
ε2 is a small parameter. Following the expansion steps de-
scribed above, we obtain the expressions for φ2 and ϕ2

φ2 =
∞

∑
i=0

φ
[i]
2 ε

i
2, ϕ2 =

∞

∑
i=0

ϕ
[i]
2 ε

i
2, (62)

where φ
[i]
2 and ϕ

[i]
2 have the same forms as φ

[i]
1 and ϕ

[i]
1 , ob-

tained simply by replacing λ1 with λ2.
Through the following integral formulas:

V0 = u, V1 =
∫ du

1−α2 sn2 u
= Π(ϕ,α2,k), ϕ = amu,

V2 =
1

2(α2−1)(k2−α2)

[
α

2E(u)+(k2−α
2)u

+(2α
2(1+ k2)−α

4−3k2)η1−
α4 snucnudnu

1−α2 sn2 u

]
. (63)
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Below, we take a few specific rogue waves as examples.
First, we consider the first-order rogue wave. We give the ex-
pressions for φ

[1]
1 and ϕ

[1]
1

φ
[1]
1 =

√
u1(x)W1 exp(θ1(ξ , t)),

θ1(ξ , t) = i
∫

ξ

0

ds
v(s)

+ iλ1ξ ,

ϕ
[1]
1 =

√
v(x)

√
u1(x)

2−u1(x)W1

W2
exp(θ1−θ0), (64)

where W1 =
1

u1(ξ )
−2i

(∫ ξ

0
2λ1

u1(s)
ds−

∫ ξ

0
C1(λ )

u2
1(ξ )

ds
)
+4iλ1t +o1,

W2 = 2λ1v(ξ )+ i v′(ξ )
2 , k1 ∈ C. Considering the singularity of

W1, we rewrite its expression using λi (i = 1,2,3,4) as

W1 =
1

u1(ξ )
+4iλ1t +o1 +Q1

(
E
K

εξ +Z(εξ )

)
+Q2ξ

+Q3
sn(εξ )cn(εξ )dn(εξ )

u1(ξ )
, (65)

where ε =
√

4b2 +(c+d)2, Q0 = (λ1−λ2)(λ1−λ ∗2 ), Q1 =

− ε

2cQ0
, Q2 =

1
2c , and Q3 =

2εd
Q0

.

Based on the above, we substitute
(
φ
[1]
1 , ϕ

[1]
1

)T into the
Darboux transformation and thereby obtain the first-order
rogue wave solution on the periodic wave background

ψ1 =
√

v(ξ )

(
1−

8i Im(λ1)W2
[
λ ∗21 − (2λ 2

1 −u1(ξ ))|W1|2/2+W1
]

|W2|2|W1|2 + v(ξ )
∣∣λ 2

1 − (2λ 2
1 +u1(ξ ))W1/2+1

∣∣2
)

exp(−θ0). (66)

Furthermore, substituting Φ1 = (φ
[1]
1 ,ϕ

[1]
1 )T and Φ2 =

(φ
[1]
2 ,ϕ

[1]
2 )T into the Darboux transformation, we obtain the

second-order rogue wave solution on the periodic wave back-
ground

ψ2 =
√

v(ξ )
[

det(𝐾2)

det(𝑈2)

]
exp(−θ0), (67)

where

𝑈2 =


|ϕ1|2 + |φ1|2

λ1−λ ∗1

φ ∗1 ϕ2 +φ ∗1 φ2

λ2−λ ∗1
ϕ1ϕ∗2 +φ1φ ∗2

λ1−λ ∗2

|ϕ2|2 + |φ2|2

λ2−λ ∗2

 ,

𝐾2 =𝑈2−
2e−θ0√

v(ξ )

[
φ ∗1 φ1 φ ∗1 φ2

φ ∗2 φ1 φ ∗2 φ2

]
,

where φi and ϕi are given in Eqs. (59) and (61).

4.1. Dynamics of rogue wave solutions on the cn-type
background

Since the cmKdV equation possesses scale symmetry, we
can fix the amplitude of the background. Therefore, we select
the parameters c = d = 0.5, which yield v1 = −4b2, v2 = 0,
v3 = 1, m = 1/(1+4b2), s2 = 1−2b2, and q =−s3 = 0. Thus,
the corresponding elliptic-function solution is

ψ = cn
(√

1+4b2 ξ
∣∣ m
)

eθ0 .

Fig. 8. Rogue wave solutions on the cn-type background. (a) 3D plot of the first-order rogue wave. (b) 3D plot of another first-order rogue wave.
(c) 3D plot of the second-order rogue wave. (d)–(f) Corresponding contour plots.

090204-14



Chin. Phys. B 35, 090204 (2026)

By fixing the background solution, two distinct families
of rogue wave solutions originating from two branch points
can be obtained using Eq. (66). In this case, we find that
the rogue waves corresponding to the two branch points are
identical. Choosing the parameters b = 0.5, λ1 = 0.5+ 0.5i,
and o1 = 0, we plot the profile of the first-order rogue wave
on the cn-type background, as shown in Fig. 8(a). Similarly,
by changing the spectral parameter to λ2 = −0.5+ 0.5i, we
obtain another first-order rogue wave profile on the cn-type
background, as shown in Fig. 8(b). The two branch points
are related by the involution symmetry λ2 = −λ ∗1 of the Lax
pair, producing solutions with the same modulus but different
phases at the two locations. Hence, the profiles in Figs. 8(a)
and 8(b) are completely identical.

For the second-order rogue wave, we set the parameters
b = 0.5, λ1 = 0.5+0.5i, λ2 =−0.5+0.5i, and o1 = o2 = 0 to
obtain the second-order rogue wave profile shown in Fig. 8(c),
whose maximum value at the origin is 3. If we change the
parameters o1 and o2, the position of the second-order rogue
wave changes accordingly.

4.2. Dynamics of rational solutions on the dn-type back-
ground

Since the cmKdV equation possesses scale symmetry, we
can fix the amplitude of the background. Therefore, we se-
lect the parameters b = 0, c = 1

2 (1+ k1), and d = 1
2 (1− k1),

where k1 6= 1. Then, v1 = 0, v2 = −k2
1, v3 = 1, m = 1− k2

1,
s2 = 1

2 (1− k2
1), and q = −s3 = 0. Thus, the corresponding

elliptic-function solution is

ψ = dn(ξ | m)eθ0 .

Because the cmKdV equation is modulationally stable on
the dn-type background, the solutions on the dn-type back-
ground, unlike the strict rogue waves that can be constructed
on the cn-type background, do not possess the typical charac-
teristics of rogue waves. Instead, they manifest as nonlinear
superpositions of solitons or breathers with periodic waves.

Choosing the parameters k1 = 1/3, λ1 = 2i/3, and o1 = 0,
and substituting them into Eq. (66), we obtain the elliptic-
soliton solution on the dn-type background, as shown in
Fig. 9(a), with a maximum value of 7/3. This solution exhibits
a nonlinear superposition of an algebraically decaying soliton
and a dn periodic wave, propagating along a specific direction;
the peak arrives from a distance and eventually departs. Away
from the localized region, it still displays the characteristics of
the dn solution. Choosing another set of parameters, k1 = 1/3,
λ1 = i/3, and o1 = 0, we obtain the elliptic-breather solution
on the dn-type background, as shown in Fig. 9(b). Its am-
plitude oscillates quasi-periodically in the temporal direction,
while the perturbation propagates along the spatial direction
without localized decay, attaining a maximum value of 5/3 at
the origin.

Choosing the parameters k1 = 1/3, λ1 = 2i/3, λ2 = i/3,
and o1 = o2 = 0, and substituting them into the second-order
rogue wave Eq. (67), we obtain the elliptic-soliton-breather
solution located at the origin, with a maximum value of 3, as
shown in Fig. 9(c). This solution is accompanied by a quasi-
periodically oscillating structure along the spatial periodic di-
rection, which can be understood as the coupled nonlinear su-
perposition of nonlinear modes corresponding to two different
spectral parameters.

Fig. 9. Rational solutions on the dn-type background. (a) 3D plot of the elliptic-soliton solution with λ1 = 2i/3. (b) 3D plot of the elliptic-
breather solution with λ1 = i/3. (c) 3D plot of the elliptic-soliton-breather solution. (d)–(f) Corresponding contour plots of the solutions in
(a)–(c).
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5. Conclusion
This paper systematically investigates the localized wave

solutions and rogue wave solutions of the cmKdV equa-
tion on elliptic-function backgrounds by combining the
Theta function representation with the Darboux transforma-
tion. Within the genus-1 framework, complete Theta func-
tion representations for the elliptic-function periodic solu-
tions and the fundamental solutions of the Lax pair are de-
rived. Utilizing linear combinations of the vector solu-
tions of the Lax pair and the Theta function addition for-
mula, explicit determinant formulas for the n-th-order lo-
calized wave solutions are established. Furthermore, five
types of localized waves—elliptic-solitons, elliptic-breathers,
elliptic-two-solitons, elliptic-soliton-breathers, and elliptic-
two-breathers—are constructed on the cn-type and dn-type
backgrounds. By means of small-parameter expansions at the
branch points of the spectral curve, general determinant for-
mulas for the n-th-order rogue waves are derived. It is revealed
that on the cn-type background, two identical rogue waves are
obtained due to the relation λ2 = −λ ∗1 , and the coexistence
of different families of rogue waves is verified through the
second-order rogue waves. On the dn-type background, owing
to its modulational stability, two distinct branch points gener-
ate elliptic-solitons and elliptic-breathers, respectively, which
manifest as elliptic-soliton-breather solutions in the second-
order case.

Future work can be developed along the following as-
pects: the regulatory effects of the free parameters oi on the
splitting configurations of higher-order rogue waves remain to
be systematically revealed; generalizing the background from
genus 1 to the hyperelliptic cases of genus g≥ 2 is a challeng-
ing direction; the technical approach developed in this paper
is expected to be extended to other integrable systems, such
as the Sasa–Satsuma equation; furthermore, numerical verifi-
cation of the robustness of these solutions and exploration of
their experimental observability in ultrashort pulse transmis-
sion are also important research directions.

Appendix A: Darboux transformation on the
elliptic-function backgrounds

In this appendix, we present the relevant results on the
Darboux transformation. The theory of Darboux transforma-
tions is well established. The classical Darboux transforma-
tion, the n-fold Darboux transformation, and the generalized
Darboux transformation are described by the following theo-
rems, which form the foundation for constructing multi-fold
and higher-order solutions.

Theorem A1 Suppose that for the Lax pair (2), there ex-
ists an entire matrix function Φ(x, t,λ ) in λ . Its potential func-
tion satisfies ψ(x, t) ∈ L∞(R2)∩C∞(R2), and at (x, t) = (0,0)

the normalization Φ(0,0;λ ) = I holds. Then the Darboux
transformation is given by

T1(x, t,λ ) = I− λ1−λ ∗1
λ −λ ∗1

P1, P1 =
Φ1Φ

†
1

Φ
†
1 Φ1

, (A1)

where Φ1 = Φ(x, t;λ1)(1, c1)
T ≡ (φ1, ϕ1)

T is a particular so-
lution at λ = λ1. This transformation maps the Lax pair (2)
into a new system of the same form, with the new potential
function

ψ1(x, t) = ψ(x, t)+
2(λ ∗1 −λ1)ϕ∗1 φ1

|φ1|2 + |ϕ1|2
, (A2)

and the normalized fundamental matrix solution of the new
system is Φ [1] = T1(x, t,λ )Φ(x, t,λ )T1(0,0;λ )−1, which is
also an entire matrix function in λ . By iterating the clas-
sical Darboux transformation, one can systematically con-
struct the n-fold Darboux transformation matrix. The n-fold
Darboux transformation is a purely algebraic iterative pro-
cedure. Selecting n mutually distinct spectral parameters λi

(i = 1,2, . . . ,n) and their corresponding eigenvectors Φi =

Φ(x, t;λi)(1, ci)
T, the n-fold iteration can be compactly writ-

ten as the n-fold Darboux matrix

𝑇 [n](x, t,λ ) = I−𝑋n(x, t)𝑈n(x, t)−1𝐿n(λ )
−1𝑋n(x, t)†, (A3)

where

𝐷n(x, t) =

(
Φ

†
i Φ j

λ j−λ ∗i

)
1≤i, j≤n

,

𝑋n(x, t) = [Φ1, Φ2, . . . ,Φn],

𝐿n(λ ) = diag(λ −λ1, . . . , λ −λn).

The corresponding n-fold Bäcklund transformation
formula[48] is

ψn = ψ−2𝑋n,1𝑈n(x, t)−1𝑋†
n,2. (A4)

Generalized Darboux transformation: When the iteration
is performed at identical spectral parameters, the spectral point
becomes a movable singularity, necessitating a limiting pro-
cedure combined with a Taylor expansion mechanism. For
the two pairs of conjugate branch points on the elliptic back-
ground, we expand at λ1 and λ2

Φ(x, t,λ ) =
∞

∑
i=0

Φ
[i]
a (λ −λa)

i, a = 1, 2.

Using the expansion coefficients, one can construct the
generalized Darboux matrix

𝑇 [n1,n2](x, t,λ ) = I−𝑋𝑈−1𝐷𝑋†, 𝑀 = 𝑌 𝑉 𝑌 †, (A5)

where the block matrix elements are defined as

𝑉a,b =

(
(−1) j+1

(λb−λ ∗a )
i+ j+1

(
i+ j−2

i−1

))
1≤i≤na,1≤ j≤nb

,

𝑋 = [𝑋1,𝑋2], 𝑌 = diag(𝑌1, 𝑌2),
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𝐿= diag(𝐿1,𝐿2),

where 𝑋a, 𝑌a, and 𝐷a are constructed from the derivative
coefficients Φ

[i]
a arranged in lower-triangular or anti-diagonal

patterns. The resulting higher-order Bäcklund transformation
is

ψn1,n2 = ψ−2𝑋1𝑈
−1𝑋†

2 . (A6)

Appendix B: Elliptic functions and related for-
mulas

Definition B1 Jacobi elliptic functions[57] Based on the
elliptic integral of the first kind, we introduce the integral re-
lation in terms of the parameters y and k

u(y,k) =
∫ y

0

dt√
(1− t2)(1− k2t2)

=
∫ u

0

dθ√
1− k2 sin2

θ

. (B1)

The inverse function of this integral relation is defined as the
Jacobi elliptic sine function sn, written as y = sn(u).

Definition B2 Theta functions[57] The Theta function
can be defined by the following series:

ϑa,b(u|τ) := ∑
n∈Z

eiπτ(n+a)2+2πi(n+a)(u+b), (B2)

and

ϑ1(u|τ) =−ϑ 1
2 ,

1
2
(u|τ), ϑ2(u|τ) = ϑ 1

2 ,0
(u|τ),

ϑ3(u|τ) = ϑ0,0(u|τ), ϑ4(u|τ) = ϑ0, 1
2
(u|τ). (B3)

We may also write ϑ j(u,q) = ϑ j(u|τ), where the nome q =

eiπτ , τ = iK′/K, K =K(m), and K′=K(1−m). The shorthand
ϑ j = ϑ j(0|τ) is frequently used. The Jacobi elliptic functions
expressed in terms of Theta functions are

sn(2Ku) =
ϑ3

ϑ2

ϑ1(u)
ϑ4(u)

, cn(2Ku) =
ϑ4

ϑ2

ϑ2(u)
ϑ4(u)

,

dn(2Ku) =
ϑ4

ϑ3

ϑ3(u)
ϑ4(u)

. (B4)

The elliptic parameters are given by m = ϑ 4
2 /ϑ 4

3 and
m′ = 1−m = ϑ 4

4 /ϑ 4
3 . We introduce the Jacobi zeta function

Z(u|m) =
1

2K
ϑ ′4
( u

2K

)
ϑ4
( u

2K

) = d
du

lnϑ4

( u
2K

)
. (B5)

The three-term Weierstrass addition formulas are given
by

ϑ1(a+b)ϑ2(a−b)ϑ3(c+d)ϑ4(c−d)

−ϑ1(a−c)ϑ2(a+c)ϑ3(c−b)ϑ4(c+b)

= ϑ1(b+d)ϑ2(b−d)ϑ3(a+c)ϑ4(a−c),

ϑ1(u+a)ϑ1(u−a)ϑ4(v+b)ϑ4(v−b)

−ϑ1(v+a)ϑ1(v−a)ϑ4(u+b)ϑ4(u−b)

= ϑ1(u+v)ϑ1(u−v)ϑ4(a+b)ϑ4(a−b),

ϑ2(u+a)ϑ2(u−a)ϑ4(v+b)ϑ4(v−b)

+ϑ1(u+v)ϑ1(u−v)ϑ3(a+b)ϑ3(a−b)

= ϑ2(v+a)ϑ2(v−a)ϑ4(u+b)ϑ4(u−b),

ϑ2(u+v)ϑ2(u−v)ϑ2(a+b)ϑ2(a−b)

−ϑ3(u+a)ϑ3(u−a)ϑ3(v+b)ϑ3(v−b)

= −ϑ4(v+a)ϑ4(v−a)ϑ4(u+b)ϑ4(u−b). (B6)

The half-period translation formulas are standard identi-
ties for shifting Theta function arguments by half-periods and
are used throughout the main text

ϑ1

(
u+

1+ τ

2

)
= e−πi(u+τ/4)

ϑ3(u),

ϑ2

(
u+

1+ τ

2

)
=−i e−πi(u+τ/4)

ϑ4(u),

ϑ3

(
u+

1+ τ

2

)
= i e−πi(u+τ/4)

ϑ1(u),

ϑ4

(
u+

1+ τ

2

)
= e−πi(u+τ/4)

ϑ2(u). (B7)
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