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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

Lax pair and symmetric difference constrained PINNs for forward
and inverse problems of soliton solutions in the discrete complex
mKdV equation

Pei-Kun Yang(#%153#), Xiao-Yong Wen(J&/7K)", and Jian-Chen Zhou(J# /=)
School of Applied Science, Beijing Information Science and Technology University, Beijing 100192, China

(Received 22 February 2026; revised manuscript received 23 April 2026; accepted manuscript online 30 April 2026)

We propose Lax pair and symmetric difference constrained physics-informed neural networks (LSD-PINNG5), designed
to study forward and inverse problems for soliton solutions of discrete nonlinear integrable equations (DNIEs). We take the
discrete complex modified Korteweg—de Vries (mKdV) equation as an example for numerical simulations and parameter
inversion. The results demonstrate that, in the forward problem, the newly proposed method can not only achieve accuracy
levels of 10~ for both internal and external predictions, but also successfully obtain the corresponding spectral functions
and spectral parameters. Furthermore, under identical conditions, LSD-PINNSs exhibits the highest simulation accuracy and
stability compared to classical discrete PINNs, symmetry-enhanced deep learning (SDE)-PINNs, and Lax-pair-enhanced
(LD)-PINNs. For the inverse problem, LSD-PINNs achieves inversion errors on the order of 10~ for unknown param-
eters. In addition, under conditions of sparse data, LSD-PINNS is capable of reducing inversion errors by two orders of
magnitude compared to classical discrete PINNs. This study offers a novel framework for analyzing discrete soliton solu-
tions and spectral problems within discrete nonlinear integrable equations (DNIEs), providing new insights into integrable
phenomena and contributing to the advancement of discrete integrable deep learning.

Keywords: LSD-PINNSs, lax pair, symmetric difference, discrete soliton solutions, discrete complex mKdV
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PACS: 02.30.1k, 07.05.Mh, 05.45.Yv
DOI: 10.1088/1674-1056/ae66dc

1. Introduction

Recently, artificial intelligence (AI) has driven signifi-
cant advancements in fields such as medical modeling,!'-?!
drug development,'! and emotion recognition.!*! Simultane-
ously, nonlinear partial differential equations (NPDEs) are
crucial in mathematics and physics, with applications in fluid

1361 optical fiber communications,®® and ocean

dynamics,
engineering.[%°! However, solving NPDEs is challenging due
to their complexity and the high computational demands of
numerical simulations, which often suffer from issues of
cost and accuracy, particularly under high-dimensional or
complex boundary conditions.!'®-!?) Recently, deep learn-
ing techniques, particularly physics-informed neural networks
(PINNs), 3] have emerged as innovative computational tools
offering a promising alternative for solving complex NPDEs.
PINNSs integrate data-driven learning with physical constraints
by incorporating physical equations, initial and boundary con-
ditions into the loss function, and circumvent the need for tra-
ditional mesh-based discretization. Compared to classical nu-
merical methods, PINNs are a mesh-free approach that offers
greater flexibility and computational efficiency, and are widely
used in fields such as fluid mechanics,[!*15] heat transfer,[16-17]
and optical communications.!'®!°l However, challenges re-
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main in solving complex problems requiring high accuracy
and computational efficiency.*]

In recent years, significant advances have been achieved
in several critical dimensions of PINNs. Innovations in net-
work architecture, such as adaptive activation functions,*!]
hierarchical frameworks,??! combining nonlinear interaction
and domain decomposition techniques,”! and gated recurrent

(241 have collectively enhanced model expressivity and

units,
sequential feature learning. To improve computational effi-
ciency and scalability, researchers have introduced strategies
such as parallel computing, > hybrid frameworks that com-
bine graph neural networks with finite volume methods, %%/ ex-
tended PINNs with dual subnets,?’! and convolutional neural

S.[28

networks integrated with local fitting strategies.!?8! In terms of

training and optimization, developments such as adaptive loss

(291 residual-based attention mechanisms,*! aug-

balancing,
menting the loss function with a mean squared error penalty
on the complex conjugate term,*!! weak-form formulations

321 and parameter regularization

with domain decomposition,[
with adjustable weighting coefficients*3] have been imple-
mented to stabilize training and manage high-order or com-
plex NPDEs. Moreover, PINNs have shown significant poten-

tial in the study of integrable systems, facilitating the data-
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driven discovery of solitons, 3433 rogue waves, 33371 and
breathers*>-38 in the context of NPDEs.

Meanwhile, integrable systems have also been studied
from various perspectives: a deep learning-based polyno-
mial extractor has been developed for the automatic identifi-
cation of unusual wave modes;*’! the Lax-pair-FIND algo-
rithm has been introduced to discover Lax pairs from sparse or
noisy data without requiring prior knowledge of the equation’s
form;[4%) compact Gramian forms and hybrid anomalous-
breathing wave solutions have been derived for the complex
modified Korteweg—de Vries (mKdV) equation; !l and the-
oretical and numerical investigations of topologically trivial
magnetic solitons in ferromagnetic nanowires have been per-
formed to elucidate their nonlinear dynamics and controllable
generation mechanisms.[*?! Collectively, these findings have
significantly advanced our understanding of integrable sys-
tems, whose intrinsic properties such as Lax pairs and sym-
metries are now increasingly exploited to improve the perfor-
mance of PINNs. For instance, PINNs incorporating Miura
transformations facilitate the transfer of solutions between dif-
ferent NPDEs, 3] while a two-stage methodology employ-
ing conservation laws improves prediction accuracy for com-
plex dynamical systems.**! Furthermore, Pu et al. introduced
Lax pair-informed neural networks (LPNNs), 193] which enable
high-precision simulations of localized wave phenomena and
also allow for the inference of associated spectral parameters
and spectral functions. Besides, they incorporated the Dar-
boux transformation (DT) to develop DT-LPNNs to address
data-driven localized wave solutions with high precision and
uncover new solutions utilizing nontrivial seed solutions. 40!
However, the experimental validation of these sophisticated
methodologies has primarily been restricted to continuous in-
tegrable systems.

In recent research, symmetry has been primarily exploited
by minimizing a loss function with additional symmetric soft
constraints, thereby enhancing model learning and general-
ization capabilities.[*’*° A different approach was taken by
Zhou et al.,’%>! who introduced symmetric difference data
enhancement PINNs (SDE-PINNs). By embedding the sym-
metric structure directly into the neural networks, their method
achieves inherent symmetry and enables highly accurate sim-
ulations of discrete solitons and rogue waves. These devel-
opments not only improve computational accuracy and train-
ing efficiency but also facilitate the discovery of additional
integrable phenomena. Consequently, the successful applica-
tion of integrable features, particularly the Lax pair and sym-
metry, prompts further inquiry into whether the Lax pair can
be incorporated into discrete integrable deep learning systems
and whether the integration of symmetry can further enhance
model performance.

The primary focus of current research is on continuous

NPDE:s, with relatively fewer studies investigating the forward
and inverse problems related to discrete nonlinear integrable
equations (DNIEs). In DNIEs, state variables are defined ex-
clusively at discrete points, thus lacking a continuously differ-
entiable structure, which poses significant challenges for tra-
ditional PINNs. To address this challenge, Saglain ez al.[>?!
employed discrete Laplace operators to simulate interactions
between adjacent nodes, thereby facilitating difference opera-
tions. Additionally, Lin et al.>3! introduced pseudo-grids and
replicated discrete difference operations using indexing and
slicing techniques, while Zhou et al.!>*! utilized shift opera-
tors on discrete datasets to generate neighboring points, en-
abling efficient computation of forward and backward differ-
ences through neural networks.

Based on these previous findings, we will incorporate
the Lax pair into the loss function of discrete integrable deep
learning models, thereby introducing Lax pair and difference
constrained PINNs (LD-PINNs). By embedding symmetry,
we further advance this framework by developing Lax pair and
symmetric difference constrained PINNs (LSD-PINNSs). This
study seeks to address the existing paucity of research in the
discrete domain and to further the integration of discrete inte-
grable systems with deep learning methodologies.

The experiment in this paper is based on the discrete com-
plex mKdV equation, as delineated in Ref. [54]

dgn
dt

= (1+1ga") [qm — G2 +2qn—1 — 2qn+1

(@ 1qn1 — ‘]Z+151n—1) + |gns1 |261n+2
SRR R (M

where ¢, = q(n,t) is a complex-valued function defined on
discrete space n and continuous time f, with |g,| and g rep-
resenting its modulus and complex conjugate, respectively.
Equation (1) is particularly significant for investigating trans-
verse magnetic wave propagation in nematic optical fibers, as
well as in studying the dynamics of specific periodic optical

pulses. 3% The Lax pair for Eq. (1) is given by 7!

A Gn )
(pn = * o — )
o (_qﬁ )“ !
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where A is a spectral parameter independent of n and ¢, while
@, = (¢1,,$,)" is a fundamental solution of Eq. (2). Refer-
ence [58] introduced the discrete generalized (n,N — n)-fold
DT of Eq. (1) to derive discrete localized wave solutions and
used asymptotic analysis to examine two-soliton interactions
and the limits of rational soliton solutions. In addition, the
related Lax pair,[>”] Hamiltonian structure, infinite conserva-
tion laws,>° and the continuum 1imit[®" of Eq. (1) have also
been investigated. However, to the best of our knowledge, the
use of PINNSs for addressing discrete soliton solutions and in-
verse problems associated with Eq. (1) has not yet been in-
vestigated. Therefore, our method is experimentally validated
using Eq. (1) as an illustrative example.

The structure of the paper is as follows: Section 2 details
the integration of the Lax pair into PINNs for discrete inte-
grable systems and further explores its combination with sym-
metry property, specifically involving four methods: PINNS,
LD-PINNs, SDE-PINNs, and LSD-PINNs. Section 3 provides
numerical simulations of the one- and two-soliton solutions of
Eq. (1) and compares the four methods. Section 4 explores the
inverse problem for the discrete one- and two-soliton solutions
of Eq. (1) using LSD-PINNs and PINNs. Finally, Section 5
summarizes the findings of this study and presents concluding
remarks.

2. Methodology

In this section, we provide a detailed introduction to the
LD-PINNs and LSD-PINNs methods, which consist of three
components.

2.1. Discrete difference operator

The general form of DNIEs can be expressed as follows:

F(n,t)= a(%” = NalOn—1,0n,On+1,...] =0,
(n,t) eDXT,

Q1) =1(n),

Qn,t) =B(n,t),

3)
neD,

(n,t) €dD T,
where D is the spatial domain of the system, and 7 is the tem-

poral domain, typically [0, Tiax]- The quantity Q(n,t) depends
on the spatial position » and time ¢, with a{% representing its

temporal change. The operator NV, describes spatial coupling
and local dynamics, affecting the evolution of Q,(¢). The ini-
tial condition I(n) specifies Q(n,t) at #;, and the boundary con-
dition B(n,t) defines Q(n,t) on the boundary 0D, ensuring
QO(n,t) = B(n,1).

In contrast to continuous NPDEs, Eq. (3) is defined at dis-
crete spacetime grid points, with its physical equations com-
posed of discrete operators rather than continuous differen-
tial operators. Consequently, the mechanism of constructing
equation residuals based on automatic differentiation in tradi-
tional PINNS is no longer applicable, making it difficult to di-
rectly solve Eq. (3). To overcome this limitation, we employ a

two-dimensional Hammersley sequence®!]

to randomly sam-
ple interior data points throughout the entire spatio-temporal
domain D x T. Subsequently, we generate the shifted points
(N-2,T),(N—1,T),(N+1,T), and (N+2,T) through spa-
tial shifts. These points are then fed into the neural network,
and the resulting outputs Q(N + i, T) are utilized to perform

discrete difference operations, denoted by E-+i and defined as

E+i=Q(N+i,T)-Q(N,T), i=12,.... 4)

Thus, by incorporating discrete difference operations, tradi-
tional PINNSs can be effectively applied to the study of Eq. (3).

2.2. LD-PINNs

In 1968, Lax introduced the notion of the Lax pair and de-
veloped a general method for representing integrable systems
using Lax pairs.[?) As a defining characteristic of integrable
systems, the Lax pair provides a crucial framework for explor-
ing their integrability, conservation laws, and classification. In
the theory of integrable systems, the spectral parameter A and
the associated spectral function @, are fundamental objects in
the Lax formulation. They determine the scattering data for
the Lax eigenvalue problem and form the basis of the inverse
scattering transform (IST), which solves the Cauchy problem
by linearising the time evolution. Moreover, they play a central
role in the DT, which uses them as the key ingredients to con-
struct multi-soliton, breather, and rogue wave solutions from a
given seed solution. In spatially semi-discrete integrable sys-
tems, the Lax pair presented in this paper is expressed in the
following matrix form:

D1 =L, (A) Dy,

do, )
— =M,
dt

where A is a spectral parameter independent of n and 7.
The matrices L,(A) and M,(A) are n x n matrices de-
The vector &, =
(01,(2), 2,(t), 93, (¢), . ..)T is an n-dimensional column vector.

pending on A and the potential g(x,?).

Moreover, starting from Eq. (5), if n = 2, one can derive the
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associated DNIEs as shown in Eq. (3) by using the following
zero-curvature equation

Ln,t = Mn+1Ln — L,M,, (6)

where L, represents the time derivative of L,, i.e., dL,/or.
In Eq. (3), PINNs integrate initial and boundary condi-
tions with physical constraints to predict the solution Q(n,t)
by minimizing a designated loss function. Building upon
this framework, we introduce a novel approach termed LD-
PINNS, as illustrated in Fig. 1, which outputs the eigenfunc-
tion @, = (@1, $2,)" via the neural network. Furthermore, we
incorporate the spectral parameter A, along with its associated
Lax pair, as an additional constraint denoted by Fi,(n,;0,1)
within the loss function. By optimizing the network parame-
ters O and spectral parameter A, the predicted solution Q(n, )
and spectral function are obtained. The loss function is com-
posed of three components: the DNIE residual, denoted by
Lpnie(0); the Lax pair residual, denoted by £1,(6,14); and
the initial and boundary data loss, denoted by Lpa(0), and is

defined as follows:

L1sp-pinns(0,4) = LpNig(0) + L1p(0,4) + Lpawa(0), (7)

with
1M
Lpnie(0) = No Z [Fiq (nk,1550)]7,
LN 2
ELP( ) Ne IZI [FLp (npyt]lﬁeal)] , (8)
L B s (i i i )12
Lpua(6) = Nip 121 [Q (nIB’tIB’ ) Q(”IB’tIB)] ;

where 0 represents the weight and bias parameters of the neu-
ral network. Ng and Nig denote the total numbers of internal
train points, initial and boundary points, respectively. The sets
{n, i}, comprise points that are randomly sampled within
the spatial and temporal domains, while {niy,t }fiBl pertain
to the datasets associated with the initial and boundary condi-
tions.

[ Spatial Shift ] ( Neural Network ) (

Lax Pair Constrainted Part With Spectral Parameter A )

spectral parameter
‘ | operator form: compatibility condition I
I equation |
I I_matrlx form: zero curvature equation |

Imr)—— N,[0,,0,0,,..]=0

) | vinimiz

,(/(n, 1, 0)]

. ﬁl)NII ( )

Fig. 1. The network architecture of LD-PINNs. Building upon spatially shifted raw data, the Lax pair is successfully incorporated into discrete
integrable deep learning by adding the transformed Lax pair F p(n,;6, ) to the loss function.

2.3. LSD-PINNs

According to Ref. [51], we integrate symmetry by com-
bining outputs at symmetric points at the network’s output
layer. For a point P(ng,)), where ng and fy represent its spatial
and temporal coordinates, respectively, the symmetric coun-
terpart of this point can be described as (2ng — N,2tp — T) in
the presence of both spatial and temporal symmetry. In con-
trast, if only time-reversal symmetry is present, the symmet-
ric point is represented as (ng, —fp). To effectively utilize this
symmetry information, the network’s outputs are adjusted to
maintain consistency with the symmetry around P(no,?), re-
sulting in the following modified data points (N, T):

L(N,T;6)+L(2ng — N, 20— T:6)
2 b)

where L denotes the output of the neural network, and the

O(N,T;0) =

(€))

network is designed to enforce symmetry about the point
P(ng,19).

Furthermore, the influence of initial symmetric point se-
lection on the performance of the method is comprehensively
examined in Ref. [51]. In this paper, the midpoint between
the training boundary and the true symmetric point is selected
as the initial symmetric point. Moreover, the existing SDE-
PINNs primarily rely on global symmetry. Future studies
should explore local and superimposed symmetry to further
enhance and optimize the method. Therefore, based on the
symmetric architecture described in Ref. [51], we introduce a
novel approach termed LSD-PINNs by combining symmetry
with LD-PINNS, as illustrated in Fig. 2. Firstly, a differen-
tial dataset is constructed using E+i applied to the raw data,
while a symmetric dataset is generated according to Eq. (9).
Both datasets, along with spectral functions, serve as outputs
for the neural network. The training of the neural network is
subsequently conducted by minimizing Eq. (7).

The precise handling of boundary conditions is essen-
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tial for generating reliable solution predictions, as highlighted

5103041 In our experimental analysis, the

in previous studie
boundary loss converges to a minimal constant value. Con-
sequently, in alignment with the methodology outlined in
Ref. [51], we apply soft and hard constraints to the boundary
conditions, respectively, and subsequently analyze the effects
of these two approaches.

The network comprises a two-dimensional (2D) input
layer, followed by three fully connected hidden layers, each
consisting of 64 neurons. It uses the Tanh activation function
and Xavier initialization for weight initialization.[®>! Based on
the optimization concept presented in Ref. [66], the training
process utilizes both the Adam and L-BFGS optimizers to en-
hance accuracy and accelerate convergence.

In addition, the efficacy of these methods is generally as-
sessed through validation points that are uniformly distributed
across the entire spatiotemporal domain. The predictive accu-

racy of the methods is evaluated using the relative error based
on the L%-norm, which measures the deviation between the
predicted outcomes and the reference solutions, defined as

10(n,1) = Q(n,1)]|2

RE = ,
10(n, )2

(10)

where Q(n,t) denotes the predicted value at the point (n,z),
while Q(n,7) denotes the true value. Furthermore, to evaluate
the model’s predictive performance more comprehensively, we
define the relative error of internal prediction (REy,) and the
relative error of external prediction (REgp) in the training and
untrained regions, respectively.

The code in this article is implemented in Python 3.12.9
and PyTorch 2.6.0. The numerical experiments are conducted
on a high-performance computer equipped with an NVIDIA
GeForce RTX 4070 GPU.

[ Spatial Shift ][Symmetry Constrainted Neural Network] [

Lax Pair Constrainted Part With Spectral Parameter A

OW-iT.0)| |/
¥
)
/

J_corresponding |""

Lax pair of discrete integrable ||
|

- spectral parameter

| operator form: compatibility condition |
equation I

matrix form: zero curvature equation
systems

//

1 &

% N,[0,.0,0,.-]=0

ot

(£, (ny.10:0.2)]

Fe(n,t) )
i=1

F

Minimize

]

mmmﬂ@%%ﬂ

GO
o

V‘V \V)
7

©
>‘ ON+i.T.0) [ Lisppmns (05 4) = Ly + ‘C’Lp + L

] Ny R
Lo (0) W%;m (m11:0)]

Fig. 2. The network architecture of LSD-PINNs. Symmetry is successfully incorporated into LD-PINNs through symmetric outputs at the final

layer of the neural network.

3. Numerical simulation of Eq. (1) via LSD-
PINNs

In this section, we employ PINNs,[!3] LD-PINNs, SDE-
PINNs, P11 and LSD-PINNS to conduct numerical simulations
of the discrete one- and two-soliton solutions of Eq. (1). The
learning performance of each method is assessed using 20 dif-
ferent random seeds. Furthermore, the training process and
dynamic visualization are illustrated using the results obtained
from the LSD-PINNs method.

3.1. Approximation of one-soliton solution

In the study conducted by Ref. [58], the precise one-
soliton solution associated with Eq. (1) is presented as

1=

Gn = Wsech(él +2InA; —In|A;]),

Y

8_19926 2_
where & = (2InA)n+ %t (M >0).
1

In this study, we choose A; = % and define R=D x T =

[—15,15] x [-3.5,3.5]. The processes of training data sam-
pling, model training, and prediction are all executed within
the region Ry, = [—15,15] x [—3,3]. The training data points
are generated using a two-dimensional Hammersley sam-
pling technique. In contrast, the region Ry = [—15,15] x
([-3.5,-3]UJ3,3.5]) is employed to assess the method’s gen-
eralization performance. The loss function is subsequently
formulated by concurrently integrating the initial condition
I(n), the boundary condition B(n,t), and the system of resid-
ual equations {Fgq(n,1;0) and Fip(n,1;0,4)}. Here, I(n) is
derived from Eq. (11) evaluated at + = —3.0, while B(n,t)
is determined by applying Eq. (11) at the spatial boundaries
n = %+15. The symmetric point P is initialized at coordinates
(—0.50, —0.50), while its temporal component £ is allowed to
evolve adaptively. The spectral parameter A is initially set to
1.0, with the numbers of internal sampling points and initial-
boundary points designated as Ng = 5000 and Nig = 150, re-
spectively.

Initially, we evaluate the performance of individual loss
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components under both hard and soft constraints, as illustrated
in Fig. 3. The training process for each loss component ex-
hibits similar patterns under both constraint conditions; how-
ever, the hard constraint facilitates more rapid convergence.
Specifically, the method achieves convergence after 12 itera-
tions with a computational time of 23.17 s under the hard con-
straint. In contrast, the soft constraint requires 15 iterations
and 27.62 s. The magnified view of the evolution of the equa-
tion residual Fgq (n,t;0) shows that, under the soft constraint,
Loss F continues to update beyond the 12th epoch, although
the final convergence outcomes are comparable.

Under soft constraints, the learned one-soliton solution
achieves REj, = 3.30849 x 10~* and REg, = 6.15725 x 104,
when compared to the exact solution within the designated
spatiotemporal domain. In contrast, under hard constraints,

(a) Hard constraints: Loss function evolution

the respective errors are RE, = 3.70988 x 10~% and REEg, =
6.53604 x 10~*.
both constraint types, suggesting that the primary impact of the

These values are nearly equivalent across

constraint choice lies in the method’s convergence rate. Con-
sequently, hard constraints are consistently employed in sub-
sequent experiments. The dynamical behavior associated with
the one-soliton numerical simulation is illustrated in Fig. 4.
Figures 4(a)—4(d) illustrate the solution density and its as-
sociated error maps, the propagation patterns of a data-driven
one-soliton at various temporal instances, the loss function
and ¢ variation curve, and a three-dimensional visualization,
respectively. As illustrated in Fig. 4(b), the predicted values
at three distinct temporal points exhibit a high degree of con-
gruence with the true values. Furthermore, as illustrated in
Fig. 4(c), following the initial 10 iterations using the Adam

(b) Soft constraints: Loss function evolution
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Fig. 3. (a) and (b) show the changes in different loss components of the one-soliton solution under hard and soft constraints for Eq. (1),
respectively. The loss function includes the initial condition (Loss q0), boundary conditions (Loss ql and Loss qr), and residual equation losses

(Loss F for Fgq(n,t;0) and Loss { fi|k € {1,2,3,4}} for Fip(n,1)).
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Fig. 4. The comprehensive numerical simulation results for the one-soliton solution of Eq. (1): (a) The visualization of the solution alongside
the error density; (b) The propagation curves at three selected time points; (c) The evolution of the loss function and fs; (d) A 3D representation

of the solution.
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optimizer, the loss function stabilizes at 9.92995 x 10!, Sub-
sequently, upon transitioning to the L-BFGS optimizer, the
loss exhibits a rapid decline to 4.21043 x 10~7. Simultane-
ously, the temporal component #; of the symmetric point is ob-
served to converge toward the true value (¢ = 0), a detail that
can be further scrutinized in the magnified view. Ultimately,
the symmetric point evolves to P(—0.50,5.50 x 1074). These
findings substantiate the method’s efficacy in accurately cap-
turing complex nonlinear evolution.

LSD-PINNs not only achieve a high-precision solution
for the one-soliton solution to Eq. (1), but also enable the nu-
merical determination of the spectral parameter and the cor-
responding spectral functions, which are typically inaccessi-
ble through PINNs. As illustrated in Fig. 5(a), the estimated

(a) Spectral parameter

— A
1.004 — Optimizer switch
(10, 1.005¢+00)
1.002

1.000

[}
X 0,008
w0

0.996

0.994
(12, 9.925e-01)

0.992
0 5 10 15 20 25 30

Epoch

(b1l) Spectral function ¢y,

A is 0.9926. Subfigures 5(bl) and (5b2) present the associ-
ated learned spectral functions, denoted as ¢y, and ¢,,, re-
spectively.

As a defining characteristic of integrable systems, the Lax
pair provides a crucial framework for exploring their integra-
bility, conservation laws, and classification. The numerically
obtained spectral parameter and spectral functions are inte-
gral to classic theories such as the IST, DT, and algebraic-
geometric theory. This method has the potential to yield new
insights within these classical methods and establish a vital
foundation for the discovery of new Lax pairs and physical
equations, thereby advancing the integration of discrete inte-

grable systems with deep learning.

(b2) Spectral function ¢,

D1(n.t)

Fig. 5. Learned spectral parameter and functions: (a) The variation of A; (b1l) and (b2) The three-dimensional plots with contour maps of ¢y,

and ¢,
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Fig. 6. Performance comparison boxplot of the four methods for solving the one-soliton solution of Eq. (1).

Table 1. Performance comparison of the four methods for obtaining the
one-soliton solution of Eq. (1).

L2 relative error x 10~* (mean =+ std)

Model Time (s)
REj, REg, RETotal
PINNs  33.53+22.69 45.94+33.60 35.72+24.56 14.94
LD-PINNs 13.06+2.63 17.93+3.44 13.94+2.57 4l1.11
SDE-PINNs 8.62+1.81 13.0+2.08 9.46+1.58 8.70
LSD-PINNs 3.92+0.83 684+109 450+0.74 29.39

To assess the learning performance of the four methods
(PINNs, LD-PINNs, SDE-PINNs, and LSD-PINNSs) for the
one-soliton solution of Eq. (1), we employ the same D x T
and training configuration as previously established. We con-
duct 20 experiments with different random seeds for each
method. Table 1 presents the mean and standard deviation

of REy,, REE,, and the total relative error REry, for each
method across all experiments, as well as the average com-
putation time for each method.

As listed in Table 1, although the training duration for
LSD-PINN:S is slightly longer than that of PINNS, the training
accuracy exhibits an improvement by an order of magnitude
across the ranges of Ry, and Roy. Notably, the standard devi-
ation of REy, for LSD-PINNS is reduced by 50% compared to
that of PINNs. Conversely, while LD-PINNs reduce the eval-
uation error across all ranges relative to PINNS, they require
the most computational time. In contrast, SDE-PINNs accel-
erate convergence but yield approximately 50% lower predic-
tion accuracy in Rj, and R,y compared to LSD-PINNs. These
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findings are also supported by Fig. 6. In conclusion, LSD-
PINNs offer superior predictive performance and enhanced
stability with only a marginal increase in training time, high-
lighting their potential utility in high-accuracy scientific com-
puting and engineering simulations, and further affirming the

significance of our research.

3.2. Approximation of two-soliton solution

Similar to Subsection 3.1, the precise two-soliton solution
of Eq. (1) is presented in Ref. [58] as

12)

)

2’27 2 2’2 *271 2’27 2 12 *271
- M cosh! (51 +In|Ai| +1In ‘112722‘ +1In ‘112%2710 — M5 cosh! (52 +1n|Az| +1In \flizftzl —1In ‘112%271‘)
an= Nicosh(N2 + & +2InAd; —In|Az|) + N3cosh(N2 — & —21In Ay + In|Az|) + Na
\
where within the region Ri, = [—10,10] x [-1.0,1.0]. The train-
ing data points are generated using a two-dimensional Ham-
AE=2A8+207 -1 8 €U POT A1 BN y .
& = 2InA)n+ = 114 ! t (i=1,2), mersley sampling technique. In contrast, the region Rgy =
i [—10,10] x ([-1.2,—1.0] U[1.0,1.2]) is employed to assess
My = MilA |(|/'L2|4 - 1)‘1127‘2*2 - 1||/’L12 - 122|a the method’s generalization performance. The loss function is
My = Xl (|A |4 —1)] 122 ;LI*Z —1|| 112 _ XQZ l subsequently formulated by concurrently integrating the initial
condition /(n), the boundary condition B(n,t), and the system
N = =M A5 A |AF = A3 ' :
! ! ’ of residual equations {Fgq(n,7;0),Fp(n,1;60,1)}. Here, I(n)
Ny = & +2InA; —1In|hy|, is derived from Eq. (12) evaluated at t = —0.01, while B(n,t)
Ny = A AL M|l 112 AQ*Z _ 1|27 is determined by applyi.ng Eg. (l%) 2.1t 'tl'le ‘spatial bounqaries
| n = £10. The symmetric point P is initialized at coordinates
Ny = 5(112/11*2 D32 =1) (M +4{2457) . (—0.50, —0.50), while its temporal component f is allowed to

In this study, we choose A; = %, A» = 2 and define
R=DxT =[-10,10] x [—1.2,1.2]. The processes of training
data sampling, model training, and prediction are all executed

(a) Hard constraints: Loss function evolution

107! 4

1072 4

1073 4

1074 4

103

Loss value
Loss value

1076 o

1077 4

40 50 60 70

Epoch

(b

evolve adaptively. The spectral parameter A is initially set to
1.0, with the numbers of internal sampling points and initial-
boundary points designated as Np = 5000 and Njg = 150, re-
spectively.

) Soft constraints: Loss function evolution
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Fig. 7. (a) and (b) show the changes in different loss components of the two-soliton solution under hard and soft constraints for Eq. (1),
respectively. The loss function includes the initial condition (Loss q0), boundary conditions (Loss ql and Loss qr), and residual equation losses

(Loss F for Fgq(n,t;0) and Loss { fi|k € {1,2,3,4}} for Fi(n,1)).

Similar to Subsection 3.1, we assess each loss component
under hard and soft constraints in Fig. 7. The training pro-
cesses for each loss component exhibit similar patterns across
both constraint conditions; however, the hard constraint fa-
cilitates a more rapid convergence. Specifically, the method
achieves convergence after 52 iterations with a computational
time of 417.61 s under the hard constraint. In contrast, the
soft constraint requires 63 iterations and 473.20 s. To analyze

the variation in Fgq(n,7;0) in greater detail, a closer inspec-
tion clearly shows that the method under the hard constraint
converges faster, yet ultimately attains results comparable to
those under the soft constraint.

In the initial stages of training, distinct peaks are observ-
able in Figs. 3 and 7. Notably, the pronounced peak at the
10th epoch is largely due to the transition from the Adam op-
timizer to L-BFGS. At this juncture, the Adam optimizer had
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advanced the parameters to the periphery of a local minimum
basin, resulting in a marked reduction in the gradient norm,
despite the incomplete utilization of curvature information. In
this context, L-BFGS leveraged local curvature information to
formulate quasi-Newton steps,thereby altering the local opti-
misation landscape faced by the optimiser. Furthermore, dur-
ing the early training phases, the model primarily addresses the
data and Lax equation losses. As the equation loss escalates,
the optimizer explores alternative parameter configurations to
equilibrate all loss components, which may temporarily lead
to an increase in certain losses.

@ 4,

Under soft constraints, the learned two-soliton solution
achieves REp, = 6.06141 x 10~* and REEg, = 2.642709 x
1072,
tive errors are REp, = 5.85899 x 10~* and REgp = 2.25399 x
1073

straint types, suggesting that the primary impact of the con-

Correspondingly, under hard constraints, the respec-

These values are nearly equivalent across both con-

straint choice lies in the method’s convergence rate. Conse-
quently, hard constraints are consistently employed in subse-
quent experiments. The dynamical behavior associated with

the two-soliton numerical simulation is illustrated in Fig. 8.
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Fig. 8. The comprehensive numerical simulation results for the discrete two-soliton solution of Eq. (1): (a) The visualization of the solution
alongside the error density; (b) The propagation curves at three selected time points; (c) The evolution of the loss function and #; (d) A 3D

representation of the solution.
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(b1) Spectral function ¢,

(b2) Spectral function ¢,,

Fig. 9. Learned spectral parameter and functions: (a) The variation of A; (bl) and (b2) The three-dimensional plots with contour maps of ¢,

and ¢y,

Figures 8(a)-8(d) illustrate the solution density and its as-
sociated error maps, the propagation patterns of a data-driven
two-soliton at various temporal instances, the loss function and

ts variation curve, and a three-dimensional visualization, re-

spectively. As illustrated in Fig. 8(b), the predicted values at
three distinct temporal points exhibit a high degree of con-
gruence with the true values. Furthermore, as illustrated in
Fig. 8(c), following the initial 10 iterations using the Adam
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optimizer, the loss function stabilizes at 8.50889 x 10!, Sub-
sequently, upon transitioning to the L-BFGS optimizer, the
loss exhibits a rapid decline to 2.39092 x 107>, Simultane-
ously, the temporal component #; of the symmetric point is ob-
served to converge toward the true value (# = 0), a detail that
can be further scrutinized in the magnified view. Ultimately,
the symmetric point evolves to Py(—0.50,2.24 x 1073). LSD-
PINNS s also enable the numerical determination of the spectral
parameter and the corresponding spectral functions. As illus-
trated in Fig. 9(a), the estimated A is 0.8486. Subfigures 9(b1)
and 9(b2) present the associated learned spectral functions, de-
noted as @1, and ¢»,, respectively. These findings substantiate
the method’s efficacy in accurately capturing complex nonlin-
ear evolution.

Similar to Subsection 3.1, a comprehensive evaluation of
the learning performance of the four methods (PINNs, LD-
PINNSs, SDE-PINNs, and LSD-PINNS) on the two-soliton so-
lution of Eq. (1) is conducted through 20 independent runs
with randomized seeds. Table 2 presents the mean and stan-
dard deviation of REjp, REEgp, and REryy for each method
across all experiments, as well as the average computation

time per method.

As listed in Table 2, the training duration of LSD-PINNs
exhibits a substantial increase compared to that of PINNS,
while the training accuracy in the regions of Rj, and Ry
demonstrates an improvement by an order of magnitude. In
terms of stability, as measured by the REp, metric, LSD-
PINNs enhances training accuracy by approximately 38%,
even when predictions from both LSD-PINNs and PINNs are
evaluated at the two extremes. Although SDE-PINNs contin-
ues to exhibit faster convergence, it falls short of LSD-PINNs
in both predictive performance and stability, as indicated by
the REj, and REg, metrics. These findings are also supported
by Fig. 10.

Table 2. Performance comparison boxplot of the four methods for ob-
taining the two-soliton solution of Eq. (1).

: —4
Model L2 relative error x 10~ (mean =+ std)

Time (s)

REp, REE, RETotal

PINNs
LD-PINNs
SDE-PINNs
LSD-PINNs

20.71+8.64 55.64+21.31 30.18+11.72
31.30£14.08 71.94+36.08 41.69+19.68
13.06+6.83 36.494+15.48 19.50+8.87
6.34+117 2050+6.10 1049+242

168.93
361.80
137.70
396.21

Model

[ PINNs [ LD-PINNs [ SDE-PINNs LSD-PINNs

Error

Internal

External

Prediction type

Fig. 10. Performance comparison boxplot of the four methods for solving the two-soliton solution of Eq. (1).

Furthermore, it has been observed that while LD-PINNs
demonstrate superior performance in solving one-soliton so-
lutions compared to PINNS, their effectiveness diminishes
when addressing two-soliton solutions. This decline in per-
formance can be attributed to the integration of the Lax
pair into Fi,(n,7;6,4) and its subsequent incorporation into
L1sp-piNNs(0,4). This process imposes stringent physical
constraints derived from integrable system theory on PINNs,
thereby restricting the functional search space. As the com-
plexity of the solution space increases, the optimization ob-
jective defined by Ly sp_pinns(6,4) may encompass a larger
number of local minima. In regions of heightened complexity,
such as the two-soliton interaction zone, the presence of com-
peting gradients among different loss terms can complicate the
optimization process, making it challenging to achieve equi-
librium. In contrast, PINNs, with their simpler loss function
Lpinns (0), may offer a more straightforward optimization tra-

jectory, leading to improved convergence. This observation
further underscores the utility of integrating Lax pair informa-
tion with symmetry in LSD-PINNS.

4. Parameter inversion for Eq. (1)

In this section, we examine the inverse problem of deter-
mining the unknown parameters in Eq. (1), which is subse-
quently updated as follows:

dgn
dt

= (1) {1 (@2 = g2+ 2401~ 2401)

W2 lqn(gp—1Gn+1 — Gpi19n-1)
+“]n+l ‘2‘1;1+2 - QZ(‘Iﬁ—l - 6]3+1)

~lga-1P 2] (13)

where the parameters w; and w, are the primary focus for es-
timation. The experimental data are generated utilizing the
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Hammersley sampling method, with varying levels of Gaus-
sian noise applied. To mitigate the effects of noise, both the
labeled data and the unknown parameters are incorporated into
the loss function. Specifically, w; and w; replace the two co-
efficients in Eq. (1), which have true values of 1.0, and are in-
corporated into the modified loss function. As a result, the loss
function is optimized through iterative training, during which
the unknown parameters are concurrently estimated. The loss
function is updated as follows:

ﬁ(e):’C’*F(972~7W17W2)+’C’*D(6’W17W2)7 (14)

where LxF(0,A,w;,w;) denotes the combined DNIE and Lax
pair residual losses, £ DNIE(0) and £ xLp(6,1), respec-
tively, while £xD(0,w;,w,) represents the data loss, includ-
ing initial, boundary, and internal point losses. Their specific
definitions are as follows:

L+F(0,A,wi,wy) =
1 N

N*F; ([F*Eq(n*Fi,tli:;B,wl,wz)]z

+[F*Lp (nf:,tﬂ;@,l,whwzﬂz)a

1 . .
L*xD(O,wy,wy) = N—DZ*l =1 [Q (n’D,t,”);G,wl,wz)
) 12
—Q(n*D’,t,”))] , (15)
in which Q(nl,, i) denotes the noisy data
O(nip,1p) = Q(np, 1) (1 +N(0,0)), (16)

where A (0,0) is a Gaussian-distributed random variable
characterized by a mean of zero and standard deviation o. The
parameter o is expressed as a percentage relative to the mag-
nitude of the original data values. Different noise levels are
evaluated, specifically including 0%, 2.0%, 5.0%, and 10.0%.

During the training process, A is initialized to 1.0, with
point P fixed at the true symmetric point (—0.50,0.00). The
neural network parameters 6, together with the unknown pa-
rameters w; and w,, are jointly optimized to ensure that the
method not only fits the observed data but also satisfies the

given physical constraints.

Table 3. The average inversion results for the parameters w; and wy in both one- and two-soliton solutions of Eq. (13), based on five sets of

random seeds, are obtained using PINNs and LSD-PINNs.

Soliton One-soliton Two-soliton
Domain points Model PINNs LSD-PINNs PINNs LSD-PINNs
Condition RE(%) of (wy,w2) RE(%) of (w1, w2)

Clean data (0.370,0.168) (0.079,0.025) (13.142,7.232) (0.113,0.079)

N =20 2% noise (3.057,2.880) (2.676,2.605) (11.251,7.030) (4.684,2.871)

N 5% noise (11.780,9.406) (6.197,6.147) (11.211,8.294) (7.347,5.102)
10% noise (34.729,23.687) (16.523,14.152) (14.317,11.510) (12.154,10.272)

Clean data (0.127,0.073) (0.051,0.026) (0.097,0.074) (0.072,0.031)

N = 50 2% noise (2.197,1.843) (1.879,1.689) (1.039,0.810) (0.961,0.656)

N 5% noise (6.298,5.152) (4.733,4.199) (2.514,2.032) (2.441,1.499)

10% noise (20.601,14.576) (10.482,8.036) (4.915,3.895) (4.637,2.913)

Clean data (0.148,0.095) (0.055,0.031) (0.068,0.046) (0.049,0.030)

N =100 2% noise (1.636,1.408) (1.079,0.820) (0.567,0.460) (0.539,0.458)

B 5% noise (4.185,3.577) (3.545,2.286) (1.244,1.091) (1.091,1.017)

10% noise (12.914,8.016) (8.809,7.519) (2.485,2.270) (2.314,2.028)

Clean data (0.170,0.084) (0.057,0.028) (0.060,0.048) (0.048,0.047)

N = 200 2% noise (1.050,1.052) (1.011,1.234) (0.311,0.339) (0.301,0.299)

N 5% noise (2.635,2.447) (2.493,3.078) (0.655,0.829) (0.689,0.859)

10% noise (11.135,6.315) (5.587,6.198) (1.386,1.750) (1.322,1.681)

Clean data (0.221,0.103) (0.066,0.034) (0.094,0.039) (0.062,0.034)

N — 450 2% noise (0.783,1.130) (0.729,0.704) (0.190,0.205) (0.121,0.211)

B 5% noise (2.297,3.001) (1.756,1.756) (0.355,0.683) (0.347,0.552)

10% noise (5.198,6.233) (3.067,3.718) (0.748,1.305) (0.684,1.210)

In this study, we preserve the network configuration,
initial-boundary conditions, and iteration logic for the spa-
tiotemporal domain of the forward problem as delineated
in Subsections 3.1 and 3.2. Employing Hammersley sam-

pling, we sequentially generate internal labeled points with

N = 20,50,100,200,500. To ensure the comprehensiveness
and reliability of the experiments, the unknown parameters
wi and w, are estimated under five distinct random seeds,
accounting for various noise levels and different numbers of

labeled points. Additionally, we document the performance
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of PINNs under the same conditions. Subsequently, the rel-
ative errors in parameter inversion under identical noise and
labeled-point configurations are averaged across different ran-
dom seeds. The results of the two methods are compared ac-
cordingly, with the data corresponding to the method exhibit-
ing smaller inversion errors emphasized in bold. The final re-
sults are presented in Table 3. To intuitively illustrate the reg-
ularity of the inversion results, the inverted parameters w; and
w» in Eq. (13) obtained using the two methods for the one- and
two-soliton solutions are illustrated in Figs. 11 and 12, respec-
tively.

Table 3 reveals that the LSD-PINNs method generally
exhibits superior parameter inversion capabilities compared
to standard PINNs under most experimental conditions, al-
though exceptions are observed (e.g., when N > 200 and noise

> 0). This observation is largely attributed to the integration
of the Lax pair as an additional physical constraint, denoted as
Fip(n,t;0,A), within the loss function. When combined with
the symmetric input merging operation described in Eq. (9),
this method effectively reduces the parameter search space,
particularly when N is small, thereby compensating for lim-
ited data through physical regularization. However, as N in-
creases and noise is introduced, the neural network outputs
may exhibit varying error patterns. In such cases, the symmet-
ric output merging in Eq. (9) may inadvertently smooth out
valuable information while propagating erroneous signals to
Fip(n,t;0,A). This can distort gradient directions, introduce
conflicts among constraints, and ultimately diminish the accu-

racy of the parameter inversion for wy and wy.
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Fig. 11. Bar chart of inversion results for the parameters wy and w, for the one-soliton solution of Eq. (13): (al) and (a2) correspond to wy and
wy obtained using LSD-PINNS, respectively, while (bl) and (b2) correspond to those obtained using PINNs.
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Fig. 12. Bar chart of inversion results for the parameters w; and w; for the two-soliton solution of Eq. (13): (al) and (a2) correspond to w; and
wy obtained using LSD-PINNS, respectively, while (b1) and (b2) correspond to those obtained using PINNs.
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In the context of a one-soliton scenario, the inversion er-
rors for the unknown parameters obtained using LSD-PINNs
are on the order of 1074, specifically 0.079% for w; and
0.025% for wp. When compared with the results obtained us-
ing PINNs under identical conditions, which yield errors of
0.370% for w; and 0.168% for w,, LSD-PINNs demonstrate
a reduction in error by approximately one order of magnitude.
In the two-soliton scenario, under the same conditions, the in-
version accuracy of LSD-PINNs improves by two orders of
magnitude. This improvement is visually depicted in Fig. 12.
Additionally, as shown in Figs. 11 and 12, the RE for parame-
ter inversion using the LSD-PINNs method exceeds 10% only
when N = 20 and the noise level reaches 10%, with the maxi-
mum error recorded at 16.52% for wy. Conversely, under iden-
tical conditions, the RE for PINNs exceeds 10% for all tested
values of N when subjected to 10% noise in both soliton sce-
narios. These results suggest that LSD-PINNs demonstrate
enhanced parameter inversion capabilities and robustness in
high-noise environments.

Furthermore, Figs. 11 and 12 indicate that, for a fixed
noise level, larger values of N lead to lower inversion errors
in w; and wy; conversely, for a fixed N, higher noise levels re-
sult in greater inversion errors. Both observations are consis-
tent with fundamental principles of parameter inversion: more
data points provide stronger constraints on unknown parame-
ters, while increased noise corrupts the constraining informa-
tion. These findings collectively validate the rationale of our
experimental design and the reliability of the inversion results.

A notable observation is that the inversion results for wy
and wy are consistently more accurate for the two-soliton so-
lution than for the one-soliton solution across both methods.
This disparity can be attributed to the inherent information
content of the data. The one-soliton waveform is relatively
simple, and its parameters may exhibit degeneracy, thereby
providing insufficient constraints for accurate identification.
Consequently, the corresponding data contain limited informa-
tion within the spatiotemporal domain. Conversely, the intri-
cate spatiotemporal dynamics resulting from the interaction of
two solitons encapsulate richer dynamical information, impos-
ing more independent and robust constraints on the parame-
ters. Additionally, the symmetric output structure presented in
Eq. (9) facilitates more stable and efficient utilization of gradi-
ent information from the data, aiding in avoiding optimization
pitfalls and thereby enhancing inversion accuracy. These find-
ings underscore the efficacy and promise of the LSD-PINNs
method for parameter inversion in Eq. (1), demonstrating its
capability to achieve stable and high-precision parameter es-
timation. This method provides a robust tool for data-driven

modeling of complex systems.

5. Discussion and conclusion

This study presents the first integration of the Lax pair
into PINNSs for discrete integrable systems, introducing a novel
method termed LD-PINNs. Building upon this method, we
incorporate symmetry for the first time to formulate LSD-
PINNSs, aiming to enhance model performance. Moreover, we
are the first to investigate both forward and inverse problems
for discrete one- and two-soliton solutions of Eq. (1). This
contributes to a better understanding of the propagation be-
havior of water waves and sound waves in nonlinear media.
The final experimental analysis results and achievements are
as follows.

In the forward problem, LD-PINNs effectively resolve
both one- and two-soliton solutions of Eq. (1), while also nu-
merically obtaining the associated spectral functions and spec-
tral parameters. Compared to PINNs, LD-PINNs, and SDE-
PINNs, LSD-PINNs exhibit superior solution accuracy and
enhanced stability, with both internal and external predictions
consistently remaining at the 10~* order of magnitude across
multiple experimental sets. Nonetheless, it is important to note
that both methods incur computational costs exceeding twice
those of PINNs.

In the inverse problem, our method effectively inverts
parameters under sparse and low-noise conditions, with in-
version errors consistently within the 10~* magnitude range.
Even under high noise (noise = 10%), the error remains below
10% for all cases with N > 20. Furthermore, under equiv-
alent conditions, the LSD-PINNs method typically exhibits
enhanced convergence and increased robustness relative to
PINNS . Specifically, for the two-soliton solution with N = 20
under noise-free conditions, the LSD-PINNs method achieves
a reduction in inversion error by two orders of magnitude.

This study has the potential to provide novel insights into
established methodologies such as DT and IST, while also lay-
ing the groundwork for identifying new Lax pairs and asso-
ciated physical equations. These advancements may further
promote the integration of deep learning with discrete inte-
grable systems. However, for the LSD-PINNs method pro-
posed above, we have merely used the soliton solutions of
the discrete complex mKdV equation as an illustrative exam-
ple to demonstrate its effectiveness and have not yet extended
this method to n-component discrete integrable systems with
large n. In particular, the scenario of n-component discrete
integrable systems with large n remains a highly challenging
problem and will be a key focus of our future research. There-
fore, a primary direction of our forthcoming work is to develop
specialized neural network architectures that inherently incor-
porate the structural properties of Lax pairs and other physical
characteristics of the equations. By ensuring that these con-
straints are satisfied by the architecture itself, we aim to fun-
damentally reduce the optimization difficulties and computa-
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tional costs of the LSD-PINNs method, thereby improving the
solving efficiency for large-scale discrete systems.
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