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The Turing instability, a counterintuitive phenomenon in which two quiescent cells lose stability when coupled
through a dissipative environment, has been explained via the edge of chaos theory. While the classical Turing instability
and its local form have been recently elucidated, its symmetrical form — a distinct class of symmetry-breaking phenomena
wherein two identical cells, each poised at a mirror-symmetrical stable operating point, undergo destabilization and bifur-
cate into two distinct mirror-symmetrical stable states under opposite bias voltages — has not been reported yet. This paper
introduces a current-controlled odd-symmetrical Chua corsage memristor (OS-CCM) and employs it to investigate the sym-
metrical Turing instability in a resistively coupled two-cell network. Coupling two identical bistable OS-CCM-based cells,
each originally poised at identical mirror-symmetrical stable states, via a passive resistor destabilizes their original stability,
giving rise to two distinct stable states and ultimately leading to quadristability, referring to a dynamical phenomenon with
four coexisting stable states, which demonstrates the emergence of symmetrical Turing instability. The quantitative condi-
tion for the emergence of this phenomenon is analytically derived and precisely determined through eigenvalue analysis.
Both numerical simulations and hardware experiments confirm the correctness of the theoretical analysis.

Keywords: Chua corsage memristor, local activity, edge of chaos destabilization, symmetrical Turing insta-
bility

PACS: 05.45.–a, 82.40.Bj, 87.19.ll
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1. Introduction
Turing instability, a hidden excitability in which two qui-

escent cells, stable in isolation, lose stability when coupled
through a dissipative environment, has remained an enigma
since first proposed by Alan Turing seven decades ago.[1] The
counterintuitive phenomenon was recently explained for the
first time by Ascoli et al.,[2] via Chua’s local activity the-
ory and edge of chaos principle.[3,4] Its local form, recently
elucidated and experimentally demonstrated using two home-
made memristor circuit boards, exposes a distinct destabiliza-
tion phenomenon, in which two quiescent cells, each pos-
sessing two stable operating points, lose stability at one of
their locally stable operating points, giving rise to a pair of
new stable states.[5] This finding extends the existing form
of Turing instability. The mechanisms of Turing instabil-
ity provide a design principle for memristor-based neurons
and neural networks,[6–8] and offer a theoretical foundation
for pattern recognition and edge detection in brain-inspired
computing.[9–11]

Turing instability and its dynamic patterns in higher-
dimensional space, known as the Smale paradox, are
symmetry-breaking phenomena produced by coupling
two identical and quiescent cells with a dissipative

environment.[1,12] The classical form of Turing instability
and its mechanisms were recently explained in Ref. [2], in
which a two-cell network was designed by employing two
NaMLab NbOx memristors endowed with edge-of-chaos
domains, thereby providing the first rigorous demonstra-
tion of Turing instability in a memristive array. Its higher-
dimensional form, the Smale paradox, was successfully repro-
duced using two memristive neurons, accompanied by the first
hardware demonstration of this complex symmetry-breaking
phenomenon.[13] Moreover, symmetry-breaking phenomena
in high-order reaction–diffusion cellular nonlinear networks
were established.[14] A comprehensive bifurcation analysis
was reported in Ref. [2]. Beyond reaction–diffusion systems,
symmetry-breaking phenomena have also been exploited in
dynamical systems to generate asymmetric pairs of attractors,
as reported in Refs. [9,15].

To extend the existing forms of Turing instability and
to conduct a more rigorous investigation into its underly-
ing mechanisms, the local form of Turing instability was
proposed.[5] They designed a two-cell network comprising
a pair of identical current-controlled Chua corsage memris-
tors coupled through a passive resistor and demonstrated that
destabilization of the bistable cells occurs only if each individ-
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ual cell converges to a locally stable and locally active oper-
ating point when evolving in isolation. Also, an experimen-
tal demonstration of the local Turing instability on a physical
memristive medium has first been reported. However, its sym-
metrical form has not yet been reported. Specifically, Turing
instability is applicable for oscillatory circuit construction.[16]

The mechanism of Turing instability and a related Hopf bifur-
cation analysis were detailed in Ref. [17].

The Chua corsage memristor (CCM), a hypothetical
memristor proposed by L. Chua, is endowed with an edge-
of-chaos domain, making it possible to reproduce Turing
instability.[18] Importantly, a functioning homemade CCM cir-
cuit board has been built using only off-the-shelf electronic
components in Refs. [19,20]. Compared to memristor devices
fabricated from exotic materials and advanced nanofabrica-
tion machines, such as the NbO2 Mott memristor[21] and the
VO2 locally active memristor,[22] the homemade CCM cir-
cuit board offers a more accessible kit for researchers and
students to conduct hardware validation of Turing instabil-
ity. Also, three CCM siblings, termed the odd-symmetric
CCM, current-controlled CCM, and asymmetric CCM, have
been introduced to facilitate the exploration of more complex
phenomena.[5,23,24] In particular, the current-controlled CCM
was employed to demonstrate local Turing instability.[23] The
odd-symmetric CCM, featuring symmetrical edge-of-chaos
domains, is capable of generating biphasic action potentials.[5]

Besides, discrete corsage memristors and a discrete neuron
circuit, together with their systematic dynamics analysis and
circuit implementation, were reported in Refs. [25,26]. A
ReLU function-based locally active memristor was reported
in Ref. [27]. Locally active memristor-based multisensory
memristive circuits and supramodal attention effects were pre-
sented in Refs. [28,29].

The motivation of this paper is to introduce a novel
current-controlled odd-symmetric CCM, and to employ it in
constructing a two-cell network for the theoretical analysis
and hardware demonstration of symmetrical Turing instability,
thereby extending the classical concept of Turing instability.

Finally, this paper is organized as follows. Section 2 in-
troduces the current-controlled odd-symmetrical CCM model
and analyzes its odd-symmetric local activity and edge of
chaos. Section 3 presents the theoretical analysis of symmetri-
cal Turing instability in a two-cell coupled network. Section 4
experimentally confirms the symmetric Turing instability us-
ing homemade memristor circuit boards. Section 5 concludes
the paper.

2. Chua corsage memristor sibling
The first hardware demonstration of Turing instability

was observed in a resistively coupled two-cell network, where

each cell comprises a current-controlled Chua corsage mem-
ristor (CCM), whose equations are given as follows:

vM = R(x)iM = Gx2iM, (1a)
dx
dt

= g(x, iM) = K(a− x+ |x−b|− |x− c|+TiM), (1b)

where vM, iM and x denote the voltage, current and state vari-
able of the current-controlled CCM, respectively; R(x) and
g(x, iM) represent the memristance function and state equa-
tion of the memristor, where a = 30, b = 20, c = 40, G = 20,
K = 104 and T = 103 are the scaling constants.

The DC VM–IM curves of the current-controlled CCM and
their enlarged negative differential resistance (NDR) domain,
the fingerprint for local activity, are reproduced in Fig. 1 for
the reader’s convenience.

Figure 1(a) presents the DC VM–IM curve of the
current-controlled CCM obtained by the parameter-sweeping
method,[18] which includes three branches corresponding to
different state variable X (note that X is the DC operating point
of the state variable x of the memristor defined by Eq. (1) and
is the equilibrium point Q = X of the memristor). Figure 1(b)
displays the enlarged blue sub-branch, showing the only S-
shaped NDR segment over the range −3 V < VM < 0 V and
−10 mA< IM <−3.33 mA. Turing instability can be observed
in this NDR region, which has been demonstrated in our previ-
ous work.[5] However, this single asymmetric NDR region re-
stricts the emergence of symmetrical Turing instability, which
is essential for studying mirror-symmetrical Turing patterns.
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Fig. 1. (a) DC VM–IM characteristic of the current-controlled CCM obtained
by sweeping the state variable X , showing the blue branch with X < 20,
red branch with 20 ≤ X ≤ 40 and green branch with X > 40. (b) Enlarged
view of the blue branch in (a), highlighting the S-shaped NDR region within
−3V < VM < 0 V and −10 mA < IM < −3.33 mA, enclosed within an or-
ange dashed box bounded by points Q1 and Q2.

To overcome this limitation, a novel CCM sibling, a
current-controlled odd-symmetrical CCM (OS-CCM), is pro-
posed here by introducing a squared current term into the state
equation of the above current-controlled CCM and adjusting
the scaling constants to accommodate the operating voltage
and current ranges in milliamperes (mA) and volts (V). Its
equations are described by

vM = Gx2iM, (2a)
dx
dt

= K(a− x+ |x−b|− |x− c|+Ti2M), (2b)
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where vM and iM represent the voltage and current of the
current-controlled OS-CCM, and x is its internal state variable.
The introduction of the squared term i2M in the state equation
ensures the odd symmetry of the current-controlled OS-CCM
and enables the emergence of two symmetrical locally active
domains. This symmetry of the memristor is essential for re-
alizing symmetrical Turing instability. In Eq. (2b), a = 30,
b = 14, c = 46, G = 75, K = 104, and T = 2× 103 are the
scaling constants.

To visualize the effect of the squared current term in the
state equation of the current-controlled OS-CCM, its DC VM–
IM characteristic and the corresponding enlarged NDR seg-
ments are displayed in Fig. 2.

Figure 2 displays the complete DC VM–IM curve of the
current-controlled OS-CCM over the range X ≥ −2, and
its enlarged S-shaped sub-branches, which contain NDR re-
gions. X , VM, and IM are the DC operating points of the

state variable x, voltage vM, and current iM of the current-
controlled OS-CCM defined by Eq. (2b). Note that the ex-
pression I2

M = X + 2 ≥ 0 can be obtained by setting Eq. (2b)
to zero, and the DC state variable X is bounded below by
−2, i.e., X ≥ −2. Figure 2(b) indicates the odd-symmetry
of the current-controlled OS-CCM, which induces two sym-
metrical NDR regions, whose enlargements are illustrated in
Figs. 2(a) and 2(c). Unlike the original current-controlled
CCM defined by Eq. (1), which contains only a single NDR
region in Fig. 1(b), the novel CCM sibling, dubbed the current-
controlled OS-CCM, incorporates two symmetrical NDR re-
gions with the current ranges −31.6 mA < IM < −14.14 mA
and 14.14 mA < IM < 31.6 mA. The symmetrical NDR re-
gions, the fingerprint for symmetrical local activity, endow the
memristor with the potential to generate symmetrical neuro-
morphic dynamics and symmetrical Turing instability.
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Fig. 2. DC VM–IM characteristic of the current-controlled OS-CCM. (a) Enlarged view of the bottom red S-shaped branch I, showing the first
NDR region within −2.72 V < VM < 0 V and −31.6 mA < IM < −14.14 mA, enclosed within a gray dashed box bounded by points Q1 and
Q2. (b) Complete two-branch DC VM–IM curve of the current-controlled OS-CCM, indicating its odd-symmetrical property. (c) Enlarged view
of the above red S-shaped branch II, showing the second NDR region within 0 V < VM < 2.72 V and 14.14 mA < IM < 31.6 mA, enclosed
within a gray dashed box bounded by points Q3 and Q4. The horizontal axes adopt different voltage units for the sake of clarity.

Note that to comprehensively capture the odd-
symmetrical corsage-shaped DC VM–IM curve of the current-
controlled OS-CCM, the voltage VM on the x-axis of Fig. 2(b)
is expanded to [−3.5 kV, 3.5 kV]. The operating points in
its two mirror-symmetrical NDR domains, where symmet-
rical Turing instability can be observed, are confined to
−2.72 V < VM < 0 V, −31.6 mA < IM < −14.14 mA and
0 V < VM < 2.72 V, 14.14 mA < IM < 31.6 mA, which en-
sures feasible hardware implementation of the symmetrical
Turing instability.

2.1. Symmetrical local activity and edge of chaos

The excitable and spiking-like responses, and other desta-
bilization phenomena occur in memristive circuits when they
operate at the edge of chaos in parameter regions, a subset of
locally active domains that retain local asymptotic stability.[3]

In order to verify whether the current-controlled OS-CCM can
generate instability phenomena, we employed Chua’s local ac-
tivity and edge of chaos theory to accurately calculate its local-
activity and edge of chaos domains.

For a current-controlled memristive circuit, the edge

of chaos domain can be identified through the small-signal
impedance function Z(s, Q) at an equilibrium point Q; that
is, the circuit is considered to operate at the edge of chaos if
the following two criteria are simultaneously satisfied.

(I) Local activity condition: The real part of the
impedance in the frequency domain becomes negative over a
finite frequency interval, i.e., Re[Z(iω,Q)]< 0 for some ω .

(II) Local asymptotic-stability condition: All poles of
the impedance function Z(s,Q) are strictly located in the open
left half-plane, i.e., Re[sp]< 0.

The DC VM–IM characteristic of the current-controlled
OS-CCM in Fig. 2 indicates that the NDR regions, where
instability phenomena can be observed, are confined to the
branch corresponding to −2≤ X < 14. Within this range, the
relationships among the state variable X , the voltage VM, and
the current IM are given as follows:

VM = 75X2IM, (3)

X = 2000I2
M−2. (4)

Based on the impedance formulation previously derived for
the current-controlled CCM in our work,[5] the small-signal
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impedance function Z(s,Q) of the current-controlled OS-
CCM at the equilibrium point Q can be expressed as follows:

Z(s,Q) =
GX2s+GKX2 +4GI2

MKT X
s+K

. (5)

From Eq. (5), the impedance Z(s,Q) possesses the only neg-
ative pole sp = −K = −104 < 0, indicating that the current-
controlled OS-CCM remains asymptotically-stable in the red
branch with −2≤ X < 14. The impedance function in the fre-
quency domain by substituting s = iω into Eq. (5) is derived.
The corresponding real part Re[Z(iω,Q)] can be obtained as
follows:

Re[Z(iω,Q)] =
GX2ω2 +GK2X2 +4GT I2

MK2X
ω2 +K2 . (6)

To evaluate the local activity of the current-controlled
OS-CCM, the three-dimensional distribution of Re[Z(iω,Q)]

as a function of ω and IM, and the corresponding parameter
map are plotted in Fig. 3.
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Fig. 3. (a) Three-dimensional distribution of Re[Z(iω,Q)] of the
current-controlled OS-CCM over −100 rad/ms < ω < 100 rad/ms and
−35 mA < IM < 35 mA (−2≤ X < 0.45), with a projection of the con-
tour Re[Z(iω,Q)] = 0 superimposed at the bottom. (b) Color-coded
parameter map of the current-controlled OS-CCM in the ω vs. IM
plane, where the red regions (locally active domains, LADs) represent
Re[Z(iω,Q)] < 0 and the remaining regions (locally passive domains,
LPDs) denote Re[Z(iω,Q)]> 0.

Figure 3(a) displays the landscape of Re[Z(iω,Q)] de-
fined by Eq. (6), superimposed with the red projection at
the bottom, where the equilibrium points Q of the current-
controlled OS-CCM satisfy Re[Z(iω,Q)] < 0. The color-
coded parameter map in the ω vs. IM plane, i.e., the bot-
tom plane shown in Fig. 3(a), is plotted in Fig. 3(b). From

Fig. 3(b), the red regions denote Re[Z(iω,Q)] < 0; that is,
the current-controlled OS-CCM satisfies Re[Z(iω,Q)] < 0
for some ω when it operates at two symmetrical current
ranges, −31.6 mA < IM <−14.14 mA and 14.14 mA < IM <

31.6 mA. Applying the local-activity condition, the current-
controlled OS-CCM is locally active in this range. Also, since
the negative pole sp = −K = −104 < 0 is derived by Eq. (5),
the current-controlled OS-CCM satisfies the local asymptotic-
stability condition; that is, it is stable for all the equilibrium
points Q with X < 14. The results indicate that the current-
controlled OS-CCM is locally active and stable, i.e., at the
edge of chaos, over the ranges −31.6 mA < IM <−14.14 mA
and 14.14 mA < IM < 31.6 mA. For the remaining cyan re-
gions in Fig. 3(b), the current-controlled OS-CCM satisfies
Re[Z(iω,Q)] > 0 for all ω , indicating it is locally passive in
this parameter range, where sustained oscillation and spiking
responses cannot be supported. Owing to the symmetry of
the memristor, the resulting parameter maps exhibit symme-
try with respect to the zero-bias axis. The symmetrical edge-
of-chaos domains indicate that the memristor proposed in this
work possesses the capability to generate symmetrical Turing
instability.

2.2. Single cell made of a current-controlled OS-CCM

When the current-controlled OS-CCM operates at the
equilibrium point within the range −31.6 mA < IM <

−14.14 mA and 14.14 mA < IM < 31.6 mA, it is on the edge
of chaos, as demonstrated in Fig. 3, where it exhibits the ca-
pability to form a neuron cell. To better emulate the external
excitation of biological cells using voltage signals, the mem-
ristor cell was redesigned from a current-driven to a voltage-
driven configuration via Kirchhoff’s circuit laws, as illustrated
in Fig. 4.

ID

iM

vM

+

_

RD

+
vM

+

_

iM

_ VD

(a) (b)

Fig. 4. (a) Current-biased cell made of a current-controlled OS-CCM,
where a DC current source ID drives the memristor. (b) Equivalent
voltage-biased cell obtained by replacing the current source ID with an
ideal voltage source VD in series with a resistor RD.

As illustrated in Fig. 4(a), the current-controlled OS-
CCM is directly driven by an ideal DC current source ID,
which provides the memristor current iM and the correspond-
ing terminal voltage vM. Figure 4(b) shows an equivalent
voltage-driven realization, where the current excitation is re-
placed by an ideal voltage source VD in series with a resistor
RD, where the voltage source VD provides a more direct anal-
ogy to external excitation in biological cells. This transfor-
mation follows directly from Kirchhoff’s current law, ensuring
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that the resulting current iM and terminal voltage vM are identi-
cal to those obtained in the current-driven configuration. Con-
sequently, the operating point Q of the current-controlled OS-
CCM is preserved, and the voltage-driven realization shown in
Fig. 4(b) can be used without altering the local activity of the
memristor.

To guarantee that the voltage-biased cell in Fig. 4(b) op-
erates within the desired edge-of-chaos domains, the series re-
sistor RD must satisfy the following condition (note that as
X < 14, the expression X = T I2

M−2 can be derived by setting
Eq. (2b) to zero):

RD >

∣∣∣∣ dVM

dIM

∣∣∣∣ = ∣∣∣∣ d(R(X)IM)

dIM

∣∣∣∣
=
∣∣5GT 2I4

M−12GT I2
M +4G

∣∣ . (7)

For the bias point P2(VM, IM) = (2.16 V,20 mA) with
X = −1.2, which lies near the center of the locally active do-
main II (NDR II) of the current-controlled OS-CCM, as shown
in Fig. 5(b), the minimum permissible value of the series re-
sistor RD is 180 Ω, i.e., RD > 180 Ω. If RD ≤ 180 Ω, the slope
of the load line becomes too steep, causing the load line to
intersect the DC VM–IM curve at an unstable operating point,
and the current-controlled OS-CCM will lose the conditions
required for generating Turing instability. Hence, RD = 330 Ω

is selected in the cell to construct the Turing circuit.
To illustrate the load-line constraint imposed by the series

resistor RD and its impact on the admissible operating points,
the intersections between the load line and the enlarged DC
VM–IM characteristic of the current-controlled OS-CCM are
shown in Fig. 5.
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Fig. 5. Load-line intersections of the current-controlled OS-CCM with
the enlargement NDR domain I, bounded by Q2 (−2.7 V, −13.43 mA)
and Q1 (0 V, −31.96 mA) in (a) and with the enlargement NDR do-
main II, bounded by Q3 (2.7 V, 13.43 mA) and Q4 (0 V, 31.96 mA) in
(b). All slanted lines in the figure are load lines corresponding to the
adopted series resistance RD = 330 Ω.

Figure 5(a) shows that the cell in Fig. 4(b) operates in the
NDR domain I only when the bias voltage VD is confined to
a finite interval between −10.55 V and −7.13 V, i.e., when
−10.55 V < VD < −7.13 V. Similarly, when the bias voltage
VD of the cell satisfies 7.13 V <VD < 10.55 V, it maintains its
local activity, as demonstrated in Fig. 5(b). When VD lies out-
side this interval, the load line intersects only positive-slope
branches, forcing the operating point into a locally passive do-
main where Turing instability cannot be observed.

The bias voltage ranges corresponding to the negative
NDR domain I and the positive NDR domain II are symmetri-
cally distributed with respect to the origin, reflecting the intrin-
sic odd symmetry of the current-controlled OS-CCM. From
Fig. 5, when the bias voltages of the cell are VD = −8.76 V
and VD = 8.76 V, the red load lines within the respective ad-
missible voltage ranges intersect the DC VM–IM curve in the
NDR I and NDR II regions, respectively. This ensures that
the operating points remain robustly confined within the lo-
cally active domains and provides a consistent operating-point
basis for the realization of symmetrical Turing instability.

In this section, a novel CCM sibling, dubbed the current-
controlled OS-CCM, was constructed, and a cell constructed
using only the CCM sibling was presented, whose odd-
symmetrical locally active and edge of chaos domain provides
a necessary condition for the emergence of symmetrical Tur-
ing instability.

3. Two-cell network exhibiting symmetrical Tur-
ing instability
This section presents a two-cell network to observe sym-

metrical Turing instability. Each cell is constructed solely
from a current-controlled OS-CCM and is coupled together
with a passive resistor RC that serves as the control param-
eter. The intrinsic odd symmetry of the current-controlled
OS-CCM, as demonstrated in the previous section, leads to
mirrored dynamics under positive and negative bias, enabling
the emergence of symmetrical Turing instability. The network
structure is shown in Fig. 6.

VD

vL

+

_

RD

iL

VD

vR

+

_

RD

iR

RC

Cell 1 Cell 2

+_+_

330 Ω330 Ω
RC

Cell 1 Cell 2

(a) (b)

Fig. 6. Symmetrical OS-CCMs-based two-cell network. (a) Conceptual
diagram of two biological cells coupled via a synapse with a strength of
RC. (b) Circuit realization of two-cell network, where each cell is con-
structed with a current-controlled OS-CCM, biased by a DC source VD
of ±8.76 V in series with a resistor RD of 330 Ω.

The two-cell network, as shown in Fig. 6(b), consists of
two identical current-controlled OS-CCM-based cells, resem-
bling the biological cellular structure depicted in Fig. 6(a). In
Fig. 6(b), each cell is biased by the same DC source VD =
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±8.76 V through an identical series resistor RD = 330 Ω,
and the two cells are coupled by a passive resistor RC. As
VD = ±8.76 V and RD = 330 Ω, the two cells are locally ac-
tive and stable, as demonstrated in Fig. 5. By varying RC, the
coupling strength can be continuously tuned, further inducing
the emergence of instability in the network.

To analyze the effect of the coupling resistor RC on the
stability of the equilibrium points Q of the network, one can
derive the state equations of the two-cell network in Fig. 6(b)
as follows:

dxL

dt
= 104(30− xL + |xL−14|− |xL−46|+2000i2L), (8a)

dxR

dt
= 104(30− xR + |xR−14|− |xR−46|+2000i2R), (8b)

where xL and xR denote the state variables of the two-cell net-
work, which are the internal states of the left and right current-
controlled OS-CCMs, respectively. Likewise, iL and vL (resp.
iR and vR) represent the left (resp. right) memristor current
and voltage. Applying Kirchhoff’s law and Ohm’s law, one
can obtain the following expressions:

iL =
VD−RLiL

RD
− RLiL−RRiR

RC
, (9a)

iR =
VD−RRiR

RD
+

RLiL−RRiR
RC

, (9b)

where RL = Gx2
L and RR = Gx2

R denote the memristance of
the left and right current-controlled OS-CCMs, respectively.
Solving Eqs. (9) provides

iL =
VD(2RDRR +RDRC +RRRC)

R2
DRL +R2

DRR +R2
DRC +2RDRLRR +RDRLRC +RDRRRC +RLRRRC

, (10a)

iR =
VD(2RDRL +RDRC +RLRC)

R2
DRL +R2

DRR +R2
DRC +2RDRLRR +RDRLRC +RDRRRC +RLRRRC

. (10b)

3.1. Critical value of the symmetrical Turing instability

To accurately calculate the critical value of the coupling
resistance for the emergence of symmetric Turing instability,
the eigenvalues of the Jacobian matrix associated with the state
equations at the equilibrium point Q need to be obtained. The
2× 2 Jacobian matrix J, which linearizes the state equations
in Eq. (8) around the equilibrium point Q, is obtained by sub-
stituting the steady-state operating-point parameters into the

implicit differentiation, yielding the explicit Jacobian matrix
as follows:

J =

[
J11 J12
J21 J22

]
=


∂ f1

∂xL

∣∣∣∣
Q

∂ f1

∂xR

∣∣∣∣
Q

∂ f2

∂xL

∣∣∣∣
Q

∂ f2

∂xR

∣∣∣∣
Q

 , (11)

where the elements are

J11 = −K((2TV 2
D(RCRD +GRCX2

R +2GRDX2
R)

2(4XLG2RDX2
R +2RCXLG2X2

R +2XLGR2
D +2RCXLGRD))/D3 +1),

J12 = K((2TV 2
D(2GRCXR +4GRDXR)(RCRD +GRCX2

R +2GRDX2
R))/(2G2RDX2

LX2
R +RCG2X2

LX2
R +GR2

DX2
L

+GR2
DX2

R +RCGRDX2
L +RCGRDX2

R +RCR2
D)

2

−(2TV 2
D(RCRD +GRCX2

R +2GRDX2
R)

2(4XRG2RDX2
L +2RCXRG2X2

L +2XRGR2
D +2RCXRGRD))/D3),

J21 = K((2TV 2
D(2GRCXL +4GRDXL)((RCRD +GRCX2

L +2GRDX2
L))/(2G2RDX2

LX2
R +RCG2X2

LX2
R

+GR2
DX2

L +GR2
DX2

R +RCGRDX2
L +RCGRDX2

R +RCR2
D)

2

−(2TV 2
D(RCRD +GRCX2

L +2GRDX2
L)

2(4XLG2RDX2
R +2RCXLG2X2

R +2XLGR2
D +2RCXLGRD))/D3),

J22 = −K((2TV 2
D(RCRD +GRCX2

L +2GRDX2
L)

2(4XRG2RDX2
L +2RCXRG2X2

L +2XRGR2
D +2RCXRGRD))/D3 +1)

D = 2G2RDX2
LX2

R +RCG2X2
LX2

R +RCGRDX2
L +GR2

DX2
L +GR2

DX2
R +RCGRDX2

R +RCR2
D,

and K = 104, G = 75, VD =±8.76 V, RD = 330 Ω, T = 2000.
The characteristic equation to calculate the eigenvalues, derived from the Jacobian matrix J in Eq. (12), is as follows:

λ
2− (J11 + J22)λ + J11J22− J12J21 = 0. (12)

The stability of the operating point Q is determined by solving the characteristic equation of the Jacobian matrix J, defined
by Eq. (12), and examining the resulting eigenvalues, λ1 and λ2. If the real parts of both eigenvalues λ1,2 satisfy Re[λ ]< 0, the
operating point Q is asymptotically stable and no instability phenomena occur. Conversely, if any one of its eigenvalues satisfies
Re[λ ]> 0, the equilibrium becomes unstable, indicating the onset of Turing instability.
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To determine the critical coupling condition for trigger-
ing Turing instability, the eigenvalue trajectories of the two-
cell Jacobian are plotted as the coupling resistor RC is swept
in Fig. 7.

As shown in Fig. 7, the stability of the two-cell network
in Fig. 6(b) is governed by the evolution of its two eigenvalues
λ1,2 as the coupling resistor RC is reduced. Over a wide range
of weak coupling with the coupling resistance RC > 792 Ω,
both eigenvalues λ1,2 stay negative and the symmetrical equi-
librium remains stable. In particular, the varying eigenvalue λ2

is negative at RC = 8 kΩ with λ2 =−3024, at RC = 5 kΩ with
λ2 =−2791, and at RC = 1.5 kΩ with λ2 =−1457. Also, λ1

stays negative and is constant around λ1 =−3424 throughout
the entire sweep. When RC is decreased to 792 Ω, λ2 reaches
zero and crosses into the positive half-plane. For stronger cou-
pling below this threshold, λ2 becomes positive, for example,
λ2 = 1509 at RC = 500 Ω, indicating the loss of stability for
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Fig. 7. Eigenvalue trajectories of the two-cell network as the coupling
resistor RC is varied, showing the zero-crossing point of the pole λ2
(blue curve) at RC = 792 Ω. Also shown is the constant negative value
of the pole λ1 (red curve).

the two-cell network. Therefore, the coupling resistance at
RC0 = 792 Ω is identified as the critical value for triggering
Turing instability in the proposed two-cell network, that is, the
network is stable for RC > 792 Ω, and becomes unstable once
RC is reduced below the critical value of 792 Ω.

3.2. Symmetrical Turing instability

To reveal how the coupling resistor RC controls the
transition from symmetrical steady operation to coupling-
induced symmetry-breaking, the time-domain responses of the
two state variables xR and xL under representative coupling
strengths are displayed in Fig. 8.

Figure 8 compares the time-domain evolutions of the two
state variables xL and xR under different coupling resistances
at the positive and negative input voltages VD =±8.76 V, pro-
viding a direct dynamical view of how the steady state reor-
ganizes as RC is reduced. In Fig. 8(a) for RC = 5 kΩ, the two
trajectories rapidly converge to the same asymptotically stable
state with XL = XR =−1.2, indicating that the stability of the
two cells remains unbroken. In Figs. 8(b) and Fig. 8(c), when
RC is reduced to 680 Ω and 580 Ω, the two state variables
no longer converge to the original stable state variables, while
XL settles near −1.58 and −1.63, and XR approaches −0.17
and −0.05, respectively. Figures 8(b) and 8(c) reveal a clear
separation of the final operating states between the two cells,
indicating the emergence of an instability phenomenon, aka,
Turing instability. In Fig. 8(d) with RC = 18 Ω, this separa-
tion becomes more pronounced with a gap of 2.65. These re-
sults show that decreasing RC strengthens the dissipative cou-
pling and drives the network from identical steady-state con-
vergence to a split steady-state outcome, that is, the two cells
settle at distinct operating states.
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Fig. 8. Time-domain responses of state variables xR and xL of the two-cell network at VD = ±8.76 V for different coupling resistances RC. (a) Two
state variables xR and xL converge to the same stable state variables at XL = XR = −1.2 with RC = 5 kΩ. (b) The stable state variables of xR and xL
split into XL = −1.58 and XR = −0.17 with RC = 680 Ω, showing symmetry-breaking phenomenon. The gap of the stable state variables of xR and
xL increases to 1.58 with RC = 580 Ω in (c) and to 2.65 with RC = 18 Ω in (d), showing wider separation for strong coupling.

To further clarify how the final steady state evolves as
RC varies, Fig. 9 summarizes the RC-dependent steady-state
branches obtained by continuously sweeping RC from 0 to
2.5 kΩ, with representative time-domain cases shown for com-
parison.

Figure 9(b) illustrates the evolution of the stable states of
two state variables for the network with respect to the cou-
pling resistance RC. When RC > 792 Ω, the state variable XL

of the steady state for the left cell coincides with that for the
right cell, i.e., XL = XR. As RC < 792 Ω, the two steady-state
variables separate into two distinct branches, and the gap be-
tween XL and XR becomes larger as RC is further decreased.
These results indicate that RC determines both the critical cou-
pling condition for branch splitting and the resulting degree
of steady-state separation between the two cells. Figure 9(a)
gives a representative weak-coupling case with RC = 2 kΩ,
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where the two state variables relax to the same steady value at
XL = XR =−1.2. Figure 9(c) shows a representative stronger-
coupling case with RC = 400 Ω, where the two state variables

converge to distinct steady values XL =−1.71 and XR = 0.16,
demonstrating a clear steady-state separation between the left
and right cells in the network.
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Fig. 9. RC-dependent steady-state evolution of the two-cell network under VD =±8.76 V. (a) Representative time-domain case at RC = 2 kΩ,
where the two stable state variables converge to the same steady value XL = XR = −1.2. (b) Steady-state branches XL and XR obtained by
sweeping RC from 0 to 2.5 kΩ, showing a critical coupling value RC0 = 792 Ω at which the single uniform branch splits into two distinct
branches. (c) Representative time-domain case at RC = 400 Ω, where the steady state variables separate to XL =−1.71 and XR = 0.16.

To visualize how the global flow in the (xL, xR) phase
plane changes with coupling strength, Fig. 10 plots the basin
of attraction, superimposed on the trajectories starting from
different initial conditions for several representative values of
RC.

Figure 10 shows how the phase-plane flow in the (xL, xR)
space changes as the coupling resistance RC is reduced. For
RC = 2 kΩ in Fig. 10(a) and RC = 1 kΩ in Fig. 10(b), tra-
jectories launched from different initial conditions converge
to the same stable equilibrium point at O1(XL, XR) = O2(XL,
XR) = (−1.2,−1.2), indicating that the two cells in the net-
work approach an identical steady state under weak coupling
with RC > 792 Ω. For RC = 400 Ω, the trajectories start-
ing from different initial conditions separate into two basins;
that is, the trajectories starting from initial conditions in the
light blue region will converge to the point O3(XL, XR) =

(−1.71,0.16), while those beginning in the light orange re-
gion will converge to the point O4(XL, XR) = (0.16,−1.71), as
shown in Fig. 10(c). From Fig. 10(d), the symmetry-breaking
phenomenon persists and the separation between the two sta-
ble states O5(XL, XR) = (−1.87,0.58) and O6(XL, XR) =

(0.58,−1.87) becomes larger, indicating a stronger steady-
state separation between xL and xR at RC = 100 Ω. Figure 10
shows the transition from a single-equilibrium-point uniform
state to a two-equilibrium-point non-uniform state as RC de-

creases, providing a signature of coupling-induced symmetry-
breaking associated with Turing instability.

To observe the symmetry property of the Turing insta-
bility, Fig. 11 plots the time-domain voltages vL and vR for
different coupling resistances RC, along with the evolution
of vL and vR during a continuous sweep of RC, showing the
transition from a single shared steady state under weak cou-
pling to two mirrored steady states after symmetry-breaking at
stronger coupling.

Figure 11 provides a time-domain view of how the two
voltages vL and vR of the left and right cells in the network
evolve as the coupling resistor RC is reduced under a fixed
bias of VD = ±8.76 V. For each subplot in Fig. 11, the up-
per waveform, above the black dashed line, is the trajecto-
ries of vL and vR under the positive bias voltage VD = 8.76 V
of the network, while the lower one corresponds to the tra-
jectories under the opposite bias voltage VD = −8.76 V. For
the weak-coupling case with RC > 792 Ω, both trajectories in
Fig. 11(a) stabilize at the same stable states VL =VR = 2.16 V
under the positive bias voltage VD = 8.76 V, and the opposite
states VL = VR = −2.16 V under VD = −8.76 V. As the cou-
pling resistance RC is decreased into the range RC < 792 Ω, a
clear symmetry-breaking phenomenon appears under the pos-
itive and negative voltages, as shown in Figs. 11(b)–11(d).
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Fig. 10. Phase-plane trajectories in the (xL, xR) plane for VD = ±8.76 V under different coupling resistances. (a) Trajectories of xL and xR starting from
different initial conditions, all converging to the unique stable equilibrium point O1(XL, XR) = (−1.2,−1.2) at RC = 2 kΩ. (b) Trajectories still converging
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Fig. 11. Time-domain voltages vL and vR under VD = ±8.76 V for different coupling resistances RC: (a) RC = 5 kΩ, VL = VR = 2.16 V at
VD = 8.76 V and VL = VR = −2.16 V at VD = −8.76 V. (b) RC = 680 Ω, VR = 2.71 V and VL = 0.07 V at VD = 8.76 V, and VR = −2.71 V
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(e) Symmetrical evolution of voltages vL and vR from a single stable state to distinct stable states.

From Fig. 11(b), the voltages vL and vR no longer con-
verge to the same stable state; instead, they diverge into dis-
tinct stable states, namely, VR = 2.71 V and VL = 0.07 V under
the positive bias voltage VD = 8.76 V at RC = 680 Ω, demon-
strating the emergence of a symmetry-breaking phenomenon,
aka, Turing instability. Similarly, an analogous symmetry-
breaking destabilization is observed under the negative bias
voltage VD = −8.76 V, as evidenced by the lower trace in
Fig. 11(b), where the voltages settle at VR = −2.71 V and
VL = −0.07 V for the same RC = 680 Ω under this negative
bias condition. These four independent, asymptotically stable
steady-state voltage operating points collectively constitute the
quadristability of the coupled system, which represents a core
dynamical hallmark of the symmetric Turing instability inves-
tigated herein.

Simulation results confirm the emergence of symmet-
rical Turing instability. For lower coupling resistance RC,
i.e., stronger coupling conditions, such as RC = 580 Ω and
RC = 18 Ω, symmetrical Turing instability can still be ob-
served, as shown in Figs. 11(c) and 11(d). Compared with
the voltage separation gap in Figs. 11(b) and 11(c), the strong-
coupling case in Fig. 11(d) does not further enlarge the voltage
separation; instead, the gap |VL−VR| decreases. This confirms
that the voltage separation does not vary monotonically with
RC and may deviate from the splitting behavior observed in the
internal state variables.

Figure 11(e) further illustrates the transition of the cell
voltages vL and vR from identical stable states to distinct sta-
ble states, demonstrating the emergence of symmetrical Tur-
ing instability. The coupling resistance RC can also adjust the
separation distance between the stable states of the cell volt-

ages. In particular, Fig. 11(e) clearly captures the emergence
of a strongly asymmetric plateau pair in the intermediate-RC

stages (around 650 Ω–560 Ω), where one state remains near a
high-magnitude level while the other stays close to zero, con-
sistent with the steady-state values highlighted in Figs. 11(b)
and 11(c). Toward the end of the sweep, at smaller RC values,
the plateau levels redistribute and partially rebalance, consis-
tent with the reduced separation observed in Fig. 11(d).

To investigate the relationship between the voltage sepa-
ration distance and the coupling resistance RC, we next con-
tinuously sweep RC under VD = ±8.76 V and summarize the
resulting steady-voltage trajectories in Fig. 12.

Figure 12 summarizes the steady-state voltages as RC is
swept under VD = ±8.76 V, further demonstrating the emer-
gence of the symmetrical destabilization phenomenon. For
RC > RC0 = 792 Ω, the two cells settle at the same voltage
level, so the steady-state voltage difference between VR and
VL is zero. When RC is reduced below 792 Ω, the steady-state
voltages split into two branches and VR and VL become differ-
ent. As RC < 792 Ω, the voltage separation distance first in-
creases until reaching its maximum of 2.71 V at RC = 560 Ω,
and then gradually decreases. As the coupling resistance RC

tends to zero, they nearly converge back together.
In this section, a two-cell OS-CCM network was formu-

lated for the demonstration of symmetrical Turing instability,
and the critical coupling resistance for observing the destabi-
lization phenomenon was quantitatively determined. The sta-
bility of the cells was demonstrated to be disrupted by the cou-
pling resistance under both positive and negative bias voltages,
giving rise to the observation of symmetrical Turing instabil-
ity.
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Fig. 12. Voltage-level steady-state behavior of the two-cell network under symmetrical excitation VD =±8.76 V as the coupling resistor RC is
varied. (a) Representative time-domain response at RC = 2 kΩ, where the two cell voltages coincide at VR =VL = 2.16 V for VD = 8.76 V and
VR =VL =−2.16 V for VD =−8.76 V. (b) Steady-state trajectories of VR and VL obtained by scanning RC over 0 Ω≤ RC ≤ 2.5 kΩ, marking
the critical coupling value RC0 = 792 Ω. (c) Representative time-domain response at RC = 400 Ω, where the voltages separate to VR = 2.64 V
and VL = 0.06 V for VD = 8.76 V, and VR =−2.64 V and VL =−0.06 V for VD =−8.76 V.

4. Hardware demonstration of symmetrical Tur-
ing instability
This section presents the hardware validation of sym-

metrical Turing instability using two homemade current-
controlled OS-CCM circuit boards. The hardware realization
of the cell is based on an OS-CCM circuit board, and the ex-
perimentally measured symmetrical Turing instability is intro-
duced here.

4.1. Hardware implementation of OS-CCM

A homemade current-controlled CCM circuit board has
been reported in our work.[5] Here, the hardware implemen-
tation of the current-controlled OS-CCM is introduced; its
schematic diagram is shown in Fig. 13. It provides the experi-
mental setup for the two-cell coupling experiments reported in
the following subsections.

The current-controlled OS-CCM is implemented as a
one-port memristive element, described by the equations vM =

R(x, iM)iM with an internal state variable governed by dx/dt =

f (x, iM). As shown in Fig. 13(a), the memristor is interfaced
only through its terminal voltage vM and current iM. Fig-
ure 13(b) presents the analog circuit that realizes the equations
describing the relationship between voltage vM and current iM.
The derivation of the circuit in Fig. 13(b) follows the same pro-
cedure as reported in our work,[19] and is omitted here. The
OS-CCM physical circuit contains five op-amps, three analog
multipliers, one capacitor, and 33 resistors, where U1–U5 are
a two-channel TL082CN op-amp from ST Microelectronics,
U6–U8 are AD633JN multipliers from Analog Devices, all re-
sistors R1–R33 and capacitor C1 are 0806 package with 1%
accuracy and 5% accuracy, respectively. The parameter values
of the circuit are directly labeled on Fig. 13(b), and the state
variable x can be obtained by measuring the voltage vx at the
test point x (vx = 0.4x).

The homemade OS-CCM circuit board is used to charac-
terize the stability of the single cell, as well as the coupling-
induced destabilization phenomenon in the two-cell network,
as shown in Figs. 14 and 15.
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Fig. 13. Hardware implementation of the current-controlled OS-CCM. (a) Voltage-excitation configuration, where the one-port OS-CCM
is biased by an ideal DC source VD through a series resistor RD. (b) Circuit implementation of the analog emulator built with five TL082
operational amplifiers (U1–U5) and three analog multipliers (U6–U8) that realize the memristor equations defined by Eq. (2). The surrounding
resistor networks perform signal scaling, inversion, and weighted summations to interface the multiplier inputs with the port variables and
internal signals. The node vx is a test point used to observe the state variable of the memristor. VCC =+15 V, VDD =−15 V, VFF =+14.3 V,
and VEE =−14.3 V are the power supply for the operational amplifiers and multipliers.
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Fig. 15. Experimentally measured symmetrical Turing instability under bias voltages VD = ±8.76 V with different coupling resistances RC.
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Figure 14 shows the experimentally measured steady-
state waveforms of a single cell made of a current-controlled
OS-CCM circuit board under a symmetrical bias voltage of
VD =±8.76 V, demonstrating the stability of the left and right
cells in the two-cell network. The instruments needed in the
experiment are a RIGOL DS2072A digital oscilloscope and a
SIGLENT SPD4323X programmable DC power supply with
4 output channels.

Figure 14(a) displays the experimentally measured volt-
age vx = 0.4x at VD = +8.76 V, showing that vx converges to
Vx = −0.7 V, corresponding to the state variable x converg-
ing to X = −1.75. Figure 14(b) shows the experimentally
measured memristor voltage vM under positive and negative
bias voltages VD = +8.76 V, indicating that vM converges to
VM = 2.1 V at VD = 8.76 V, while it tends to VM = −2.1 V

at VD = −8.76 V. These results indicate that the cell is stable
and exhibits bistability under both positive and negative bias
voltages.

Figure 15 illustrates the evolution of the experimentally
measured memristor voltages vL, R, and state variables xL,R for
two distinct coupling resistances RC to highlight the changes
between the before and after states. Figures 15(a) and 15(b)
track the voltages vx1 = 0.4xL and vx2 = 0.4xR to obtain the
evolution of the state variables xL and xR of the two-cell net-
work. When RC = 5 kΩ, both traces settle to the same level at
Vx1 =Vx2 =−0.5 V, corresponding to XL =XR =−1.25. After
RC is reduced to 580 Ω, the shared state splits into two distinct
steady levels, with Vx1 rising to −0.2 V and Vx2 remaining at
−0.6 V, corresponding to XL = −0.5 and XR = −1.5. Fig-
ure 15(b) illustrates that the coupling resistance RC affects the
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separation distance between the steady states of the state vari-
ables XL and XR. Also, the results illustrate that the evolution
of the state variables of the two cells follows identical trajec-
tories under positive and negative bias voltages.

Due to the odd-symmetrical property of the memristors in
the two-cell network, unlike the evolution of the state variables
xL and xR, the memristor voltages vL and vR exhibit a sym-
metrical destabilization phenomenon, as shown in Figs. 15(c)
and 15(d). Figure 15(c) illustrates the transition of the net-
work from its bistability to quadristability, that is, the memris-
tor voltages vL and vR exhibit two stable states at RC = 5 kΩ,
while four stable states emerge when RC is decreased to 580 Ω.
Figure 15(d) further illustrates that the coupling resistance RC

also affects the stable states of the memristor voltages in the
network. Figures 15(c) and 15(d) experimentally validate the
symmetrical destabilization phenomenon under positive and
negative bias voltages VD =±8.76 V, aka, symmetrical Turing
instability. The experimental results are in quantitative agree-
ment with the simulations in Fig. 11 within the acceptable ex-
perimental error.

This section presents the hardware implementation of
the two-cell network using two homemade OS-CCM circuit
boards and experimentally confirms the symmetrical Turing
instability.

5. Conclusion
This paper presents a novel current-controlled odd-

symmetrical CCM sibling, termed OS-CCM, and employs it to
construct a two-cell network for the observation of symmetri-
cal Turing instability. The locally active and edge-of-chaos pa-
rameter domains for the OS-CCM are rigorously analyzed us-
ing Chua’s small-signal impedance analysis method, thereby
demonstrating its inherent capability to induce Turing insta-
bility. When two identical current-controlled OS-CCM-based
cells are coupled via a passive resistor, the originally stable
states of the cells become destabilized, giving rise to two dis-
tinct stable states under positive and negative bias voltages, re-
spectively, which demonstrates the emergence of Turing insta-
bility in a symmetrical pattern. The critical coupling resistance
at which destabilization occurs is precisely identified through
eigenvalue locus analysis. Furthermore, a homemade hard-
ware circuit kit of the current-controlled OS-CCM was devel-
oped and employed to experimentally reproduce symmetrical
Turing instability. Both simulation and experimental results
are in excellent agreement with the theoretical analysis. This
work extends the existing forms of Turing instability by intro-
ducing and rigorously validating its symmetrical pattern, and
provides a theoretical foundation for the design of biphasic
action potential neuron circuits, symmetrical chaotic circuits,
and brain-inspired multimodal recognition and computing.
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