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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

Multiple solitons, soliton molecules, D’Alembert waves, and
symmetry analysis for a nonlocal Nizhnik–Novikov–Veselov equation

Cong-Ying Wang(王聪颖) and Xi-Zhong Liu(刘希忠)†

Department of Physics, Shaoxing University, Shaoxing 312000, China

(Received 15 April 2026; revised manuscript received 13 May 2026; accepted manuscript online 20 May 2026)

A nonlocal form of the Nizhnik–Novikov–Veselov (NNV) equation, which is a (2+1)-dimensional extension of the
Korteweg–de Vries (KdV) equation, is introduced by employing the consistent correlated bang (CCB) method. By applying
the symmetry and anti-symmetry separation method, the nonlocal NNV equation is transformed into a local equation,
enabling the derivation of exact solutions from the local counterpart under specific parity and time-reversal constraints.
Multiple soliton solutions are constructed via Hirota’s bilinear method, and soliton molecules are generated using velocity
resonance mechanisms. In addition, a variety of special solutions, including bright and dark–bright solitons, lump waves,
and D’Alembert-type waves, are obtained. The Lie symmetry approach is further employed to derive symmetry groups and
symmetry reduction solutions.

Keywords: nonlocal Nizhnik–Novikov–Veselov equation, multiple soliton, soliton molecule, D’Alembert
waves, symmetry reduction solution
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1. Introduction
The study of nonlocal integrable systems has attracted

considerable interest since Ablowitz and Musslimani intro-
duced the nonlocal nonlinear Schrödinger (NNLS) equation
in 2013,[1]

iqt(x, t) = qxx(x, t)±q(x, t)q∗(−x, t)q(x, t), (1)

where q∗(−x, t) denotes space reversal of the complex con-
jugate of q(x, t). This equation was shown to be inte-
grable, possessing a Lax pair and infinite conservation laws.
Since then, various nonlocal extensions of classical integrable
systems have been developed and investigated using meth-
ods such as inverse scattering transformation,[2,3] Riemann–
Hilbert techniques,[4] Hirota’s bilinear method,[5] and Dar-
boux transformations.[6] These studies have revealed that non-
local integrable systems exhibit counterintuitive behaviors
compared with their local counterparts. For instance, un-
like their local counterparts, some nonlocal systems only ad-
mit even-number soliton solutions with odd-number solitons
prohibited.[7,8]

The Nizhnik–Novikov–Veselov (NNV) equation is a nat-
ural (2 + 1)-dimensional generalization of the Korteweg–de
Vries (KdV) equation,[9–11] which takes the form

ut + cux +duy +auxxx +buyyy +3a(uv)x +3b(uw)y = 0,

ux− vy = 0,

uy−wx = 0, (2a)

with a, b, c, d being coupling constants. The NNV equa-
tion (2) is integrable in the sense of possessing a Lax pair,
infinite conservation laws, and a bilinear representation via
Hirota’s method.[12] It has been extensively studied due to its
wide range of applications in fluid dynamics, plasma physics,
nonlinear optics, and nonlinear acoustics, as well as its rich
solution structures including solitons, lump waves, dromions,
complexiton solutions, and D’Alembert waves.[13–16] For the
generalized NNV equation, in the framework of symmetry
analysis, the classical Lie point symmetry groups of both the
standard and asymmetric NNV equations have been derived,
and the full symmetry group, including discrete transforma-
tions, has been obtained.[17–19] However, nonlocal versions of
the NNV equation remain largely unexplored.

Recently, by incorporating shifted parity P̂s, delayed time
reversal P̂d, and charge conjugation operations Ĉ, Lou pro-
posed the consistent correlated bang (CCB) method as a sys-
tematic method to generate nonlocal nonlinear systems from
local ones while preserving integrability.[20,21] This method
has been successfully applied to several systems, includ-
ing the coupled KdV equation,[22] the KP equation,[8] the
Sawada–Kotera equation,[23] and the (2+ 1)-dimensional Ito
equation,[24] leading to novel solutions such as multiple soli-
tons, molecules, lump waves, etc. Among the various meth-
ods to solve nonlocal integrable systems, the symmetry and
anti-symmetry separation method has been proven to be very
efficient. It decomposes nonlocal equations into coupled lo-
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cal ones via a suitable discrete symmetry group, thereby en-
abling the application of all established methods for local
systems.[25,26]

In this work, we extend the CCB method to the NNV
equation to construct its nonlocal counterpart with shifted
space and delayed time reversal properties. To this end, we
substitute

u =
A+B

2
, v =

C+E
2

, w =
F +G

2
,

with nonlocal variables satisfying

B = P̂x
s P̂y

s T̂dA(x,y, t) = A(−x+ x0,−y+ y0,−t + t0), (3)

E = P̂x
s P̂y

s T̂dC(x,y, t) =C(−x+ x0,−y+ y0,−t + t0), (4)

G = P̂x
s P̂y

s T̂dF(x,y, t) = F(−x+ x0,−y+ y0,−t + t0), (5)

into Eq. (2), and a nonlocal Nizhnik–Novikov–Veselov
(nNNV) equation is generated as

∂A
∂ t

+a
∂ 3A
∂x3 +

(
c+

9
4

aC+
3
4

aE
)

∂A
∂x

+

(
d +

9
4

bF +
3
4

bG
)

∂A
∂y

+
3
4

a(C−E)
∂B
∂x

+
3
4

b(F−G)
∂B
∂y

+
3
4

a(3A+B)
∂C
∂x

+
3
4

a(A−B)
∂E
∂x

+
3
4

b(3A+B)
∂F
∂y

+
3
4

b(A−B)
∂G
∂y

+b
∂ 3A
∂y3 = 0, (6a)

∂A
∂x
− ∂C

∂y
= 0, (6b)

∂A
∂y
− ∂F

∂x
= 0. (6c)

The paper is organized as follows. In Section 2, using
the symmetry and anti-symmetry separation method, we trans-
form the nNNV equation (6) into a localized system. This
allows us to derive exact solutions from known solutions of
the local NNV equation (2) under appropriate parity and time-
reversal conditions. Multiple soliton solutions are obtained via
Hirota’s bilinear method and analyzed. In Section 3, we gen-
erate soliton molecules through applying velocity resonance
mechanisms among different solitons. Lump and D’Alembert
waves of various types are also given. In Section 4, the classi-
cal Lie group method is carried out on the nNNV equation to
present Lie symmetry analysis and give symmetry reduction
solutions from which the D’Alembert waves obtained in Sec-
tion 3 can be recovered. A summary and discussion are given
in Section 5.

2. Multi-soliton solutions
To investigate exact solutions of the nNNV equation, an

effective way is to transform it into a local system. To this end,

we separate the dependent variables in Eq. (6) in the form

A = u+u1, B = u−u1, C = v+ v1, E = v− v1,

F = w+w1, G = w−w1, (7)

where the local functions satisfy the following parity condition
under the operator ĝ = P̂x

s P̂y
s T̂d:

ĝ{u, v, w, u1, v1, w1}= {u, v, w,−u1,−v1,−w1}. (8)

After substituting Eq. (7) into Eq. (6), a local nonlinear system
is obtained as

ut =−a(3uxv+3uvx +uxxx)

−b(3uyw+3uwy +uyyy)− cux−duy, (9a)

uy = vx, (9b)

uy = wx, (9c)

u1,t =−a(3uxv1 +3vu1,x +3uv1,x +3vxu1 +u1,xxx)

−b(3uyw1 +3uw1,y +3wu1,y

+3wyu1 +u1,yyy)− cu1,x−du1,y, (9d)

u1,y = v1,x, (9e)

u1,y = w1,x, (9f)

where Eqs. (9a)–(9c) are the NNV equation and Eqs. (9d)–(9f)
are their linearized forms.

It is known that the NNV equation can be bilinearized by
the following transformation:[13]

u = 2(ln f )xy, v = 2(ln f )xx, w = 2(ln f )yy, (10)

into the form

( f ∂x−2 fx)Dy(2aD3
x +2cDx +Dt) f · f

+( f ∂y−2 fy)Dx(2bD3
y +2dDy +Dt) f · f = 0, (11)

where Hirota’s bilinear operator Dxi is defined as

Dn
xi

f ·g =
(

∂xi −∂x′i

)n
f (xi)g(x′i)

∣∣∣
x′i=xi

,

with operators {Dy, Dt} being defined similarly. Equation (11)
can be further turned into the bilinear form

Dy(2aD3
x +2cDx +Dt +Dz) f · f = 0, (12a)

Dx(2bD3
y +2dDy +Dt −Dz) f · f = 0, (12b)

with z being an auxiliary parameter.
Based on the bilinear form of Eq. (12), the multiple soli-

ton solutions of the NNV equation can be obtained by fixing f
as

f = ∑
{ν}

K{ν} cosh

(
1
2

N

∑
i=1

νiξi

)
, (13)
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where

ξi = ki(x−
x0

2
)+ li(y−

y0

2
)+qi(z−

z0

2
)+ ri(t−

t0
2
)+ξi0,

K{ν} = ∏
i< j

ai j, (14a)

ai j ≡
√
(li−νiν jl j)(ki−νiν jk j),

ri =−ak3
i −bl3

i − cki−dli, qi = ak3
i −bl3

i + cki−dli, (14b)

with ki, li, ξi0 being arbitrary constants, and the summations of
{ν}= {ν1, ν2, . . . ,νN} are done for all non-dual permutations
of νi = 1 or νi = −1, (i = 1, 2, . . . ,N). The auxiliary param-
eter z in Eqs. (13) and (14) can be absorbed into the arbitrary
constants ξi0.

Substituting Eq. (13) into Eq. (10) yields the N-soliton
solutions of the NNV equation as

u = 2

[
ln∑

ν

Kν cosh

(
1
2

N

∑
j=1

ν jξ j

)]
xy

≡ 2(lnFN)xy,

v = 2(lnFN)xx, w = 2(lnFN)yy, (15)

where the parameter z is absorbed into the arbitrary constants
ξi0, which are then set to zero so that the symmetry condition
of Eq. (8) holds.

The NNV equation is a (2+1)-dimensional extension of
the KdV equation, which has infinitely many symmetries that
satisfy the symmetry Eqs. (9d)–(9f). Among these symme-
tries, we select a simple one

u1 = c1uy + c2ux, v1 = c1vy + c2vx, w1 = c1wy + c2wx, (16)

with arbitrary constants c1, c2, to construct exact solutions of
the nNNV equation by using Eq. (7). It is obvious that when
u, v, w is even under the operator ĝ, the symmetry in Eq. (16) is
odd, so we obtain the N-soliton solutions of the nNNV equa-
tion by substituting Eq. (16) with Eq. (15) into Eq. (7)

A = u+ c1uy + c2ux, C = v+ c1vy + c2vx,

F = w+ c1wy + c2wx. (17)

For some lower-order N-soliton (N = 2, 3) solutions of
the nNNV equation, the explicit expressions can be given by
Eq. (17) with Eq. (15), where

F2 = δ12,− cosh
[

1
2
((k1 + k2)x+(l1 + l2)y

+(q1 +q2)z+(r1 + r2)t)
]

+δ12,+ cosh
[

1
2
((k1− k2)x+(l1− l2)y

+(q1−q2)z+(r1− r2)t)
]
, (18)

F3 = δ12,−δ13,−δ23,− cosh
[1

2
((k1 + k2 + k3)x

+(l1 + l2 + l3)y+(q1 +q2 +q3)z+(r1 + r2 + r3)t)
]

+δ12,+δ13,+δ23,− cosh
[1

2
((k1− k2− k3)x

+(l1− l2− l3)y+(q1−q2−q3)z+(r1− r2− r3)t)
]

+δ12,+δ13,−δ23,+ cosh
[1

2
((k1− k2 + k3)x

+(l1− l2 + l3)y+(q1−q2 +q3)z+(r1− r2 + r3)t)
]

+δ12,−δ13,+δ23,+ cosh
[1

2
((k1 + k2− k3)x

+(l1 + l2− l3)y+(q1 +q2−q3)z

+(r1 + r2− r3)t)
]
, (19)

with

δi j,± =
√

(ki± k j)(li± l j).

The N-soliton (N ≥ 4) solutions can be written out in a similar
way.

Figures 1(a)–1(c) give three-dimensional depictions of
the N-soliton collision interaction dynamics of the nNNV
equation for N = 2, 3, 4, respectively. It can be concluded
from the pictures that collisions among different solitons are
elastic, i.e., the amplitude for every soliton remains unchanged
during interaction but with the phase changed. The parameters
are all properly chosen so that they lead to real solutions of the
nNNV equation. The parameters are fixed as

k1 = 2, k2 = 3/2, c1 = c2 = a = b = l1 = 1, c =−2,

d =−1/2, l2 = 1/2, x0 = y0 = z0 = t0 = η01 = η02 = 0,(20)

for Fig. 1(a);

(a) (b) (c)



Fig. 1. Three-dimensional plots of the N-soliton solutions of the nNNV Eq. (6) at y= z= 0: (a) two-soliton, (b) three-soliton, and (c) four-soliton.
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k1 = 2, k2 = 3/2, k3 = 5/2, l1 = 1, l2 =−1/2,

l3 = c =−2, a = b = 1, c1 = c2 = d = 1/2,

x0 = y0 = z0 = t0 = η01 = η02 = η03 = 0, (21)

for Fig. 1(b); and

c1 = c2 = 1, k1 =−1.9, k2 = 0.9, k3 = 1.7, k4 = 1.8,

l4 = a = d = 2, l3 = 1.5, l2 = 1.3, l1 =−2.7, b = c =−1,

x0 = y0 = z0 = t0 = η01 = η02 = η03 = η04 = 0, (22)

for Fig. 1(b).

3. Soliton molecules, lump waves, and
D’Alembert waves
To obtain soliton molecules from multiple soliton solu-

tions, one effective way is to force the velocities of all the soli-
tons to be equal so that the usual elastic scattering behavior
breaks down, and they lock together to form a molecule: this
mechanism is called the velocity resonance mechanism.[27]

Using this mechanism, we force the velocities of any two of
the N-solitons of the nNNV equation to be equal by

ki

k j
=

li
l j
,

li
l j

=
ak3

i +bl3
i + cki +dli

ak3
j +bl3

j + ck j +dl j
,

ki 6=±k j, li 6=±l j, (i, j = 1, . . . ,N). (23)

Solving the two equations of (23) for li and l j directly, we have

li =− 3

√
a
b

ki, l j =− 3

√
a
b

k j, (24)

so the i-th variable in Eq. (15) becomes

ξi = ki

[(
x− x0

2

)
− 3

√
a
b

(
y− y0

2

)
+

(
d 3

√
a
b
− c
)(

t− t0
2

)
+η0i

]
. (25)

To obtain a three-soliton molecule, we substitute Eq. (15)
with Eq. (25) into Eq. (17) with N = 3, and arbitrary N-soliton
molecule solutions can be obtained similarly. Figures 2(a) and
2(b) give density plots of the three-soliton molecule and four-
soliton molecule at y = z = 0, respectively, with parameters
being fixed by

a = b = c1 = c2 = k2 = 1, k1 = 1.1, k3 = 0.9, c = 2,

d = 1/2, x0 = y0 = z0 = t0 = η01 = η02 = η03 = 0, (26)

for Fig. 2(a) and

a = b = c1 = c2 = k2 = 1, k1 = 1.1, k3 = 0.9, k4 = 0.8,

c = 2, d = 1/2,

x0 = y0 = z0 = t0 = η01 = η02 = η03 = η04 = 0, (27)

for Fig. 2(b). Figure 2(c) gives a density plot of interaction
behaviors between a three-soliton molecule and a soliton at
y = z = 0 with parameters being fixed by

a = b = c1 = c2 = k2 = 1, k1 = 1.1, k3 = 0.9,

k4 =−0.35, l4 = 0.6, c = 2, d = 1/2,

x0 = y0 = z0 = t0 = η01 = η02 = η03 = η04 = 0. (28)

It is obvious that the interaction between soliton and soliton
molecule is elastic, keeping amplitudes unchanged but having
a phase shift after interaction.

It is found that the NNV Eq. (2) has D’Alembert wave
solutions;[13] we use this type of solution that will satisfy the
symmetry condition of (8) to generate D’Alembert waves for
the nNNV Eq. (6) through Eq. (17). Below are some exam-
ples.

Compound three-soliton By substituting the three-
soliton molecule solution of the NNV equation

u =
6

(e1− τ2)2 exp
[
− 2
(e1− τ2)2

]
,

v =
1

3
√
( a

b )
2

w =− 1
3
√ a

b
u, (29)

with

τ = x− 3

√
a
b

y−
(

c−d 3

√
a
b

)
t (30)

into Eq. (17), we obtain a compound three-soliton solution of
the nNNV equation. Figure 3(a) displays the structure of the
soliton solution A at t = 0 and c1 = c2 =−1, a = b = c = d =

e1 = 1.

Fig. 2. The density plots of the soliton molecules of the nNNV Eq. (6) at y = z = 0: (a) three-soliton molecule, (b) four-soliton molecule, and
(c) three-soliton molecule interacting with a soliton.
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Stripe soliton on periodic wave background Substitut-
ing a periodic kink solution of the NNV equation

u = tanh{τ[1−0.5cos(0.1τ)]} [1−0.1cos(2τ)],

v =
1

3
√
( a

b )
2

w =− 1
3
√ a

b
u, (31)

into Eq. (17), we obtain a stripe soliton on periodic wave back-
ground of the nNNV equation, which is depicted in Fig. 3(b)
for A at t = 0 and a = b = c = d = 1, c1 = c2 =−1.

Bright-dark soliton 1 By substituting the hyperbolic
function solution of the NNV equation as

u =
d1τ2 sech2

τ

d2 tanh2
τ

,

v =
1

3
√
( a

b )
2

w =− 4d1 exp(2τ)τ2

d2 3
√ a

b [exp(2τ)−1]2
, (32)

with arbitrary constants d1, d2 into Eq. (17), we obtain a
bright–dark soliton solution of the nNNV equation, which is
depicted for A in Fig. 3(c) at y = 0 and c1 = c2 = b = c = d1 =

d2 = 1, a =−1.
Double bright–dark soliton Similarly, by substituting

the following hyperbolic function solution into Eq. (17)

u = d1τ
2 sech2

τ,

v =
1

3
√
( a

b )
2

w =− 4d1 exp(2τ)τ2

3
√ a

b (exp(2τ)+1)2
, (33)

with an arbitrary constant d1, we obtain a double bright–dark
soliton solution of the nNNV equation, which is depicted
in Fig. 3(d) for A at y = 0 with the same parameters as in
Fig. 3(c).

Bright soliton By substituting the following hyperbolic
function solution

u =
d1τ2(d3 + coshτ)

d2 sinh2
τ

,

v =
1

3
√
( a

b )
2

w

=−2d1 exp(τ)τ2[2d3 exp(τ)+ exp(2τ)+1]
d2 3
√ a

b [exp(2τ)−1]2
, (34)

with arbitrary constants d1, d2, d3 into Eq. (17), we get a bright
soliton solution of the nNNV equation, which is depicted in
Fig. 3(d) for A at y = 0 and c1 = c2 = b = c = d1 = d2 = d3 =

1, a =−1.
Hybrid bright–dark soliton By substituting the follow-

ing solution of the NNV equation:

u =
d1τ2(d3 + coshτ)

d2 cosh2
τ

,

v =
1

3
√
( a

b )
2

w

=−2d1 exp(τ)τ2[2d3 exp(τ)+ exp(2τ)+1]
d2 3
√ a

b [exp(2τ)+1]2
, (35)

with arbitrary constants d1, d2, d3 into Eq. (17), we obtain
a hybrid bright–dark soliton solution of the nNNV equation,
which is depicted for A in Fig. 3(f) at y = 0 with the same
parameters being fixed as for Fig. 3(e).

Bright-dark soliton 2 By choosing a simple kink soliton
solution of the NNV equation as

u =− 3

√
a
b

v =− 1
3
√ a

b
w = d1 tanh2

τ, (36)

with d1 being an arbitrary constant and substituting it into
Eq. (17), we obtain another bright–dark soliton solution of the
nNNV equation. Figure 3(g) depicts the solution for A at y = 0
and c1 = c2 = b = c = d1 = 1, a =−1.

Periodic wave solution The NNV equation admits a Ja-
cobi elliptic function solution

u = d1 +
d2sn(τ,m1)

[m1sn2(τ,m1)+1]2
,

v =
1

3
√
( a

b )
2

w =− d2sn(τ,m1)
3
√ a

b [m1sn2(τ,m1)+1]2
, (37)

where d1, d2 are arbitrary constants and 0 ≤ m1 ≤ 1 is the
modulus, which can be used to generate a periodic wave so-
lution of the nNNV equation by using Eq. (17). The mod-
ulus m controls the periodic shape. When m→ 1, it degen-
erates into a soliton, and when m→ 0, it approaches a sine
wave. This type of periodic wave solution can be applied to
describe nonlinear lattices or repetitive waves. Figure 3(h)
is the plot of the periodic wave structure of A at y = 0 and
b = c = d = d1 = d2 = 1, a =−1, m1 = 0.6, c1 = c2 = 1.

Unlike the above special solutions that were derived from
known D’Alembert wave solutions of the NNV equation, by
fixing f in Eq. (10) as different functions, we can also ob-
tain some interesting special solutions of the nNNV equation
through Eq. (17). Below are some examples.[14]

W-shape soliton By fixing f in Eq. (10)

f = a1 cosh
[

3

√
a
b

y+
(

c−d 3

√
a
b

)
t− x

]
+a2 cos

[
3

√
a
b

y+
(

c−d 3

√
a
b

)
t− x

]
, (38)

with a1, a2 being arbitrary real constants, we get a complexi-
ton solution of the NNV equation that leads to a W-shape
soliton solution of the nNNV equation from Eq. (17), which
is three-dimensional plotted for A in Fig. 3(i) at t = 3 with
c1 = c2 = a = b = c = d = a1 = a2 = 1.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Fig. 3. Three-dimensional plots of 9 special solutions of the nNNV Eq. (6): (a) three-soliton molecule at t = 0, (b) bright soliton on periodic wave
background at t = 0, (c) bright–dark soliton 1 at y = 0, (d) double bright–dark soliton at y = 0, (e) bright soliton at y = 0, (f) hybrid dark–bright
soliton at y = 0, (g) bright–dark soliton 2 at y = 0, (h) elliptic periodic wave solution at y = 0, and (i) W-shape soliton at y = 0.

(a) (b) (c)

Fig. 4. Lump solutions of the nNNV system (6) with parameters being fixed by Eq. (40): (a) density plot of the lump at t = 0, (b) three-
dimensional plot of the lump at t = 0, and (c) three-dimensional plot of the lump at y = 0.

Lump Lump solutions of the nNNV Eq. (6) can also be
obtained by taking f in the form

f = b1 + e1

[
x− 1

2
x0− c

(
t− 1

2
t0

)]2

−d1

[
y− y0−d

(
t− 1

2
t0

)]2

, (39)

with b1, d1, e1, x0, y0, t0 being arbitrary constants. Fig-
ures 4(a) and 4(b) show the lump structure by density distribu-
tion and the three-dimensional plot at t = 0, respectively, with

parameters being fixed by

c1 = c2 = e1 = a = b = 1, d1 =−2, b1 = 3,

x0 = y0 = z0 = t0 = 0. (40)

Figure 4(c) shows a three-dimensional structure of the lump
solution at y = 0 with parameters also being given by Eq. (40).
It is remarked that the lump solutions of the nNNV equa-
tion obtained here are not derived from known solutions of
D’Alembert waves and complexiton solutions in Refs. [13,14],
which shows that a great variety of interesting solutions of the
nNNV equation can be generated through Eq. (17).
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4. Symmetry reduction solutions
In this section, we use the classical Lie symmetry method

to investigate the nNNV Eq. (6) to give its symmetry reduc-
tion solutions; to this end, we first assume its general Lie point
symmetry of the system has the form

V = X
∂

∂x
+Y

∂

∂y
+T

∂

∂ t
+Γ1

∂

∂A
+Λ1

∂

∂B

+Γ2
∂

∂C
+Λ2

∂

∂E
+Γ3

∂

∂F
+Λ3

∂

∂G
, (41)

where X , Y, T, Γ1, Γ2, Γ3, Λ1, Λ2, Λ3 are functions of
x, y, t, A, B,C, E, F, G to be determined, which can also be
written in function forms as

σA = XAx +YAy +TAt −Γ1, (42a)

σB = XBx +Y By +T Bt −Λ1, (42b)

σC = XCx +YCy +TCt −Γ2, (42c)

σE = XEx +Y Ey +T Et −Λ2, (42d)

σF = XFx +Y Fy +T Ft −Γ3, (42e)

σG = XGx +Y Gy +T Gt −Λ3. (42f)

The symmetry equations of the nNNV equation take the form

σA,t +
3
4

a(σE +3σC)Ax +
3
4

b(σG +3σF)Ay

−3
4

a(σE −σC)Bx−
3
4

b(σG−σF)By +
3
4

a(σB +3σA)Cx

+
3
4

a(σA−σB)Ex +
3
4

b(σB +3σA)Fy +
3
4

b(σA−σB)Gy

+aσA,xxx +bσA,yyy +(c+
9
4

aC+
3
4

aE)σA,x

+(d +
9
4

bF +
3
4

bG)σA,y−
3
4

a(E−C)σB,x

+
3
4

b(F−G)σB,y +
3
4

a(3A+B)σC,x−
3
4

a(B−A)σE,x

+
3
4

b(3A+B)σF,y−
3
4

b(B−A)σG,y = 0, (43a)

σA,x−σC,y = 0, (43b)

σA,y−σF,x = 0, (43c)

with the following additional nonlocal conditions:

σA = σB(−x+ x0,−y+ y0,−t + t0),

σC = σE(−x+ x0,−y+ y0,−t + t0),

σF = σG(−x+ x0,−y+ y0,−t + t0). (44)

First we substitute Eq. (42) into Eqs. (43a)–(43c) with
At , Bt ,Cy, Ey, Fx, Gx being eliminated by Eq. (6). Next we
vanish all different derivatives of A, B, C, E, F , and G, then
an overdetermined system of X , Y, T, Γ1, Γ2, Γ3, Λ1, Λ2, Λ3 is
obtained. Solved with the aid of software, e.g., maple, and

considering the nonlocal condition of Eq. (44), we get the sym-
metry group of the nNNV equation

X =
1
3

ġ1x+g2, Y =
1
3

ġ1y+g3, T = g1, (45a)

Γ1 =−
2
3

ġ1A+ e1(B−A), Λ1 =−
2
3

ġ1B− e1(B−A), (45b)

Γ2 =
1

9a
g̈1x− 2(3aC+ c)

9a
ġ1 +

ġ2

3a
+ e1(E−C), (45c)

Λ2 =
1
9a

g̈1x− 2(3aE + c)
9a

ġ1 +
ġ2

3a
− e1(E−C), (45d)

Γ3 =
1

9b
g̈1y− 2(3bF +d)

9b
ġ1 +

ġ3

3b
− e1(F−G), (45e)

Λ3 =
1
9b

g̈1y− 2(3bG+d)
9b

ġ1 +
ġ3

3b
+ e1(F−G), (45f)

where e1 is an arbitrary constant and gi ≡ gi(t), (i = 1, . . . ,3)
are arbitrary functions that satisfy the following property:

T̂d{g1, g2, g3}= {−g1,−g2,−g3}. (46)

So we have the explicit expression of the symmetry by
substituting Eq. (45) into Eq. (42)

σA = g1At +(
1
3

ġ1x+g2)Ax +(
1
3

ġ1y+g3)Ay

+
2
3

ġ1A− e1(B−A), (47a)

σB = g1Bt +(
1
3

ġ1x+g2)Bx +(
1
3

ġ1y+g3)By

+
2
3

ġ1B+ e1(B−A), (47b)

σC = g1Ct +(
1
3

ġ1x+g2)Cx +(
1
3

ġ1y+g3)Cy

− 1
9a

g̈1x+
2(3aC+ c)

9a
ġ1−

ġ2

3a
− e1(E−C), (47c)

σE = g1Et +(
1
3

ġ1x+g2)Ex +(
1
3

ġ1y+g3)Ey

− 1
9a

g̈1x+
2(3aE + c)

9a
ġ1−

ġ2

3a
+ e1(E−C), (47d)

σF = g1Ft +(
1
3

ġ1x+g2)Fx +(
1
3

ġ1y+g3)Fy

− 1
9b

g̈1y+
2(3bF +d)

9b
ġ1−

ġ3

3b
+ e1(F−G), (47e)

σG = g1Gt +(
1
3

ġ1x+g2)Gx +(
1
3

ġ1y+g3)Gy

− 1
9b

g̈1y+
2(3bG+d)

9b
ġ1−

ġ3

3b
− e1(F−G). (47f)

To obtain group invariant solutions of the nNNV equation, we
set σA = σB = σC = σE = σF = σG = 0 in Eq. (47), or equiv-
alently, solve the characteristic equation

dx
1
3 ġ1x+g2

=
dy

1
3 ġ1y+g3

=
dt
g1

=
dA

− 2
3 ġ1A+ e1(B−A)

=
dB

− 2
3 ġ1B− e1(B−A)

=
dC

1
9a g̈1x− 2(3aC+c)

9a ġ1 +
ġ2
3a + e1(E−C)
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=
dE

1
9a g̈1x− 2(3aE+c)

9a ġ1 +
ġ2
3a − e1(E−C)

=
dF

1
9b g̈1y− 2(3bF+d)

9b ġ1 +
ġ3
3b − e1(F−G)

=
dG

1
9b g̈1y− 2(3bG+d)

9b ġ1 +
ġ3
3b + e1(F−G)

. (48)

Without loss of generality, we assume g1 = d1t3 with d1

being an arbitrary constant and g2 = g3 = e1 = 0, we get

A =
M1

t2 , B =
N1

t2 , C =−c−ξ

3a
+

M2

t2 ,

E = −c−ξ

3a
+

N2

t2 , F =−d−η

3b
+

M3

t2 ,

G = −d−η

3b
+

N3

t2 , (49a)

where M1, N1, M2, N2, M3, N3 are group invariant functions
of two group invariant variables

ξ =
x
t
, η =

y
t
. (50)

By substituting Eq. (49) into the nNNV Eq. (6) and consider-
ing the nonlocal condition (3), we get the corresponding sym-
metry reduction equations

3aN2,ξ N1 +3bN1N3,η +3bN1,η N3 +3aN2N1,ξ

+aN1,ξ ξ ξ +bN1,ηηη = 0, (51)

N1,ξ −N2,η = 0, (52)

N1,η −N3,ξ = 0, (53)

with

M1 = N1, M2 = N2, M3 = N3. (54)

Solving the solutions of Eqs. (51)–(53) and substituting
them into Eq. (49), we acquire symmetry reduction solutions

of the nNNV equation. As an illustration, we first consider
travelling wave solutions of Eqs. (51)–(53) as

N1 = d0 +d1H(τ), N2 =
d1H(τ)

c1
,

N3 = d1c1H(τ), τ = ξ + c1η , (55)

where H(τ) is an arbitrary function of τ with c1 = − 3
√

a/b
and d0, d1 being arbitrary constants. By substituting Eq. (55)
with Eq. (50) into Eq. (49), we can get nontrivial solutions of
the nNNV Eq. (6). Below are some examples.

Eagle-shape soliton By fixing

N1 =
c1

d1
N2 =

1
c1d1

N3 =
d1τ2(d3 + cosh(τ))

d2 cosh2(τ)
, (56)

we get an eagle-shaped soliton solution of the nNNV Eq. (6)
as A being depicted in Fig. 5(a) at t = 1 with a = b = d0 =

d1 = d2 = d3 = 1, c1 =−1.
Elliptic wave By fixing

N1 =
c1

d1
N2 =

1
c1d1

N3 = d1 +
d2sn2(τ,m1)

(m1sn2(τ,m1)+1)2 , (57)

where sn(τ,m1) is a Jacobi elliptic function with modulus m1,
we get an elliptic wave solution of the nNNV Eq. (6) as A be-
ing depicted in Fig. 5(b) at t = 2 with a = b = d0 = d1 = d2 =

1, m1 = 0.6.
It is interesting that the solutions we obtained in Sec-

tion 3 can also be recovered by fixing appropriate functions of
H(τ) in Eq. (55), e.g., the elliptic wave solution obtained us-
ing Eq. (57) is the same as the solution generated by Eq. (37).
Another example is by fixing

N1 =
c1

d1
N2 =

1
c1d1

N3 =
6

c1− τ2 exp
[
− 2

(c1− τ2)2

]
, (58)

we get the solution of the nNNV equation, which is the same
as the D’Alembert wave solution generated by Eq. (29) in Sec-
tion 3.

(a) (b) (c)

Fig. 5. Three-dimensional plots of three special solutions of the nNNV Eq. (6): (a) eagle-shaped soliton at t = 1, (b) elliptic wave at t = 2, and
(c) lump solution at t = 1.

On the other hand, we can get a lump solution of the
nNNV Eq. (6) by giving solutions of Eqs. (51)–(53) as

N1 =−
8e1e2ξ η

(e1ξ 2 + e2η2 + e3)2 ,

N2 =−
4(e1ξ 2− e2η2− e3)e1

(e1ξ 2 + e2η2 + e3)2 ,

N3 =
4(e1ξ 2− e2η2 + e3)e2

(e1ξ 2 + e2η2 + e3)2 , (59)
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with arbitrary constants e1, e2, e3. By substituting Eq. (59)
with Eq. (50) into Eq. (49), we get a lump solution of the
nNNV equation, which is depicted in Fig. 5(c) at t = 1 with
e1 = e2 = e3 = 1.

5. Summary and discussion
In summary, we have systematically investigated a non-

local form of the Nizhnik–Novikov–Veselov (NNV) equation
with shifted space and delayed time reversal properties, which
is constructed by employing the consistent correlated bang
(CCB) method. By applying the symmetry and anti-symmetry
separation method, the nonlocal NNV system is successfully
transformed into a localized system, enabling the derivation
of exact solutions from the local NNV equation under specific
parity and time-reversal constraints. Based on Hirota’s bilinear
method, multiple soliton solutions are explicitly constructed,
and their elastic interaction properties are illustrated through
graphical analysis. Furthermore, by utilizing the velocity
resonance mechanism, we have generated soliton molecules-
bound states of multiple solitons, which represent a novel class
of coherent structures in nonlocal integrable systems. In addi-
tion to soliton molecules, a variety of special solutions have
been obtained, including lumps, W-shaped solitons, and var-
ious types of D’Alembert-type waves, demonstrating the rich
solution diversity of the nonlocal NNV equation.

A classical Lie symmetry analysis is further performed on
the nonlocal NNV system, yielding its symmetry group and
symmetry reduction solutions. Notably, many of the special
solutions obtained in Section 3 can be recovered from these
symmetry reductions, confirming the consistency and com-
pleteness of the Lie symmetry analysis method.

Compared with conventional methods for solving nonlo-
cal systems such as the inverse scattering transform, Darboux
transformations, and Riemann–Hilbert techniques, the sym-
metry and anti-symmetry separation method employed here
provides a simpler and more efficient pathway to construct
multiple solitons, soliton molecules, and various localized
wave solutions from known solutions of the corresponding lo-
cal system. In particular, the explicit multiple soliton solutions
derived from Hirota’s bilinear form offer a direct and conve-
nient framework for generating soliton molecules via velocity
resonance, a feature that is not easily accessible through other
conventional methods. In addition, the D’Alembert-type wave
solutions obtained in this work have not been reported in the

existing literature on nonlocal systems obtained via the CCB
method.

In recent years, topics such as long-range instability,
long-time asymptotics,[28,29] and the experimental observation
of soliton dynamics in local nonlinear systems have attracted
considerable attention.[30,31] Extending these studies to nonlo-
cal systems remains an important direction for future research.
We anticipate that the results presented in this work will stim-
ulate further theoretical and experimental investigations into
the properties of nonlocal integrable systems.
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