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A discrete dual-Rulkov neural network with memristive synaptic coupling is constructed to investigate chaotic bursting
dynamics and burst synchronization. First, a memristive synapse model suitable for discrete-time neurons is established,
and its pinched hysteresis loop (PHL) fingerprint and local activity are verified. Based on this synapse model, a five-
dimensional memristively coupled discrete neural system is formulated. By combining Lyapunov exponent spectra (LEs),
bifurcation analysis, and equilibrium stability analysis, chaotic and hyperchaotic bursting behaviors induced by variations
in the coupling gain are revealed, together with their dynamical evolution characteristics. Furthermore, to characterize
irregular spiking activities during chaotic bursting, a joint framework based on the phase-locking value (PLV) and burst
envelope correlation (EnvCorr) is introduced, through which three bursting regimes, namely, in-phase bursting (IPB), phase-
shifted bursting (PSB), and desynchronized bursting (DB), are identified. Finally, a digital signal processor (DSP)-based
real-time hardware implementation is carried out, and the good qualitative agreement between experimental and numerical
results demonstrates the physical feasibility of the proposed model.

Keywords: memristor, Rulkov neuron, chaotic bursting, burst synchronization, DSP implementation

PACS: 05.45.—a, 05.45.Xt, 87.19.1}, 87.19.1g
DOI: 10.1088/1674-1056/ae5f06

1. Introduction

Neuronal synchronization and rhythmic oscillations are
widely regarded as important intermediate-level phenomena
linking single-neuron firing activities to brain functions.!!'=
Buzséki and Draguhn!®! pointed out that cortical networks
can generate behavior-related oscillations across multiple fre-
quency bands and that these oscillations are not merely by-
products but are closely associated with sensory integration,
motor control, and cognitive processing. Meanwhile, burst fir-
ing, as an important neuronal dynamic pattern distinct from
single-spike firing, is also considered to play a special role
in neural coding and information transmission. [®°! Krahe and
Gabbiani!'”! pointed out in their review of sensory systems
that bursts often represent a signaling mode different from iso-
lated spikes and can convey more salient stimulus informa-
tion. At the network level, Yu et al.l'll investigated chaotic
phase synchronization in small-world networks of bursting
neurons and found that synchronization can first emerge at
the bursting time scale, whereas asynchronous behavior may
still persist at the spiking time scale. Batista et al.l'?! an-
alyzed phase synchronization in bursting neuronal networks
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with clustered small-world topology and obtained the corre-
sponding critical coupling conditions. These studies indicate
that neuronal synchronization and bursting activity are of great
significance in brain information processing and further sug-
gest that the synchronization patterns of complex bursting be-
haviors still need to be characterized in a more refined man-
ner. Recent studies have further expanded this line of research
from conventional neuronal synchronization to more com-
plex synchronization scenarios in memristive and neuromor-
phic systems, including synchronization in memristor-coupled
discrete heterogeneous neuron networks, 3! bursting synchro-
nization in VO;-memristor/Josephson-junction neuromorphic
systems,!*l and phase-locking value (PLV)-based synchro-
nization characterization in large-scale heterogeneous neural

(151 These developments further highlight the ne-

networks.
cessity of introducing refined quantitative measures for com-
plex burst synchronization. In addition, recent studies have
also extended synchronization analysis to physical-neuron and
neural-circuit-related systems, where synchronization behav-
ior has been investigated together with energy evolution and

control, further enriching the understanding of coordinated
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neural dynamics.[16:17)

In recent years, memristors have attracted extensive
attention in the field of neuromorphic computing because
of their nonlinearity, history dependence, and tunable
conductance."22! Chua!?}! proposed the memristor in 1971
as the “fourth fundamental circuit element” from the perspec-
tive of circuit theory. Later, Strukov et al.!**! reported a rep-
resentative physical realization in 2008, which promoted the
development of memristive systems from theoretical concepts
to device implementation and practical applications. On this
basis, Zidan et al.[>! pointed out that electronic devices based
on memristive systems possess significant potential in on-chip
storage, brain-inspired computing, and in-memory computing.
For neuromorphic applications, Huang et al.?! reviewed var-
ious memristive artificial synapses and showed that such de-
vices can emulate multiple synaptic functions under electri-
cal or optical stimuli, thus serving as key building blocks for
efficient neuromorphic systems. Kuzum et al.l*’! also sys-
tematically summarized the materials, devices, and applica-
tions of synaptic electronics, and emphasized the advantages
of memristive devices in mimicking synaptic plasticity and en-
abling brain-inspired computing. Therefore, the introduction
of memristors as artificial synapses with memory into neu-
ronal network modeling is not only physically well motivated,
but also provides a new coupling mechanism for the study of
complex neural dynamics.?®! Meanwhile, recent advances in
memristive neuromorphic circuits have further demonstrated

[291 mul-

32]

the versatility of memristors in associative memory,
tisensory information processing,3%-3!] adaptive attention, !

(331 which further strength-

and bioinspired decision-making,
ens their physical relevance as artificial synapses and func-
tional circuit elements in brain-inspired systems.

With respect to neuronal modeling, how to balance bi-
ological plausibility, dynamical richness, and computational
efficiency remains a central issue in neural dynamics.?4-38
Izhikevich pointed out in his comparison of spiking neuron
models that model selection should balance biological realism
against the computational cost of large-scale simulations. !
In this context, the two-dimensional discrete map proposed
by Rulkov, ") which contains one fast variable and one slow
variable, can effectively reproduce the spiking and spiking-
bursting behaviors commonly observed in experiments, and
can also be used to investigate synchronization phenomena
between coupled neurons. Furthermore, Ramirez-Avila et
al."™) conducted a detailed investigation of the dynamical re-
sponses of the Rulkov neuron model and pointed out that
the two-dimensional Rulkov map, as a computationally in-
expensive discrete model, can effectively reproduce the spik-
ing and bursting behaviors of real biological neurons, thereby
making it suitable for large-scale network dynamical analy-

sis. In addition, Wagemakers and Sanjuén!*?! implemented the

chaotic Rulkov neuron model using an electronic circuit and
showed that this type of map-based neuron model possesses
good hardware realizability. Therefore, the discrete Rulkov
neuron model provides an appropriate platform for investi-
gating chaotic bursting dynamics and burst synchronization
under memristive synaptic coupling, owing to its strong dy-
namical expressiveness and advantages in digital implementa-
tion. In parallel, discrete memristive neuron-like arrays and
Josephson-junction-based networks have exhibited increas-
ingly rich dynamical behaviors, including disordered spiral
waves, controllable spatiotemporal patterns, bursting synchro-
nization, and alternating spiking—bursting chaos.[*3*! Re-
lated studies on discrete memristive synapse networks, mul-
tistable discrete neuron maps, memristor-coupled chaotic cir-
cuits, and hardware-oriented implementations further indicate
that discrete-time memristive neural modeling has become an
active and rapidly developing research direction.!*->%1 More
broadly, this trend has also been accompanied by engineering-
oriented extensions involving chaotic-map design, symmetry
construction, image-encryption-related applications, map re-
construction, and attractor control.[31=54]

Although substantial progress has been made in the study
of firing patterns, chaotic dynamics, and synchronization be-
haviors in memristively coupled neuronal systems, a dedi-
cated characterization of complex burst synchronization pat-
terns during chaotic bursting is still lacking. In particular,
when spiking activities become highly irregular, conventional
synchronization measures are often insufficient to distinguish
different coordinated bursting regimes. Moreover, within this
context, the parameter-dependent dynamical evolution associ-
ated with these burst synchronization patterns has not yet been
clarified in a sufficiently systematic manner, and real-time dig-
ital hardware validation of such behaviors remains relatively
limited. Motivated by these issues, this paper focuses on the
complex bursting dynamics and burst synchronization patterns
in a discrete dual-Rulkov neural system coupled through a
memristive synapse.

To address the above issues, a pair of Rulkov neurons
coupled through a discrete memristive synapse is constructed
in this paper, and the complex bursting dynamics together with
the burst synchronization patterns under varying coupling gain
are systematically investigated. First, a memristive synapse
model suitable for the iterative framework of discrete neurons
is established, and its pinched hysteresis loop (PHL) finger-
print and local activity are verified. Then, a five-dimensional
memristively coupled discrete neural system is formulated.
By combining Lyapunov exponent spectra (LEs), bifurcation
analysis, and equilibrium stability analysis, the chaotic and hy-
perchaotic bursting behaviors of the system, as well as their
parameter-dependent dynamical evolution, are revealed. Fur-
thermore, to characterize irregular spiking activities during
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chaotic bursting, a joint analysis framework based on phase-
locking value (PLV) and burst envelope correlation (EnvCorr)
is introduced, through which three bursting regimes, namely
in-phase bursting (IPB), phase-shifted bursting (PSB), and
desynchronized bursting (DB), are identified. Finally, real-
time hardware implementation is carried out on a digital signal
processor (DSP) platform, and the good qualitative agreement
between the experimental results and numerical simulations
demonstrates the physical feasibility of the proposed model.

The main contributions of this paper can be summarized
as follows:

(i) A memristive synapse model suitable for discrete neu-
ronal coupling is established, and its typical memristive fin-
gerprint characteristics and local activity are verified.

(i) A five-dimensional memristively coupled discrete
system composed of two Rulkov neurons is formulated, and
the chaotic/hyperchaotic bursting dynamics induced by the
coupling gain are revealed.

(iii) For chaotic bursting signals with irregular spiking
activities, a joint characterization framework based on PLV
and EnvCorr is proposed to distinguish three bursting regimes:
IPB, PSB, and DB.

(iv) DSP-based real-time hardware experiments were
conducted to verify the physical feasibility of the proposed
model and the qualitative consistency between the numerical
and experimental results.

2. Memristive synapse model and fundamental
properties

This section introduces the discrete-time memristive
synapse used for neuron coupling. The mathematical model
is first presented, followed by the verification of its fingerprint
characteristics and locally active property.

2.1. Mathematical model of the memristive synapse and
discretization

A voltage-driven memristive synapse is considered to de-
scribe the history-dependent coupling between two neurons in
discrete time. The synaptic driving signal is defined as the
potential difference between the presynaptic and postsynaptic

neurons:

Vs(t) :xpre(t)_xpost(t)a (1

where xpre(f) and xpos(f) denote the membrane-potential-
related state variables of the presynaptic and postsynaptic neu-
rons, respectively.

An internal state variable w(z) is introduced to represent
the synaptic memory state. Its dynamics are described by a
first-order system with leakage and external forcing

W(t) :—YW(t)+TIVs(f)7 2

where ¥ > 0 is the decay coefficient and 1 is the driving in-
tensity. The memductance is defined as a bounded nonlinear
function of the internal state

G(w) = go + g1 tanh(w) — g3 tanh3(w)7 3)

with go, g1, and g3 being constant parameters. The synaptic
current is then expressed as

is(1) = kG(w(t))vs(t), @

where k is the coupling gain. To match discrete-time neuron
maps and facilitate iterative digital implementation, the for-
ward Euler scheme with step size 4 is applied to Eq. (2). The
discrete-time state update equation is obtained as

Wntl :Wn+h(_}’wn+nvs,n)7 (5

where
Vs,n = Xpre,n — Xpost,n- (6)

Accordingly, the discrete memductance and synaptic current
are given by

G, = go+ gitanh(w,) — g3 tanh®(w,), (7
is,n = anVx,rr (8)

Therefore, the discrete memristive synapse is described by the
iterative map defined by Egs. (5)—(8).

2.2. Fingerprint characteristics

The fingerprint characteristic of a memristive element is
verified through the pinched hysteresis loop (PHL) in the v—
i plane under sinusoidal excitation. The discrete memristive
synapse described by Eqgs. (5)—(8) is driven by the AC voltage

vs(t) = Vi sin(27f1), 9)

where Vi, and f denote the amplitude and frequency of the
excitation signal, respectively.

Figure 1(a) illustrates the PHLs obtained for different ex-
citation frequencies with a fixed amplitude V;,. It is observed
that all loops pass through the origin, confirming the pinched
property. Moreover, as the frequency increases, the hystere-
sis loop becomes progressively thinner and its enclosed area
decreases, indicating that the memory effect is weakened at
higher frequencies and that the element tends toward an al-
most linear resistive behavior.

Figure 1(b) presents the PHLs under different excitation
amplitudes with a fixed frequency f. The pinched property
at the origin is also maintained. In addition, the hystere-
sis loop expands with increasing Vi, implying stronger state-
dependent modulation and an enhanced memory effect under
larger excitation amplitudes.

060501-3
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(a) 04 (b) 0.4

Fig. 1. PHLs of the discrete memristive synapse in the v—i plane under
sinusoidal excitation: (a) PHLs at different frequencies f with fixed am-
plitude Vi; (b) PHLs at different amplitudes Vi, with fixed frequency f.

The above results demonstrate that the proposed discrete
memristive synapse exhibits the typical fingerprint features
of memristive systems, including the pinched hysteresis loop
and its dependence on both excitation frequency and excita-
tion amplitude. Unless otherwise specified, the parameters are
setas go = 0.2, g1 =0.8, g3=0.6, y=0.5, 1= 1.0, and
h =0.003.

2.3. Locally active property

The locally active property of the discrete memristive
synapse is investigated through its DC /-V characteristics. A
quasi-static DC voltage V is applied, i.e., vs(n) =V, where V
is swept over a prescribed range. For each voltage value, the
internal state w is iterated according to Eq. (5) until conver-
gence, and the corresponding steady-state current is recorded.
Specifically, the DC current /(V) is obtained by averaging the
synaptic current over the last M, iterations after discarding the
transient response:

1 Mt+Mu

(V)= I n, (10)
Ma n=§1’+1 o

where M, and M, denote the numbers of discarded transient
steps and averaging steps, respectively, and i, is computed
from Eq. (8).

Based on the DC response /(V), the incremental conduc-
tance is defined as

dI(v)

ginc(v) = av

1D
which is evaluated numerically using finite differences. A
locally active region is identified when gin.(V) < 0, corre-
sponding to negative differential resistance (NDR) behavior,
whereas the synapse is locally passive when ginc (V) > 0.

Figure 2(a) shows the obtained DC [-V curve, and
Fig. 2(b) presents the corresponding incremental conductance
ginc(V). Tt is observed that gi,.(V) becomes negative within
a certain voltage interval, verifying the existence of a locally
active region. The locally active and locally passive regions
are marked by different colors in Fig. 2. The parameters are
the same as those used in Subsection 2.2.

(a) 1.0 (b)
« Locally passive (ginc > 0) 1.0
« Locally active (gie < 0)

« Locally passive (gin. > 0)
« Locally active (ginc < 0)

Fig. 2. DC characteristics of the proposed discrete memristive synapse:
(a) DC I-V curve; (b) incremental conductance ginc(V). The locally ac-
tive (ginc < 0) and locally passive (gin. > 0) regions are highlighted in
different colors.

3. Discrete dual-Rulkov neural system with
memristive synaptic coupling

A memristively coupled discrete neuron network is for-
mulated in this section by integrating the Rulkov map with
the discrete memristive synapse introduced in Section 2. Two
identical neurons are coupled through a memristive synapse
to construct a low-dimensional system with rich nonlinear dy-
namics. The two neurons share the same intrinsic parameters
a, U, and .

3.1. Rulkov map neuron

The single-neuron dynamics are described by the Rulkov
map

112 + Vn + 1+ uy,

n

Kot = (12)

Yn+1 :ynflu(xnfo-)a (13)

where x,, denotes the fast membrane-potential-related variable,
vy s the slow recovery variable, / is the external bias, and u,
represents the coupling input.

3.2. Memristive coupling and five-dimensional system

The two neurons are coupled via a discrete memristive
synapse. Figure 3 depicts the overall topology of the proposed
memristive-coupled neural network. The synaptic voltage dif-
ference is defined as

Vsn =Xl = X2 (14)
The internal state of the memristive synapse evolves as
Wit = Wy + (=YW, + v ), (15)
and the memductance is given by
G, = g0+ g1 tanh(w,) — g3 tanh® (w,). (16)
Accordingly, the synaptic current is expressed as
isn = kG . a7

By injecting +i,, and —i,, into the fast variables of the two
neurons, respectively, the memristive-coupled discrete neuron
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network is written as the following five-dimensional map:

Xln+1l = ﬁ + Y1 +I+is,n7

Vit =Yin—M(X1n—0),

X2nt+1 = ﬁ + Y2 +I_is7n7 (18)
Y2n+1 =Y2n — ,u(x2,n - G),

Wntl = Wn"'h[_}/wn‘f'n(xl,n_xln)]-

Eqgs. (18) constitute a five-dimensional discrete-time dynami-

cal map with the state vector

T
X, = (xl,m Yin, X2.n5 Y205 Wn)

Neuron 1 Memristive synapse Neuron 2
x; , (fast) Xy, X x, , (fast)
Vs,n X1~ %20 | | Vs.n X1n~ X2
w(n)
i o ; state -,
Vi, (slow) Fig p Memory state s.n ., (slow)
i =k Gy[w,] v,
W = W, th(pw, v ,)
m . & . : .
Neurons UM Memristor _| Voltage difference v, , Coupling current i,

Fig. 3. Schematic diagram of the memristively coupled Rulkov neuron
network, where two identical Rulkov neurons are connected through a
discrete memristive synapse. The synaptic voltage difference drives the
memristive state w,, and the resulting synaptic current i , is injected into
the two neurons with opposite signs.

4. Dynamical characterization of chaotic burst-
ing and burst synchronization

In this section, the chaotic bursting dynamics and burst
synchronization behaviors of the proposed memristively cou-
pled dual-Rulkov system are investigated. First, burst synchro-
nization is quantified by combining PLV and burst EnvCorr.
Then, the global dynamical evolution of the system is analyzed
through LEs and bifurcation diagrams, and the corresponding
local stability characteristics are further interpreted via equi-
librium analysis. All the dynamical phenomena discussed be-
low are examined under two representative parameter sets, de-
noted as Set A and Set B, whose specific values are listed in
Table 1. Finally, the burst synchronization regimes induced by
the coupling gain are identified and discussed.

The two parameter sets are selected with reference to the
classical bursting parameter regions of the Rulkov map re-
ported in the literature and are further refined through prelim-
inary numerical exploration of the present memristively cou-
pled system.[*! Specifically, two representative sets that can
stably generate distinct burst morphologies are retained for
detailed analysis: Set A corresponds to rectangular bursting,
whereas Set B corresponds to triangular bursting. Therefore,
the two sets are adopted here not as isolated numerical exam-
ples, but as representative cases for examining the proposed
synchronization analysis framework under different bursting
waveforms. The memristive synapse parameters are kept un-
changed, while the intrinsic parameters of the Rulkov map are
adjusted.

Table 1. Two representative parameter sets and initial conditions for rectangular and triangular bursting, with k € (—1,1), N =2 x 10>, and Ny = 5 x 10*.

Parameter type

Rectangular bursting

Triangular bursting

Rulkov parameters

a=4.1,u=0001,0=-12,1=0

a=3.85u=000306=-141=0

Menmristive-synapse parameters go = 0.2, g; =0.8,83=0.6,y=0.5,1=1.0,2=0.003 go=0.2,g;=0.8,83=0.6,y=0.5,n1=1.0, h =0.003

Coupling gain ke (-1,1)

Initial conditions

(=1.0,-2.0,—1.1,-2.1,0.1)

ke (—1,1)
(=1.0,—2.0,—1.1,-2.1,0.2)

4.1. Quantification of burst synchronization

Burst synchronization in this work is characterized at the
burst scale rather than by exact spike-by-spike alignment. This
treatment is adopted because the memristively coupled dual-
Rulkov system exhibits chaotic bursting with highly irregular
intraburst spiking activities, for which direct pointwise wave-
form matching is no longer suitable for evaluating coordinated
behaviors between the two neurons. Instead, synchronization
is quantified from two complementary aspects, namely, the
stability of the phase relation and the coherence of the slow
burst envelopes.

Let x;(n) denote the post-transient samples of the fast
variable, where i = 1,2. Since the raw bursting waveform
contains sharp spike-like components that may distort Hilbert-
phase estimation, a smoothed signal is first constructed by

mean removal and moving-average filtering:

W—1
Tin = Vi’mz—"o(xi’"m —%), i=1,2, 19)
where X; denotes the sample mean of the retained data and W is
the window length. Based on the processed signals, burst syn-
chronization behaviors are quantified below by the PLV and
burst EnvCorr.

For reproducibility, the burst synchronization measures
are computed through the following procedure: mean removal
and moving-average smoothing of the post-transient fast sig-
nals, Hilbert-transform-based construction of analytic signals,
extraction of instantaneous phase and burst envelope, PLV cal-
culation from wrapped phase differences, and EnvCorr evalu-
ation from the two burst envelopes.
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4.1.1. Phase-locking value

To quantify the stability of the phase relation between the
two bursting signals, the analytic signal is obtained from £;,
through the Hilbert transform:

zi(n) =Xip+ jH[Ein], 0i(n)=arg(z(n)), (20)

where 7{[-] denotes the Hilbert operator and ¢;(n) is the instan-
taneous phase of the i-th signal. The wrapped phase difference
between the two neurons is then defined as:

A¢,, = wrapToPi (¢ (n) — ¢2(n)). 21

Based on A¢,, the PLV is calculated by:

LA
PLV = 7 Y eitonl (22)
n=1

The PLV measures the degree of concentration of the phase
difference over time. When PLV — 1, A¢, remains tightly
distributed around a preferred phase lag, indicating a stable
phase-locked relation. In contrast, when PLV — 0, the phase
difference is broadly distributed or continuously drifting, cor-
responding to weak or absent phase locking. In addition to
the PLYV itself, the probability density function (PDF) of A¢,
is also examined to visualize the preferred phase-lag distribu-
tion.

It should be emphasized that the PLV reflects the stability
of the phase relation rather than strictly implying IPB. There-
fore, a large PLV may be obtained not only when the phase
difference is concentrated around zero, but also when it is con-
centrated around a nonzero lag such as w. For this reason,
the PLV alone is insufficient to fully distinguish different burst
synchronization regimes, and it is further complemented by
the burst EnvCorr introduced below.

In practice, the PLV is obtained by first removing
the mean of each post-transient fast signal, then applying
moving-average smoothing, constructing analytic signals via
the Hilbert transform, extracting instantaneous phases, and fi-
nally averaging the complex phase-difference vectors accord-
ing to Eq. (22).

4.1.2. Burst envelope correlation (EnvCorr)

To quantify the coherence of bursting activity at the slow
envelope scale, the envelope of each processed signal is ex-
tracted from the corresponding analytic signal as

env;(n) = |zi(n)], i=1,2. (23)

Based on the extracted envelopes, the burst envelope correla-
tion coefficient is defined as

EnvCorr = corr(env; (n),envs(n)). (24)

The EnvCorr measures the similarity of the slow envelope evo-
lution between the two neurons. When EnvCorr — 1, the burst

envelopes co-vary strongly in time, indicating highly coherent
burst evolution. When EnvCorr — 0, the EnvCorr is weak,
implying poor coherence at the burst scale. Negative EnvCorr
values indicate that the two envelopes tend to vary in an alter-
nating or anticorrelated manner.

Compared with the PLV, which quantifies the stability
of the phase relation, EnvCorr focuses on the similarity of
the slow burst-envelope evolution. Therefore, EnvCorr pro-
vides complementary information for distinguishing different
burst synchronization regimes. In particular, a large PLV may
still appear when the phase difference is stably concentrated
around a nonzero lag, whereas the corresponding burst en-
velopes may be only weakly correlated or even anticorrelated.
For this reason, the joint use of PLV and EnvCorr is adopted
in this work.

The EnvCorr is computed from the same preprocessed
signals used for the PLV analysis. After the burst envelopes are
extracted as the magnitudes of the analytic signals, their Pear-
son correlation coefficient is evaluated according to Eq. (24).

4.1.3. Regime identification criteria

To improve reproducibility, empirical thresholds are in-
troduced in the present study for the joint classification of
the burst synchronization regimes. Specifically, IPB is iden-
tified when PLV > 0.90 and EnvCorr > 0.60, indicating both
a stable phase relation and strongly correlated burst envelopes.
PSB is identified when PLV > 0.80 and EnvCorr < 0.20,
indicating that the phase relation remains relatively stable,
whereas the burst envelopes are weakly correlated, shifted,
or alternating. DB is identified when PLV < 0.60 and En-
vCorr < 0.30, indicating weak phase locking together with
poor burst-envelope coherence.

It should be noted that an intermediate region may occur
when 0.60 < PLV < 0.80, or when the two indicators do not
simultaneously satisfy the above threshold conditions. In this
case, the boundary between PSB and DB may become less
clear if only scalar thresholds are used. Therefore, for such
borderline cases, the regime identification is further assisted
by the PDF of the wrapped phase difference, together with
the corresponding time-series and envelope evidence. Ac-
cordingly, the final classification in this paper is determined
jointly from the quantitative thresholds and waveform-based
evidence, rather than from a single indicator alone.

4.2. LEs and bifurcation analysis

To clarify the parameter-dependent dynamical evolution
associated with the burst synchronization patterns, the LEs and
bifurcation diagrams are evaluated for the five-dimensional
map defined by Eqs. (18) under the two representative parame-
ter sets listed in Table 1. For each value of the coupling gain &,
the map is iterated for N steps and the first N iterations are dis-
carded to eliminate transients. The LEs are computed by the
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Benettin-QR method applied to the full Jacobian matrix, yield-
ing five exponents denoted as LE1-LES. The bifurcation di-
agrams are constructed from the post-transient samples of the
fast variables x; , and x5 ,. To preserve both small-amplitude
details and large excursions in the plots, an x-compression is
adopted for visualization. In addition, to better reveal the de-
tailed dynamical evolution in the regime-transition regions, lo-

cal enlargements of selected coupling intervals are provided in
Figs. 4(a)—4(c) and 4(g)—4(1). For Set A, the enlarged interval
is set to k € (—0.15, 0.2), while for Set B, the enlarged inter-
val is set to k € (—0.35,0.15). These intervals are selected

to cover the representative transition regions among different

burst synchronization regimes.
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Fig. 4. Global and locally enlarged LEs and BDs versus the coupling gain k for the memristively coupled 5D map. (a)—(c) Local enlargements
of the LE spectrum and the BDs of x; ,, and x; , for Set A over k € (—0.15,0.2). (d)—~(f) Corresponding global results for Set A, where the
shaded regions indicate the enlarged intervals. (g)—(i) Local enlargements of the LE spectrum and the BDs of x;, and x,, for Set B over
k € (—0.35,0.15). (j)—(1) Corresponding global results for Set B, where the shaded regions indicate the enlarged intervals. The displayed

variables are X = asinh(x/s), where s is chosen individually for each plot.
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Figure 4 shows that, for both Set A and Set B, the largest
Lyapunov exponent remains positive throughout the scanned
interval, indicating persistent chaotic bursting. In addition, in-
tervals with two positive Lyapunov exponents are observed,
which indicates the occurrence of hyperchaotic bursting over
part of the coupling range. These features are consistent with
the broadband and non-periodic point distributions in the bi-
furcation diagrams. As k increases, especially in the posi-
tive coupling region, the accessible state range expands, sug-
gesting that the bursting dynamics become more complex and
more unstable. Although the detailed transition boundaries
differ between the two parameter sets, the results consistently
indicate that variations in the coupling gain reorganize the cou-
pled system within predominantly chaotic and hyperchaotic
regimes. This global dynamical description provides the back-
ground for the burst synchronization regimes discussed in
Subsection 4.4.

4.3. Equilibrium-based local interpretation

To provide a local spectral interpretation of the above
parameter-dependent dynamical evolution, the equilibrium
properties of the five-dimensional map are further examined.
An equilibrium point is defined by the fixed-point condition
in Egs. (25) and (26), from which the equilibrium relations
in Egs. (27)-(31) are obtained. These expressions show that
the equilibrium values are determined by the intrinsic fast—
slow balance of the coupled system, while their existence is
independent of the coupling gain k. Local stability is then de-
termined by the Jacobian matrix evaluated at the equilibrium
point, as given in Eq. (31).

xjp = f(x],37) +kG(w*) (x5 —x7),

Yi =i —uxj—o0),

X3 = f(x5,5) +kG(w*) (x] —x3), 27)

¥ =5 — l(x; —0),

w* = (1 —=yh)w" +nh(x] —x3),
x] =0, x; =0, (28)
w* =0, 29
(AT, )1,%2,y2,w") = (0,)1,0,3,0), (30)
J= 3—; e (31)

Figure 5 shows that, for both Set A and Set B, the max-
imum eigenvalue modulus remains larger than unity through-
out the scanned interval, indicating that the equilibrium stays
linearly unstable for all considered values of k. Moreover, as
k becomes positive, the dominant eigenvalue modulus tends to
increase, implying stronger local instability. The eigenvalue
distributions in the complex plane further show that multi-
ple eigenvalues may simultaneously lie outside the unit circle,
which is consistent with the emergence of hyperchaotic inter-
vals in the Lyapunov spectra. It should be emphasized that
an eigenvalue modulus larger than one only indicates the lo-
cal instability of the equilibrium point and does not directly
determine the existence or the detailed structure of the global
chaotic or hyperchaotic attractors. Therefore, the equilibrium
analysis does not serve as a complete mechanism proof but
only provides a local spectral reference for understanding why

* ko k% %k *\T
X = (ynx0w7) 25 the fixed point remains unstable and why positive coupling
X*=F(X"), (26)  tends to enhance local instability.
@ , [---Unit circle TAI ixz — N — AN (©) 1 7 .
—18 (b) é ‘KT\ A yis
= 0.5} 0050 /(
Z 16 = | S ofd cooooot
- = 0 [oReeeee g LT
214 E = A s
I 0.5 -0.05
= -0'1 '
L 0.5 0 0.5 1 0 1 2 1 15 2
k Re(}) Re())
(d) 16 [----Unit circle N A Ak
© ® 4,
—_ €
g 1.4 0.5 ,’l ' . 0
< = ! =
5 g ° e g 0.1
12 = / -
: 051 0.2
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Fig. 5. Eigenvalue spectra of the Jacobian matrix evaluated at the equilibrium point of the five-dimensional memristive-coupled map as the
coupling gain k varies. Panels (a)—(c) correspond to Set A, and panels (d)—(f) correspond to Set B. (a), (d) Maximum modulus of the eigenvalues
as a function of k. (b), (e) Distributions of the five eigenvalues in the complex plane, with the unit circle indicated by the dashed line. (c), (f)
Enlarged views of the highlighted regions in panels (b) and (e), showing the detailed arrangement of unstable real and complex eigenvalues.
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4.4. Burst synchronization regimes induced by the cou-

pling gain

Based on the quantitative criteria introduced in Subsec-
tion 4.1.3, the burst synchronization regimes of the memris-
tively coupled dual-Rulkov system are examined as the cou-
pling gain k varies. Figure 6 presents the corresponding PLV
and EnvCorr curves for the two representative parameter sets.

For Set A, Fig. 6(a) shows that an IPB regime is sustained
over a broad range of negative coupling gain. A represen-
tative case is presented in Fig. 7, where the wrapped phase-
difference PDF is sharply concentrated around zero and the
phase-difference trajectory fluctuates within a narrow range.
The time series and phase diagram further confirm that the
two neurons exhibit coherent rectangular bursting with highly
correlated slow envelopes, which is consistent with the quan-
titative IPB criteria in Subsection 4.1.3.

As k approaches zero from the negative side, the syn-

chronization between the two neurons deteriorates and a DB
regime emerges. The representative result shown in Fig. 8
indicates that the burst timing becomes irregular, the phase
difference exhibits evident wandering, and its PDF becomes
markedly broadened. Correspondingly, the PLV is reduced
and the EnvCorr remains weak, which satisfies the low-
PLV/low-EnvCorr condition of the DB regime in Subsec-

tion 4.1.3.
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-
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0.1

Fig. 6. PLV and EnvCorr versus the coupling gain k for (a) Set A and (b)
Set B.
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For small positive coupling gain, the dynamics enters a
PSB regime. As shown in Fig. 9, the phase difference is no
longer concentrated near zero but remains localized around a
nonzero lag, so that the PLV stays relatively high. In contrast,
the slow envelopes are only weakly correlated, indicating that

the two neurons no longer burst in a coherent in-phase manner.
This feature is consistent with the PSB criterion of relatively
high PLV together with weak envelope correlation, and is fur-
ther supported by the nonzero-lag phase-locking evidence in
Fig. 9.
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For Set B, a different regime organization is observed in
Fig. 6(b). Under weak negative coupling, the system remains
in a DB regime, as illustrated in Fig. 10. In this case, burst
events are poorly aligned, the phase relation is not stably main-
tained, and the combined PLV-EnvCorr behavior is consistent
with the DB criterion in Subsection 4.1.3.

When the negative coupling is moderately strengthened,

the system evolves into an IPB regime. Figure 11 shows
that the phase difference becomes tightly concentrated around
zero, while the two triangular bursting signals exhibit strongly
correlated envelope evolution. The corresponding phase por-
trait and time series indicate that the two neurons evolve on a
highly coherent attractor, which is consistent with the quanti-

tative IPB criteria in Subsection 4.1.3.

I
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Fig. 11. Set B at k = —0.05. (a) Phase diagram. (b) PDF of A¢. (c) Time series with a zoomed-in window; PLV and EnvCorr are indicated.
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When k becomes positive, the system transitions from
IPB to PSB. As shown in Fig. 12, the phase relation remains
relatively stable at a nonzero lag, whereas the burst envelopes
become weakly correlated or even anticorrelated. This PLV—
EnvCorr combination is consistent with the PSB criterion in
Subsection 4.1.3 and indicates that positive coupling favors
PSB rather than coherent IPB.

Overall, Figs. 612 show that the coupling gain does not
simply strengthen or weaken burst synchronization monoton-
ically. Instead, it reorganizes the coupled bursting dynamics

among IPB, PSB, and DB. More importantly, the joint use
of PLV and EnvCorr, together with the quantitative criteria
in Subsection 4.1.3 and waveform-based evidence, is essen-
tial for distinguishing these regimes. In particular, PLV alone
cannot separate in-phase bursting from phase-shifted bursting,
because both may exhibit a stable phase relation and hence
a large PLV. EnvCorr complements this limitation by directly
characterizing whether the slow envelopes evolve coherently,

are weakly correlated, or evolve in an alternating manner.

1.346

1.347 1.348 1.349

Fig. 12. Set B at k = 0.05. (a) Phase diagram. (b) PDF of A¢. (c) Time series with a zoomed-in window; PLV and EnvCorr are indicated.

5. Hardware implementation and experimental
verification

5.1. DSP platform and hardware architecture overview

The TMS320F28335 DSP serves as the core compu-
tational platform for the real-time iteration of the five-
dimensional memristive-coupled discrete neuron map. The
development environment CCS 6.0 is used for programming
and debugging, and the XDS100V3 emulator facilitates code
downloading to the DSP board. This DSP platform offers
high-precision and parallel computation capabilities, making
it suitable for real-time simulation of complex dynamical sys-
tems such as the discrete neuron model.

The overall hardware architecture is illustrated in Fig. 13.
The host PC is responsible for parameter setting and code
downloading, which are transmitted to the DSP board via the
XDS100V3 emulator. The DSP executes the real-time itera-
tions of the five-dimensional map, which are then converted
from digital signals to analog outputs by the DAC8552. These
analog outputs are sent to the oscilloscope for observation in

XT mode and XY mode.

For hardware implementation, the DSP directly executes
the discrete iterative map defined by Eq. (18) rather than us-
ing an additional numerical integration algorithm. At each
sampling cycle, the synaptic voltage difference, memductance,
and coupling current are first calculated from the current state
variables, and then the neuron variables together with the
memristive state are updated to the next iteration. After ap-
propriate scaling, the selected variables are output through the
DACR8552 for real-time observation. In XT mode, the time-
domain bursting waveforms are displayed, whereas in XY
mode, the phase-plane trajectories are obtained from two si-
multaneously output variables.

5.2. DSP experimental results and qualitative validation

The DSP-based implementation reproduces representa-
tive burst synchronization behaviors under the considered pa-
rameter sets. The corresponding experimental waveforms and
phase-plane trajectories are shown in Fig. 14. In XT mode,
clear bursting patterns can be observed, while XY mode dis-
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plays the associated attractor structures in the phase plane.  platform.
These results indicate that the proposed memristively coupled In addition to the IPB case, the PSB case is also im-
dual-Rulkov system can be realized in real time on the DSP  plemented on the DSP platform. Therefore, the two cores

Set A: rectangular Set B: triangular
synchronized bursting, synchronized bursting,

=1 =-0.05

5D memristive-coupled
discrete neuron map

X1V 1:%2:Y 2, W
real-time iteration update

Host PC CCS 6.0 ;
synchronized bursting Susilsangs

generation
- Vs

5000

XDS100 V3 TMS320F28335 DSP DACS8552

(c) |

Fig. 14. DSP experimental results of representative IPB and PSB cases. (a), (b) XT-mode waveforms and (c), (d) corresponding XY-mode
attractors of the IPB case, where (a), (c) correspond to triangular bursting and (b), (d) correspond to rectangular bursting. (e), (f) XT-mode
waveforms and (g), (h) corresponding X Y-mode attractors of the PSB case, where (e), (g) correspond to triangular bursting and (f), (h) correspond
to rectangular bursting.

(b)
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!
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hilt
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Fig. 15. Qualitative comparison between MATLAB simulations and DSP experimental results for representative IPB cases. (a), (b) triangular-
bursting attractors from MATLAB and DSP, respectively; (c), (d) triangular-bursting waveforms from MATLAB and DSP, respectively. (e),
(f) rectangular-bursting attractors from MATLAB and DSP, respectively; (g), (h) rectangular-bursting waveforms from MATLAB and DSP,
respectively.
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Fig. 16. Qualitative comparison between MATLAB simulations and DSP experimental results for representative PSB cases. (a), (b) triangular-
bursting attractors from MATLAB and DSP, respectively; (c), (d) triangular-bursting waveforms from MATLAB and DSP, respectively. (e),
(f) rectangular-bursting attractors from MATLAB and DSP, respectively; (g), (h) rectangular-bursting waveforms from MATLAB and DSP,

respectively.

synchronization phenomena discussed in this work are both
supported by representative hardware observations. The XT-
mode waveforms and XY-mode attractor structures of these
cases show that the DSP platform can qualitatively reproduce
both in-phase bursting and phase-shifted bursting patterns.

To further examine the consistency between the hard-
ware implementation and the numerical simulations, qualita-
tive comparisons between the DSP experiments and MATLAB
results are provided in Figs. 15 and 16. For both IPB and PSB
cases, the phase-plane structures and time-domain bursting
patterns obtained from the DSP experiments agree well with
those produced by MATLAB simulations. The main topolog-
ical features and bursting rhythms are preserved, thereby sup-
porting the physical feasibility and real-time implementability
of the proposed model.

It should be emphasized that the purpose of the present
DSP experiments is to verify the qualitative consistency of
the topological patterns and bursting rhythms, rather than to
provide a strict quantitative validation of all theoretical indi-
cators. Therefore, the hardware results in this work should
be understood as qualitative evidence of physical realizability
and pattern consistency, rather than as a complete quantitative
verification.

6. Conclusion

In this paper, the chaotic bursting dynamics and burst
synchronization behaviors of a discrete dual-Rulkov neural
system coupled by a memristive synapse have been investi-
gated. It has been shown that the constructed discrete mem-
ristive synapse model exhibits the typical PHL fingerprint to-
gether with evident local activity, thereby providing an arti-
ficial synaptic coupling mechanism with memory and non-
linear characteristics. Based on this synapse model, a five-
dimensional memristively coupled discrete neural system has
been established. Under the modulation of the coupling gain,
rich dynamical behaviors, including chaotic and hyperchaotic

bursting, have been observed. By combining Lyapunov ex-
ponent spectra, bifurcation analysis, and equilibrium stability
analysis, the parameter-dependent dynamical evolution of the
system has been characterized, and the corresponding equilib-
rium analysis has provided a local spectral interpretation of the
persistent instability.

Furthermore, to characterize irregular spiking activities in
chaotic bursting, a joint analysis framework based on PLV and
EnvCorr has been introduced. Using this framework, three
burst synchronization regimes, namely IPB, PSB, and DB,
have been effectively distinguished. The results show that
the coupling gain does not simply strengthen or weaken syn-
chronization monotonically, but instead reorganizes the cou-
pled bursting dynamics among different burst synchronization
Finally, DSP-based real-time implementation has
been carried out, and good qualitative agreement between the

regimes.

experimental results and numerical simulations has supported
the physical feasibility of the proposed model. Overall, this
work provides a useful framework for analyzing chaotic burst-
ing and burst synchronization in memristively coupled discrete
neural systems, and also offers a basis for the digital realiza-
tion of related neuromorphic dynamical models. These results
may provide useful insights for the study of burst-based infor-
mation processing in neuromorphic computing systems. In ad-
dition, the proposed discrete memristive-coupled framework
may serve as a potential reference for the design and analysis
of artificial synaptic networks with complex dynamical behav-
iors.
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