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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

Propagation of kinks embedded in nonlocal periodic waves in the
inhomogeneous fiber with higher-order effect

Xueping Cheng(F£5 3¥)7, Yugin Li(Z=H#i%5), and Ziyong Ding(] H 5)
School of Science, Zhejiang University of Science and Technology, Hangzhou 310023, China

(Received 23 March 2026; revised manuscript received 14 April 2026; accepted manuscript online 20 April 2026)

When employing ultrashort pulses to realize the transmission of higher-bit-rate solitons, the solitons become shorter.
Under these circumstances, the higher-order nonlinear Schrodinger equation needs to be utilized to describe the situation.
In this article, we first verify the conditions for the generation of nonlocal symmetry in the higher-order variable-coefficient
nonlinear Schrodinger equation, which contains third-order dispersion and time-delay correlation in the cubic term, via the
Painlevé truncation expansion. After localizing the nonlocal symmetry into a local one, the Lie point symmetry reduction
is introduced to construct the interaction solutions between kinks and nonlocal waves. Finally, the propagation of kinks on
nonlocal waves, as well as the influence of higher-order dispersion and time-delay correlation on kinks in the higher-order

nonlinear Schrédinger equation, are analyzed.

Keywords: higher-order nonlinear Schrodinger equation, nonlocal symmetry, symmetry reduction, kink-

periodic wave interaction
PACS: 05.45.Yv, 02.30.Rz, 42.81.Dp
DOI: 10.1088/1674-1056/ae617¢

1. Introduction

In the past few decades, research advancements in optical
solitons have demonstrated that, to achieve large channel ca-
pacity and high-speed transmission, it is essential to transmit
solitary waves at a high bit rate by means of ultrashort pulses.
However, in such optical soliton transmission systems, as opti-
cal solitons shorten, higher-order effects, including third-order
dispersion, stimulated Raman scattering, and self-steepening,
become prominent. Considering these higher-order effects,
Hasegawa et al.l'?! put forward the higher-order nonlinear
Schrodinger equation. In recent years, numerous scholars
have analyzed the impact of higher-order terms on solitons
from various perspectives based on the higher-order nonlin-
ear Schrodinger equation,?~1%1 such as Painlevé analysis, ']

121 Hirota direct method,!3:14]

15,16] 5 [17.18]
9

inverse scattering transform,
Darboux—Biicklund transform,! conservation law
and numerical methods.!"”! They have derived a variety of ex-
act solutions, such as optical shock solutions, bright N-soliton
solutions, higher-order rogue wave solutions, and higher-order
periodic wave solutions for specific parameter values.?0-23]
Nevertheless, it is readily evident from the existing research
results that almost all the existing solutions are transmitted
against the background of a plane wave.

In the present publication, to gain a comprehensive under-
standing of the propagation of kinks against the backdrop of
more complex nonlocal waves, the variable-coefficient higher-

order nonlinear Schrddinger equation is taken into consid-

TCorresponding author. E-mail: chengxp2005@ 126.com

CSTR: 32038.14.CPB.ae617¢
eration. This equation represents a refinement of the non-
linear Schrodinger equation, introducing terms that account
for third-order dispersion and external potential in inhomoge-
neous optical fibers. In dimensionless form, it is expressed as

follows: 2421

Ve + 0V + 0V + 106V + 04V

+ias|v[*v— ag|v|*vy =0, (1)

where v denotes the slowly varying envelope of the electric
field, and the subscripts x and ¢ denote the spatial and tempo-
ral partial derivatives in retarded-time coordinates. In Eq. (1),
oj (j = 1-6) are all real-valued functions with respect to x. 03
and os are the functions related to group velocity dispersion
and self-phase modulation, respectively, and the two terms
with coefficients oy and o are respectively responsible for
third-order dispersion and time-delay correlation in the cubic
term. For picosecond light pulses, a1, 0, 04 and g can be
set to zero, and Eq. (1) simplifies to the standard nonlinear
Schrodinger (NLS) equation. [26-27)

The paper is organized as follows. In Section 1, the non-
local residual symmetry of the higher-order NLS equation is
explicitly constructed using the Painlevé truncation expansion.
Considering the nonlocality of the residual symmetry, it is
transformed into a local Lie point symmetry by means of the
localization method. In Section 2, the interactions between
solitons and nonlocal waves, such as Jacobi elliptic function
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periodic waves, parabolic periodic waves, and trigonometric
function periodic waves of the higher-order NLS equation, are
obtained through symmetry reduction, and the propagation of
kinks embedded in nonlocal periodic waves is analyzed. Fi-
nally, some discussions and conclusions are provided in Sec-
tion 3.

2. Nonlocal symmetry and its localization

In this section, to construct the nonlocal residual sym-
metry for the variable-coefficient higher-order nonlinear
Schrédinger equation (1), the complex conjugation function
u =v* is introduced. Subsequently, Eq. (1) is reformulated as
the following system of equations:

Ve + 0V + Qv+ 103V + OV + iocsvzu — oV =0,
. . 2 _
Uy + O Uy + Opu — 103Uy + Oty — 1065u°V — Ot uv = 0. (2)
Under the dependent variable transformation
u=e’p, v=re'g, 3)

with ¢ = ¢ (x,t) being a phase function and complex function
p = ¢q*, Eq. (2) is equivalent to

gx — iqP+ o1 (q: — iq@) + g

™ 6ouff —aspigr =0,

7

+03(iqu + g + 2916 — 1997)

+0ulqu — 199 — 399 +1q0) Ou — 3iqu @ +iqd;) —3q:9/]
+iaspg® — as(pagi — ipg*¢r) =0,

px+ip@e+ou(p +ipd) +op

+03(=ipu + pdu +2pi0 +ip97)

+eulpur +ip9u —3(p9r = 1p0)9u + 3ipuds — P4} —3pi97)

—iasp’q — o(pap, +ip*q¢) = 0. @)

Within  the

expansion,[z&zgJ in order to seek the nonlocal residual sym-

framework of the truncated Painlevé
metry for Eq. (4), we consider introducing the following ex-
pansions around a real singularity manifold f = f(x,7), which
is assumed to be an analytic function of the independent vari-
ables x and ¢

P1 q1
P=po+—, g=qo+ —, (5)
S S

where qo = p;, and q; = p]. Substituting Eq. (5) into Eq. (4)
and separating the coefficients of different powers of f yield

(6)

205q1 1 — 60u($q1 f2 +iqififu +iquefP) + asqipr — id6(qoq1 fip1 + qipofi +idgipr — qiqiepr) =0,

203p1 7 — 604 p1 2 — ip1 fifu — ip1f?) + aspiqn +i0e(pop1 figi + Piaof, — idipiar — pipieqr) =0, (7)
f_23 a1q1ft+a3(iq1ftt+2iﬁq11+2q1ft¢t)_ia4(_3i¢t2q1ft+3¢ttq1ft+3¢tq1ﬁt+6¢tq1tﬁ+iq1ﬁtt

+3iqunfi +3iqifu) — i0s(pog +2p1q0)q1 — i106(—iqoq1 pofi + 20:qoq1 p1 + 8:q po + iqoqip1

+iq1poqi: +iqiqop1) +q1fx =0,

oupifi +os(—ipifu —2ifip1e +2p1fi9r) + ia4(3i¢121?1ft +3¢up1fi +30:p1 fir + 60 P11 fr — 1p1 fine

—3ipif, = 3ipufiu) +ias(qopr +2q1po)p1 + i (ipopigof; + 20 popiq1 + $iPTq0 — ipopuq

—ip1gop1: —ip1poq1) + p1fc =0,

®)

1 i (ign + 0q1) — g + a3 (—0ugr +10:2g1 —20iq1e — iqin) +i0u(—3i¢udiq1 — 31071 — & g1

+iq1i + Qurq1 +30uq1e + 30 g1 — 1) A5q0(2pog1 + p1go) — 10 (iqopoqi: +igoqo: p1 +iq1 poqor

+0q3p1 + 2019091 P0) + 10:q1 — q1x =0,

—ioq(—ipy+@p1) — 0apr + 03 (—upi — i92p1 — 20, p1r +ipia) — 104 (3100 @ p1 + 3107 p1c — 07 p1

—ip1ur + Qe 21 + 300 p1e + (3O p1s +1) 05 po (2901 + q1p0) + 106 (—ipogop1s — ipoporg1 — ip1gopor

+0p3q1 +20:p1g0) — 101 — prc =0,

€))

fo : gox — 1go@x + Qi (qor — igodr) + g0 + 03 (igon + qo P +2q0 P — i‘]O‘Ptz) + Q4 [qonr — 190 P

—3(qo®: + iq0) P — 3iqonedr + 1909 — 3qor 9] + 105 pogs — 0 (Pogogor — ipogddr) = O,

Pox +1podx + o (por + ipod:) + o2 po + o (—ipor + Podsr + 2p0r P + iPO(P;z) + ou[pos + 1poPus

~3(pod: — ipor) P + 3ipoud — ipod — 3por9?] — iasqopi — ds(qopopor +iqopier) = 0.

(10)
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By simply solving Egs. (6)-(10), one obtains

Voo
plquzﬁﬁ‘% (11)
ow \/6054 fl, i\/ 6064 i\/6064065
qo=py=— v o+ , (12)
2./ [ 2./0g 2./ 060
60ss 3a2 o 3
= 003 — P25y XTS5
¢ttt ¢[ aﬁ (Pt a62 ¢l a4 + 20%7,
3¢t 3065 > fx
+ | —+ =, 13
( o4 0uls) fi (13
3f7 307  3ase fe
= — — = 14
ﬁtt 2ﬁ ( 2 (X6 )ﬁ a47 ( )

where the coefficients of Eq. (1) are required to meet the con-
straint conditions

o 30646’2 o
1= X5 2
2 )

o3 = —3a4C, 05 = ¢,

_ Oy Ol — Ol Olyx
20040
(15)

with ¢ being an arbitrary constant. Upon comparing Eq. (4)
with Eq. (10), it can be readily verified that py and ¢ are
precisely the solutions of the original higher-order nonlin-
ear Schrodinger equation subject to the constraints Eq. (15).
Meanwhile, p; and g, as expressed by Eq. (11), are exactly
the residual symmetries of the same equation, which can be
directly proved by substituting p; and ¢q; into the symmetry
equations of Eq. (4).

In general, owing to the nonlocality of the symmetries
Eq. (11), it is not feasible to utilize them for reducing the
dimensions of the system Eq. (4) and constructing group-
invariant solutions. Therefore, we consider localizing the non-
local symmetries Eq. (11) into local Lie point symmetries of
the extended higher-order nonlinear Schrodinger equations.
The enlarged higher-order nonlinear Schrodinger equations
consist of Egs. (4) and (12) with py and g¢ being rewritten
by p and g, Egs. (13) and (14), and the potential equation

fi = h. (16)

To ensure that the enlarged higher-order nonlinear
Schrédinger system remains invariant under the transforma-

tion

{xat7p7q7f7¢7f17056,057} —
{x+eX,t+eT, p+eP, q+&€Q, f+E€F,

O+ed, fi+eF, ag+ehs, a7 +€A7},  (17)

where for the sake of simplicity, o4 is replaced by 0672 = 040
with o7 being an arbitrary function of x, now we assume that
the Lie point symmetry of the enlarged higher-order nonlinear

Schrodinger system possesses the expressions20-311

0 =X+ T¢ — @, 6" =Xp+Tp,—P,

01 =Xq:+Tq—Q, 6/ =Xf+Tf—H,
Gfl =Xfix+Tfir —F1, c% =Xoy, — A7,

0% = X o, — Ag, (18)

with X, T, &, P, Q, H, F; being the functions of

x,t,p,q,f,¢,f1,a6,a7,
X, 0g,07. By substituting the symmetries Eq. (18) into the

and A¢ and A; with respect to

linearized system of the extended higher-order nonlinear
Schrodinger equations, eliminating py, gy, fir» fx» fts Oxs Ors
f1x in accordance with Egs. (4), (12)—(14), (16), and their com-
patibility conditions, and collecting the coefficients of p, ¢, f,
@, f1, 0, 07 and their derivatives, we obtain the solutions for
the infinitesimals X, T, P, Q, H, Fi, ®, Ag and A7 through a

direct calculation using Maple

Véciar fi
X:gla T:CSa P:Q282P+27f7
O

1
H:—Eclf2+czf+c3, F=—-affi+afi,

P=cy4, Ag=—0681x — 206682, A7 =—0781x—20782,(19)
where g; and g, are arbitrary functions of x, and ¢; (j = 1-5)
are five free constants. Substituting the infinitesimals Eq. (19)

into Eq. (18) results in the symmetry of the enlarged higher-

order nonlinear Schrédinger equations

0% = g19. +cs50 —ca,

Véciag fi
Gp:glpx—FCSPz—(gzP"'M )
Ve o fi
qugqu+C5qt— (821""2]( )
O

2
ol =g fitesfu+(ciffi—eafi),

0% = grog + (g1 +20782),

1
ol =gifitesfit (lez—czf—%) ;

0% = g106x + (Q6g1x 1+ 20682). (20)
From Eq. (20), it is not difficult to find that the c;-dependent
generators f| aaT; and fi a% of the relevant Lie symmetry groups
of Eq. (4) precisely correspond to the infinitesimal trans-
formations associated with the nonlocal residual symmetries
Eq. (11). Presently, the corresponding group-invariant solu-
tions for the enlarged higher-order nonlinear Schrodinger sys-
tem can be obtained through the symmetry constraint condi-
tions 6” = 6¢ = 6/ = 6/l = 6% = 6% = 6% =0 presented
in Eq. (20).
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3. Symmetry reduction for constructing kink-
nonlocal wave interaction solutions

In this section, subsequent to solving Eq. (20), the group-
invariant solutions for the higher-order nonlinear Schrodinger

system will be explored. Without loss of generality, the ar-

bitrary functions g, and g, are rewritten as g; = —— and

83x
g = gf;; , where g3 and g4 are two other arbitrary functions
X

of x. By solving the symmetry Eq. (20) with 6” = 69 = ¢/ =

o/t = 6% = 6% = 6% =0, the similarity reduction solutions
are as follows:

V/6g3xcic7¥
p = gaP — =2
1/ s (2c1c3 +c%)
2cic3 —|—c%
X tanh #(F—i—gg , 21)
\/6 3xC1C ¥
g = gs01 — AL E 0 G
06 (2c1c3 +c%)
\/2c1c3 +c%
x tanh f(FJrgQ , (22)
c 2cic3 Jrc%
=24 —
C1 C1
\/2c163 +C%
X tanh f(F—i-gﬁ , (23)
v/2cic3 —|—c§
fi= —Wsech? f(F—&—gg , 24)
9 10 / G ey % (25
= €483 , 83 = XTC8, 4= —,
O‘6C% QeC7
where the similarity variable is & = —csg3 +1, ¢, ¢7, and

cg are three integral constants, and the corresponding group-
invariant functions ¥, F, P;, and Q; associated with the simi-
larity variable & satisfy the reduction equations

1
P = - —\/gc F +w 9
T [—V3erFge + 0
1
e — \/gc Fre+o ) 26
01 i, [V3erFee + @] (26)
2cic3 —|—C% iv3o
¥=-"—F—22F, =t 3R 2
2(,‘1 ) @é c+ 3C7F5 ) ( 7)
—3C%(2C16‘3 +C%)(D2Fg
+6cG0wz; + (—9¢7¢] + 6¢5) 0*|FZ
0 = —23F; Frge +3€%F525 +c3(2¢qc3 +C%)F§4
+(2c5 =33 F; —2F. &8

Specifically, by performing the transformation

Fr =R(&), (29)

one can verify that Eq. (28) simplifies to the reduction equa-
tion

R% =ag+aiR+ aR* + a3R® + asR*, (30)

where the constants satisfy any one of the following four cases:

1 2c
ap=0, a1 = —, 612:302——257 ag =2cic3+c3, (31
€7 7
2 3¢z cs c1C3 c%
a) =——F,a = ——— —-, d :O,Cl = — — 32
1 2 2 3 +C% 3 4 > +4,( )
2 2c5 3
al:7727a2:3C2772 747
c5 c5  aocy
66‘2 4C5
a3 = S = — 5, as=2c103+ 63, (33)

apcs  apcy  ages

(=322 + c2ar +2¢5)(3c*c3 +2c2ar — 2¢s)

apg = ’
9c3(2cic34 ¢3)
2 6(2cic3 —l—c%)
Qh=="7B=""357 p ,
5 —3c*c; +axc; +2cs
ay =2c1c3+c3. (34)

Equation (30) is known as an elliptic equation, and its so-
lutions have been widely discussed and applied.??! If we con-
sider Eq. (30) with coefficients in the form of Eq. (31), then

1 2c
Ré =R+ (Sc2 — —25)R2 +a3R + (2¢ic3 +c%)R4. (35)
7 7

By referring to Ref. [32], it can be concluded that Eq. (35) has
a solution

R=by+b1S,, (36)

where S, = S, (b&,m) is the Jacobian elliptic sine function
with modulus m, and

V2 b V2m
) 1 = )

c7v/az(1—m?) c7v/az(1 —m?)
. aé/“ B 03/40;/2(1_1112)1/4
B 23/4cY2 (1 — )14 - 25/4 ’
3c2c2 \2azer(m? —5)
2 8(1—m2)1/2 ~
Substituting Eq. (36) with Eq. (37) into Eq. (29) and integrat-
ing once with respect to &, the solution of the reduced Eq. (29)

by =

c3=0,c5= 37

can be obtained as
b
F = bo& + —=In(Dy, — mCy), (38)
bm

with C, = G, (b€, m) and D,, = D,,(b& ,m) representing the Ja-
cobian elliptic cosine function and the Jacobian elliptic func-
tion of the third kind, respectively. Continuing by inserting
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solution Eq. (38) with Eq. (37) into the reduction Eq. (26), we
obtain

2 3bbic7C, D, — @
WZ—%(bo+b1Sn)7P1=—f 167%n"n ,
ci V2(bo +b1Sy)
0 =— \gbblchnDn +w
V2(bo+b1S,)

% = —2b%b1 58, (bo + b1S,) (2m>S2 —m* — 1)
+3bib*c3CaD; + 53 (bo + b1 Sy)*
+(2¢5 —3c22) (bo + b1Sp)* — 2(bo +b1S,,). (39)

After replacing F, ¥, P, and Q; in Eqgs. (21) and (22) with
Eq. (39), one has

V6g3cc2¢7(bo + b1Sy)
2,/

c b
% tanh 52(53 +boE + ﬁ In(D, —mCy))

V83 (ﬁbb1C7CnDn — w)

V6g3cc2c7(bo +b1Sp)
2./0g

c b
x tanh 52(& +bok + ﬁ In(D, —mC,))

Vv 83x (\/gbblc7CnDn + (D)
v2a6(b0+blsn)
¢ = (ccs+cq)g3 —ct+co, (40)

where cg is another integral constant. Until now, by substitut-
ing solution Eq. (40) back into solution Eq. (3), we obtain the
kink and nonlocal periodic wave interaction solution for the
original higher-order nonlinear Schrodinger equation (1). Of
course, when we set the coefficients a; (j = 0-4) in Eq. (30)
to other values as those in Egs. (32)-(34), we can construct
many other different solutions for Eq. (1). For example, when
the coefficients of Eq. (30) match those of Eqs. (32)—(34), ac-
cording to the properties of elliptic functions, this equation has
solutions in the form of the Weierstrass elliptic function. Then,
Eq. (1) possesses an interaction solution between a kink and a

V206(bo+b1S,) ’ Weierstrass elliptic wave.
r A\
(c) st N DN
A VAYA
vl
0 SI I\ /2\ ¥\
-307 J 10 20 30
RVA ‘
1
\JI \\/ -1\5]
|— oc():()s_ocﬁzl —_— - =5
Fig. 1. Propagation of a kink embedded in a Jacobian elliptic periodic wave. Parameters are fixed as m = 0.5, a3 =1, g3 =x, and c = 1. (a)

Three-dimensional visualization of the kink solution propagating on a Jacobian elliptic cnoidal wave background, with o = 1. (b) Corresponding
density plot of (a), where the solid line shows the propagation trajectory of the kink. (c) Time evolution diagrams of the kink at x = 0. As g
increases, the amplitudes of both the background periodic wave and the kink decrease (¢ = 0.5, 1, and 5 are plotted with red dashed, blue solid,

and black dashed lines, respectively).

The following paragraphs analyze the evolution of kinks
on various nonlocal periodic waves with different shapes.
When all the coefficients associated with Eq. (1) are constants,
the solution presented in Eq. (3) with Eq. (40) gives rise to
an intriguing interaction between a kink and a Jacobian ellip-
tic periodic wave. This particular solution is visually illus-
trated in Fig. 1(a), where the specific parameters are fixed as
m=0.5, a3 =c = 0g =1, and g3 = x. Under this parameter
selection, the remaining coefficients of Eq. (1) take the values
ay=—15,0,=0, a3 =—3,and au = os = 1. In Fig. 1(a), the
kink is attached to a Jacobian elliptic periodic wave and propa-
gates along the straight line 5.4x —4.7¢ = 0. During the propa-
gation process, it collides with each wave peak of the periodic
wave without changing its amplitude or speed, and no phase
shift occurs, as can be observed from Fig. 1(b). If we alter
the value of the coefficient o associated with the time-delay
correlation in the cubic term by either increasing or decreasing
it, the amplitudes of the periodic wave and the kink exhibit an

inverse relationship with og. Specifically, when ¢ increases,
the amplitude of the periodic wave diminishes, and the ampli-
tude of the kink correspondingly decreases. Conversely, when
0 decreases, the amplitudes of both the periodic wave and
the kink increase accordingly. This phenomenon is clearly de-
picted in Fig. 1(c). It is worth noting that any variation in the
value of oy directly influences the value of o, which is as-
sociated with self-phase modulation. In essence, this implies
that as the coefficient associated with the nonlinear term in
Eq. (1) increases, the kink propagates along a periodic wave
with a smaller amplitude. Conversely, when the coefficient
associated with the nonlinear term decreases, the kink trav-
els on a periodic wave with a larger amplitude. This dynamic
interplay highlights the intricate connection between the co-
efficients and their impact on the wave structures within the
equation.

It is unsurprising that when m — 0 in solution Eq. (40),
the kink-cnoidal wave interaction solution reduces to the kink
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solution, whose interaction behavior is displayed in Fig. 2(a),
with the wave parameters chosen as m = 0.001, a3 =c = 0 =
1, and g3 = x. However, when m approaches 1, the amplitudes
of the kink and the periodic wave tend to become equal, as
shown in Fig. 2(b).

0.6
0.4
0.2

vl

-30-20
-0.2

Fig. 2. Two-dimensional time evolution diagrams of the interaction be-
tween a kink and a Jacobian elliptic periodic wave at x = 0. The parame-
ters are selected as ag = a3 = ¢ = 1 and g3 = x, with the modulus of the
Jacobian elliptic function set to (a) m = 0.001 and (b) m = 0.99.
Furthermore, when the parameters of solution Eq. (40)
are specifically selected as m = 0.5, a3 = ¢ = 1, g3 = 0.5x,
and o = 2x, such that the coefficients of Eq. (1) are lin-
early related to the variable x, ie., oy = —1.5x, ap = 0,
o3 = —3x, au = x, and a5 = 2x, the kink appears to propa-

gate smoothly on a parabolic periodic wave. This particular
propagation behavior can be clearly observed in Fig. 3(a). On
the other hand, when the parameters g3 and ¢ are chosen in
the form of trigonometric functions, specifically g3 = 15 sin(x)
and o = cos(x), the kink is embedded within a periodic wave
modulated by these trigonometric functions. This interesting
phenomenon, where the kink interacts with the trigonometric-
function-modulated periodic wave, can be easily observed in
Fig. 3(b). Besides this, there is another situation. When the
periodic wave is modulated not by trigonometric functions but
by hyperbolic functions, the solution Eq. (3) combined with
Eq. (40) manifests as a kink that propagates along a peri-
odic wave modulated by hyperbolic functions, as shown in
Fig. 3(c). Here, we set g3 = tanh(x) and o = 0.5sech(x),
which results in the coefficients of Eq. (1) being oy = —1.5+
1.5tanh(x), ap = 0.5tanh(x), a3 = —3 4 3tanh’(x), oy =
1 —tanh?(x), and a5 = 0.5sech(x). By selecting more diverse
types of parameters, solution Eq. (3) with Eq. (40) can exhibit
a greater variety of interaction behaviors between kinks and
nonlocal periodic waves.

40
()

Fig. 3. Three-dimensional evolutions of kink solutions embedded in diverse nonlocal wave backgrounds, obtained from solution (3) in con-
junction with (40). (a) A kink propagates on a parabolic periodic wave, where gz = 0.5x% and o = 2x. (b) A kink is embedded in a periodic
wave modulated by trigonometric functions, with g3 = 15sin(x) and o = cos(x). (c) A kink is embedded in a periodic wave modulated by a
hyperbolic function, with g3 = tanh(x) and o = 0.5sech(x). The other parameters are set as m = 0.5 and a3 = ¢ = 1.

4. Discussion and conclusion

Owing to their advantages in long-distance transmission,
high bit rates, and rapid switching, subpicosecond or fem-
tosecond optical solitons have emerged as an increasingly ac-
tive research topic in recent years. As the duration of optical
solitons decreases, various higher-order effects and nonlinear
correction terms become increasingly significant. In this pa-
per, the propagation of optical solitons with higher-order ef-
fects and external potentials in inhomogeneous optical fibers
is investigated. We introduce the variable-coefficient higher-
order nonlinear Schrodinger equation (1). To investigate the
propagation of solitons embedded in nonlocal waves, we first
identify the nonlocal symmetry of the higher-order nonlinear
Schrodinger equation within the framework of the Painlevé
truncation expansion method. By localizing the nonlocal sym-
metry into a local Lie point symmetry, the similarity reduction

solutions associated with the nonlocal symmetry are obtained.

Due to the introduction of the nonlocal symmetry, the similar-
ity reduction solutions incorporate an additional kink. That is
to say, when the part related to the nonlocal symmetry is re-
moved, i.e., ¢y = 0, the similarity reduction solution Eq. (3)
with Eq. (40) reduces to the commonly known symmetry re-
duction. Based on the similarity reduction solutions, we subse-
quently analyze the propagation of kinks on different nonlocal
periodic waves by selecting distinct wave parameters related
to higher-order dispersion and nonlinear correction terms. For
instance, when the free variable coefficient o, representing
the time-delay correlation of the cubic term, is set as a con-
stant, the group-invariant solution Eq. (3) along with Eq. (40)
characterizes the interaction between a kink and a Jacobian el-
liptic periodic wave. If the nonlinear effect is enhanced, the
amplitudes of both the periodic wave and the kink decrease
correspondingly, while the shapes and propagation speeds of

the periodic wave and the kink remain unchanged. When o
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is chosen as a function proportional to x, the similarity reduc-
tion solution describes the propagation of a kink embedded in
a parabolic periodic wave, as depicted in Fig. 3(a). Addition-
ally, when the coefficient of the nonlinear correction term is
taken to be a trigonometric or hyperbolic function, the similar-
ity reduction solution describes the interaction between kinks
and periodic waves modulated by trigonometric or hyperbolic
functions, respectively (see Figs. 3(b) and 3(c)). Therefore,
according to our research findings, when different forms of
higher-order dispersion and nonlinear effects are specified,
the optical solitons propagate on different forms of periodic
waves, and the shape of the background periodic waves is con-
trollable.

Furthermore, it is worthy of further investigation whether
the symmetry reduction method related to nonlocal symmetry
employed in this paper can be applied to more higher-order
nonlinear Schrédinger equations and utilized to uncover more
substantial integrable properties, thus revealing more realistic
physical phenomena.
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