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The traditional effective-source method is hampered by complex analytical expressions and the inherent smoothness
limitation, which result in high computational costs and complicate its implementation. To overcome these limitations, we
introduce the point-particle-limit effective source method, which analytically takes the size of the effective source to zero,
thereby transforming the problem into a well-defined jump condition for the retarded metric field at the particle position,
governed by the local singular field. This formulation naturally pairs with a discontinuous Galerkin scheme, whose inherent
capability to accommodate solution discontinuities enables highly accurate enforcement of the jump conditions. We ap-
ply both the traditional and point-particle-limit effective source methods to calculate the time-domain gravitational metric
perturbation and gravitational self-force in the Lorenz gauge for a point particle in a circular orbit around a Schwarzschild
black hole. The point-particle-limit effective source method achieves relative errors below 10~* (temporal) and 10~ (ra-
dial) in the gravitational self-force at ¢px = 15 for circular Schwarzschild orbits, reduces the computational cost by an
order of magnitude compared with the traditional approach, and yields energy fluxes that agree with frequency-domain
benchmarks. The numerical results demonstrate the advantages of the point-particle-limit effective source method, validat-
ing its effectiveness and efficiency and thereby establishing a numerical foundation for computing generic geodesic orbits

or long-time self-consistent orbital evolution.
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1. Introduction

The gravitational self-force (GSF) problem!'™ con-
stitutes a central challenge in the theoretical modeling of
extreme-mass-ratio inspirals (EMRISs), >0 which are systems
comprising a stellar-mass compact object spiraling into a su-
permassive black hole, with the mass ratio in the range of
10~7-10~*. EMRIs represent primary targets for future space-
based gravitational-wave observatories, including the Laser
Interferometer Space Antenna (LISA),!”8! TianQin,®! and
Taiji.''%) These observations will provide unprecedented op-
portunities to map the spacetime geometry of supermassive
black holes with high precision and to test general relativity
in the strong-field regime.>-%11-1°1 To fully realize their scien-
tific potential, theoretical waveform templates must achieve a
phase accuracy of order 0.1 radian over the course of the multi-
year inspiral, which requires a precise description of the small
body’s motion beyond the geodesic approximation. [20-231

In EMRIs, perturbation theory in the small mass ratio al-
lows the small object to move along a geodesic of the larger
body’s background spacetime at zeroth order, with finite-mass
corrections such as radiation reaction incorporated order by

order via the GSF — the backreaction of the particle’s own
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perturbative field. The GSF includes both dissipative effects
that drive orbital decay and conservative effects that modify
orbital frequencies, such as pericenter precession. However,
a fundamental difficulty arises from the point-particle ideal-
ization, in which the gravitational perturbation diverges on the
worldline, making the bare GSF formally infinite. Extracting a
finite, physically meaningful GSF therefore requires a system-
atic regularization procedure to subtract the singular part of
the field, which is associated with the particle’s instantaneous
presence and does not affect its motion.

Self-force phenomena first emerged in electrodynamics
through the work of DeWitt and Brehme,**! with founda-
tional studies also carried out for scalar fields as a simpler
analog model that captures many of the key features of the

m.[25-2%1 The gravitational case was later

gravitational proble
addressed by Mino et al.'*! and independently by Quinn and
Wald, *°1 leading to the MiSaTaQuWa formulation, in which
the small body departs from geodesic motion due to its own
backreaction. An equivalent perspective was provided by
Detweiler and Whiting,[3! who described the dynamics as
geodesic motion in a suitably perturbed spacetime. Practi-
cal computations became feasible with the development of

the mode-sum regularization scheme, largely advanced by
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Barack and Ori, 3?73 first applied to scalar and electromag-
netic fields and then extended to the gravitational field.[37?]
In the mode-sum approach, the retarded field perturbation is
decomposed into spherical harmonic modes, each mode is reg-
ularized by subtracting analytic terms derived from the local
singular field, and the summed contributions converge to a fi-
nite self-force. This framework has been successfully applied
to scalar, electromagnetic, and gravitational self-forces across
a range of configurations, including circular and eccentric or-
bits in Schwarzschild spacetime, and more recently to orbits
in Kerr spacetime.!*>~*! Unfortunately, the mode-sum regu-
larization scheme, successful for first-order GSF calculations,
becomes markedly less effective when extended to the second-
order GSF problem. At second order, the retarded field con-
tains divergent terms that scale as even powers of the distance
from the particle. This stems from the fact that the second-
order field involves quadratic combinations of first-order quan-
tities. Unlike the odd-power case, the angular decomposition
of such even-power singularities yields individual modes that
diverge logarithmically as the worldline is approached. 6]

To calculate the second-order GSF, the effective source
approach was proposed independently by Barack and
Golbourn,*”! and by Vega and Detweiler.[*8] The central idea
of the effective source method is to construct a regularized ef-
fective source such that the resulting residual field is'smooth
on the worldline and directly yields the GSF: without the
need for mode-by-mode subtraction. This approach offers
improved convergence properties and avoids the explicit han-
dling of divergent quantities. The effective source approach
was first developed and applied in the scalar-field case, serving
as a crucial testing ground before its extension to tensor fields.
Early work demonstrated its feasibility in the time domain for
scalar self-forces on circular orbits:[#° Building on this foun-
dation, the framework was later extended to handle eccentric
trajectories, with-new techniques such as the method of ex-
tended effective sources introduced to overcome the slow con-
vergence of Fourier sums for non-circular orbits.’% A signif-
icant milestone followed with the first fully analytic construc-
tion of effective sources for arbitrary geodesic motion around
a Schwarzschild black hole,®!! providing a critical founda-
tion for self-consistent orbital evolution in the scalar-field
setting.[52’53] With the scalar case well established, the effec-
tive source method was subsequently adapted to GSF calcula-
tions, beginning with frequency-domain implementations for
circular orbits in Schwarzschild spacetime.>*! More recently,
the effective source framework has become the workhorse
of second-order GSF computations, underlying recent post-
adiabatic waveform models.[>>-61]

The traditional effective source (TES) approach is limited
by complex analytical expressions and the inherent smooth-
ness constraint, leading to high computational costs and im-

plementation complexity. In this work, we introduce the point-
particle-limit effective source (PPLES) method, which ana-
Iytically takes the source size to zero, reducing the problem
to a well-defined jump condition for the retarded metric field
at the particle location, governed by the local singular field.
This formulation naturally pairs with a discontinuous Galerkin
(DG) scheme, whose inherent capacity to accommodate so-
lution discontinuities enables highly accurate enforcement of
the jump conditions. Unlike continuous finite element meth-
ods that require smooth sources, the DG scheme permits dis-
continuities across element boundaries, with the particle posi-
tion treated as an interface and. the jump conditions enforced
weakly through numerical fluxes, thereby achieving the high-
order accuracy essential for GSF precision in gravitational-
wave applications. Specifically, we consider a compact object
on a circular orbit in Schwarzschild spacetime, which serves as
the simplest yet physically relevant testbed for validating new
computational methods. This work lays the groundwork for
extensions to eccentric orbits, Kerr backgrounds, and second-
order GSF within a unified time-domain approach.

This paper is organized as follows. Section 2 reviews
Lorenz-gauge gravitational perturbation theory and the ef-
fective source method. Section 3 presents the TES method
with the worldtube scheme and the PPLES method with the
DG scheme. Section 4 describes the numerical implementa-
tion details, including coordinate transformation, discretiza-
tion formulation, and numerical fluxes for the DG scheme.
Section 5 presents numerical validation results for circular
Schwarzschild orbits, verifying the accuracy and efficiency of
the PPLES method. Section 6 is devoted to conclusions and
discussions.

2. The perturbation in Lorenz gauge

In the perturbation framework, the Einstein field equa-
tions are

Guv(guv +huy) = 87Ty, (D

where gy and hyy are the background spacetime metric and
the metric perturbation, respectively, while G,y and 7,y rep-
resent the Einstein tensor and the matter stress-energy tensor,
respectively. Imposing the Lorenz gauge condition

Vit =0, )

the Einstein equations at first order in the metric perturbation
can be simplified to

Ohyy + 2RO hpe = — 16T Ty, (3)

where V, is the covariant derivative with respect to the back-
ground metric, }_zuv is the trace-reversed perturbation

. 1
huv = huv - Egll\’h’ 4
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O=V,V* and Rﬁcvy is the Riemann
tensor of the background metric. In the modeling of EMRI

the trace h = guvh*",

systems, the compact object is described by a point particle,
resulting in the stress-energy tensor

/ \/W 8* (o —xf)dr, )
where mp, and u# are the mass and four-velocity of the point
particle, while det(g) and 7 are the background metric de-
terminant and the proper time along the particle’s worldline,
respectively. The numerical calculation of the gravitational
self-force in EMRI systems is fundamentally challenging due
to the singular nature of point-particle sources at the particle
position. To overcome these difficulties, the effective source
method offers an alternative by replacing traditional regular-
ization techniques with a reformulation of the problem. Fol-
lowing the effective-source approach,®* we can decompose
the retarded metric perturbation into singular and regular com-
ponents

iy = hyyy + By, (6)

where the regular part fzﬁv is finite and physically meaning-
ful for numerical computations of the gravitational self-force,
while the singular part /_sz captures the divergent structure an-
alytically. Inserting Eq. (6) into Eq. (3), the linearized Einstein
equations become

Ohf, +2RGV RS 5 = S5is (7

where the effective source
Sy = —16xT,y — Ohyy, — 2REVH 5. (®)
The line element in the background geometry is given by
s =< fdi> 4 f~1dr? +r2d6* + P sin’ 0d g2, 9)

1 —2/r and (t,5,0,¢) are the standard
Schwarzschild coordinates. Owing to the spherical symmetry

where [ =

of the Schwarzschild background geometry, the metric per-

turbation can be separated into tensorial spherical harmonics

(Barack-Lousto—Sago modes)38-3]

By = 2 Z Z Zaz Doy me, e, (10)

=0m=—/Li=

where the tensorial-harmonic basis Y‘E‘ym

(@)

tion factors a,

and the normaliza-
are given in Appendix A. After extremely te-
dious calculations, the field equations reduce to a coupled set
of two-dimensional hyperbolic equations (omitting the indices
¢m unless needed for clarity)

gk +4ME"?>E“) s (i=12,...

; 10),

o 9 f 2
Cu= 35— g V0 V=S e+ 2] ay

where the tortoise radial coordinate is defined as

x:r+2ln(§fl>, (12)

the terms M (j ) ) are given in Appendix B, and the effective

@)

source S_g has been derived in Ref. [62].

3. Method

The timelike geodesics of the Schwarzschild spacetime
on the equatorial plane 6, = 7/2 are described by the equa-

tions
E L
dr/dt = o (drp/dfr)2 = E? —f(rp) <1 + r[%) )
L
dgp/dt = 2 (13)
o

where the constants £ and L are the energy and angular mo-
mentum per unit mass, respectively. To describe the geodesic
orbit, it is-useful to make the substitution

p
=—. 14
(%) 1 +ecosy a4
The energy E and angular momentum L are
—2-2¢)(p—2+2 2
g (p=2-200-242) P o
p(p—3—¢e?) p—3-¢é

Integrating Eq. (13), we obtain[®!
1(x) = P*(p—2-2¢)" 2 (p—2+2¢)'/?
></0)C dy'(p—2—2ecosy’) '(14ecosy’)?
x(p—6—2ecosy’)”/?, (16)

4 dx
_ 1/2/ .
%lx) = p 0 (p—6—2ecosy’)l/?

/

a7

In particular, we focus on circular orbits in the equatorial plane
of a Schwarzschild black hole to validate the effectiveness and
efficiency of our method.

3.1. Traditional effective source method

The puncture function ﬁg) is constructed by truncating
the series expansion of the Detweiler—Whiting singular field
}_1?) at second order in the distance, and the effective source is
obtained by applying the relevant wave operators to the punc-
ture field; 4749021 however, the global behavior of the effec-
tive source makes it unsuitable for numerical implementation,
To ad-

dress this issue, Vega and collaborators introduced a window-

as it generally diverges in the large-distance limit.

ing function that multiplies the puncture, smoothly suppress-

ing the effective source far from the worldline,[48:49-153.63,64]
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In contrast, Barack and collaborators adopted a worldtube ap-
proach, in which interior and exterior perturbative solutions
are matched within a worldtube, seamlessly connecting the so-
lution obtained from an effective source inside the tube to the
homogeneous vacuum solution outside. [4%47-65-671 Both the
worldtube and window-function schemes have been success-
fully demonstrated to be effective regularization techniques,
confirming that either can be reliably employed to compute the
gravitational metric perturbation, and the worldtube scheme is
adopted in this work to solve the field equations numerically.
In the 1 + 1D domain, the worldtube 7 is defined as a re-
gion of finite extent in radius surrounding the worldline. Out-

side the worldtube, we evolve the vacuum field equations for
7 (i)

ret- Inside the worldtube, we

the retarded metric perturbation 7,
evolve the sourced field equations for the regular metric pertur-
bation fz](;). Across the boundary of the worldtube, the retarded
and regular metric perturbations are matched via the puncture

field. Our evolution field equations consist of

Caahie +4M{) i) = 0, outside T, (18)
Caahy +4M{, Y = 8. inside T, (19)
hlg) —hiei h;) across 7. (20)

3.2. Point-particle-limit effective source method

In practice, the expression for the effective source in
the worldtube method is computationally expensive and intro-
duces additional numerical errors when evaluating the metric
at the boundary of the effective source region. Motivated by
these limitations, we seek torelax the constraints on the size of
the effective source. Using the effective source approach, the
regular metric perturbation l_zl({i) is continuous across the parti-
cle location, as are its time and radial derivatives

lim A =lim ), Tim 9, = lim 3,y

r—>rp r%rg r%rp r=rp

11m (9l = lim 8[711{ . 2D
r—)rp r~>rp*

By the matching conditions stated above, we obtain the fol-
lowing relations

lim Y = lim Ay — lim Ay,

r%rp r~>rf)t r%rr:,t

lim or h = lim ) hret — lim orh

r~>rp r~>rp r~>rp

11m 8, = 11m 8t m— 11m 8, . (22)
rﬁrp rﬁrp rﬁrp

The jump of the retarded field fzﬁé)t between the right-hand
and left-hand limits can be derived analytically. In the limit

r—)r

p» We obtain a much simpler expression for this jump

compared with the full effective source. As a concrete ex-

(1)ém

ample, consider the component /gy,

for the specific case of
¢ =2 and m = 2. Its analytical expression takes the form

Hﬁﬁ QH = 1im 2% — 1im &) =0, 23)

+
r~>rp r%rp

[[0hel]| = tim 9,A) — tim a,A)

r— rp r—rp

2V307r3E (E? + (u")?) e -2

== 24
(rp —-2)(L*+ r2) ’ (24)
H&EEQ H = lim o) — lim oA
r—>rp r—=rp.
o (rp—2) 2307 E (E* + (u)?) e 2% s
~ »E (rp—2) (L2 +72) » ()

where the expressions for other components and spherical in-
dices (¢,m) can be found.in Ref. [62]. Moreover, the jumps in
the radial and time derivatives satisfy the identity

st - a [rel)- %2 o)), o

which has also been noted in earlier works.°3%"] This indi-
cates that the jumps in the field at the particle position are
not merely mathematical artifacts but are inherently tied to the
structure of the singular field and effective source. Once the
jump of the retarded field i_zﬁé)t at the particle is known, it can be

incorporated into a DG scheme to accurately resolve the field
equation

27

[[2]]. ana

Daahi + 4Mglj)ﬁse)3 =0,

together with the jump conditions Hﬁret”
[[ori]]

4. Numerical implementation details
4.1. Coordinate transformation

To effectively resolve moving discontinuities within the
DG framework, particularly those arising from complex parti-
cle motion such as geodesics, an optimal strategy is to adopt a
coordinate system in which the discontinuity is stationary. The
fundamental challenge is that a moving discontinuity, such as
one associated with a particle on a geodesic, traverses the com-
putational domain, making it difficult to track accurately with
a fixed mesh and complicating flux integration. This prob-
lem can be addressed by a coordinate transformation technique
motivated by the problem of a constrained moving particle. %3]
For such a particle in the domain a < xp(¢) < b, the transfor-

mation from (z,x) to (A,&) is given by

t =2, (28)
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—a xp(A) — _
v = ar )
(b—xp(A))(&p—a) — (xp(A) —a)(b—&p)

(& —a)b—&)(b—a)
x(&—a)(§—&),

where x,(A) is explicitly time-dependent, while &, is time-

(29)

independent, ensuring that the particle’s position is fixed at &p.
In this spirit, applying a transformation designed to immobi-
lize the moving discontinuity at &, ensures that the govern-
ing equations are properly transformed, thereby streamlining
the subsequent DG discretization. Taking the derivatives of
Eq. (29) gives

o= 9% (§—a)(b—E)xy(R)
P G-ab-g)
ox
Xg = g
(28 -&—a)(& —x%(A) +(xp(A) —a)(b=&p)
(ép*a)(b*é’p) 7

2.X X,
e = g @(gp it G0
where the shift vector is
5 = G
_ (E—a)b-Exp2) ) A
(26 =& —a) (& —xp(A)) + (xp(A) —a)(b— Gp)
Its derivative is
Bt (A&24+BE +C)xy(R)
9 [(28 - & —a)(& () + (p(A) —a) (b &)]*
(32)

where A =2 (xp(A) —&p)s B = 2(ab+§§ (a+b)xp(4)), and
C= (@ 4 B alb &) —b(a’ + ),

We use the letter ¥() (1, &) to denote the field 2 (z,r)
in the new coordinates. To convert the original second-order
wave equation into a first-order system in the (A,&) coordi-
nates, we introduce auxiliary variables

= (9x/98) f(r) 9, ¥,
i) +ﬁ<§q5(i) (33)

@)= 9,
nv = —oy

= (9x/9E) ¥
) = _g,p!
The resulting first-order system in the (4,&) coordinates is

given by

) = gépl) — 1)
o, 1% = ﬁ§35H(i)—

)

(9x/9&) " 9¢[(9x/9&) " @]
+V () +am) el

9@ = 9 (pe) — 1), (34)

where the cross term ME;))‘P(/') makes the different ith

(W, 110, d1)) components coupled to each other, but con-
tains no derivative terms.

4.2. Discontinuous Galerkin method

Following Refs. [68,70], the computational domain £ is
taken as the closed &-interval [a,b]. We partition  into K > 1
non-overlapping subintervals D¥ =
bX, and 1 = & for k = 2,...,K. The particle location is
assumed to be at &, = b = a*rT!, i.e., the endpoint shared
by D% and D%*!, with 1 < k, < K. Within each subinterval
D¥, each component of the system vector (W) 1T &) is

[dk,b*], where a = a', b =

approximated by a local interpolating polynomial of degree N.
In terms of the column vectors

e )= [0 (8. O]
&) = [y 4©)] (35)
the approximation is expressed as
Men(d,8) =¥ A)THE), (36)

where E’;- (§) is the j-th Lagrange polynomial for the subinter-
val D¥. For each subinterval D* and each component of the
solution, the local residuals are defined as follows:

(Ry)s = 8 — (BE @)k + i,
(Ryo)l = pI1* — 9 (BE W)k + (T 9 )

+0g (7 )+ (37a)
(R )k = D — 9z (BE @)k + 9, IT*. (37b)

The upwind numerical fluxes are given by

()" = {{-B M+ }}

+% [[xglnh —xgl B* ;] - (38a)
(f6)" = {1l — B*®u}}
b3l e BE L], G8D)

where the average of a numerical variable and its numerical
jump are defined as

A=

where n~ denotes the outward normal from the local subdo-
At the endpoints ¢®*! and b* cor-
responding to the particle position, the jump condition should

A+ +A7), [[A]],ym=n"AT+n A", (39)

main, and nt = —n".

be applied to the numerical flux. The average of a numerical
variable remains unchanged, while its numerical jump at the
particle position should be modified as

[]] =m0 +n I~ +n" [[I]],
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[@]] =P +n @ +n [[ds]],  (40)

where the jumps [[ITs]] and [[®s]] can be derived from
Egs. (24),(25), and Eq. (33). At the boundaries for outgoing

and ingoing radiation conditions, the Sommerfeld boundary
conditions are

(¥ — 0 P)(A,a) =0 = II(A,a) + P(A,a)/xg(A,a) =0,

41)
(AW + 0. W) (A,b) = 0— IT(A,b) — D(A,b) /x¢ (A,b) = 0.

(42)

5. Numerical results

The metric perturbations are computed using both the
TES and PPLES methods, and their numerical behaviors are

» Traditional effective source
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compared in detail. While the primary results focus on the
quadrupole mode ¢ = 2, the performance of the scheme ex-
tends naturally to higher multipoles. However, within the
present formulation, the dipole mode £ = 1 and the monopole
mode ¢ = 0 suffer from divergence problems. Instead, we
treat these two modes using the standard frequency-domain
method. The physical Lorenz-gauge monopole and dipole are
constructed from a basis of homogeneous frequency-domain
solutions of the underlying ordinary differential equations.
The computational domain is defined with inner and outer
boundaries at a = —100 and b = 500, respectively, and the
particle is located at &, = 20. A'total of 120 subdomains are
employed, each with N = 15 collocation points, and the sys-
tem is evolved with-a timestep AA = 0.0005. The initial data
are set to zero, i) = 0.

« Point-particle-limit effective source
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Fig. 1. Time evolution of the real components of the regular metric field fzg) =¥ at the particle position for a circular orbit around a
Schwarzschild black hole. Blue points show the results from the TES method, while orange points correspond to the PPLES method. Following

the left-to-right and top-to-bottom order of the figure, the first seven panels display the even-parity components Al
for (¢,m) = (2,1).

(8—10)

last three panels show the odd-parity components ﬁR

g for (¢,m)=(2,2), and the
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¢ Traditional effective source
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Fig. 2. Radial profiles of the real components of the retarded metric field izﬁ?l =¥ at the time slice 2 = 1500 s. Blue points show the results
from the TES method, while orange points correspond to the PPLES method. The retarded metric fields are compared across the computational
domain, with the particle located at & = 20. The two methods show excellent agreement in the far-field region, while differences near the particle

arise from their distinct implementations.

The metric perturbations are computed using two dis-
tinct approaches. The first is the TES method, implemented
via the world-tube construction in the scalar-field evolution
framework, °2! which is available in BHPToolkit.[”! The sec-
ond is:the PPLES method, which bypasses the need for an ef-
fective source by directly incorporating the analytic jumps of
the retarded field. For a circular orbit with radius 7, = 10, the
two methods should, in principle, yield identical regular-field
results. However, figure 1 shows that at the particle location,
the regular field obtained from the PPLES method does not
match the TES result.

The discrepancy is systematic: for the TES method, the
averaged regularized field ﬁg) does not remain at zero but in-
stead oscillates about a non-zero offset, which is inconsistent

with the expected behavior of the Lorenz-gauge wave equa-

tion for circular orbits. In contrast, the PPLES results oscil-
late symmetrically around zero, as expected. The difference
between the two solutions manifests predominantly as a con-
stant shift. Taking a time slice at A = 1500 s, figure 2 shows
additional discrepancies outside the world-tube. Specifically,
for TES, discrepancies appear between the retarded field out-
side the effective-source region and the regular field inside the
source region; for PPLES, discrepancies are observed in the
retarded field outside the particle location.

Physically, the two methods should yield identical re-
tarded fields. However, the observed deviation is largest near
the tube boundaries and decays gradually with radial dis-
tance, suggesting that a straightforward application of the TES
method may lead to discrepancies in the computed retarded
fields in the Lorenz gauge.
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o Traditional effective source
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Fig. 3. Time evolution of the real components of the regular metric field ﬁg) =¥ at the particle position for a circular orbit around a
Schwarzschild black hole with damping terms included. Blue points show the results from the TES method, while orange points correspond to
the PPLES method. Following the left-to-right and top-to-bottom order of the figure, the first seven panels display the even-parity components

l_zfal 7 for (¢,m) = (2,2), and the last three panels show the odd-parity components /i

The origin of this discrepancy can be attributed to two
factors: the use of vanishing initial data, which is unphysi-
cal in the presence of discontinuities, and the enforcement of
jump conditions at the world-tube interface. In the DG frame-
work; numerical fluxes depend only on 9,2 and 9,42("), while
the jump in 2" itself is imposed only weakly in an integral
sense rather than pointwise. This weak enforcement results in
incomplete control of the interface behavior, giving rise to spu-
rious oscillations and persistent offsets, particularly in coupled
systems. To mitigate the influence of the unphysical vanishing
initial data and the jump conditions, a constraint mechanism
is introduced to suppress the resulting non-physical drift. This
is achieved by appending damping terms k%), xIT®), and
k@) to the evolution equations, which enforce exponential
decay of deviations of the averaged field from zero, with the

P10 for (6,m) = (2,1).

damping coefficient ramped down to zero after a relaxation pe-
riod so that the constraint terms vanish as the system evolves.
The damping coefficient is then ramped down linearly accord-
ing to

Kk =0.02x (1—1/800), 0< A < 800, (43)

and vanishes for A > 800, after which the evolution returns to
the original undamped equations. With the damping mech-
anism applied, the TES results now align closely with the
PPLES values at the particle location, as shown in Fig. 3. Sim-
ilarly, figure 4 demonstrates good agreement between the re-
tarded fields from the two methods outside the effective-source
region. In contrast to the systematic discrepancies observed
earlier, the two solutions are now largely consistent. Never-
theless, very small residual discrepancies persist, originating
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from a constant shift that cannot be fully eliminated under
weak enforcement of the jump conditions, as well as small
time-dependent variations in the boundary jumps.

These results demonstrate that both the TES and PPLES
methods yield identical energy and angular momentum fluxes.
This confirms the physical picture that the effective source in-
fluences the field only within its immediate region; far from
this region, the field is governed solely by the boundary con-
ditions and is independent of the method employed. Con-

e Traditional effective source

() e

w(3)

w5

W (1)

0.2

0 10 20 30 40
3

w(2)

@ (4)

W (6)

W (8)

W (10)

sequently, the retarded field outside the effective source is
uniquely determined, consistent with the expectation that it
does not depend on the details of the source representation.
Moreover, as the effective source size approaches zero, the
(@)

regular field i_zR converges to a well-defined value. Inside the

effective source, the retarded field satisfies }_zfé)t = izg) + i_zéi),
and the PPLES method yields the same regular field as the

TES method in this region.

Point-particle-limit effective source

TN + ]
TN
i

0 10 20 30 40
3

Fig. 4. Radial profiles of the real components of the retarded metric field ) = () at the time slice A = 1500 s with damping terms included.

et —

Blue points show the results from the TES method, while orange points correspond to the PPLES method. The retarded metric fields are compared
across the computational domain, with the particle located at & = 20. The two methods show excellent agreement both in the far-field region and

in the region near the particle.

Overall, these results confirm the validity of the PPLES
approach while highlighting its advantages in simplicity and
numerical robustness over the TES method. For the PPLES
method, the jump conditions are analytically known, imposed
at a single point rather than at two boundaries, and free of the

non-smooth behavior inherent in the TES effective sources.

The simple analytic structure of the jumps also accelerates

computation and reduces numerical errors. Moreover, since

the jump in BEQ at the particle location is zero, the numerical

fluxes allow the constraints to be strictly satisfied during evo-
lution, ensuring that the condition [[4\")]] = 0 holds throughout
and that the issues arising from field jumps in the TES method
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are entirely avoided. In terms of computational efficiency, the
PPLES method also offers a significant advantage: generating
approximately three seconds of evolution requires about 600
seconds per core with the TES method, whereas the PPLES
method achieves the same evolution in roughly 30 seconds —
a reduction of about an order of magnitude. Taken together,
these advantages establish the PPLES method as a robust, re-
liable, and efficient framework for computing Lorenz-gauge
gravitational perturbations, particularly in systems governed
by coupled field equations.

5.1. Numerical gravitational wave flux

To validate our numerical implementation, we extract
asymptotic fluxes directly from the Lorenz-gauge metric per-
turbation obtained numerically and compare them with results
reported in the literature. The formulation of the energy fluxes
proposed by Martel!’?! and Poisson!”?! relies on the Regge—
Wheeler and Zerilli-Moncrief perturbation functions ‘I’l{\% and
'I’Zél\m/[, which are connected to the Lorenz-gauge variables via

S L [AE<9>+fB“°>—E§°)]7

2004+2)! | r r
2r - _ _
gim = \F() _j0) _ rp6)
M £(£+1)(Ar+6)[ f
€(€+1)r+2—(3) 7(3) lr+6—(7)
+Th Vh’x + 21’_ ]’l .

In terms of Wt and W17, the fluxes at infinity and the horizon

are given by!’%73

. 1w (042)1 i
(E)e 2R (ol + Vg o)

64m & (1-2)
where the angle brackets (- -) indicate time average.

Table 1 presents the energy fluxes (E)y absorbed by the
black hole and (E).. radiated to infinity. The close agreement
of these computed fluxes confirms the validity of both our DG
time-domain code and the PPLES method.

Table 1. The energy flux of modes (¢, m) = (2, 1) and (2, 2) in the
gravitational waves absorbed by the black hole and radiated to infin-
ity. Comparison with results from the frequency-domain approach in the
BHPToolkit.!"!!

Time domain Frequency domain
(E)eo  9.675x 1078 2.684x 1075 9.658 x 1078 2.684 x 1073
(E)g  6.134x 10710 5654 x107° 6.134 x 10710 5.654 x 10~°

5.2. Numerical gravitational self-force

(@)em hand,

With the Lorenz-gauge perturbation fields /
the GSF components F* can now be constructed. Following
Refs. [39,74], the GSF components are defined as a tensor field
at an arbitrary spacetime point for a given point-particle world-

line
FY — mpkozli)/6;‘115%57 45)
where

KEBYS — g0y By /o — P yyd — 1y ®uPuvul )2

+u%gPTud /4 4 g*0 P /4, (46)

where g“5 is the background metric, and u® are the values of
the contravariant components of the four-velocity at the parti-
cle position. Expanding the metric perturbation in tensor har-
monics, the GSF takes the form

oo /

Z Z {féxlmyﬁm +f1Mm sin2 67ylm

2
"D i=0m=—¢

2
m
Fa(97(p;rp) =2

+/5"cos Osin 0, Yg" + f{" sin” 0,Y 5
+£¥M (cos Y™ — sin OYé’”)
+ fsocém sin#, Y7€6m +f6(x€m sin3 9, Y%m

+ £ cos O sin® 6, Ké”é } ) 47)

Table 2. Mode-by-mode contributions to the temporal and radial components of the GSF for a point particle in a circular orbit around a
Schwarzschild black hole, computed using the PPLES method with the sum truncated at {i.x = 15. Results are shown for orbital radii r, = 8
and rp = 10. The total contributions from the present method are compared with those from Ref. [39] using the same truncation, as well as with
the high-accuracy reference values from Refs. [39,41]. Relative differences between the present method and the high-accuracy reference values
are reported, demonstrating agreement within ~ 10~ for F* and ~ 102 for F.

rp =28 rp =10
(€,m) F! F" F! F"

(0,0) 0 —4.8632x 1073 0 —2.1019 x 1073

(1,0) 0 4.2953 x 1073 0 1.8911 x 1073
(1,41) 1.5503 x 10712 1.9984 x 1072 —1.0875x 10713 1.3959 x 102
(2,0) 4.8464 x 1070 —2.6138x107%  —57143x 1071 52752 107>
(2,%1) —1.3497 x 1076 1.0436 x 1073 —2.8941 x 1077 4.6090 x 10~*
(2,42) —2.7814x107*  —1.5906 x 1073 —8.0228 x 1073 —7.0637 x 1074
Total (£max = 15) —3.3077 x 107* 1.8358 x 1072 —9.1914 x 1073 1.3384 x 102
Ref. [39] (bmax = 15)  —3.3074 x 1074 1.8532 x 1072 —9.19067 x 107> 1.3470 x 1072
Refs. [39,41] —3.3074 x 1074 1.8357 x 1072 —9.1906 x 1073 1.3389 x 1072
Rel. Diff. 9.0705 x 1073 5.4475 x 1073 8.7045 x 1073 3.7344 x 1074
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Here the coefficients f*" are constructed from the fields

ljl]g)ém and their first derivatives evaluated at the particle po-

sition. The explicit expressions for f,f“‘m are lengthy and can
be found in the Appendix of Ref. [74].

The temporal and radial components of the GSF were cal-
culated for two different orbital radii, r, = 8 and r, = 10. To
ensure a relative error of at least ~ 1073, the sum is truncated
at {nax = 15. The contributions from different ¢ modes to the
GSF are shown in Table 2.

The computational error in F' is estimated to be < 1074,
while F" is accurate to within < 103 for all radii considered,
compared to the results from Refs. [39,41]. The corresponding
results from Ref. [39] at the same truncation are shown in the
table. In comparison, the present method yields more accu-
rate results at fi,x = 15 than those obtained by Barack and
Sago,*"1 demonstrating improved precision under the same
truncation. Thus, our DG framework, together with the PPLES
approach, enables more accurate calculations than the finite-
difference scheme.

6. Conclusions

In this paper, we present a novel PPLES approach for
computing the time-domain GSF in the Lorenz gauge, ad-
dressing critical limitations of TES methods that have hin-
dered efficient and high-accuracy GSF calculations for EM-
RIs. By analytically taking the effective source size to zero,
the problem reduces to jump conditions at the particle posi-
tion that align naturally with the DG framework, eliminating
regularization parameters in the mode-sum method and world-
tube boundary matching. The PPLES method naturally inte-
grates with the DG numerical scheme, whose inherent support
for discontinuous solutions enables precise enforcement of the
jump conditions through modified numerical fluxes at the par-
ticle interface.” We validate the PPLES approach using the
canonical test case of a point particle in a circular orbit around
a Schwarzschild black hole, performing direct comparisons
with the TES method implemented via the standard worldtube
framework. Quantitatively, the PPLES method achieves about
one order of magnitude reduction in computational runtime
compared to the TES approach, and GSF components summed
to lax = 15 achieve relative differences below 10~4 (tempo-
ral) and 1073 (radial) compared to established results, outper-
forming finite-difference-based implementations of the mode-
sum method at the same multipole truncation. The PPLES
framework extends straightforwardly to eccentric geodesic or-
bits, where moving particle positions can be accommodated
through the coordinate transformation technique already in-
corporated in our implementation, as well as to Kerr spacetime
backgrounds, by generalizing the singular-field jump condi-
tions to rotating black hole spacetimes. Most significantly, the
PPLES formulation avoids the logarithmic mode divergences

that complicate second-order GSF calculations in mode-sum
schemes, making it particularly well suited for the develop-
ment of second-order GSF formalisms and enabling high-
accuracy waveform templates for EMRIs observed by space-
based detectors such as LISA, TianQin, and Taiji.

Appendix A: Basis of tensor harmonics

The tensor harmonics Yégzm are[38.74]

1 0 00
ym _ 1 0200 ylm
b = 5100 00 ’
0 0 00
0100
-1
(2)g‘m_L 1000 Im
Yos " =" 10000 |7 (AD
0000
1 0 00
Y(3)€m:i 0 —f_2 00 ng
af T 510 0 00 ’
0 0 00
@pm _ T 000 O ypim
ap 2000+ 1) dg 00 0 ’
200 0
00 0 O
~1
) rf 0 0 dg 9y yim
= ) (A2)
@b J20(t+1)| 0de 0 O
09, 0 0
0000
@m_r [0000 pim
b = Hloo10 !
000 s?
000 0
2
(7)em r 000 0 m
= Y A3
of A1) | 00D Dy (A3
00D1 —S2D2
0 Os 18(,, —50dg
(8)tm r 0 0 0 m
- - yim (A4
ap 2wl+1) (5790 0 0 A9
—sdg 0 O 0
0 0 0 0
-1 —1
(9)¢m rf 0 0 = 8(0 —sdg Im
= ~ yim (A5
ap /20(0+1) 0s 19y O 0 (A5)
0-sd 0 0
00 O 0
2
(10)ém r 00 O 0 Im
Y - _ yim (A6
ap 2AL(l+1)| 00s 'D; —sDy (AS)

00 —sDy —sDy

where D =2(dg —cot8)dy and D, = dgg —cot 6 dg —s’zc?(p(p
are the angular operators, Y“"(0,¢) are the standard scalar
spherical harmonics, A = (¢ —1)(¢+2) and s = sin 6.
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Appendix B: The field equations

The terms M((i})l_zm are[38]

— 1 _ 1 _ _ _
M (J')h(j) = Eff/h,(ri) + Ef/ (h,(tZ) - h,(tl) "‘h,(rZ) - hgﬁ)

L2 (52 i)

2r2
_Ir (OB — A 27, B2
2r ,
_ f - 4 .
MO0 = = L [0 5~ (1-2) (50 479)].
(B3)
z Lo (7@ 760 74 _ 70
M R0 = 2 (R RO 1) D)
1 S50 I 5@ 4 07
S0+ 1) SR — S (30 420
—hD e+ 1RO, (B4)
5 = f 9\ -5y L(l+1) /- 23
M )(J)h(j) = r2|:(1—2r) A )—T (h( )_fh( ))
1 3 -6 =
173 ©) _ @
+5 (1 r) <€(€+l)h h )} (BS)
6) 1 f oz 76 N\ (53 L 76
MO R = T [h( ) —p®) — (1—r) (h< )+ A >)}
(B6)
M i) = _ﬁ (A7 ¥R (B7)
_ 1, (28 20, =8 =
M(8>(,>h<f) = ’(hf,g)—h(?)+h,§*)—h§2>)
TR0 40 00
i (Sh 2RO —F ) (BS)
9 f EATONRA Z(10
MO R = rz( _;>h< >—2F2< )h< ), (B9
10 - f 7(10 9
M) R0 ﬁ(;g YA >) (B10)
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