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Altermagnetism, characterized by momentum-dependent spin splitting in the absence of net magnetization, provides
a fertile ground for realizing topological states. Here, we show that coupling a first-order topological insulator to a d-wave
altermagnet leads to a higher-order topological semimetal phase. This phase simultaneously hosts gap-closing points, robust
zero-energy edge states, and corner states. The altermagnetic order parameter governs the motion of the gap-closing points
within the Brillouin zone, while the Néel vector determines the spatial localization of the corner states. By mapping out
the phase diagram, we identify topological transitions between trivial, higher-order insulating, and higher-order topological
semimetal phases. Our findings establish altermagnetic heterostructures as a tunable platform for engineering higher-order
topological phases in two dimensions.
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1. Introduction
Altermagnetism has recently emerged as a distinct form

of magnetism, characterized by compensating collinear spin
structures connected by crystal rotational symmetries.[1]

Combining key features of ferromagnets and antiferro-
magnets, altermagnets exhibit momentum-dependent spin
splitting while maintaining symmetry-enforced zero net
magnetization.[1–8] Considerable theoretical and experimen-
tal efforts have been devoted to uncovering altermag-
netic materials such as RuO2,[9–12] MnTe,[13–15] CrSb,[16–18]

Mn5Si3,[19–21] and KV2Se2O.[22] Depending on crystal sym-
metry, altermagnets host distinct types of spin splitting, such
as d-wave, g-wave, and i-wave, which provide fertile ground
for physical phenomena,[23–32] including the anomalous
Hall effect,[19,33–35] finite-momentum pairing,[36–38] higher-
order insulators/superconductors,[39–43] and enhanced d-wave
superconductivity,[44,45] with broad prospects for spintronics
applications.

In recent decades, higher-order topological semimetals
(HOTSMs) and higher-order topological insulators (HOTIs)
have enriched the classification of topological materials.[46–67]

In contrast to first-order topological phases, higher-order
topological phases give rise to lower-dimensional topologi-
cal states,[68–73] such as one-dimensional hinge states[74–76]

or zero-dimensional corner states.[77–80] Topological semimet-
als, including Dirac and Weyl semimetals, are characterized
by symmetry-protected band crossings that exhibit linear dis-
persion in the vicinity of isolated Dirac or Weyl points.[81–93]

While prior works have predicted that heterostructures com-
posed of a topological insulator and an altermagnet can real-

ize higher-order insulators/superconductors,[40–42] the possi-
bility of realizing HOTSMs in altermagnetic systems remains
largely unexplored.

In this work, we demonstrate the realization of a HOTSM
phase by coupling a first-order topological insulator to a d-
wave altermagnet through the magnetic proximity effect. The
resulting system simultaneously hosts gap-closing points in
the bulk, zero-energy edge states spanning all four edges, and
higher-order corner states. The corner states are localized at
opposite corners of the square lattice and can be manipulated
by the Néel vector. While Ref. [41] has demonstrated HOTI
phases in altermagnet-coupled systems, our work extends
this by revealing that in the strong altermagnetism regime, a
HOTSM phase emerges, characterized by tunable bulk gap-
closing points and analytically determined phase boundaries.
The gap-closing points move within the Brillouin zone as the
altermagnetic order parameter varies. By mapping the topo-
logical phase diagram, we identify phase transitions between
trivial, HOTI, and HOTSM phases and reveal the interplay be-
tween altermagnetism and topological states. These findings
establish a tunable mechanism for realizing HOTSM phases
with altermagnets, providing a versatile platform for explor-
ing higher-order topology in magnetic systems.

2. The Hamiltonian of the altermagnet model
We start with a first-order topological insulator in proxim-

ity to an altermagnet with d-wave spin splitting.[22] The Bloch
Hamiltonian of this system takes the form

H(𝑘) = H0(𝑘)+HAM(𝑘). (1)
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Here, H0(𝑘) = M(𝑘)σz + λ sinkxsyσx − λ sinkysxσx is a
Bernevig–Hughes–Zhang (BHZ) model[94–98] with M(𝑘) =

m− t coskx− t cosky. λ denotes the strength of spin-orbit cou-
pling. σx,y,z and sx,y,z are the Pauli matrices acting on the or-
bital and spin degrees of freedom, respectively. HAM(𝑘) =

2JA(coskx − cosky) 𝑠 · 𝑛̂ describes the altermagnet with d-
wave spin splitting, where 𝑛̂ = (cosφ , sinφ , 0) represents
the direction of the Néel vector, and JA denotes the altermag-
netic order parameter. Here we select the Néel vector with
φ = 3π/4. The Hamiltonian preserves space-inversion sym-
metry (P), given by UPH(𝑘)U−1

P = H(−𝑘), where UP =

s0σz. Another relevant symmetry is chiral symmetry (C ), de-
fined by UC H(𝑘)U−1

C = −H(𝑘), where UC = szσx. Further-
more, along the high-symmetry line kx =−ky, the Hamiltonian
retains mirror symmetry with M = i

√
2/2(sx+sy). The intro-

duction of the altermagnetic term breaks time-reversal sym-
metry, providing a tunable mechanism to realize topological
corner states.[41]

3. Topological corner modes and edge modes
To elucidate the emergence of the HOTSM phase, we ex-

amine the energy spectrum of the heterostructure under open
boundary conditions (OBC) with JA = 0.7. Figure 1(a) dis-
plays the logarithm of the absolute values of the OBC eigenen-
ergies, revealing that the gapless states marked in blue are non-
degenerate. As shown in the inset of Fig. 1(a), the energy spec-
trum is gapless, confirming that the system is in a semimetallic
phase. The corresponding probability distributions show that
these states are localized along the boundaries of the square
lattice (Figs. 1(b) and 1(c)), identifying them as topological
edge states. In contrast, two degenerate eigenenergies marked
in red exhibit probability distributions localized at the corners
of the lattice, as shown in Fig. 1(d), indicating the presence of
topological corner states.

To further characterize the localization properties of these
eigenstates, we calculate the inverse participation ratio (IPR)
of the eigenstates ψn, defined as

IPR =
∑i |ψn,i|4

(∑i |ψn,i|2)2 , (2)

where i indexes the lattice sites. The IPR serves as a measure
of spatial localization, distinguishing between extended and
localized states. In the thermodynamic limit, limL→∞ IPR→ 0
for extended states, while it remains finite for localized states
in a finite lattice of linear size L (Lx = Ly = L). As shown in
Fig. 1(e), the IPR of the edge states increases as their eigenen-
ergies approach zero and reaches its maximum for the two de-
generate corner states.

The inset of Fig. 1(e) shows the finite-size scaling of the
IPR for both the edge state E1 and the corner states C1,2. The

IPR of the edge state scales as 1/L and vanishes in the ther-
modynamic limit, confirming its extended nature along the
edges. In contrast, the IPR of the corner states remains fi-
nite as L→ ∞, demonstrating their strong spatial localization.
These scaling behaviors provide clear evidence for the coex-
istence of topological edge and corner states in the HOTSM
phase.
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Fig. 1. (a) Energy spectrum (log |E|) of a 30× 30 square lattice under
OBC, showing corner states (red), edge states (blue), and bulk states
(black). The inset shows the energy spectrum. (b)–(d) Probability dis-
tributions of the edge states E1, E2, and corner states C1,2, respectively.
The four edges are labeled I, II, III, and IV in (d), which are used in the
edge theory. (e) IPRs for corner states, edge states, and bulk states. The
inset shows the finite-size scaling of the IPR for both the edge state E1
and the corner states C1,2. Other parameters are JA = 0.7, m = 1.5, and
λ = t = 1.

4. Gap-closing points
In our two-dimensional (2D) system, the gapless nature of

the bulk energy spectrum is accompanied by the emergence of
higher-order corner states and edge states. The existence and
spatial localization of these states are further corroborated by
the probability distributions and numerical IPR analysis. To
investigate the bulk gap-closing points, we compute the band
structure under periodic boundary conditions (PBC) in both x
and y directions, as shown in Fig. 2(a). The conduction and
valence bands touch at nodes (cyan points), corresponding to
gap-closing points. The positions of the gap-closing points
within the Brillouin zone are shown in Fig. 2(b). The system
has two pairs of gap-closing points, located in the regions of
(kx > 0, ky > 0) and (kx < 0, ky < 0).

Under OBC in the x direction and PBC in the y direction
(OBCx–PBCy), the energy spectrum reveals edge-localized
states connecting the projections of the gap-closing points
along this direction. We observe that zero-energy edge states
appear as two segments, represented by the red curves in
Fig. 2(c). To elucidate the spatial character of these segments,
we present the probability distributions of the states with E = 0
at ky = 0 and ky = π , shown in Figs. 2(d1) and 2(d2), respec-
tively. The probability distributions of the zero-energy states
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(red points) confirm that these states are localized at the edges,
while the corner states remain localized at the lattice corners.
The coexistence of edge states, corner states, and bulk gap-
closing points demonstrates that the newly emerged phase in-
duced by strong altermagnetism corresponds to a 2D HOTSM
phase.

(b)(a)

(c) (d1)

(d2)

Fig. 2. (a) Band structure of the 2D HOTSM phase under PBC, with
cyan points indicating gap-closing points. (b) Positions of the gap-closing
points (cyan points) in the Brillouin zone. (c) Energy spectrum under
OBCx–PBCy. Red lines denote zero-energy edge states. (d1), (d2) Prob-
ability distributions and energy spectra corresponding to the zero-energy
edge states at ky = 0 and ky = π , respectively. Parameters are JA = 0.7,
m = 1.5, and λ = t = 1.

5. Topological phase diagram
The system exhibits different topological phases as the

altermagnetic order parameter JA is varied. In the absence
of altermagnetism, the energy spectrum under OBCx–PBCy,
shown in Fig. 3(a), exhibits gapless edge states. Upon increas-
ing the altermagnetism to JA = 0.2, a gap opens in the edge
states, as shown in Fig. 3(b). Further increasing the altermag-
netism to JA = 0.375 leads to a band crossing at ky = 0 and
ky =±π , as depicted in Fig. 3(c). The band crossing indicates
a phase transition from an insulator to a semimetal.

Interestingly, the altermagnet also affects the positions
of the gap-closing points in the Brillouin zone. Figure 3(d)
shows their positions in the Brillouin zone for JA = 0.375 and
JA = 0.7. For JA = 0.375, the gap-closing points are located
at (0, π), (0, −π), (−π, 0), and (π, 0), and are highlighted
by blue pentagrams. For strong altermagnetism with JA = 0.7,
the gap-closing points are marked by cyan points. As JA in-
creases from 0.375 to 0.7, the gap-closing points move from
the blue pentagrams to the cyan points, as indicated by the ar-
row in Fig. 3(d). This demonstrates that the locations of the

gap-closing points are tunable via the altermagnetic order pa-
rameter JA.

(a)

(b)

(c)

(d) (e)

Fig. 3. (a) and (b) Energy spectra under OBCx–PBCy for JA = 0 and
JA = 0.2, respectively. Red-highlighted lines denote edge states. (c) En-
ergy spectrum at JA = 0.375 with the same boundary conditions, show-
ing the band crossing at ky = 0 and ky = ±π . (d) Positions of the gap-
closing points in the Brillouin zone at JA = 0.375 (blue pentagrams) and
JA = 0.7 (cyan points). Arrows indicate the motion of the gap-closing
points with increasing JA. (e) Phase diagram in JA–m space: blue and
white regions represent the topological phase and trivial phase, respec-
tively. Solid lines mark topological phase boundaries, and dashed lines
separate HOTSM and HOTI phases. Points A (1.5, 0), B (1.5, 0.2), C
(1.5, 0.375), and D (1.5, 0.7) correspond to the parameters used in pan-
els (a)–(c) and Fig. 2(c), respectively.

To clearly understand and determine the phase bound-
aries, we calculate the gap-closing conditions. The analytical
energy spectrum of the system, obtained from the Hamiltonian
in Eq. (1), is given by

εk =±
√
±
√
(2M(𝑘)J(𝑘))2 +λ 2

J +M(𝑘)2 + J(𝑘)2 +λ 2
xy, (3)

where J(𝑘) = 2JA(coskx− cosky), λJ = 2J(𝑘)λ sinkx sinφ −
2J(𝑘)λ sinky cosφ , and λ 2

xy = (λ sinkx)
2 + (λ sinky)

2. We
choose the Néel vector with φ = (2n + 1)π/4, n ∈ Z. Let
εk = 0, then sinkx/y = 0 and coskx/y = ±1. Therefore, the
gap-closing conditions are as follows:

Jc
A =±1

4
m, m =±2t. (4)

The realization of the HOTSM phase relies on the
d-wave symmetry of altermagnetism, characterized by the
momentum-dependent form 2JA(coskx−cosky). This governs
the emergence and motion of the gap-closing points, leading to
the analytical phase boundary Jc

A = ±m/4 that delineates the
transition between the HOTSM and HOTI phases. According
to Eq. (4), we choose the altermagnetic parameter JA and the
mass parameter m as tuning parameters, and the phase diagram
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of the system is shown in Fig. 3(e). The blue region in the dia-
gram represents the topological phase, the white region repre-
sents the trivial phase, and the dashed lines represent the phase
boundaries between the HOTSM and HOTI phases. When
Jc

A < JA < 1 and 0 < m < 4, the bulk band structure is gapless.
The system hosts two pairs of gap-closing points accompa-
nied by higher-order topological states, corresponding to the
HOTSM phase. The HOTSM phase extends into the region
m > 2, where the first-order topological insulator becomes
trivial. This demonstrates that the higher-order topology in our
system originates intrinsically from altermagnetism-induced
Jackiw–Rebbi mass domain walls at the corners, which will
be discussed in Section 6. When 0 < JA < Jc

A and 0 < m < 2,
the bulk bands are gapped and the edge states are also gapped,
indicating that the system is in the HOTI phase. When JA = 0
and 0 < m < 2, the bulk bands remain gapped, but the edge
states become gapless, and the system is in the first-order topo-
logical insulator phase. These analytical results are fully con-
sistent with our numerical calculations. The specific parameter
points labeled A, B, C, and D in the phase diagram correspond
to the physical properties shown in Figs. 2(c) and 3(a)–3(c),
respectively.

6. Edge theory
To elucidate the emergence of corner states, we analyze

the system using edge theory in the low-energy limit. Expand-
ing the Hamiltonian to second order in momentum around
𝑘 = (0, π), the resulting low-energy Hamiltonian takes the
form

H(𝑘) = mσz +4JA 𝑠 · 𝑛̂+
t
2
(k2

x − k2
y)σz +λkxsyσx

+λkysxσx− JA(k2
x + k2

y)𝑠 · 𝑛̂. (5)

For clarity, we label the four edges of the square lattice
as I, II, III, and IV, as illustrated in Fig. 1(d). For edge I, we
substitute kx with −i∂x and neglect the higher-order k2

y term.
H(𝑘) can be decomposed as H = H0 +Hp, where

H0(−i∂x,ky) = mσz +4JA 𝑠 · 𝑛̂− t
2

∂
2
x σz− iλ∂xsyσx, (6)

Hp(−i∂x,ky) = λkysxσx + JA∂
2
x (sx cosφ + sy sinφ). (7)

Projecting H0 onto the eigenstates of 𝑠 · 𝑛̂, which satisfy
𝑠 · 𝑛̂ |χ±〉 = ±|χ±〉, decomposes the system into two decou-
pled spin sectors. Within each sector, the effective Hamil-
tonian reads Heff

0 (−i∂x,ky) = m′σz− t
2 ∂ 2

x σz− iλ∂xsyσx with
m′ = m±4JA.

By solving the eigenvalue equation Heff
0 ψα(x) =

Eα ψα(x) under the boundary conditions ψα(0) = ψα(+∞) =

0 with Eα = 0, we obtain two corresponding Jackiw–Rebbi
solutions

ψα(x) = φ(x)ξα = Nx sin(κ1x)eκ2x e ikyy
ξα , (8)

with κ1 =
√
−2m′/t−λ 2/t2 and κ2 = −λ/t. The normal-

ization factor is Nx =
√
−4κ2(κ2

1 +κ2
2 )/κ2

1 . The normaliza-

tion of the wave function requires κ2
1 +κ2

2 > 0, which implies
m′ < 0.

The eigenvectors ξα satisfy syσyξα = ξα . A convenient
explicit choice is

ξ1 = |sy =+1〉⊗ |σy =+1〉 ,

ξ2 = |sy =−1〉⊗ |σy =−1〉 . (9)

Thus, the effective Hamiltonian for edge I is HI,αβ (ky) =∫ +∞

0 dxψ∗α(x)Hp(−i∂x,ky)ψβ (x). Similarly, for the other
edges, the effective edge Hamiltonians can be written as

HI(ky) =−λkysx− (2m′/t)JA sinφsz,

HII(kx) = +λkxsx− (2m′/t)JA cosφsz,

HIII(ky) = +λkysx +(2m′/t)JA sinφsz,

HIV(kx) =−λkxsx +(2m′/t)JA cosφsz. (10)

We define an edge coordinate l in the anticlockwise di-
rection. The effective edge Hamiltonian can be expressed as

Hedge =−iA(l)sx∂l +M(l)sz, (11)

with A(l) = λ and the mass term M(l) = −(2m′/t)JA sinφ ,
−(2m′/t)JA cosφ , (2m′/t)JA sinφ , and (2m′/t)JA cosφ for
edges I, II, III, and IV, respectively.

Based on the edge theory analysis, the spatial localization
of the corner states is primarily governed by the in-plane orien-
tation of the Néel vector. Notably, the HOTSM phase extends
into the region m > 2, where the first-order topological insula-
tor becomes trivial. The higher-order topology in our system
originates from altermagnet-induced mass domain walls at the
corners. Specifically, when φ mod 2π ∈ (0,π/2)∪ (π,3π/2),
the mass terms change sign between edges I and IV, as well as
between edges II and III, giving rise to mass domain walls
at the left-up and right-down corners, where corner states
emerge. In contrast, for φ mod 2π ∈ (π/2,π)∪ (3π/2,2π),
the sign reversal of mass terms occurs between edges I and II,
and between edges III and IV, resulting in corner modes lo-
calized at the left-down and right-up corners. The mass terms
vanish on edges II and IV for φ = π/2, and on edges I and III
for φ = π , thereby suppressing the formation of corner states.
These results demonstrate that the spatial positions of the cor-
ner states can be tuned by controlling the Néel vector.

7. The influence of the Néel vector on the topo-
logical states
To confirm the absence of corner states for the Néel vec-

tor oriented along φ = nπ/2 (n ∈ Z), we show the energy
spectrum under OBC for φ = π/2 in Fig. 4(a). The system
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hosts only edge states whose energies are marked in blue. The
original higher-order corner states transform into edge states,
whose energies are represented by blue diamonds. The prob-
ability distributions of these edge states are localized at the
upper and lower edges of the lattice, as shown in the inset of
Fig. 4(a). The band structure under PBC, shown in Fig. 4(b),
reveals that the Néel vector also governs the positions of the
gap-closing points. For φ = π/2, the two pairs of gap-closing
points are located along the ky = 0 and ky = π lines. Un-
der OBCx–PBCy, the energy spectrum lacks zero-energy edge
states, as shown in Fig. 4(c). In contrast, under PBCx–OBCy,
as illustrated in Fig. 4(d), zero-energy edge states appear in
the energy spectrum. This confirms that the system retains its
fundamental topological semimetal character despite the dis-
appearance of the higher-order corner states.

(a) (b)

(c) (d)

Fig. 4. (a) Energy spectrum without higher-order corner states. Blue
and black points denote the energies of edge states and bulk states, re-
spectively. The inset shows the probability distributions of states whose
energies are highlighted by diamonds. (b) Band structure of the con-
ventional topological semimetal phase, with cyan points indicating gap-
closing points. (c) Energy spectrum under OBCx–PBCy, showing the
absence of zero-energy edge states. (d) Energy spectrum under PBCx–
OBCy, with red-highlighted lines indicating zero-energy edge states. Pa-
rameters are JA = 0.7, m = 1.5, and φ = π/2.

8. Conclusion
In summary, we have demonstrated that altermagnetism

can induce a topological insulator into a HOTSM phase. The
system simultaneously hosts corner states, one-dimensional
(1D) edge states, and bulk gap-closing points whose positions
shift within the Brillouin zone as the altermagnetic order pa-
rameter JA is varied. A tunable phase diagram governed by
the altermagnetic order parameter and mass parameter is es-
tablished, revealing clearly defined phase boundaries between

trivial, HOTI, and HOTSM phases. Furthermore, we have elu-
cidated the crucial role of the Néel vector direction in govern-
ing the system’s topological properties: it controls the emer-
gence of corner states, determines the positions of gap-closing
points, and regulates the emergence of zero-energy edge states
through boundary conditions.

Recent experiments have demonstrated that KV2Se2O is
a metallic room-temperature altermagnet with d-wave spin-
momentum locking.[22] This provides a candidate material for
implementing our proposal. The resulting topological corner
states could be detected using scanning tunneling microscopy
(STM). For the Néel vector, relevant studies have been con-
ducted in antiferromagnetic materials to manipulate and detect
it through current, strain, voltage, or spin-orbit torque.[99–104]

Similar methods can also be used to manipulate the Néel vec-
tor in altermagnets. This work is expected to promote further
investigations of higher-order topological phenomena in alter-
magnets.
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[3] Bai L, Feng W, Liu S, Šmejkal L, Mokrousov Y and Yao Y 2024 Adv.

Funct. Mater. 34 2409327
[4] Jiang Y, Song Z, Zhu T, Fang Z, Weng H, Liu Z X, Yang J and Fang

C 2024 Phys. Rev. X 14 031039
[5] McClarty P A and Rau J G 2024 Phys. Rev. Lett. 132 176702
[6] Rimmler B H, Pal B and Parkin S S P 2024 Nat. Rev. Mater. 10 109
[7] Song C, Bai H, Zhou Z, Han L, Reichlova H, Dil J H, Liu J, Chen X

and Pan F 2025 Nat. Rev. Mater. 10 473
[8] Zhang F, Cheng X, Yin Z, Liu C, Deng L, Qiao Y, Shi Z, Zhang S, Lin

J, Liu Z, Ye M, Huang Y, Meng X, Zhang C, Okuda T, Shimada K, Cui
S, Zhao Y, Cao G H, Qiao S, Liu J and Chen C 2025 Nat. Phys. 21 760

[9] Zhu Z H, Strempfer J, Rao R R, Occhialini C A, Pelliciari J, Choi Y,
Kawaguchi T, You H, Mitchell J F, Shao-Horn Y and Comin R 2019
Phys. Rev. Lett. 122 017202
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