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Fault-tolerant quantum computing fundamentally relies on the accurate characterization of circuit-level noise to opti-
mize decoding algorithms. However, extracting complex multi-body error correlations remains challenging. Contemporary
greedy inference algorithms can suffer from statistical distortion, discarding true physical mechanisms while introducing
many unphysical false positives. Here, we introduce the correlation-analysis-based hypergraph reconstruction (CAHR)
algorithm, a globally consistent framework to invert experimental syndrome statistics directly into discrete physical hyper-
graphs. By coupling exact algebraic correlation equations with a top-down concurrent-pruning strategy, CAHR recovers the
fault topology without false positives for both d = 5 rotated surface codes and dense 8-body 2D color codes in our bench-
mark settings. Furthermore, we show that exact continuous parameter extraction in dense codes is limited by a variance
cascade, where absolute statistical variance accumulates linearly from high- to low-degree mechanisms. This motivates
a two-stage inference paradigm: utilizing CAHR to extract the fault topology, followed by continuous probability opti-
mization. This provides a practical approach for characterizing and decoding highly correlated noise in realistic quantum

hardware.
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1. Introduction

The realization of fault-tolerant quantum computing re-
lies on quantum error correction (QEC) to actively protect
quantum information from environmental decoherence and
operational imperfections.!!! A central bottleneck in this
pursuit is the precise characterization of complex, circuit-level
noise to provide high-quality prior information for decoding
algorithms.!*! To formalize these intricate dynamics, the de-
tector error model (DEM) provides a concise probabilistic
hypergraph representation.®! While standard two-point graph
representations suffice for simple noise, realistic extraction
protocols and advanced topological codes — such as surface
codes!®7! and 2D color codes!®! — inherently generate com-
plex, multi-body error correlations.”) These manifest as high-
order hyperedges within the DEM, representing single physi-
cal faults that simultaneously trigger multiple detectors.[!0!

Systematically reconstructing arbitrary-order hyper-
graphs directly from experimental syndrome statistics remains
a formidable challenge. Recent works have already estab-
lished exact correlation equations and algebraic inversion
routes for DEM estimation.!!!=13] Among them, Ref. [13]

provides the most direct empirical reference for DEM recon-
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struction, while Refs. [11,12] primarily focus on correlation
analysis and algebraic inversion. However, practical topology
discovery still faces a severe combinatorial bottleneck. Exist-
ing workflows often rely on order-by-order (greedy) inference
or computationally expensive maximum-likelihood optimiza-
tion, and sequential greedy paradigms are particularly vulner-
able to finite-sample contamination: when lower-order corre-
lations are fitted before higher-order mechanisms are resolved,
unmodeled high-order physical errors pollute the statistical es-
timators, distort residual correlations, and can simultaneously
generate false positives and suppress genuine hyperedges.
Distinct from these topological failures, extracting exact con-
tinuous probabilities is further limited by a variance cascade
— a phenomenon where statistical variance accumulates from
high-order parent hyperedges down to low-order child faults,
making precise probability calibration increasingly fragile in
dense hypergraphs.

In this work, we address this topology-discovery bottle-
neck by introducing the correlation-analysis-based hypergraph
reconstruction (CAHR) algorithm. The mathematical foun-
dation of CAHR relies on the exact analytical equations of
arbitrary-order syndrome correlations that have already been
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derived in the recent literature.!''~131 CAHR is a top-down
workflow that combines permissive candidate generation with
concurrent pruning, allowing the discrete hypergraph topol-
ogy to be identified before pursuing high-accuracy continuous
parameter fitting. An alternative derivation of the same corre-
lation equations within a tensor network detector error model
(TNDEM) formalism is provided in the Appendix, where TN-
DEM serves as a structured derivational framework that inter-
faces naturally with tensor-network contraction.

We validate CAHR on both d = 5 rotated surface codes
and the denser 8-body d = 5 2D color codes. The latter is
useful because directly comparable DEM-reconstruction re-
Within
these benchmarks, CAHR attains exact topology reconstruc-

sults for dense color-code settings remain scarce.

tion with zero false at 5 x 10® and 1.5 x 107 shots, respec-
tively. We further show that supplying the reconstructed topol-
ogy to belief propagation with ordered statistic decoding (BP-
0SD) 415 restores convergence toward the ideal logical error
rate (LER).

By isolating discrete geometric structure from cascaded
probability errors, we therefore advocate a two-stage decou-
pled inference paradigm. In this view, CAHR is best under-
stood as a stage-1 topology-discovery tool that resolves the
discrete hypergraph, while high-accuracy continuous param-
eter refinement can be delegated to downstream statistical or
learning-based methods on the fixed topology.['®!7! This divi-
sion of labor is useful in dense correlated-noise settings, where
topology identification and parameter calibration exhibit dif-
ferent statistical difficulties.

The paper is organized as follows. Section 2 details our
algorithm construction, derives the exact analytical relation-
ships, and introduces the top-down double-pruning algorithm.
Section 3 investigates the impact of finite-sample fluctuations
and the variance cascade, demonstrating end-to-end LER val-
idation on distinct topological codes. Finally, Section 4 dis-
cusses the physical implications of our findings and formally
outlines the two-stage decoupled inference paradigm.

2. Methodology

In realistic fault-tolerant quantum computing, conven-
tional qubit-level Pauli error models are often insufficient to
capture the intricate, correlated fault dynamics introduced by
noisy syndrome extraction circuits. To accurately character-
ize these processes, the detector error model (DEM) is widely

318191 A DEM formalizes the probabilistic relation-

adopted. !
ship between physical error mechanisms and the triggered de-
tectors across the spacetime circuit. Mathematically, a DEM
is represented as a hypergraph G = (V,E), where the vertex
set V corresponds to the detectors, and a hyperedge e in set E
represents independent physical error mechanisms that simul-

taneously flip all detectors in set e.

2.1. Analytical solution for arbitrary-order correlations

Building upon a tensor network (TN) formalism of the
DEM (with the complete derivation provided in the Ap-
pendix), we establish an exact algebraic mapping between ex-
perimental observables and physical error probabilities. We
define the observable variable o; = 1 — 2s;, where s; € {0,1}
is the binary syndrome of detector i. The correlation of a sub-
set of detectors ¢ is governed by the moment equation

My = <H0i> =

ica lena|=1

(1 _2pe)' (1)
(mod 2)

This system consists of 2Vl equations corresponding to
all possible error mechanisms. Rather than relying on log-
arithmic transformations used in prior heuristic approaches,
we preserve the multiplicative structure and introduce a set of
recursive helper functions, fﬁ, to achieve a compact, closed-
form inversion:

fp=TI M @

acp

Using these helper functions, the exact probability of an
arbitrary-order hyperedge o is analytically resolved as

L IR 7 s
P o Hpna1—2pp) |

3)
where the scaling exponent is Cy = 21%=1 This closed-form
solution is exact for arbitrary-order hyperedges within this for-
malism, avoiding the need for complex optimization loops and
the associated local-minimum issues of numerical fitting pro-
cedures.

It is important to note that equivalent systems of equa-
tions and their algebraic inversions have already been derived
in several recent works.!! =131 Our TN-based treatment is used
here as an alternative structured derivation, which is conve-
nient for organizing the correlation equations and connecting
them to tensor-network contraction.

2.2. Inference with finite statistics and structural priors

While the original full-rank system yields a unique solu-
tion corresponding to the ideal case, practical QEC circuits are
constrained by finite sample sizes (Nghots) and possess hyper-
graphs of limited orders where the physical error rates of non-
existent hyperedges are zero. Finite sampling introduces sta-
tistical fluctuations, causing the analytical solutions for these
non-existent edges to manifest as small, non-zero values.

To address this discrepancy, we modify the solution to
maintain consistency with a given topological prior (a candi-
date hypergraph set E). We compute only the necessary equa-
tions for existing edges o € E and remove the terms of non-
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existing edges in the denominator by enforcing a zero proba-
bility:

11 1/Ca
pu=s—2 e . @)
2 Znﬁga,ﬁeE(l *217/3)

Note that the helper function still consists of M, for all
o whether in E or not. In previous work, the instance con-
straining the correlation in pair order has been proved to be
consistent with the classical pair correlation analysis.*!

2.3. Correlation-analysis-based hypergraph reconstruc-
tion

In experimental scenarios, the true set of active physical
error mechanisms E is a priori unknown and must be directly
inferred from the measured syndrome data. To systematically
reconstruct the discrete hypergraph and suppress the combi-
natorial explosion of high-order candidates without human
bias, we propose the CAHR algorithm via global necessary-
condition search and concurrent pruning.

Before detailing the procedure, it is important to clar-
ify our departure from the sequential, order-by-order greedy
While the
theoretical foundation of greedy hyperedge growth is math-

growth strategies prevalent in recent literature.

ematically rigorous, its layer-by-layer statistical filtering is
ultimately excessive for our primary objective. The funda-
mental bottleneck in arbitrary-order correlation analysis is
the combinatorial explosion of potential hyperedges, which
scales strongly with the number of detectors |V| and the hy-
peredge degree k. By enforcing the simple geometric neces-
sary condition of pair-correlation cliques under a reasonable
finite-sample regime (where initial false-positive pairs are suf-
ficiently suppressed), we already achieve our core goal: com-
pressing the large combinatorial search space down to a com-
putationally tractable candidate pool. At this stage, further
heuristic structural filtering offers only marginal benefits.
Furthermore, given the complex and often unpredictable
propagation of finite-sample statistical noise across different
correlation orders, we argue that the explicitly calculated phys-
ical error probability, pq, serves as the most reliable metric
for hyperedge validation within this framework. As dictated
by our exact analytical solution in Eq. (4), the accurate com-
putation of p,, requires the prior knowledge of all its parent
hyperedges (B 2 o). This algebraic dependency necessitates
a top-down evaluation sequence. Consequently, our frame-
work deliberately adopts a permissive candidate generation
strategy — allowing all potential hyperedges identified by the
pair-clique prior to exist initially — and defers the elimination
of fluctuation-induced false positives to a concurrent pruning
executed during the global, top-down probability calculation.
The complete reconstruction protocol proceeds as follows:

1. Pair-correlation analysis with initial pruning If
high-order hyperedges exist in the underlying DEM, they in-
evitably project onto the pair-correlation space, yielding an
apparent 2-body probability p;; = 5 — 3+/fij- In the physi-
cally relevant regime (p < 1), this mapping is approximated
as pij ~ pij+ X{ijica Pa- This leads to a simple geometric
necessary condition: any valid high-order hyperedge o must
project onto a fully connected clique of positive apparent cor-
relations among its sub-pairs (5;; > 0). However, finite-sample
statistical fluctuations inevitably generate false-positive pair
correlations. Without pruning, these noise-induced edges can
interlink and produce a large number of unphysical “ghost
cliques.” To suppress this effect, we calculate the pair cor-
relations directly from the data and apply a conservative ini-
tial pruning threshold &p,i;, removing any edge (i, j) for which
Pij < Epair-

2. Maximal plausible DEM formulation Treating the
pruned p;; elements as an adjacency matrix, we then identify
fully connected cliques up to a predefined maximum topo-
logical order (kmax) using standard network-processing algo-
rithms. Here kpax is chosen from prior knowledge of the
syndrome-extraction circuit and code structure, namely, the
highest detector-correlation order that a single fault mecha-
nism can generate. For example, we use kpax = 4 for the ro-
tated surface code and kna.x = 8 for the 2D color code. In
settings with less prior knowledge, one may choose a larger
kmax, more conservative kpayx, at the cost of a larger candidate
space and more expensive clique search. The global candi-
date hypergraph Geandidate 1S then constructed by including all
sub-hyperedges contained within these bounded cliques. This
structurally redundant yet geometrically constrained topology
rules out regions where high-order hyperedges cannot exist,
thereby reducing the combinatorial search space.

3. Global correlation analysis with instant pruning
Finally, we execute the modified global correlation analysis
The deliberately
loose and redundant conditions of the previous step preserve

over this candidate hypergraph Gcandidate-

topological completeness, but they also introduce many non-
physical candidate hyperedges. Due to statistical fluctuations,
the exact analytical inversion may assign small positive values
to such dummy hyperedges, thereby producing false positives.
We therefore apply a global pruning rule: immediately after
calculating pg, the hyperedge is discarded if pg < Egobal. As a
result, finite-sample pruning inevitably carries a false-negative
risk whenever the inferred probability of a genuine mechanism
is pushed below zero or below the chosen non-negative thresh-
old.

Two remarks are important for interpreting this proce-
dure. First, because the pair signal in step 1 represents the
projection of higher-order mechanisms, the initial screening
should follow the signal scale of the higher-order mechanisms
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rather than that of genuine pair mechanisms. In the current
implementation, if the projection of a genuine hyperedge is
pruned at this stage, then that hyperedge will still be removed
in step 3 even if it is retained in the candidate topology.

Second, statistical fluctuations affect not only dummy hy-
peredges but also genuine weak mechanisms. In addition to
producing small positive probabilities for non-physical can-
didates, finite sampling may also drive the inferred probabil-
ities of genuine weak mechanisms to negative values when
the sample size is insufficient. Since physical error rates re-
quire non-negative probabilities, only positive pruning thresh-
olds are meaningful in practice.

The operational significance of integrating this pruning
directly into the recursive evaluation process is that it main-
tains algebraic consistency. By resolving the analytical equa-
tions in descending order of hyperedge degree, this concurrent
truncation ensures that once a spurious high-order hyperedge
is identified and pruned, its unphysical probability contribu-
tion is set to zero before it can propagate further down the
hierarchy. In this way, the procedure decouples statistical ar-

tifacts from the underlying equation system and mitigates the
downward propagation of finite-sample noise into the proba-
bility estimates of lower-order constituent edges.

3. Results
3.1. Global topological reconstruction via correlation
analysis

To establish the structural exactness of our framework,
we first evaluate its capacity to reconstruct the complete phys-
ical hypergraphs of distinct topological codes from raw ex-
perimental statistics, which are efficiently generated using the
high-performance stabilizer simulator Stim.>! Table 1 sum-
marizes the topological discovery performance. In these
experiments, rather than applying a single uniform cutoff,
we implement a mechanism-specific dual-threshold strategy:
&single Tor single-detector errors (boundary edges) and €pylg
for multi-detector errors (correlating hyperedges). This dis-
tinction is critical because the anticipated physical error rates
inherently differ across these two fundamental classes of fault

mechanisms.

Table 1. Exact global hypergraph reconstruction via DEM inference. This table demonstrates the performance of our algorithm ona d =5,
r = 5 rotated surface code and a highly dense d =5, r = 4 2D color code (both at a physical error rate of p = 0.001) across varying finite-sample
regimes. To accurately isolate genuine correlations from finite-sample statistical noise, the topologies are evaluated using mechanism-specific
pruning thresholds (e.g., &nui = 3 X 10~5 for multi-detector correlations), anchored at & ppin /2 of their respective error classes. For the
surface code, finite-sample fluctuations are sufficiently suppressed at 5 x 10° shots, causing both false-positive and false-negative artifacts to
vanish and recovering the ideal topology. For the highly dense 2D color code, which features hyperedges up to degree 8, the same criterion is
reached at 1.5 x 107 shots. The execution time is decoupled into CPU core time (for graph generation and clique search) and GPU time (for

batched tensor inversion).

Topological code Analysis shots Total edges (|E|) False Pos. False Neg. CPU time (s) GPU time (s)
5% 104 5262 3944 361 8.76 4.01

Rotated surface (d =5, r =5) 5% 10° 2219 542 2 4.73 0.54
5% 100 1679 0 0 7.37 3.17
1.5%10° 1106 422 159 2.97 2.97

2D color (d = 5, r = 4) 1.5 % 10° 860 31 14 1.26 1.26
1.5 x 107 843 0 0 7.79 7.79

Grounded in statistical signal detection theory, both
thresholds are set to approximately half of their respective
minimum anticipated rates (p>1£°/2 and p™Ii/2). Under
finite-sample conditions, the inferred correlation p, behaves
as a random variable sampled from a Gaussian-like distribu-
tion centered around its true underlying value, p'd¢3 Because
pldeal is constrained to be either O (false edges) or a genuine
probability p > pmin (true physical error mechanisms), the
midpoint € & py;n/2 serves as a natural maximum-likelihood
decision boundary for each respective error class when the two
local hypotheses have comparable finite-sample widths.

This practical choice is further informed by an explicit
threshold-sensitivity check. In addition to the working choice
€ & pmin/2, we also tested the lower and higher cutoffs py;, /4
and 3ppin /4 for both the rotated surface-code and color-code
benchmarks; the detailed results are summarized in Tables E1
and E2. These data show that exact reconstruction is not tied

to a single finely tuned threshold. At finite statistics, pmyin/4

admits more false positives, whereas 3py;, /4 generally gives
slightly better overall results than ppin/2. The reason is that
the rule pmin/2 is anchored to the weakest physical mecha-
nism; for most hyperedges, this choice is therefore conserva-
tive. Nevertheless, in the main text we retain py;,/2 as the
reference threshold because it provides a simple, uniform pre-
scription across the full candidate set.

Applying these optimal boundaries to the d =5, r =5
rotated surface code (Table 1, upper half) under a physical er-
ror rate (PER) of p = 0.001, we observe the direct impact of
finite-sample suppression. The inherently sparse and local-
ized nature of the surface code’s syndrome extraction circuits
yields a manageable combinatorial space. With lower statis-
tics (5 x 10* and 5 x 107 shots), statistical noise distributions
are broad, inevitably causing the noise floor to cross the deci-
sion boundaries and admit false positives. However, by scaling
the analysis to 5 x 10° shots, the noise variance is sufficiently
compressed. Consequently, our method successfully infers the
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exact hypergraph topology without false positives, and in this
benchmark the 50% safety margin is sufficient to avoid trun-
cating genuine weak mechanisms.

Pushing the algorithm to more demanding structures, we
analyze the d = 5,r = 4 2D color code at the same PER (Ta-
ble 1, lower half). The lowest intrinsic probability of the
true multi-detector physical hyperedges in the color code is
of the same order of magnitude as that in the surface code, al-
lowing us to utilize the identical threshold €ny;; = 3 X 1072,
However, its highly non-local extraction circuits generate a
dense entanglement structure featuring up to 8-body hyper-
edges. Due to this combinatorial growth, the resulting base-
line statistical noise is significantly elevated. Separating this
8-body topology from the noise floor requires three times
the sample volume. This requires 1.5 x 107 shots (compared
against the 1.5 x 10° and 1.5 x 10° baselines) to ensure that
the noises causing false-positive edges and false-negative er-
rors are suppressed below the decision boundaries, yielding
accurate topological reconstruction. For context, color-code
correlation-analysis studies have reported sample counts as
high as 5 x 107,119 which is consistent with the statistical de-
mands of this setting.

Our evaluations reveal that the requisite sample complex-
ity for exact topological reconstruction is predominantly gov-
erned by the local topological density, exhibiting sub-linear
scaling with respect to the extensive spacetime volume. For
instance, while a baseline of 5 x 10° shots reconstructs the
topology of the d =5, r =5 surface code without false pos-
itives, scaling the memory circuit to d = 5,7 = 15 demands
only a modest increase to 7 x 10° shots to maintain the same
criterion. Pushing the temporal depth further tod =5, r =25
requires only a continued marginal statistical adjustment to
9 x 10° shots. This mild incremental increase is a natural sta-
tistical consequence: while the local variance cascade depth
remains topologically invariant, the expanded global candi-
date pool in deeper circuits marginally elevates the probabil-
ity of rare statistical tail events crossing the decision bound-
ary, thereby necessitating a slightly tighter suppression of the
global noise floor. This near-constant temporal scaling behav-
ior, further detailed in the Appendix, supports the tractability
of our framework for deep-circuit quantum hardware.

The computational cost of the clique-search stage follows
the same mechanism. As already discussed in Section 2, in-
sufficient statistics generate spurious pair correlations, which
in turn induce numerous ghost cliques and enlarge the candi-
date search space. A dedicated CPU-time benchmark for the
r = 5 rotated surface code across distances d =5, 7, 9, 11 is
summarized in Table F1. The data show that clique search be-
comes a noticeable bottleneck only in the severely undersam-
pled regime, where fluctuation-induced candidates proliferate
rapidly with system size. Once the shot count is sufficiently

large, however, the clique-search time becomes very short and
increases only relatively slowly with code distance. This con-
firms that the expensive regime is driven primarily by noise-
induced candidate proliferation rather than by code distance
alone.

3.2. The variance cascade and hierarchical error accumu-
lation

While our inference method serves as a topological prior
solver, analyzing the inferred continuous error probabilities
reveals a marked statistical divergence driven by the under-
lying code density. To achieve zero-false-positive hyper-
graph reconstruction under identical physical error rates and
pruning thresholds, the d = 5 rotated surface code requires
5 x 10° analysis shots. In contrast, the highly entangled d = 5
color code demands 1.5 x 107 shots, three times the statisti-
cal volume for the surface code. We interpret this sample-
complexity disparity through the lens of a variance cascade, a
phenomenon rooted in our recursive algebraic formulation, as
illustrated in Fig. 1.

Because the exact probability extraction relies on a hierar-
chical, downward algebraic subtraction, statistical fluctuations
originating from finite sampling inherently cascade from par-
ent to child hyperedges. Under a Gaussian approximation for
the finite-sample statistics, the absolute variance o2 of a child
hyperedge additively absorbs the fluctuations of all its encom-
passing parent hyperedges, scaling approximately as

Gczhild ~ Gizsolated + Z Ggarent' &)
parent

Governed by this additive accumulation, the observed abso-
lute error for both the surface code (Fig. 1(a)) and the color
code (Fig. 1(b)) visibly inflates as the hyperedge degree de-
creases. Beyond the physically existing hyperedges, this cas-
cading variance also accumulates onto the analytically in-
ferred probabilities of non-existing candidate edges. Conse-
quently, the densely entangled color code demands a substan-
tially larger statistical ensemble to compress this magnified
cascaded noise floor, thereby reliably differentiating unphysi-
cal artifacts from genuine multi-body correlations. The same
mechanism also increases the chance that analytically inferred
probabilities of genuine weak mechanisms become negative at
insufficient shot counts, which in turn raises the false-negative
rate once physical non-negativity is enforced.

Despite possessing comparable mean absolute errors at
lower degrees, the surface code exhibits a substantial popula-
tion of degree-2 edges whose absolute errors significantly ex-
ceed the multi-body noise truncation threshold (&, denoted
by the horizontal dash-dotted lines). By comparison, the abso-
lute errors of multi-degree edges in the color code are almost
entirely confined below this threshold. Nevertheless, at the
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shot count used in Fig. 1(a), the surface code still reconstructs
the exact fault model. This observation points to a stronger
topological robustness in the surface code and, correspond-
ingly, a greater fragility of the color-code error model under
statistical fluctuations. Analyzing the relative error provides a
clearer view of this contrast. Although degree-2 edges in the
surface code endure large absolute fluctuations, their relative
errors remain significantly lower than those in the color code
(Figs. 1(c) and 1(d)). This discrepancy is driven by the vari-
ance cascade. By the Gaussian approximation, the absolute
variance of high-order parent hyperedges cascades additively
down to their constituent child edges. Consequently, multi-
degree child edges, which possess smaller intrinsic physical
error rates (py) in denser topologies, have weaker noise re-
silience. The large absolute variance inherited from their
densely entangled parent hyperedges increases the probability

(a) Surface code: absolute error (5X10°¢ shots)
8
74
6 -
5

Absolute inference error (10°)

Hyperedge degree (hierarchical order)

(c) Surface code: relative error (5X106 shots)

Relative inference error (%)

=

4 3 2 1
Hyperedge degree (hierarchical order)

Absolute inference error (10°)
w

Relative inference error (%)

that their analytically inferred error rates are artificially sup-
pressed into the background noise regime or even pushed to
negative values. This mechanism indicates that the densely
connected color code is more vulnerable to false-negative is-
sues than the surface code, thereby necessitating a larger sam-
ple volume to reduce such inferences. This observation is con-
sistent with Table 1, wherein, when constrained to 1% and
10% of the ideal sample sizes, the false negatives among the
erroneous inferences are markedly higher in the color code
than in the surface code. In other words, the variance cas-
cade implies a larger effective variance in the color-code set-
ting and, therefore, a higher probability of negative inferred
rates under insufficient statistics; this may also be one reason
why direct correlation analysis was not adopted in the Willow

color-code experiment.20)

(b) Color code: absolute error (1.5X107 s shots)

6
5
4

3***‘¥%

3 1
Hyperedge degree (hierarchical order)

(d) Color code: relative error (1.5X107 s shots)
301

251
201

151

o

Hyperedge degree (hierarchical order)

Fig. 1. Hierarchical accumulation of absolute and relative inference errors (the variance cascade). Data is shown at the sample sizes required for zero-false-
positive topological reconstruction. (a) Surface code (5 x 10° shots) and (b) color code (1.5 x 107 shots) show a clear inflation of absolute error as hyperedge
degree decreases due to algebraic downward subtraction. The horizontal dash-dotted lines denote the multi-body correlation truncation threshold (&my;ti)-
(c) In the surface code, the relative error is strongly suppressed at lower degrees (degrees 1 and 2) because the intrinsic error probabilities in the denominator
are comparatively large. (d) In the color code, the large number of high-degree parent hyperedges drives a pronounced variance cascade; consequently, the
relative errors at degrees 1 and 2 remain substantially higher than those of the surface code, with outliers exceeding 20%.

3.3. Operational decoding and the primacy of topology

Subsequently, to evaluate the operational impact of these
statistical phenomena, we perform Monte Carlo decoding sim-
ulations using belief propagation and ordered statistics decod-
ing (BP-OSD).?!1 To ensure rigorous statistical confidence,

we collect 200 logical errors for the surface code and 400 log-

ical errors for the color code. We track decoding performance
across three scaling regimes: the required shots for perfect re-
construction (100%), alongside 10% and 1% sparse-sampling
baselines.

We employ a crucial ablation control — the “Given DEM
Topology”. In this setup, instead of utilizing the heuristically
generated candidate hypergraph, the exact ideal DEM topol-
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ogy is fed directly into the third step of our algorithm (Global
Correlation Analysis). To isolate the impact of parameter fluc-
tuations, the global pruning threshold is set to zero (& = 0).
This zero-threshold effectively bypasses structural truncation,
solely clipping unphysical negative probabilities to zero to pre-
vent the BP message-passing decoder from crashing. Thus,
finite statistics are used exclusively to infer the heavily fluctu-
ating continuous error rates over a perfect topological prior.

(a) Rotated surface code (d=5, r=25)

== Ideal DEM limit
-®- Inference DEM
—A— Given DEM topology
£ 1074
5 ]
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105 106
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(b) 2D color code (d=5, r=4)
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&~ Given DEM topology
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Fig. 2. End-to-end BP-OSD decoding performance and ablation analysis iso-
lating topological vs. parameter sensitivity. Logical error rates (py,) are eval-
uated by collecting 200 (surface code) and 400 (color code) logical errors per
point. Data spans three regimes corresponding to 1%, 10%, and 100% of the
statistics required for DEM reconstruction without false positives. For both
the (a) surface code and (b) color code, the unpruned Inference DEM fails at
low statistics due to dense false-positive short cycles. By contrast, the Given
DEM Topology (where the exact ideal topology is fed directly into the global
correlation analysis with the pruning threshold set to zero, € = 0, solely clip-
ping unphysical negative probabilities) remains much more stable. All curves
approach the ideal DEM limit at the corresponding shot threshold (5 x 10°
and 1.5 x 107 shots, respectively), indicating that structural exactness is more
important for decoder performance than high-precision parameter estimation
in this setting.

The decoding results, depicted in Fig. 2, reveal a consis-
tent operational trend across both code families: within the
correlation analysis framework, structural exactness (topol-

ogy) is more important than continuous parameter precision
(error rates). For both the surface code (Fig. 2(a)) and the color

code (Fig. 2(b)), the Inference DEM suffers substantial logical
error rate (LER) inflation at low sampling regimes (1% and
10%). This failure is primarily driven by dense false-positive
hyperedges injecting many unphysical short cycles into the
Tanner graph and degrading the BP message-passing phase.

By contrast, the Given DEM Topology remains compara-
tively resilient. Even at the minimal 1% sample size — where
the inferred parameters suffer from large finite-sample fluctu-
ations and cascaded relative errors frequently exceeding 200%
— the Given DEM Topology LER stays close to the ideal the-
oretical baseline. For both codes, supplying the decoder with
the exact topology paired with highly distorted, 1%-sampled
parameters yields a much better LER than utilizing the Infer-
ence DEM derived from 10x more data (which still harbors
false-positive structural artifacts). Both the Inference DEM
and Given DEM Topology LER curves improve monotoni-
cally as statistics scale and meet the ideal limit once the 100%
shot threshold resolves the exact hypergraph structure.

4. Discussion

In this work, we use a tensor network detector er-
ror model (TNDEM) representation as a structured frame-
work for organizing DEM correlation equations and intro-
duce the correlation-analysis-based hypergraph reconstruc-
tion (CAHR) algorithm for topology discovery, which is a
top-down workflow that combines permissive candidate gen-
eration with concurrent pruning. Unlike sequential greedy
growth methods that prematurely truncate signals and fre-
quently conflate statistical noise with genuine physical corre-
lations, this workflow suppresses unphysical artifacts before
they propagate downward and bias lower-order constituent
edges.

We validated this framework through end-to-end topo-
logical reconstruction and BP-OSD decoding simulations on
both d = 5 rotated surface codes and highly dense d = 5 color
codes. Relative to the recent DEM-estimation literature, the
surface-code experiments provide a direct comparison point
to reconstruction-oriented studies such as Ref. [13], while the
dense color-code setting addresses a regime where closely
matched DEM-reconstruction references remain limited. Our
results show that the required sample complexity is governed
predominantly by local topological density rather than exten-
sive spacetime volume, with mild growth from r =5 to r = 25.
The decoding ablation, comparing the Inference DEM topol-
ogy against the exact ideal topology, further shows that within
this correlation-analysis framework, structural exactness of the
topology is operationally more important than high-precision
continuous parameter estimation when finite-sample noise is
present.

In the preceding experiments, we used € & py;in/2 as the
working threshold. However, ppin need not be known exactly
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for the method to remain useful. As shown by the threshold-
sensitivity results in Tables E1 and E2, varying the cutoff from
Pmin/4 to 3pmin/4 does not qualitatively change the recon-
struction behavior: thresholds in the neighborhood of ppn,
especially slightly larger ones, remain acceptable in practice.
Therefore, in blind experimental settings where pp, is not di-
rectly available, a reasonable estimate can still serve as a use-
ful threshold scale. In practice, if reliable circuit and noise-
model priors are available, the compiled DEM can provide
such an estimate. Otherwise, data-driven procedures such as
subsampling-based estimation of the smallest stably resolved
nonzero mechanism or conservative noise-floor diagnostics, as
used in Ref. [13], can serve as fallback strategies.

However, our comparative investigation also exposes a
fundamental boundary for purely correlation-analytical inver-
sions. In densely entangled systems like the 2D color code,
the downward hierarchical subtraction inevitably drives a pro-
nounced variance cascade, making exact analytical parame-
ter estimation highly susceptible to statistical fluctuations and
therefore less suitable as a standalone continuous estimator.
This observation clarifies the methodological role of CAHR
in a two-stage decoupled inference paradigm: CAHR is most
naturally used as a stage-1 topology-discovery tool that re-
solves the discrete hypergraph and compresses the combina-
torial search space, after which stage-2 methods — such as
machine-learning-based decoders, reinforcement learning, or
maximum-likelihood estimation — can optimize continuous
parameters on the fixed structure.

Finally, we acknowledge the current theoretical bound-
aries of our framework, which is fundamentally built upon the
Pauli error assumption. The present formulation does not pro-
vide a controlled, explicit model for general non-Pauli noise,
and we have not carried out a quantitative CAHR benchmark
under explicit non-Pauli noise models; accordingly, we do not
claim quantitative performance conclusions for that setting.

[22]

Non-Pauli mechanisms — such as leakage or coherent

errors(?3!

— therefore require further theoretical generaliza-
tion for direct modeling within this tensor-network formalism.
At the same time, if non-Pauli contributions are present in data
without being deliberately separated out, their syndrome-level
signatures may still be partially captured by correlation anal-
ysis and reflected in the inferred DEM parameters. From the
tensor-network perspective, extending TNDEM to faithfully
include non-Clifford processes or leakage, and obtaining sim-
ilar correlation equations, remains an important open problem.
Looking ahead, exploring the tensor-network representation
for computational and memory optimization, dynamic noise
environments, and integration with complementary techniques
such as process tomography would further broaden the scope
of the framework.

Appendix A: Tensor network detector error
model

This appendix maps the circuit-level DEM into a tensor-
network formalism, which we refer to as the tensor network
detector error model (TNDEM). The purpose of this construc-
tion is to provide a structured derivation of the correlation
equations used in the main text and to make their connection
to tensor-network contraction explicit. While the application
of tensor networks to quantum decoding has been explored
in contexts such as maximum-likelihood decoding,[24] we use
TNDEM here primarily as a derivational and organizational
framework for circuit-level noise characterization.

To construct the TNDEM from a general DEM hyper-
graph G = (V,E), we have two fundamental types of local
tensors.

Detector tensors (XOR): Each detector d; € V is rep-
resented by a k-index XOR tensor, where k is the number of
incident error mechanisms. Physically, this tensor enforces
the local parity-check constraint, performing a modulo-2 sum
(XOR) over all incoming error signals to determine the final
classical parity of the detector. Within standard tensor network
literature, this is mathematically equivalent to a COPY tensor
conjugated by Walsh—-Hadamard transforms on all its legs.

Error tensors (diagonal): Each physical error mecha-
nism e € E is represented by a diagonal probability tensor.
This tensor encodes the binary prior distribution of the fault:
the error mechanism triggers all its incident detectors simulta-
neously with probability p., and remains dormant with proba-
bility 1 — p..

(@ s (b)

NV =r i
Vs =sre

[Im I1 =7 I ( e 2,&) II a-2v0)
i€ JEV\a e€E \1€ane  jee\a lenal//2=1
XOR tensor Error tensor b m 1 1—2p,
Fig. A1l. Tensor network formulation of the detector error model.

(a) Graphical representation of the TNDEM architecture. Each detector
corresponds to an XOR tensor, which enforces a logical parity constraint
for propagating Pauli errors. Independent physical error mechanisms are
represented by diagonal tensors, parameterized by their fault probability
pe and identity probability 1 — p,. (b) Visualization of the exact tensor
contraction corresponding to Eq. (B1). By projecting the detector indices
onto specific boundary conditions, the global network contraction natu-
rally decouples into a product of independent scalar contributions.

The complete TNDEM is assembled by contracting the
shared indices between the error tensors and the detector ten-
sors, following the topology of the DEM hypergraph.
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Appendix B: Derivation of moment equations
from the TNDEM

Unlike phenomenological approaches that construct sta-
tistical observables heuristically, the analytical power of the
TNDEM framework is deeply rooted in its native tensor al-
gebraic properties. In this section, we demonstrate that the
exact system of equations governing the hypergraph inference
emerges naturally from the fundamental topological rules of
the network, specifically, the phase-copying property of XOR
tensors. The statistical physics interpretation of these equa-
tions is then revealed a posteriori.

To extract physical error parameters from experimental
syndrome data, one must establish correlation equations link-
ing these microscopic parameters to the expectation values of
the macroscopic syndromes. The topological structure of the
TNDEM naturally yields a highly structured system of equa-
tions amenable to exact analytical inversion. Exploiting the
COPY property of the XOR tensor in the dual basis, project-
ing a detector index onto either the sum state X = (1,1) or
the difference state m = (1, —1) completely factorizes the ten-
sor into a product of independent vectors. Consequently, for
an N-detector system, enumerating all 2V possible combina-
tions of X and m boundary projections on the TNDEM yields
a complete set of 2V linearly independent equations. Denot-
ing oo CV as the subset of detectors projected onto m, with
the remaining V' \ a projected onto X, the network contraction
strictly evaluates to

[ I 57 =11 (I 11 )

ica JjeV\a ecE \icane jee\a
H {1 —Pe+ (*U‘em‘m}

ecE
(1 - 2pe)'

-

leNa| mod 2=1

(BI)

This multiplicative system of equations can be rigor-
ously linearized by taking the logarithm, rendering it highly
tractable. Before proceeding to the analytical solution, we
must elucidate the physical significance of contracting the
boundary indices with these specific projectors. The pro-
jection state X effectively traces out (marginalizes) the cor-
responding detector index. Conversely, the projection state
m = (1,—1) assigns a statistical weight of +1 to the false
(0) syndrome state and —1 to the true (1) syndrome state.
This motivates the definition of a spin-like syndrome variable
o; = 1 —2s;, where s; € {0,1} is the binary value of detec-
tor d;. Under this algebraic mapping, projecting the subset of
detectors o onto m mathematically corresponds to computing
the physical expectation value of the multi-detector parity ob-
servable [];cq 0;. Denoting this exact multi-body correlation

moment as My = ([T;cq Oi), the tensor contraction rigorously

reduces to

(1=2pe). (B2)

Ma = H
leNa| mod 2=1
The empty set trivially yields My = (1) = 1. The remaining
2V — 1 independent equations fully constrain all 2V — 1 possi-
ble hyperedge configurations within the fully connected DEM.

Appendix C: Exact analytical solution of the mo-
ment equations

In this section, we provide the exact algebraic derivation
demonstrating how the helper function fg = [Jacp M(({l)‘a‘il
systematically isolates the physical probability of specific
multi-body error mechanisms.

Substituting the expression for M, into the definition of

fﬁ yields
=11
aCp ecE,|anNe| mod 2=1

= H(l _ zpe)zag;(\amd mod 2)<_1)\a\71.
eckE

(1—2p) "
(C1)

We denote the exponent of the term (1 —2p,) as Cg,. By
replacing the modulo-2 condition with an algebraic indicator
function based on powers of —1, the exponent can be elegantly
rewritten as

Cpo= Y. (Jane|l mod 2)(—1)%~!

acp
1—(—1)loNe|
-y %(_1)\ame|—1(_1)|a\e\
acCp
_(_1)lane|
= %(_1)\05\4. (C2)
acCp

This expression can be reshaped by partitioning the subset
enumeration & C f into two parts: one from e¢N f and the
other from B \e. Letn = |eNnfB|and m = |\ e
decomposes as

e

i=0 j=0 \J

, then the sum

(C3)

where i counts the elements in & Me and j counts the elements

in a\ e. By the binomial theorem, the trailing sum evaluates to
m (ﬂ’l
J=0\j
except when m = 0, which eliminates the summation entirely.

)(—1)/ = (1 —1)™. This summation is identically zero

Therefore, a non-zero exponent strictly requires |\ e¢| = 0,
imposing the geometric condition 3 C e. Under this condition,
n=|B| > 0, the trailing sum reduces to 1, and the remaining

n n 17(71)1‘
€Be = Z(')<Z> 2
— 2n71 — Z‘ﬂ‘71

part simplifies to

(C4)
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Remarkably, the resulting exponent depends exclusively on
the cardinality of the subset 3, entirely independent of the
specific geometric structure of e. Thus, denoting the expo-
nent simply as Cg, we arrive at the exact analytical inversion

formula
fs= I (1—2p.), (CS)
ecE ,fCe
Cp=2FI"1, (C6)

Appendix D: Scalability with temporal depth
and constant sample complexity

A critical requirement for any practical fault-tolerant
noise characterization protocol is its scalability with respect to
the temporal depth (number of QEC rounds, r) of the quan-
tum circuit. A naive expectation might assume that as the
spacetime volume of the circuit expands, the required sam-
ple size for exact topological reconstruction must scale pro-
portionally to suppress the increasing combinatorial space of
potential false-positive mechanisms.

However, the CAHR exhibits favorable sub-linear scaling
with respect to the temporal depth of the code. As demon-
strated in Table D1, we evaluate the d = 5 rotated surface code
across different temporal depths: r =5, r = 15, and r = 25.
While the baseline r = 5 circuit achieves zero-false topolog-
ical reconstruction utilizing 5 x 10° shots, scaling the mem-
ory circuit to r = 25, which contains nearly six times the total
number of true physical hyperedges, requires only a marginal
statistical adjustment to 9 x 10°® shots under identical pruning
thresholds.

Table D1. Scaling of sample complexity for perfect reconstruction with tem-
poral depth. Perfect reconstruction performance on the d = 5 rotated surface
code across varying QEC rounds (r). |E| denotes the total number of phys-
ical hyperedges, while no false-positive or false-negative appears. Pruning
thresholds are fixed at &jpgle = 1.6 X 10~* and £ = 3 x 107 that ~ Prmin/2
across all depths.

Round r Shots |E| CPU time (s) GPU time (s)
5 5x 106 1679 8.76 4.01
15 7 % 10° 5759 20.07 14.20
25 9% 100 9839 34.29 31.58

This mild, sub-linear scaling behavior with respect to r is
a direct consequence of the localized nature of the variance
cascade. As established in Section 3, statistical variance ac-
cumulates strictly downwards from high-degree parent hyper-
edges to their constituent sub-edges. Extending the number
of measurement rounds merely replicates the local extraction
circuit topology along the time axis; it increases the extensive
volume of the hypergraph but strictly preserves the intensive
local topological density (i.e., the maximum hyperedge degree
remains 4). Consequently, the maximal length of the hierarchi-
cal downward subtraction chain remains constant, rendering
the local variance cascade depth topologically invariant with

r. The slight increase in required statistics (from 5 x 10° to
9 x 10° shots) is purely a natural statistical consequence of
the extensive scaling: the expanded global candidate pool in
deeper circuits marginally elevates the probability of rare sta-
tistical tail events crossing the decision boundary, thereby ne-
cessitating a slightly tighter suppression of the global noise
floor. This confirms that the CAHR is highly scalable and
uniquely suited for characterizing the deep-circuit architec-
tures required for practical quantum memory.

Appendix E: Threshold sensitivity of the practi-
cal pruning rule

To complement the concise discussion in the main text,
we provide here the detailed threshold-sensitivity data used
to assess the practical robustness of the rule € &~ pp,/2. We
evaluate three representative thresholds, puin/4, Pmin/2, and
3 Ppmin/4, for both the d = 5, r = 5 rotated surface code and the
d =35, r=42D color code. The purpose of these tables is not
to identify a unique optimal cutoff, but rather to show how the
false-positive/false-negative trade-off shifts under finite statis-
tics when the threshold is varied around the practical reference
scale. In each table, the two axes correspond to shot count and
threshold choice, and each entry is reported as an ordered pair
(FN,FP).

Table E1. Threshold sensitivity for the d = 5, r = 5 rotated surface
code. The two axes correspond to shot count and threshold choice, and
each entry is reported as (FN,FP). Lower thresholds suppress FN more

aggressively but admit substantially more FP, while higher thresholds
reduce FP at the cost of larger FN at intermediate shot counts.

Shots pmin/4 pmin/2 3Pmin/4
5% 10* (546,13270) (361,3944) (323,2071)
5% 10° (3,1716) (2,542) (30,170)
5% 10° (0,114) (0,0) (0,0)

Table E2. Threshold sensitivity for the d =5, r =4 2D color code. The
same threshold sweep as in Table E1, now for the denser color-code
benchmark. Each entry is reported as (FN,FP). The data shows the
same qualitative trade-off, but with a sharper sensitivity to finite statis-
tics due to the denser correlated-noise structure.

Shots pmin/4 Pmin/2 3pmin/4
1.5 % 10° (164,1122) (156,600) (172,375)
1.5 % 10° (8,228) (11,47) (23,25)
1.5 x 107 (0,20) (0,0) (0,0)

Several trends are immediate from Tables E1 and E2.
First, pmin/4 consistently amplifies false positives in both
benchmarks, especially in the low- and intermediate-shot
regimes, because the weaker cutoff admits a larger fraction of
the finite-sample noise floor. Second, 3ppin/4 more strongly
suppresses false positives, but at intermediate shot counts it
more readily truncates genuine weak mechanisms and there-
fore raises the false-negative count. Third, py;, /2 provides the
most balanced FN/FP trade-off under finite statistics, which is
why we adopt it as the practical threshold in the main text. At
sufficiently large shot counts, both pyi,/2 and 3 py;n /4 reach
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zero FN and zero FP, whereas pp, /4 can still retain residual
false positives because its decision boundary remains too close
to the finite-sample noise floor.

Appendix F: Clique-search CPU time at differ-
ent code distances

We next quantify the computational cost of the clique-
search stage discussed qualitatively in Section 2. Table F1
reports the CPU core time of the clique-search step for the
rotated surface code at r = 5, across code distances d =5, 7,
9, 11 and shot counts 5 x 10*, 5 x 10%, and 5 x 10°. All times
are reported in seconds and correspond to the average CPU
core time over 5 independent runs on cores of an AMD EPYC
9654 96-core processor.

Table F1. CPU time of clique search for the rotated surface code at different
distances. The table reports the average CPU core time (in seconds) of the
clique-search stage over 5 runs, for r = 5 circuits at different code distances
and shot counts. The strong low-shot growth reflects the proliferation of
ghost cliques induced by fluctuation-generated pair correlations.

Shots d=5 d=1 d=9 d=11
5% 10% 1.011428 9.504719 53.575279 255.009007
5% 10° 0.143893 0.216576 0.810720 2.085380
5% 10° 0.018353 0.074927 0.146087 0.234581

The table supports two main conclusions. First, clique
search becomes a noticeable computational bottleneck only
In that

regime, fluctuation-induced pair correlations create many

when the shot count is severely insufficient.

ghost cliques, and the candidate search space expands rapidly
with system size. This is precisely the quantitative manifes-
tation of the qualitative mechanism already described in Sec-
tion 2. Second, once the shot count is large enough to sup-
press most spurious pair correlations, the clique-search time
becomes very short and grows only relatively slowly with code
distance.
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