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We investigate the ferromagnetic g-state Potts model on spherical Fibonacci graphs. These graphs are constructed
by embedding quasi-uniform sites on a sphere and defining interactions via a chord-distance cutoff chosen so as to yield
a network approximating four-neighbor connectivity. By combining Swendsen—Wang cluster Monte Carlo simulations
with graph convolutional networks (GCNs), which operate directly on the adjacency structure and node spins, we develop
a unified phase-classification framework applicable to both regular planar lattices and curved, irregular spherical graphs.
Benchmarks on planar lattices demonstrate an efficient transfer strategy: after a fixed binarization of Potts spins into an
effective Ising variable, a single GCN pre-trained on the Ising model can localize the transition region for different g values
without retraining. Applying this strategy to spherical graphs, we find that curvature- and defect-induced connectivity
irregularities induce only modest shifts in the inferred transition temperatures relative to their planar counterparts. Further
analysis shows that the curvature-induced shift of the critical temperature is most pronounced at small ¢ and diminishes
rapidly as g increases. This trend is consistent with the physical picture that, in two dimensions, the Potts model undergoes a
transition from a continuous phase transition to a weakly first-order one for g > 4, accompanied by a pronounced reduction
in the correlation length.
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1. Introduction

In recent years, machine learning has developed into a
powerful tool for identifying phase transitions directly from
raw configurations, serving as an important complement to tra-
ditional thermodynamic approaches. Early pioneering studies
demonstrated that neural networks can automatically detect
qualitative changes in configurations near phase transitions
without explicit knowledge of order parameters.'=>! Build-
ing on these insights, subsequent works systematically ex-
tended this idea to a variety of classical and quantum mod-
els, establishing the applicability and stability of machine-
learning methods across diverse physical systems.!®* These
approaches were further generalized to systems in different
spatial dimensions, demonstrating strong robustness and gen-
eralization with respect to dimensionality.['%'?! In addition,
a series of studies investigated the robustness of machine-
learning models against noise and finite-size effects, showing
that reliable phase identification remains possible even under

non-ideal data conditions. 1313

I Beyond qualitative classifica-
tion, further research explored the quantitative extraction of
critical points and effective critical exponents using machine-

learning techniques, thereby elevating these methods to quan-

TThese authors contributed equally to this work.
fCorresponding author. E-mail: guohao.ph@seu.edu.cn

CSTR: 32038.14.CPB.ae6637

titative tools for analyzing phase transition behavior. [16-2]
Most early successes employed convolutional neural net-

works (CNNs), which assume image-like data on regular

1621.221 However, for curved surfaces and irregular lat-

grids. !
tices, the data are not arranged on a translationally invariant
grid; instead, the notion of “nearest neighbors” is encoded
by an interaction graph. This mismatch motivates the use of
graph-based learning models. Graph convolutional networks
operate directly on a graph adjacency structure and therefore
provide a natural framework for treating both regular and ir-
regular lattices within a common representation. >3-

Phase transitions on curved or irregular lattices also
provide a setting to probe how geometry and connectivity
shape collective phenomena beyond the standard Euclidean
paradigm. In many contexts, such as spin degrees of free-
dom constrained on curved manifolds, or interaction networks
without a regular embedding, the system is not a translation-
ally invariant Bravais lattice, and “nearest neighbors” are not

h.[26-281 A natural ap-

uniquely defined by a single bond lengt
proach is to treat the system as a statistical model on a graph,
where geometric information enters primarily through connec-
tivity.

Among discrete spin models, the ferromagnetic g-state
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Potts model is a canonical extension of the Ising model, ex-
hibiting rich critical behavior on two-dimensional lattices. On
an infinite planar square lattice, the critical temperature is ex-
actly known, T?°(g)/J = 1/In(1 + \/g), with a continuous
transition for ¢ < 4 and a first-order transition for g > 4.1%]
These exact planar results provide a well-established bench-
mark, making the Potts model an ideal testbed for assessing
how curvature and irregular coordination modify critical prop-
erties on a spherical graph. The precise knowledge of 7.?°(q)
offers a clear reference against which shifts induced by non-
Euclidean geometry can be quantified.

A practical challenge is to discretize the sphere uniformly
enough for a meaningful comparison with planar lattices while
keeping the construction simple for arbitrary N. We adopt

[30-321 which provides quasi-

the spherical Fibonacci lattice
uniform coverage through a closed-form construction. Any
local interaction graph built on such a point set inevitably
contains coordination defects. To emulate a “square-lattice-
like” local environment, we define the interaction graph by
a chord-distance cutoff r., chosen to maximize the number of
four-neighbor nodes. This yields predominantly four-neighbor
spherical graphs with a controlled fraction of three- and five-
neighbor sites. This construction extends our recent spheri-
cal Fibonacci lattice Ising study!>! and provides a consistent
baseline for generalizing to g > 2.

To sample equilibrium Potts configurations efficiently
across temperatures, we use the Swendsen—Wang cluster

[33-37] This method updates collective

Monte Carlo algorithm.
Fortuin—Kasteleyn (FK) clusters, mitigating critical slowing
down near the transition. Beyond improving sampling effi-
ciency, the FK representation offers an intuitive visualization
of connectivity and domain formation on irregular graphs. For
phase classification, we employ GCNs: for a fixed interaction
graph, each configuration is represented by node spins and the
adjacency matrix, and the GCN outputs confidence scores for
the ordered and disordered phases. We adopt an “extreme-
temperature” supervised training protocol, where configura-
tions from very low and very high temperatures are labeled as
ordered and disordered, respectively. The trained network is
then evaluated across the full temperature range, and the tran-
sition region is identified where the two output confidences
become comparable. To avoid training a separate network for
every g, we introduce a simple binarization rule that maps the
g-state Potts spins into an effective Ising variable. This allows
a GCN pre-trained on the Ising model to be applied directly to
binarized Potts configurations for different ¢, preserving the
large-scale domain geometry relevant for phase classification.
We first validate this transfer strategy on the planar square lat-
tice using the exact T.?P(g) as a benchmark, and then apply
the same framework to spherical Potts models on Fibonacci
graphs.

The main goals of this work are threefold:

(1) to construct and characterize nearly four-neighbor
spherical Fibonacci graphs suitable for Potts simulations;

(ii) to develop a unified GCN-based phase classification
framework applicable to both planar and spherical lattices, in-
cluding an efficient transfer strategy across g based on bina-
rization;

(iii) to quantify how curvature and local connectivity af-
fect Potts critical temperatures on the sphere relative to planar
counterparts.

By combining controlled graph construction, Swendsen—
Wang sampling, and graph-based learning, we systematically
compare T¢(q) across geometry (plane vs. sphere), spin multi-
plicity, and local connectivity (tuned via r.).

2. Spherical fibonacci lattice

We discretize a spherical surface of radius R by placing
N sites using the spherical Fibonacci construction,3!! which
provides a quasi-uniform point set. The Cartesian coordinates
of the i-th site (i = 1,2,...,N) are

x;=1\/R?—z7 cos6;, y;=1/R*—zsin6;,

2i—1 .
Z,-=R< N —1), 6, =27i o, €))]

where @ = (v/5 —1)/2 is the inverse golden ratio. Figure 1
shows the resulting Fibonacci sites for N = 1000 in two ortho-
graphic views (front and top).
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Fig. 1. Spherical Fibonacci sites for N = 1000 (R = 10 ), shown in front
(left) and top (right) orthographic views.
To define short-range interactions on this irregular point
set, we construct an interaction graph by introducing a cutoff
radius r.: two sites i and j are connected if their chord distance

dij=|ri—rj| @)

satisfies d;; < rc. For a fixed spherical radius R and number of
sites N, the cutoff radius 7. is chosen numerically by scan-
ning candidate values and maximizing the number of four-
coordinated sites in the resulting interaction graph. More ex-
plicitly, for each trial cutoff we compute the coordination num-
ber k;(r.) of every site and evaluate

Na(re) =Y 8 re) 45 3)
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This crite-

rion is motivated by the fact that the planar square lattice

then select the cutoff that maximizes Ny(rc).

has coordination number four, so maximizing the number
of four-neighbor sites yields the closest spherical analogue
of a square-lattice-like local environment. For example, at
N = 1000 and R = 10, this procedure gives r./R = 0.1298.
For the larger graph used in the main g-dependent compari-
son, namely N = 16384 and R = 10, the same procedure yields
re 7 0.3211, corresponding to r./R ~ 0.0321.

In numerical simulations, once the sphere radius R and
the total number of sites N are fixed, we typically choose
an appropriate cutoff radius (r.) (or equivalently the dimen-
sionless ratio r./R) such that the resulting interaction graph
is approximately four-neighbor. As a concrete example, for
N = 1000 and R = 10, choosing r./R = 0.1298 (i.e., r. =
1.298) yields a system in which the vast majority of sites are
four-neighbor. The coordination statistics are (N3,Ns,Ns5) =
(76,850,74), corresponding to an average coordination num-
ber Z = (3N3 +4N4 + 5Ns) /N ~ 3.998. Under this construc-
tion, the lattice contains only a small fraction of three- and
five-neighbor sites as unavoidable coordination defects, while
remaining a close approximation to a four-neighbor lattice.
Figure 2 shows the resulting connectivity from the same two
views as in Fig. 1.

=—
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o
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Fig. 2. Interaction graph constructed from the Fibonacci sites in Fig. 1
using /R = 0.1298: edges connect pairs with d;; < r. (front and top
orthographic views).

3. The g-state Potts model on spherical Fi-
bonacci lattice

3.1. Spin configurations

The g-state Potts model is a classical spin model in which
each site i carries a discrete spin variable o; € {0,1,...,g—1}.
The Hamiltonian is defined as

H=-J Z 66[,6]3 “)
(i.j)
where (i, j) runs over all interacting pairs with d;; < rc, J >0
is the coupling constant, and 0 is the Kronecker delta. The
case g = 2 reduces to the Ising model. We measure the tem-
perature 7 in units of J/kg, and the corresponding Boltzmann
weight is given by

J
P({0;}) < exp (T Z 561.761.) . 5)
(i.J)

For convenience, natural units are adopted in the following,
with the Boltzmann constant set to kg = 1. On the infinite pla-
nar square lattice, the critical temperature of the g-state Potts
model is exactly 72P(¢) /J = 1/1In(1+ ,/g),*! with the tran-
sition being second-order for ¢ < 4 and first-order for g > 4.
In this work, we investigate the phase transition properties of
the g-state Potts model on the spherical Fibonacci lattice.

We generate equilibrium configurations using the
Swendsen—Wang cluster Monte Carlo algorithm. 33-37 Within
the FK representation, each nearest-neighbor edge (i, j) is ac-

—JJT

tivated with probability p,gqq =1 — e if 0; = 0;, and re-

mains inactive if o; # o;. These activated edges connect
like-spin sites into FK clusters. Each cluster is then collec-
tively reassigned a new spin value, drawn uniformly from
{0,1,...,¢g— 1}. This cluster flip preserves detailed balance
and significantly suppresses critical slowing down near Tt..

In numerical simulations, for each set of parameters
(R,N,r.) and ¢, Swendsen—Wang cluster simulations are per-
formed over a common temperature range T /J € [0.01,4.0],
with a step of AT /J = 0.01. At each temperature, we start
from a random initial configuration, perform Neq = 2000 equi-
libration sweeps, and then record Ngaymp = 100 configurations
separated by an interval of 40 sweeps. The saved configura-
tions are treated as approximately uncorrelated samples.

Both the equilibrium spin configurations and the corre-
sponding activated FK bonds are recorded; the latter are used
to visualize cluster connectivity (Fig. 3). These same config-
urations serve as input for the subsequent machine-learning
analysis. Figure 3 illustrates the FK cluster geometry for g =3
at T /J = 1.0, obtained on a spherical Fibonacci lattice with pa-
rameters N = 1000, R = 10, and r./R = 0.1298: the left panel
displays the spin configuration, while the right panel overlays
the activated FK bonds from one Swendsen—Wang update. Be-
cause bonds are activated exclusively between spins of the
same value, the bond network directly outlines the FK clus-

ters and provides a visualization of the correlation structure.

Fig. 3. Bond activation in the Swendsen—Wang algorithm (N = 1000,
R =10, and r. /R =0.1298). Left panel: A representative spin configura-
tion at T /J = 1.0 for g = 3. Right panel: the same configuration overlaid
with the activated FK bonds, which connect equal-spin neighbors into FK
clusters.
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3.2. Planar benchmarks and binarization-based GCN es-
timator

Before applying GCNs to the spherical Potts model, we
first validate the method on the two-dimensional square lat-
tice. A square lattice can be represented as a graph in which
lattice sites are nodes and nearest-neighbor couplings are
edges. We use the same GCN architecture as in our spher-
ical Ising analysis:!*! the inputs are the spin configuration
and the adjacency matrix, and the outputs are two components
(po, pa) representing the classification confidence for the or-
dered and disordered phases. Compared with convolutional
neural networks applied to planar images, GCNs operate di-
rectly on graph structures and treat regular and irregular lat-
tices within a unified framework.[?3! Here, the term “unified
framework™ refers to the use of a common graph-based rep-
resentation together with the same class of neural-network ar-
chitecture for both regular and irregular lattices, rather than
implying any universal superiority of GCN models over alter-
native machine-learning approaches.

Direct training on planar ¢ =3

We first train a GCN directly on the two-dimensional
(2D) g = 3 Potts model on a square lattice of linear size
L = 128. Using the Swendsen—Wang algorithm, we gener-
ate equilibrium configurations at extremely low temperatures
T/J € [0.01,0.05] (labeled as ordered with (po, pq) = (1,0))
and extremely high temperatures 7'/J € [100,104] (labeled as
disordered with (po, p4) = (0,1)). As node features, we use
the raw Potts spin values o; € {0,1,2} encoded as a scalar
per node. After training converges, we freeze the network and
perform inference across T'/J € [0.01,4.0] to obtain p,(T) and
pa(T).

Figure 4 displays the confidence curves obtained for g =
3. A monotonic decrease in p,(7T') and a concomitant increase
in pq(T) are observed with increasing temperature. At the
resolution of our simulation (AT = 0.01J), the curves inter-
sect at T/J ~ 0.99, in close agreement with the exact critical
value 72P(3)/J ~ 0.9950. This benchmark validates that the
GCN, trained exclusively on extreme-temperature configura-
tions, can correctly identify the phase transition, thereby cap-
turing the underlying change in domain structure.

Q

Q

g

e 1.0

=

§ 0.8 1 r —a Do
= 0.6 : —e—Dq
.2

4§ 0.4

£ 0.2 L

w0

Z2 0

© 0 0.99 2

T(J)

Fig. 4. GCN confidence for the 2D g = 3 Potts model (L = 128).

Binarization and transfer learning

Training a separate network for each ¢ is computation-
ally inefficient. Recent CNN studies suggest that, after an ap-
propriate binarization of Potts spins into two groups, a net-
work trained on the Ising model can transfer to the g-state
Potts model without losing critical information.*® Motivated
by this, we adopt a binarization strategy in the GCN setting.
For a given g, we partition the g spin states into two sets and
define an effective Ising variable s; = 1 as

-1, o0,€{0,1,...,[(g—1)/2]},

si= (6)
+1, o e{ll¢g—1)/2]+1,....q—1}.

For example, for ¢ = 3, we choose s; = —1 for 6; =0

and s; = +1 for 0; = 1,2. This mapping coarsens the g-valued
Potts field into a binary one while leaving the interaction graph
unchanged. At the cluster level, it approximately preserves the
large-scale geometry of domains associated with the chosen
partition, specifically the interfaces separating the two groups,
while discarding distinctions between Potts states within the
same group.

This physical picture is consistent with the work of
Fukushima and Sakai, who showed that an Ising-trained CNN
can accurately detect the phase transition of the g-state Potts
model after an analogous binarization procedure.®®! In par-
ticular, they demonstrated that under this transformation, the
transition temperature and transition type remain invariant in
the thermodynamic limit, while important geometric informa-
tion of spin clusters is still preserved in the binarized configu-
rations. By further analyzing the hidden-layer representations
using principal component analysis, they found that away from
criticality the network output mainly correlates with the inter-
nal energy in the high-temperature regime and with the mag-
netization (and possibly also the internal energy) in the low-
temperature regime, whereas near the transition point more
global features associated with the complexity of spin clus-
ters become relevant. These results provide additional support
for using binarization as an efficient transfer-learning bridge
between the Ising and Potts models.

Fig. 5. Planar Potts configurations (¢ = 3) and their binarized versions
at T/J = 1.0. Left panel: Potts spins {0o;}; right panel: binarized Ising
spins {s; = =1} (see Eq. (6)).

Keeping the network architecture fixed, we recompute
the confidence curves on the ¢ = 3 dataset using the bina-
rized s; as inputs. As shown in Fig. 6, the crossing remains

070505-4



Chin. Phys. B 35, 070505 (2026)

at T /J ~ 0.99, indicating that binarization does not destroy
the critical information carried by Potts cluster geometry. To-
gether with the above physical arguments, this agreement sug-
gests that the large-scale morphological information relevant
to transition detection survives the binarization, even though
the full microscopic g-state information is compressed. For
a visual demonstration, Fig. 5 compares the original Potts
configurations and their binarized counterparts at 7/J = 1.0
for g = 3: large-scale cluster contours remain essentially un-

changed.
)
9]
G
< 1.0
g \ F
§ 0.8 +§0
4 —*—Pd
g 0.6
= 0.4
g }
& 0.2 ‘
E; 0
O 0 0.99 2

T (3)

Fig. 6. GCN confidence curves for the 2D g = 3 Potts model (L = 128)
after binarization, plotted versus temperature.

Based on these observations, we adopt a more econom-
ical strategy: we train a single GCN on the 2D Ising model
and then apply it directly to binarized g-state Potts configura-
tions. Specifically, we train on the L = 128 Ising model us-
ing configurations at 7 /J € [0.01,0.05] (ordered) and T /J €
[100, 104] (disordered), with Ising spins s; = %1 as node fea-
tures. After training, all parameters are frozen. We then gen-
erate equilibrium configurations for planar Potts models with
g€{2,...,8,10,15} over T /J € [0.5,1.5], binarize each con-
figuration, and feed it into this Ising-pretrained GCN to obtain
po(T) and py(T).

Figure 7 presents the GCN confidence curves, po(T)
and pq4(T), for the two-dimensional Potts model with ¢ €
{2,...,8,10,15}. As temperature increases, p,(T) decreases
monotonically, while p4q(T) increases correspondingly. The
crossing point where po(7T) =~ pq(T) shifts to lower tempera-
tures as g grows — a trend that aligns with the exact decrease
of TCZD(q). Moreover, for g > 4, the transition region becomes
noticeably sharper, reflecting the expected first-order character
of the phase transition.

[}
£ 1.0
% .
{‘é 0.8+ 0 =2 —a—Piq=2
Q 0 g =4 Paq=4
© 0.6 Poq=6 5Py q=6
g 0 =T Py q=T
= 0.44 0 q=8 & pq=8
8 0 ¢ =10 —p4 g=10
o 0.2 | PV 0 =15 pyq=15
5 . o T,
E O,rN_M = . OO . o
O T

0 0.99 2

Fig. 7. The confidence curves po(T) and p4(T) are obtained by apply-
ing an Ising-pretrained GCN to binarized 2D Potts configurations for g €
{2,...,8,10,15} (L = 128) across the temperature range 7 /J € [0.5,1.5].

Bootstrap estimation of 7. and uncertainties

To extract quantitative critical temperatures T.(g) from
the confidence curves, one could fit the crossing point p,(T) =
pa(T) within a narrow window. However, for first-order tran-
sitions, the confidence curves can change extremely rapidly
near the crossing, making conventional error propagation un-
stable. [39-41]

at each temperature we resample the classification outcomes

We therefore employ bootstrap resampling:

with replacement to generate multiple pseudo-datasets, extract
the crossing point for each, and collect the bootstrap samples
{Tc(b) (¢)}. The mean and standard deviation of this set are
then reported as the final estimate of T.(g) and its statistical
uncertainty, respectively. Further implementation details are
provided in Appendix C.

Using this bootstrap procedure, we obtain the
planar baseline critical temperatures as TC(2D>(q) /I =
{1.1038(8), 0.9877(18), 0.8958(4), 0.8439(5), 0.8016(1),
0.7715(2), 0.7429(1),0.7034(1),0.6354(1)} for g €
{2,3,...,8,10,15} (uncertainties refer to the last two dig-
its). Figure 8 compares these values with the exact results
72°(q)/J = 1/In(1+ ,/q), showing excellent agreement. The
quoted uncertainties reflect only statistical fluctuations arising
from finite sampling. The residual ~ 1% deviation is at-
tributed to a small systematic bias inherent to the GCN-based
estimator, which remains stable against variations in network

hyperparameters (see Appendix).

1.2
1.0
2
~

0.8

0.6

2 4 6 7 8 10 15
g-state

Fig. 8. T.(gq) for the 2D Potts model (L = 128). Black: values ob-
tained via an Ising-pretrained GCN with bootstrap — Red: exact results

12°(q)/J = 1/In(1+ /q).

The planar benchmarks establish that (i) GCNs can lo-
cate critical points of regular 2D Potts models accurately, and
(ii) after binarization an Ising-pretrained GCN transfers across
different g without retraining while retaining critical informa-
tion. We therefore apply the same framework to the spherical
Potts model to quantify how curvature and spherical topology
shift T relative to planar baselines.

3.3. Spherical GCN analysis and geometric effects

Spherical transfer across g via an Ising-pretrained
GCN. On the sphere, each configuration is treated as a scalar
field defined on the spherical Fibonacci lattice, where nodes
correspond to lattice sites, spins serve as node features, and
edges connect site pairs separated by a chord distance smaller
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than the cutoff r..
the spherical Ising model (¢ = 2) with parameters R = 10,
N = 1000, and r./R = 0.1298.
low-temperature regime 7 /J € [0.01,0.05] are labeled as or-

We first train the GCN exclusively on
Configurations from the

dered, while those from the high-temperature regime 7 /J €
[100,104] are labeled as disordered. Once trained, the net-
work parameters are frozen. This frozen GCN is then applied
directly to binarized spherical Potts configurations for g > 2.

Typical spherical Potts configurations forg =3 at T /J =
1.0 and their binarized counterparts are displayed in Fig. 9.
The large-scale cluster boundaries and characteristic length
scales are preserved after binarization, whereas the origi-
nal Potts states are compressed into two effective categories.
This visual consistency under binarization provides a geomet-
ric justification for transferring the spherical Ising-pretrained
GCN to multi-state Potts models on the sphere.

Fig. 9. Spherical Potts configurations and their binarized versions (¢ = 3;
original — left, binarized — right) at 7 /J = 1.0.

Benchmark of transfer at ¢ = 3. To validate the transfer
strategy on the spherical graph, we first perform a benchmark
at ¢ = 3. The upper panel of Fig. 10 displays confidence curves
obtained from a GCN trained directly on spherical g = 3 con-
figurations, which give a crossing at 7. /J = 0.98. The lower
panel illustrates our primary transfer approach: spherical g =3
configurations are first binarized and then fed into the frozen
GCN that was pretrained on the spherical Ising model. This
procedure yields a crossing at T, /J =~ 1.01. These two esti-
mates agree within a few percent, confirming the validity of
the transfer strategy based on binarization.

After completing the above validation, we apply the same
spherical-Ising-pretrained GCN to the spherical Potts model
with g € {2,...,8,10,15} on a fixed graph. To enable a di-
rect comparison with the planar results for 7.(g) of the two-
dimensional Potts model at L = 128, the geometry is fixed as
follows: N = 128 x 128 = 16384, R = 10, and r,/R = 0.0321.
The coordination statistics for this geometry are (N3, N4, Ns) =
(210,15658,516), yielding an average coordination z ~4.018.
Thus approximately 95.6% of nodes are four-coordinated,
while the remaining ~ 4.4% are three- or five-coordinated de-
fects.

(a)
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0 0.99 2
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9 ) 0 8.
p=As] . —a— D,
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Fig. 10. Spherical ¢ = 3 Potts GCN confidence curves: direct training — top,
vs transfer from spherical-Ising pretraining on binarized data — bottom.
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Fig. 11. Consistency check for the spherical ¢ = 3 Potts model at differ-
ent discretization sizes N. Magnetic susceptibility x(7) — top — is shown
for spherical Fibonacci graphs with N = 3000, 5000, 10000, and 16384,
while the corresponding GCN confidence curves — bottom — are presented
for the same set of graphs. The close agreement between susceptibility
peak positions and GCN crossings indicates that the inferred transition
temperature is robust against discretization refinement on the sphere.

Consistency check from susceptibility at different N.
To provide a consistency check of the GCN-based identifi-
cation using a conventional thermodynamic diagnostic, we
further examine the magnetic susceptibility for the spheri-
cal g = 3 Potts model on a fixed sphere with different dis-
cretization sizes N = 3000, 5000, 10000, and 16384. The
upper panel of Fig. 11 shows the corresponding susceptibil-
ity curves, while the lower panel presents the GCN confi-
dence curves obtained for the same set of graphs. The tran-
sition temperatures extracted from the susceptibility peaks are
Tc(x>/J =0.99, 1.00, 0.99, and 1.00, whereas the GCN cross-
ings give TC(GCN) /J =1.00,1.01,0.99, and 1.00, respectively.
These two estimators agree within 0.01J for all considered
N. Meanwhile, both the susceptibility peak positions and the
GCN crossings display only a very weak dependence on N.
This indicates that, for a sphere of fixed radius, increasing
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the number of Fibonacci sites mainly refines the discretiza-
tion of the curved surface rather than induces an appreciable
shift of the transition temperature. This consistency check fur-
ther supports the interpretation that the temperatures inferred
from the GCN are not network-specific artifacts, but are quan-
titatively consistent with a standard thermodynamic diagnostic
criterion.

Figure 12 (top) shows the resulting GCN confi-
dence curves po(T) and pq(T).  The crossing tem-
perature po(T) ~ pq(T) shifts to lower temperatures

as ¢ increases, and the transition region becomes

markedly sharper for g > 4, consistent with a first-
order transition.  Bootstrap analysis gives TcSph(q) /I =
{1.1273(6), 0.9976(10), 0.9072(3), 0.8519(3), 0.8095(3),

0.7734(1), 0.7441(1),0.7042(1), 0.6349(1)} for g €
{2,...,8,10,15}. For g = 2, the extracted T; is consistent

with our earlier spherical Fibonacci-lattice Ising study.>!
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Fig. 12. Spherical Potts results compared with planar baselines.

GCN confidence curves po(T) and pq(T) — top — for binarized g €
{2,...,8,10,15} on the fixed spherical Fibonacci graph (N = 128 x 128 =
16384, R =10, r./R = 0.0321). Critical temperatures versus ¢ — bottom
— show spherical TSP () (black) compared with planar T.?°(¢) from the
L = 128 square lattice (red). The inset displays the relative difference
AT between spherical and planar critical temperatures, normalized by the
planar 72P.

In contrast to the square lattice, where finite-size effects
are often substantial, our earlier spherical Ising study indicated
that increasing the number of Fibonacci sites N on a fixed
sphere produces only a weak change in the inferred transition
temperature under the same graph-construction protocol. >3]
The additional ¢ = 3 comparison shown in Fig. 11 is fully
consistent with this picture: both the susceptibility-based and
GCN-based estimates remain nearly unchanged over the range
N = 3000-16384. Based on this, we forgo an explicit finite-

size analysis for the spherical Potts models here. Instead, we

adopt N = 16384 as a representative spherical discretization
and use it to quantify the geometric shift relative to planar

benchmarks.
Comparing the spherical estimates at N =
16384 with the planar baselines, TC(2D>(q)/J

{1.1038, 0.9877, 0.8958, 0.8439, 0.8016, 0.7715, 0.7429,
0.7034, 0.6354} for g € {2,...,8,10,15}, we obtain relative

L)
shifts LTW ~ {2.13%, 1.00%, 1.27%, 0.95%, 0.98%,
0.25%, O.Cl6%, 0.11%, —0.08%} for the same sequence of
q. The spherical-planar difference therefore decreases rapidly
with g: for g < 6, the difference is approximately 1%, whereas
for g > 7 it drops sharply below 0.25%.

This behavior can be naturally understood in terms
of the weakly first-order transition mechanism of the two-
dimensional Potts model for ¢ > 4. It is well established that
q = 4 marks the boundary between continuous and first-order
phase transitions. For g > 4, the transition is first order in the
strict sense; however, when ¢ is only slightly larger than 4 (typ-
ically g = 5,6), the first-order character is extremely weak and
accompanied by pronounced pseudocritical behavior. In this
regime, the latent heat is very small and the correlation length
near the transition becomes anomalously large, so that observ-
ables such as the specific heat and susceptibility exhibit an ap-
parent near-divergent behavior characteristic of a continuous
transition on finite length scales.[*>~**! From a renormaliza-
tion group perspective, this weakly first-order behavior origi-
nates from fixed-point annihilation and the associated walking
dynamics, which generate a broad quasi-critical (crossover)
regime at finite scales, while the system ultimately flows to a
first-order transition at sufficiently large scales. [+

Within this broad quasi-critical regime, weak geometric
perturbations introduced by the spherical Fibonacci graph, in-
cluding global curvature and a small fraction of coordination
defects, can more readily modify fluctuations and cluster ge-
ometry. As a result, the apparent critical temperature T, ex-
tracted from the classifier crossing is shifted at the percent
level. As g increases, the first-order character strengthens
and the correlation length decreases rapidly. The associated
crossover window thus becomes significantly narrower, effec-
tively reducing the sensitivity of the extracted T, to geometric
perturbations. This provides a natural explanation for why the
spherical—planar difference drops rapidly to the 103 level for
g>1.

To provide a direct thermodynamic signature of the
change in transition character for g > 4, we further examine
the energy probability distributions near the transition region
for g =4,5,6, and 7. These calculations are performed on the
same spherical Fibonacci graph used in the g-dependent com-
parison above, with system parameters fixed at N = 16384,
R =10, and r./R = 0.0321. For each value of ¢, the energy
histograms are obtained from Swendsen—Wang cluster Monte
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Carlo simulations performed in the vicinity of the correspond-
ing transition region. To reduce possible initialization bias and
better resolve phase coexistence, simulations are carried out
starting from both ordered (cold) and disordered (hot) initial
states. After discarding the equilibration stage, the energy per
spin is sampled from the subsequent Monte Carlo configura-
tions to construct the probability distributions. The resulting
histograms are shown in Fig. 13. For g = 4, a well-developed
double-peak structure is not resolved within the present sys-
tem size, although the distribution already exhibits noticeable
broadening over an intermediate energy interval. This indi-
cates that, for the present spherical graph and discretization
level, the borderline ¢ = 4 case remains strongly rounded and
does not yet display a clearly separated bimodal structure. For
g =35, an incipient bimodal structure becomes visible, consis-
tent with the expected weakly first-order behavior. For ¢ =6
and g =7, a clear double-peak structure is observed, providing
direct thermodynamic evidence of phase coexistence near the
transition region and demonstrating that the first-order char-
acter becomes progressively stronger as ¢ increases. These
results further support the physical picture that the transition
evolves from continuous behavior near ¢ = 4 to increasingly
first-order behavior for larger ¢, and are consistent with the
sharpening of the GCN confidence crossings observed as g in-
creases.

10
8
6

P(E)

P(E)

—1.6 —1.5 —1.4 —1.3 —1.2 —1.1
E(J)

Fig. 13. Energy probability distributions near the transition region for
the spherical Potts model on a fixed spherical Fibonacci graph with
N =16384, R =10, and /R = 0.0321, for ¢ = 4,5,6, and 7. A bimodal
structure becomes progressively more pronounced as g increases, indicat-
ing increasingly clear two-state coexistence and strengthening first-order
character.
Effect of cutoff and average coordination at fixed N.
We investigate how the local connectivity influences T; by
varying the cutoff r, while keeping R = 10 and N = 1000 fixed.
The resulting coordination distributions are listed in Table 1
for three choices: r./R = 0.1298, 0.1500, and 0.1700. For
re/R =0.1298, the graph is predominantly four-neighbor with
an average coordination Z ~ 3.998; for r./R = 0.1500, five-
and six-neighbor sites dominate (Z ~ 5.71); and for r./R =

0.1700, six- to eight-neighbor sites dominate (7 ~ 6.31). Thus,

tuning r. allows interpolation between a sparse, nearly four-
neighbor network and a densely connected graph on the same
spherical surface.

Table 1. Coordination statistics for spherical Fibonacci graphs (R = 10,
N = 1000) at different cutoffs r¢ /R.

re/R N3 Ny Ns Ne Ny N

) ) s ) (W) (wg)
0.1298 (7.762/0) (555,27) (72;‘;()) - - -
01500 - (2.266%) (22:%) (7;.34:3%) - )
0.1700 - (O,S%) (7;.22%%) (25.24% (4.466%)

The corresponding 7" (¢; r.) values are listed in Table 2.
For every g, T."" increases significantly with r.. Taking ¢ = 3
as an example,

TSP (3; 7 /R = 0.1298,0.1500,0.1700) /J )
~ (1.0085, 1.5254, 1.7058), 8)

indicates an increase by nearly a factor of two as the connec-
tivity changes from sparse to dense. This trend holds for all g:
as the average coordination Z increases from ~ 4.0 to ~ 6.3,
TCSph is systematically shifted upward, while the monotonic de-
crease of T; with ¢ is preserved. These findings indicate that
variations in local connectivity primarily rescale the overall
magnitude of T;, whereas the spin multiplicity g governs the
transition order and the relative g-dependence of the critical
temperature.

Table 2. Spherical Potts critical temperatures TCSph (g;re) at N = 1000 for
different r¢ /R.

q r/R=01298 r./R=0.1500 r./R=0.1700
2 1.1564(16) 1.7544(33) 1.9630(47)
3 1.0085(15) 1.5254(33) 1.7058(32)
4 0.9081(8) 1.3665(15) 1.5191(20)
5 0.8496(8) 1.2722(26) 1.4178(11)
6 0.8048(2) 1.2042(4) 1.3296(12)

This observation also helps clarify the respective roles
of local graph structure and global topology in the present
problem. Although the sphere has a nonzero Euler charac-
teristic, the Potts transition considered here is not driven by
topological defects and is therefore not directly constrained
by global topology. This situation differs from the spheri-
cal XY model, where spins form a tangent vector field on
$? and the Poincaré—Hopf theorem enforces a nonzero net
topological charge, so that topology directly enters the tran-
sition physics (see Ref. [23]). By contrast, in the present Potts
case, the influence of topology is indirect and mainly mani-
fests through graph-structural constraints such as unavoidable
coordination defects and fluctuations in the coordination num-
ber on the sphere. Accordingly, the observed spherical-planar
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shifts of 7;. are primarily associated with graph-theoretic quan-
tities such as the coordination-defect density and the average
coordination number Z, rather than global topological con-
straints themselves.

2.0

1.8 \

—=—r,/R=0.1298
—— 1, /R=0.1500

1.6 ——7./R=0.1700
S
~ 14
~
1.2
1.0 \—\\
0.8
2 3 4 5 6

g-state

Fig. 14. Critical temperatures TCSph(q;rC) versus g for spherical Potts
models on a fixed graph (R = 10, N = 1000) with three different cutoff
ratios: rC/R =0.1298, 0.1500, and 0.1700. Increasing r, enhances local
connectivity and systematically shifts 7 upward, while the monotonic
decrease of T; with ¢ is preserved.

In summary, these results demonstrate that a spherical-
Ising-pretrained GCN reliably transfers to binarized spheri-
cal Potts models, producing critical temperatures that closely
match planar benchmarks. For locally four-neighbor graphs,
the critical temperatures on the spherical Fibonacci lattice al-
ready show good agreement with planar results, with curvature
and coordination defects introducing only percent-level shifts.
The rapid reduction of the spherical-planar difference with in-
creasing ¢ can be naturally understood in terms of the weakly
first-order nature of the Potts transition for ¢ > 4: when g is
only slightly above 4, the broad quasi-critical regime enhances
sensitivity to weak geometric perturbations, whereas at larger
q the strengthened first-order character significantly narrows
the crossover window, effectively reducing the sensitivity of
the extracted 7; to geometric effects.

At fixed N, varying r, primarily rescales the overall tran-
sition temperature for all ¢, while leaving the functional form
of Tz (g) largely unchanged. Together, these observations sup-
port a clear separation between geometric influences (curva-
ture and connectivity) and the intrinsic role of spin multiplicity
g, all captured within a unified GCN-based framework.

4. Conclusion

We have studied the ferromagnetic g-state Potts model on
spherical Fibonacci graphs, quantifying how curvature and ir-
regular coordination modify phase transitions relative to pla-
nar benchmarks. The spherical graphs are constructed using a
chord-distance cutoff that maximizes local four-coordination,
resulting in predominantly four-neighbor networks with a con-
trolled fraction of coordination defects. Equilibrium config-
urations are generated via the Swendsen—Wang cluster algo-
rithm, with Fortuin—Kasteleyn bonds recorded to visualize
connectivity.

Critical temperatures are identified using graph convolu-
tional networks (GCNs) that operate directly on the graph ad-
jacency matrix and node spins. After validating the method
on planar lattices, we introduce a transfer strategy based on
spin binarization, which allows an Ising-pretrained GCN to be
applied across different g without retraining. Bootstrap resam-
pling provides robust T, estimates even near first-order transi-
tions. For the spherical ¢ = 3 case, an additional comparison
with susceptibility peaks at different N shows agreement with
the GCN-based transition temperatures within 0.01J, further
supporting robustness against discretization refinement on the
sphere.

For nearly four-neighbor spherical graphs, the curvature-
induced shift in 7;. is most pronounced at small g (about 1-2%
for g < 7) and decreases to about 0.2% or less for g > 7, con-
sistent with the weakly first-order character of the Potts transi-
tion for g > 4. This implies enhanced geometric sensitivity at
small g and rapid suppression of such effects as g increases. At
fixed N, increasing the cutoff r, (and thus the average coordi-
nation Z) primarily shifts 7; upward for all ¢, while preserving
the monotonic g-dependence and the order of the transition.

These results highlight a clear separation between ge-
ometric effects, namely curvature and connectivity, and the
role of spin multiplicity g. More broadly, this work demon-
strates that GCNss provide a unified framework for phase clas-
sification on both regular and curved graphs, using the same
input representation of adjacency and spins. The combina-
tion of spherical Fibonacci discretization, cluster Monte Carlo
sampling, and binarization-based transfer learning offers a
scalable approach for studying multi-state models on non-
Euclidean geometries. This framework can be extended to
other curved manifolds, alternative graph constructions, or
higher-g regimes where first-order behavior becomes more
pronounced. Code and graph generators are available upon
reasonable request.

Appendix A: Swendsen—Wang cluster update for
the spherical Potts model

We generate equilibrium configurations for the ferromag-
netic g-state Potts model on spherical Fibonacci graphs using
the Swendsen—Wang cluster Monte Carlo algorithm. This sec-
tion outlines one SW sweep on an irregular interaction graph.

Interaction graph The system is defined on a graph
G = (V,E) embedded on a sphere of radius R, where [V| =N
sites are placed at Fibonacci coordinates {ri}ﬁ\': 1- Two sites i
and j are connected by an edge if their chord distance

d,'jElT‘i—’I"j‘, (Al)

satisfies d;; < r.. We denote interacting pairs by (i, j) € E.
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The Potts Hamiltonian on this graph is

H({c})=—JY 860, Gi€{0,1,....q—1}, J>0, (A2)
(i.j)
with inverse temperature = 1/T (setting kg = 1).
Fortuin—Kasteleyn bond activation The SW algorithm
employs auxiliary bond variables in the FK representation.
Given a spin configuration {o;}, a bond is activated on edge
(i, j) only if the two spins are equal

1, with probability paaq = 1 — e /. if 0; = o,
by = { p Y Padd i j (A3)

0, ifci# 0.

Thus, bonds appear exclusively within regions of like spins.

Cluster identification and recoloring (One SW sweep)
Let Eaet = {(i,j) € E : bjj = 1} be the set of activated bonds.
The subgraph (V,E,) decomposes into connected compo-
nents (FK clusters) {Cq }.

A single SW sweep proceeds as follows:

(i) Bond construction Sample all b;; according to
Eq. (A3).

(ii) Cluster recoloring For each FK cluster C,, choose a
new Potts state 6/, € {0, 1,...,¢— 1} uniformly at random and
assign

0;+ 0, ¥V i€Cy. (A4)

By reassigning entire clusters collectively, the update
performs nonlocal moves that efficiently decorrelate long-
wavelength fluctuations near criticality.

Detailed balance and efficiency The SW update can be
viewed as alternating conditional sampling in the joint FK
spin—bond ensemble: sample bonds conditioned on spins, then
sample spins conditioned on bonds. This construction ensures
the Markov chain satisfies detailed balance and has the correct
Boltzmann distribution as its stationary distribution. Com-
pared to local single-spin updates, cluster flips substantially
mitigate critical slowing down by updating strongly correlated
regions as a unit.

Appendix B: GCN architecture and training de-
tails

We treat each spin configuration as a graph signal defined
on the interaction graph. The graph convolutional network
(GCN) takes the graph connectivity and node spins as input
and outputs two confidence scores for the ordered and disor-
dered phases.

Interaction graph and matrices For a spherical Fi-
bonacci point set {r;}Y | on a sphere of radius R, we construct
an unweighted, undirected interaction graph G = (V,€) with
VY ={l,...,N}. Two vertices i and j are connected if their

chord distance d;; = |r; — ;| is smaller than a cutoff radius rc.
The adjacency matrix A € {0, 1}¥*V is defined by

1
Aj={"
{5

and the degree matrix is D = diag(dy,...,dy) with d; =

i;éjandd,»j <re,

. B1)
otherwise,

Y ;Aij. We use the random-walk normalized Laplacian

L™V =D Y(D-A). (B2)

Only A (hence D and L™) is used by the GCN; the explicit
coordinates {r;} are used only to construct the connectivity.

Node features For each Monte Carlo configuration, we
form a node-feature matrix X € R¥*F . For the Ising model,
weuse F =1and X; =s; € {—1,+1}. For the Potts model,
we either use the raw Potts labels X; = o; (for direct training at
a fixed ¢) or the binarized variable X; = s; defined below (for
transfer learning across g).

Graph convolution layer A single graph-convolution
layer is implemented as

H =ReLU(L™X W, +by,), (B3)

where W, € R i is the trainable weight matrix, b, € R is
a trainable bias (broadcast to all nodes), ReLU(x) = max(x,0)
is applied elementwise, and H € RV*f is the hidden node
embedding.

Graph-level readout and confidence output To clas-
sify an entire configuration, we aggregate node embeddings
by global average pooling

1 N
hg=—Y H;eR", (B4)
N =
followed by a fully connected layer producing two logits,
z=Wyhg+b, € R?, (B5)
and a softmax output
2%
(Po, pa) = softmax(z), softmax(z;) = o (BO
=1 ¢

Here p, and pq are interpreted as the confidences for the or-
dered and disordered phases, respectively.

Supervised training at extreme temperatures The net-
work is trained in a supervised manner using configura-
tions generated at extreme temperatures: low-7 configura-
tions are labeled as ordered (1,0), and high-T configura-
tions as disordered (0, 1). Denoting the ground-truth label by
y €{(1,0),(0,1)}, we minimize the cross-entropy loss

L=— Y ylnp.
ke{o,d}

(B7)

After training converges, the network parameters are frozen.
Inference is then performed on configurations sampled across
the target temperature range, producing the confidence curves

Po(T) and py(T).

070505-10



Chin. Phys. B 35, 070505 (2026)

Binarization (Potts — Ising) for transfer across ¢ To
use a single Ising-pretrained classifier for different g, we map
the Potts spin 0; € {0,1,...,g— 1} to a binary variable s; = +1

—1,
N
+1,

This rule is unambiguous for both even and odd ¢. In the trans-

via

Gi€{0717.~~,|_(q—1)/2J},

siefllg=1)/2]+1,...q—1}. Y

fer setting, we apply Eq. (B8) to each Potts configuration to
obtain {s;}, and feed X = (s1,...,sy)T into the frozen Ising-
pretrained GCN on the same interaction graph.

Implementation details and Hyperparameters In our
implementation, the interaction graph is fixed for each dataset,
and the corresponding adjacency matrix is read in advance.
The graph operator used in the network is the random-walk
normalized Laplacian

LY =D '(D-A), (B9)
which is constructed directly from the adjacency matrix.
The graph-convolution step acts on the node-feature matrix
through this operator, followed by a ReLU activation. The
resulting hidden representation is then passed to a fully con-
nected readout layer that outputs two logits corresponding to
the ordered and disordered phases, and a softmax function is
applied to obtain the classification confidences (po, pq).

For the direct-training example of the planar ¢ = 3 Potts
model, the raw Potts spin values o; € {0,1,2} are used di-
rectly as node features. The training samples are generated
from equilibrium configurations in two extreme temperature
windows: low-temperature configurations are labeled as or-
dered and high-temperature configurations as disordered. Af-
ter training converges, the network parameters are fixed and
the trained model is applied to configurations across the full
temperature range to obtain the confidence curves p,(7) and
pa(T).

The network is trained using the cross-entropy loss func-
tion and the stochastic gradient descent (SGD) optimizer with
learning rate 0.01. In the implementation used here, the batch
size used in training is 100, and the validation step is carried
out separately to monitor convergence and select the model
with the lowest validation loss. The total number of training
epochs is 5000. These settings are kept fixed throughout the
training procedure unless otherwise stated.

Dataset organization For the spherical Potts classifica-
tions discussed in this work, it is useful to distinguish two
types of datasets. The first is the supervised-learning dataset,
consisting of training, validation, and supervised test sets,
which is used for parameter optimization, model selection,
and classification-performance checking. The second is the
full-temperature inference dataset, which is used only after

training to evaluate the confidence curves over the entire tem-
perature range and to extract the characteristic temperature T
from the crossing of the ordered and disordered confidences.
For the representative spherical Potts cases considered here,
the supervised dataset contains 1000 training samples, 1000
validation samples, and 100 supervised test samples. In ad-
dition, the full-temperature inference dataset covers the range
T/J € [0.01,4.00] with step AT /J = 0.01, and each tempera-
ture point contains 100 configurations, so that the total number
of inference samples is

Ninfer = 400 x 100 = 40000. (B10)

This all-temperature inference dataset is not part of the su-
pervised test split; rather, it is used exclusively to construct
the averaged confidence curves and to determine the crossing
temperature.

Convergence of the GCN estimator The physically rel-
evant quantity in the present machine-learning analysis is not
the loss function itself, but the characteristic temperature 7
extracted from the crossing of the ordered and disordered con-
fidence curves. For this reason, the convergence test should be
formulated at the level of 7; rather than solely at the level of
the validation loss.

For a given checkpoint during training, we apply the net-
work to the full-temperature inference dataset and compute the
averaged confidence curves po(7T) and pq(T) at each tempera-
ture. The characteristic temperature is then defined by the first
crossing of these two curves. In practice, we locate the first
interval where po(T) — p4(T) changes sign and determine 7
by linear interpolation within that interval. This is precisely
the same criterion as the one used in the main text.

Since the machine-learning analyses throughout the paper
employ the same or closely related network structure, training
protocol, and model-selection criterion, it is unnecessary to
show the full training history for every confidence curve pre-
sented in the main text. Instead, we select representative cases
to demonstrate the convergence of the estimator. Here we con-
sider the spherical Potts models with ¢ = 3 and ¢ = 5, which
serve as representative examples on the continuous-transition
side and the weakly first-order side, respectively.

The corresponding results are shown in Fig. B1. In both
cases, the validation loss decreases steadily during training,
while the extracted characteristic temperature 7; may exhibit
small fluctuations at early stages but rapidly converges and re-
mains stable once the validation loss reaches a sufficiently low
level. This behavior indicates that the GCN-based estimate of
the transition temperature is stable after training convergence.

These representative convergence tests further demon-
strate that, within the unified GCN framework adopted here,
the characteristic temperature extracted from the confidence-
curve crossing is a stable and reproducible estimator. Accord-
ingly, the confidence-curve results reported in the main text
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are supported by explicit numerical convergence in addition to
their physical consistency with thermodynamic analysis.

(a) 0.47 T ! . : 1.0
" —=— ValLoss
;‘8 —=—T.(J) =
= 0.2 0.8 e
>
0- . ; ; y ; 0.6
0 1000 2000 3000 4000 5000
Epoch
(b) . , , , ,
0.3 —=— ValLoss L0.8
—a— T (J
2 0.2 e () =
A F0.7
2 0.1+ &
ol 0.6
0 1000 2000 3000 4000 5000
Epoch

Fig. B1. Representative convergence tests of the GCN estimator for the
spherical Potts model. The upper panel shows the case ¢ = 3, and the
lower panel shows the case ¢ = 5. In each panel, the horizontal axis is
the training epoch, the left vertical axis gives the validation loss, and the
right vertical axis gives the characteristic temperature 7; extracted from
the confidence-curve crossing. Once the validation loss reaches a suffi-
ciently low range, the inferred 7; rapidly converges and remains stable.

Estimating 7. from confidence curves For each g,

we identify the transition region as the temperature where
po(T) =~ pa(T).
sponds to the interval where po(T) — pq(T) changes sign. The

On a discrete temperature grid, this corre-

critical temperature 7 is then extracted by interpolation or the
bootstrap procedure described in the main text.

Appendix C: Bootstrap estimation of 7. and sys-
tematic bias discussion

For each temperature 7;, the trained GCN outputs a two-
component logit vector o = (00,04) per configuration. We
convert logits to classification confidences via the softmax
function

o (Potpa=1). (CI)

The curves po(T) and p4(T) represent the ordered- and
disordered-phase confidences, respectively. Since p,+ pq =1,
the criterion p, = pq is equivalent to p, = 0.5.

Temperature grouping and sample mean Data are grouped
by temperature: for each T;, we have Ngayp equilibrium config-
urations (Nsamp = 100 in our implementation). Let { pgkl) ],:/i‘i“p
denote the ordered-confidence values predicted at 7;. The em-
pirical mean confidence is

1 Nsamp "
Poll) = — Y. Phi )
samp (=

Bootstrap resampling To estimate the statistical uncer-
tainty of 7; arising from finite sampling at each temperature,

we apply nonparametric bootstrap independently at every T;.
For the b-th bootstrap replica, we resample with replacement

k) y Nsam *(k)y Nsam
i — Ay, ()
and compute the resampled mean
A(h) 1 Nsamp (k)
po’(Th) = N Y po (C4)
Samp. |

Repeating for all i yields one bootstrap realization of the con-
fidence curve ﬁf)b) (T).

Extracting 7. from each bootstrap curve For each
bootstrap curve, we locate the transition as the first temper-
ature interval where ﬁob)(T) crosses 0.5. We define Ai(b) =
j)ﬁb)(Ti) —0.5.. A crossing occurs between T; and T;y; if
AVl
take the lowest-temperature one (the first sign change) to de-
fine Tc(b).

Given a crossing bracket (7;,7;1), we estimate Tc(h) by

< 0. If multiple crossings appear due to noise, we

linear interpolation
0.5 p(Ty)
By (Ti1) =5 (T)

Bootstrap replicas showing no crossing over the scanned tem-

(Tis1 —T5). (C5)

perature window are discarded.
Final estimate and uncertainty Collecting all valid
bootstrap estimates { Tc(h) }gi"f‘ (with Npoor = 2000), we report

— 1 Nerr ») B 1 Negp ) = 2
T=— YT, 6T.= mb;(T ~T)", (o)

Neff b=1

where Negr is the number of bootstrap replicas exhibiting a
crossing. The uncertainty 07 quantifies statistical fluctuations
due to finite configuration sampling at each temperature; it
does not include systematic effects from the finite temperature
step AT, finite-size corrections, or model/architecture depen-
dence.
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