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PT -symmetric branched optical lattices:
Spectral properties and stability of solitons
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We propose a model for tunable P7 -symmetric branched optical lattices by investigating both linear and nonlinear
Schrodinger equations with a P77 -symmetric periodic potential on the graph and solving them by imposing weighted vertex
boundary conditions. A constraint derived from these vertex conditions determines the exceptional point of the system. In
the PT -unbroken phase, this constraint enforces P77 -symmetric boundary conditions at the vertices, ensuring a purely real
spectrum; its violation leads to the emergence of complex eigenvalues in the linear regime. In the nonlinear regime, the
same constraint determines the linear stability of solitons: satisfying the constraint yields stable solitons, whereas violating

it corresponds to unstable solitons.

Keywords: P7 -symmetric optical lattices, dispersion relation, metric graphs, P7 -symmetric solitons, linear

stability
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1. Introduction

Non-Hermitian P7T -symmetric Hamiltonians have at-
tracted much attention over the past decades since the pioneer-
ing paper by Bender et al.l'l As demonstrated in that work,
it is well established that a P7 -symmetric Hamiltonian can
possess real eigenvalues when the P77 -symmetry is unbroken,
even though it is non-Hermitian. One of the most effective
ways to construct such a P77 -symmetric Hamiltonian is to add
a PT-symmetric complex potential whose real part is an even
function and whose imaginary part is an odd function.

Beyond quantum mechanics, P7 -symmetric systems
have been widely studied in various physical contexts, from
topological phases to biological systems. Among these, one
of the most widely studied fields is optical/photonic systems
(see, for example, Refs. [2-4]).
PT -symmetry appears in structures with a spatially symmet-

In linear optical media,

ric refractive index and balanced gain—loss regions. When
PT-symmetry is broken, the intensity of the beam grows
or decreases exponentially. This feature allows us to cre-
ate light-controlled devices.[®! In these studies, 8] the band
structures of P77 -symmetric optical lattices have been investi-
gated, revealing how different gain-loss modulations give rise
to distinct spectral features and P7T -symmetry-breaking be-
haviors. The first experimental realization of P7T -symmetric
optical systems was achieved by constructing passive”!
and active!'%! configurations exhibiting 77 -symmetry break-
ing between two channels. Unidirectional invisible media
were created using synthetic photonic lattices.!'") Two cou-

pled microcavity resonators have been shown to demon-
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strate PT-symmetry breaking, and nonlinear effects pro-
vide nonreciprocity in next-generation P7T -symmetric opti-
cal systems. 2] Optical isolation,'3! phase transitions, '*! and
topological edge states!'>! are demonstrated experimentally in
microresonators, atomic lattices, and quantum walks, respec-
tively.

Theoretically, its application to nonlinear wave phenom-
ena is interesting in the context of the rich interplay be-
tween P7-symmetry and nonlinearity.”-316311" Especially,
various properties of P77 -symmetric solitons in the nonlinear
Schrodinger case have been studied in the literature. The linear
stability of P77 -symmetric solitons with periodic potentials in
both one- and two-dimensional systems has been studied in
PT optical lattices.[!%18] The anomalous behaviour occurring
for larger gain—loss amplitudes was investigated in Ref. [19].
Exact analytical solutions for the nonlinear Schrédinger and
Burgers equations in one and two dimensions were obtained

[20] An exact

for different types of P7T -symmetric potentials.
analytical solution for the Scarf-II potential with cubic—quintic
nonlinearity terms was analyzed.>!! An extension of that work
to metric graphs for cubic nonlinearity, together with linear
stability, was discussed in Ref. [32]. Existence of optical soli-
tons in P7 -symmetric lattices was presented experimentally
in synthetic dimensions. 33!

A new integrable nonlocal nonlinear Schrodinger equa-
tion with a self-induced P77 -symmetric potential and its dis-
crete model were introduced in Refs. [34,35]. Their extensions
to metric graphs were discussed, respectively, in Refs. [36,37].

Nonlinear evolution equations are considered in branched
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structures, where the branched structure is modeled in terms

[38-46

of metric graphs. | Transparent boundary conditions for

the nonlocal nonlinear Schrodinger equation have been devel-

e!*’l and on graphs. [48]

oped both on the lin

In this paper, we consider the P7 -symmetric branched
optical lattice in both linear and nonlinear regimes. The PT -
symmetric branched optical lattice is modeled using a PT -
symmetric periodic potential on a metric graph. In the lin-
ear regime, we obtain the dispersion relation using the plane-
wave expansion method by imposing boundary conditions
with some weight at the branching point, called the vertex.
Violation of the constraint on the weight parameters, due to
improper choice of their values, leads to the breaking of PT -
symmetry, resulting in complex eigenvalues. This violation
appears in the dispersion relation as a bifurcation of eigenval-
ues.

In the nonlinear regime, we investigate the nonlinear
Schrodinger equation with the P77 -symmetric periodic poten-
tial on the graph. The linear stability of P7 -symmetric soli-
tons on the graph is explored using the perturbation of the
complex field amplitude.

The proposed model exhibits a tunable P7 -symmetric
phase transition, where the stability of the P77 -symmetric sys-
tem is governed by the coefficients of the weighted boundary
conditions. Near the exceptional point, modulating these coef-
ficients induces P7T -symmetry breaking in the system, allow-
ing for dynamic control over the system’s phase.

Experimentally, such a structure can be realized via fem-
tosecond laser micromachining, where high-intensity laser
pulses are focused into a dielectric crystal to induce localized
changes in the refractive index, thereby forming an integrated
network of intersecting waveguides. The PT -symmetric po-
tential is established in such a way that the complex refractive
index profile ensures a spatially balanced distribution of gain
and loss by satisfying the condition n(x) = n*(—x).

This paper is organized as follows. In the next section, we
briefly mention and demonstrate some new results of the linear
Schrédinger equation with a P77 -periodic potential on a line.
Section 3 is devoted to obtaining the dispersion relation of the
branched P7T optical lattice. P7 solitons are considered by
adding a cubic nonlinear term to the Schrodinger equation on
a line and on the graph, respectively, in Sections 4 and 5. Fi-
nally, Section 6 provides some concluding remarks.

2. PT-symmetric lattices

In this section, we consider a P77 -symmetric optical lat-
tice by following the paper by Nixon e al.l'® The linear
Schrodinger equation with a P77 -symmetric periodic potential
describing a 1D P7T lattice is given by

10, (x,1) + 02 (x,1) + V (x)¥ (x,1) = 0, (1)

where the P77 -symmetric periodic potential is defined as
V (x) = Vo(cos?(x) + iWp sin(2x)), 2)

with Vjy and W) being real constants. This potential represents
a prototypical P7T -symmetric periodic structure widely used
in optics. The real part corresponds to a periodic modula-
tion of the refractive index, which can be realized experimen-
tally by interfering laser beams. The imaginary part describes
a balanced gain/loss profile, achievable in waveguides with
alternating amplification and absorption regions. Such sys-
tems have important applications in optoelectronic/photonic
devices, including optical switching, mode selection, and en-
hanced sensing near exceptional points.
Using the separation of variables

W (xt) = e My(x),
one obtains the stationary version of Eq. (1) in the form

Ly (x) + 07y (x) +V (x) y(x) = 0. 3)

Since in the following section, we consider branched PT -
symmetric lattices, where the boundary conditions must be
introduced effectively, it is convenient to use the plane-wave
expansion approach. This method provides a flexible frame-
work for constructing the dispersion relation and can be read-
ily adapted to systems with complex lattice connectivity.

The PT-symmetric potential can be rewritten using Eu-
ler’s formula as

V(x) = %Jr ? (1+2Wp) e** + % (1—2Wp)e . (4
Formally, this plane-wave expansion method leads to an
infinite-dimensional Hamiltonian, but the essential features
of the wave function can be captured by a finite number of
Fourier modes. Thus, we truncate the system to n € [—N, N/,
yielding a finite-dimensional Hamiltonian matrix.

The plane-wave expansion of the wave function is written
as

+N )
y()= Y @elrons Q)
n=—N

where ¢, is the amplitude of each mode and G,, = 2n due to
the periodicity of the potential, which is 7.
Projecting onto ¢,, we obtain

Vi Vi
{(k+ Gn)? — 20} Oy — ZO (142Wo) @n—1
Vi
— (1=2W0) i1 = . 6)

Equation (6) can be written as the matrix eigenvalue problem

H(k)p = po, )

094213-2
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where ¢ = (¢_n,...,@y)T and the (2N + 1) x (2N + 1) tridi-
agonal Hamiltonian H (k) is defined as

Vo

(k—l—Gn)z—?, n=m,
v
—Zo(l —2Wp), n=m—1,
Hy (k) = (®)

v
—Z°(1+2W0)7 n=m+l1,

0, [n—m|>1,

where —N <n, m <N.

Here, we use a similarity transformation to determine the
condition under which the eigenvalue ( remains real. Under
this condition, the Hamiltonian H (k) can be mapped to its Her-
mitian counterpart.

Let S be a diagonal matrix of the same size as H (k) with
entries S, , = r"*, where r is a constant. We apply the similarity
transformation to H (k) given by

H(k) =S 'H(k)S. )
The off-diagonal elements satisfy

Hn,nJrl (k) = S;},Hn,n+1 (k)Sn+l,n+1 - an,n+1 (k)a
Hn+1,:z (k) = S;_&Ln_;,_]HnJrl,n(k)Sn,n = rilHnJrl.,n(k)'

The eigenvalue u is real if and only if the transformed
Hamiltonian 7{(k) is Hermitian, which requires H, ,+1(k) =

Hyy o1 q(K), yielding
o [T+2Wo
i0
- 10
r € 1 2“,0 ’ ( )

where 0 is an arbitrary real constant.

The resulting Hamiltonian H is a tridiagonal matrix with

entries
(k—l—Gn)z—%7 n=m,
Houm(k) = —%e*iem7 n=m+1, (D
0, |n—m| > 1.

The Hermiticity of the Hamiltonian # (k) is broken if the
expression under the square root in the off-diagonal elements
becomes negative. Therefore, the condition for the eigenval-
ues to remain real is

[Wo| <0.5. (12)

Note that the boundary values of Wy in Eq. (12) define the
phase transition points between real and complex eigenvalues.

We note that changing the value of the parameter 6 does
not affect the eigenvalues. In the next section, we analyze the
dispersion relation of branched optical lattices using the ap-
proach outlined above.

3. Branched P7 -symmetric lattices

In this section, we extend the above study to branched
P T -symmetric lattices. The branched structure is modeled in
terms of metric graphs. We consider a simple graph, called a
star graph, which has four semi-infinite edges connected at a
single vertex (see Fig. 1(a)).

Fig. 1. Basic star graph with four edges (panel a), and the real and imag-
inary parts of the P77 -symmetric periodic potential (panel b) on the star
graph. The parameters Vjy and Wj are chosen as V) = 6 and Wy = 0.45.

To preserve P7 -symmetry in the system, such a graph
must contain an even number of edges. The origin of coor-
dinates is chosen at the vertex. For the left edges, the coor-
dinates are fixed as x_; € (—eo,0], while for the right edges
xj € [0,+00), where j = 1,2. For simplicity, we use x in-
stead of x4 ;, and the wavefunction on each edge is denoted
by ¥y j (x,t )

The linear Schrodinger equation with a P7T -symmetric
potential on each edge of the graph is

iB,'Pij(x,t) + Bf‘f’ij(x,t) + V(x)‘Pij(x,t) =0, (13)
where the potential V (x) is given in Eq. (2) (see Fig. 1(b)).
The vertex boundary conditions are imposed as wavefunction
continuity and the Kirchhoff rule as

O 1 W_1(x,1)|x=0 = 0—2¥_2(x,1)|x=0

= ¥ (x,1)[x=0 = 2¥5(x,1) |x—0,

1 1
a—lax'f’,] (x,8)[x=0 + af_zaquZ(xvt) le=0

1 1
= OTlaxlIIl (xat)|x:0 + Ezax%(xvt)|xioa

(14)
where o ; are real constants.

Since the potential V (x) satisfies the P7T -symmetry con-
dition V(x) = V*(—x), the Hamiltonian on the star graph is
PT -symmetric. However, the boundary conditions in Eq. (14)
involve edge-dependent weights o ;; therefore, global PT-
symmetry requires the boundary conditions to be invariant un-
der the P77 transformation. Consequently, the wavefunctions
must satisfy the weighted P77 -symmetry relation

¥ (x,t) = a_ ¥ (—x, 1), (15)

which ensures global P7 invariance on the graph.

094213-3
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Using Eq. (15), one derives the following constraint for Wo = 0‘156 5

0 :
the weights 6.25[>_<
/ \ P

1 1 1 1
—t =5+ —. (16) 5 0.5¢
a”, a”, (o5 o,

Similarly to the previous section, we factorize the time 0 ,
. ﬁ -0.46 T
and coordinate as \0.48

. -1 0 1 e
Wi(x,r) = e My (x), ! : ’ '

Relu]

Fig. 2. The dispersion relation of the P77 -symmetric star-like branched
optical lattice is presented when the constraint in Eq. (16) is satisfied and
the gain—loss parameter is below the phase transition point, i.e., when the

which yields the stationary equation

HYs (x) + axz Yy (X) + V(x) Vi (x) =0. a7 imaginary parts of the eigenvalues are zero. Other parameters are speci-
fied in the text.
The plane-wave expansion on the graph is Wo = 0.185
10 6.3
o (5)) i(k+Gy) 635
1 n)x .29
vj(x) = n;N $n e . (18) / 6.2
B 5
. =
Projecting onto (p,(,ij ) leads to the global eigenvalue prob- o 0.2
lem 0 *—» 0
H(k)p = uo, (19) -0.2 1
-1 0 1 1 0 1
k
where
Fig. 3. The dispersion relation of the P77 -symmetric star-like branched
o (1) (1) (=2) H(2\T (+)) _ (%) (£)\T optical lattice is presented when the constraint in Eq. (16) is satisfied. The
= ((P AN 4 a4 ) ? - ((p*N 21 WN ) ’ gain-loss parameter is in the vicinity of the phase transition point, and the
7 : -1 1 -2 2 i lues h imagi ts. Oth 1 ified i
H(k) = dlag(H( )(k),H( )(k),H( )(k),H( )(k)). f}lliet:i ues have zero imaginary parts er parameters are specified in
The number of elements in each @*/) is (2N + 1), so the Wo=019
full vector @ has a length of (8N +4). Thus, H(k) is an 10 6.5
(8N +4) x (8N +4) matrix. Each block matrix H*/) (k) has e

the same entries as H(k) in Eq. (8).

Using Eq. (18), the vertex boundary conditions become

Rey]

S (D)
o Z On = Q4 Z On
n=—N n=—N

-1 0 1
) o (+2) '
=0 Z ®n =04 Z ®n , 0.2
= = >(7<
Iy (n, 1 ¥ (-2) G
— k+Goy )+ — k+G,)o, E
N ><_)<
. 1 X 02 0 1
-=—% (k+Got ™+ — ¥ (k+Go)oit. ;
1 oy 02,y

Fig. 4. The dispersion relation of the 77 -symmetric star-like branched
These equations form an algebraic linear system that can be optical lattice is presented when the constraint in Eq. (16) is satisfied.
The gain-loss parameter is above the phase transition point, and in this
setting, the eigenvalues exhibit nonzero imaginary parts. Other parame-
ters are specified in the text.

rewritten as

Ck)p =0. (20)
Substituting Eq. (21) into Eq. (19) yields

To incorporate the boundary conditions, we express ~

H(Kk)p = uo, (22)
=Q(k)p, 21 ~ ~
¢ 09 where H (k) = Q1 (k)H (k)2 (k).
where the columns of Q (k) span the null space of C(k). Thus, Numerically solving this eigenvalue problem for each
C(k)(k) = 0, ensuring that the boundary conditions are au-  k € [—1,1] yields the dispersion relation 4 = p(k) on the
tomatically satisfied. graph.
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Wy = 0.185
10 6.25

Re[u]

ol =

-1 0 1 1 0 1
k
0.02 n n /—\
E — .
0.02
-1 0 1 0.4 0.42 0.44

Fig. 5. The dispersion relation of the P77 -symmetric star-like branched
optical lattice is presented when the constraint in Eq. (16) is violated.
Other parameters are specified in the text.

Figures 2—5 describe the dispersion relation on the graph
for the parameters Vy = 6 and N = 100. The constraint, which
is determined in terms of the weights o.+; in Eq. (16), is ful-
filled in Figs. 2—4 with a+; = 1, and violated in Fig. 5 with
o_;=1and aj =2, where j =1,2.

In all these figures, additional curves appear compared
with the unbranched case!'®! due to the branching topology of
the system. Two pairs of curves are far apart for the gain—loss
parameter Wy < 0.185 in Fig. 2. As the gain—loss parameter
approaches the phase transition point Wy — 0.185, the distance
between the two pairs of curves decreases. Figure 3 presents
the dispersion relation at the phase transition point Wy = 0.185.
The bifurcation of the curves in the real part leads to nonzero
imaginary parts of the eigenvalues for Wy > 0.185 (see Fig. 4).
From Fig. 5, one can easily see that the eigenvalues become
complex at the phase transition point Wy = 0.185 when the
sum rule is violated.

4. Solitons in P77 -symmetric lattices

In this section, following Ref. [16], we briefly recall
the nonlinear Schrodinger equation on a line with a P7T-
symmetric periodic potential in the form

10, (x,1) + 02 (x,1) + V (x)¥ (x,1)
+0 |¥(x,1)*¥ (x,1) =0, (23)

where 6 = +1 and the potential V(x) is given in Eq. (2). The
solution of Eq. (23) can be analysed by employing the separa-
tion of variables as

Y(x,1)=e Hy(x), (24)

where [ is the propagation constant. Substituting Eq. (24) into
Eq. (23) yields

R () + 07y (x) +V () y(x) +oly(x)Py(x) =0. (25

Equation (25) together with the periodic potential (2) cannot
be solved analytically. Reference [16] proposed numerical ap-
proaches based on the squared-operator iteration method and
the Newton-conjugate-gradient method.

To study the stability of a solution y(x), we introduce a

small perturbation of the form!'¢]

W(x,r) = e M [w(x) +u(x)eM —I—V*(x)e’l*t] . (26)

where |u(x)[,|v(x)| < |w(x)|. Substitution of Eq. (26) into
Eq. (23) and linearization gives the eigenvalue problem

. u u
() =1(%). -

(L L
E(—Lz —LT)’

Li=p+02+V(x)+20|y|?, L =oy’

where

A soliton is linearly unstable if A has a nonzero positive real
part. Numerical calculations of both stable and unstable, fun-
damental and dipole P77 -symmetric solitons were reported in
Ref. [16].

5. Solitons in P7T -symmetric branched lattices

We now extend the above analysis to a star graph
with four semi-infinite edges (see Fig. 1(a)). The nonlinear
Schrodinger equation on the graph is written as

10, W (x,1) + OF W j (x,1) +V (x) W (x, 1)
B[P (x,1) PP (x,1) = 0, (28)

where j = 1,2, B+; denotes the edge-dependent nonlinearity
coefficient, and V (x) is the same P7 -symmetric periodic po-
tential as given in Eq. (2). Here, we restrict our analysis to
the focusing regime, i.e., the nonlinearity coefficients B ; are
assumed to be positive on all edges.

The vertex boundary conditions are the same as in
Eq. (14). In the nonlinear regime, the weight parameters ot ;
can be determined in terms of B ;.

The PT -symmetry on the graph requires

0¥ (x,1) = o ¥ j(—x, —1). (29)

Substituting Eq. (29) into the vertex boundary condi-
tions (14) yields the constraint

Oy j B+; 1 1 11
Goj_ P L L 30
o B B Jr[3—2 1+32 G0

Using the ansatz

P (x,t) = e My (x). 31)

094213-5
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Eq. (28) reduces to

Ry (6) + 97 W (x) 4V () yra ()
B e () Py (x) = 0. (32)
The boundary conditions at the vertex become
A Y- (X)[x=0 = 0t—2W—2(x)|x=0
= Y1 (x)]x=0 = @ Y2(x)|x=0,

1
78 V- 1( )‘x:OJF aiaxll’72(x)|x:0

o_1

= OTaxll/l( x) |x= ot o 9 W2 () x=0-
|

Equation (32) with the vertex boundary conditions above has
no closed-form analytical solution. To solve it numerically,
we apply the FFT (Fast Fourier transform) to Eq. (32). By
introducing

Y () = —F 1 [k F (s ()]

Equation (32) becomes
1y () + Y (x) + V (x) yie (x)
B () P (x) = O, (33)

We split Eq. (33) into a system of coupled nonlinear alge-
braic equations for the real and imaginary parts as

By () + () + [Re [V ()] ) () — Im[V ()] g (x)]
+ﬁi/[(ll/ J(x))? (V’ij( ))ZME,() 0,

;wgu+@k>[[wm%¢>ﬂmwmwmm
%02yl () =0,

+ﬁi]'[(lljij (x))? (

where l//(ir; (x), l/NIg (x), and l//g(x), 1;72()6) are the real and
imaginary parts of y(x) and 4 ;(x), respectively. Simi-
larly, the vertex boundary conditions take the following form
for y!'}(x) and '} (x)

a1y () mo = 029 (%) [0
= " (%) xm0 = ") () =0,

L r - (r)
o Wt a0l

1 r 1 r
= 22w @leo+ 2w (9o,

a1y () lxmo = 02w () im0
:mwwmw:WWWMw

7aw () | o+—8w % ()ls=0

_ 5D s )
T o axwl (x)‘X=0+azale2 (%) [x=0-

The above nonlinear algebraic system of equations with
the boundary conditions at the vertex can be solved using the
package’s built-in iterative solver, which is based on a New-
ton iteration scheme. For the initial guess, we have chosen
the hyperbolic secant function, whose center is located at the
vertex.

The same approach is employed to analyze the stability
of PT-symmetric solitons on the graph by perturbing the so-
lution, as demonstrated in Refs. [16,17,21,32], as

(1) = e 7 [y () 4 M () + €4V ()] L B4

where |u(x)], [v+;(x)| < |y ;(x)]. Substituting Eq. (34) into
Eq. (28) and linearizing with respect to uj(x) and v ;(x)
gives the following eigenvalue problem

iLo=2o, (35
where @ and the operator £ are defined as
o(x) =

0 j(x) =

diag (@—1(x), 0_2(x), 1 (x), mm(x)),
(s (x), v j(x)) T,
) c?

L=diag(L_1,L2,L1,Ls), 2) 1)+
—c8 )

Lij=

LY = u a2 4V )+ 2B v ()P £8) = Beyvd ().

The same vertex boundary conditions as in Eq. (14) are applied
to w;(x) as

o1 O (x)|x=0 = A2 0_2(x)|x=0

= 0101 (x)|x=0 = W (X)|x—0,
1

1
(Xi_laxwil (X) |x:0 + ai_zaxw*Z(x) Ix:()

1 1
= — 0,01 (x)|x=0 + — 0x @2 (x) ] s=o0.
(2%}

(09]

Analogously, the Fourier transform method is employed
for the eigenvalue problem with the boundary conditions at the
vertex to obtain the stability spectra.

We numerically solve the nonlinear Schrodinger equation
with the boundary conditions at the vertex and demonstrate the
soliton profiles on each edge of the graph for different param-
eters in Figs. 68 (panel (a)). Corresponding stability spectra
are shown in panel b of these figures.

For the stable solitons, identical values of the nonlinear-
ity coefficient 8+ ; lead to identical amplitudes in Fig. 6, and
non-equal values of B4 ; cause different amplitudes of stable
solitons in Fig. 7, which can be clearly seen at the vertex. Fig-
ure 8 shows the switching of stable solitons to unstable ones
as the gain—loss parameter crosses the phase transition point
Wo =0.5.
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Fig. 6. PT -symmetric soliton profiles (a) and the corresponding stability spectra (b) on the graph for which the sum rule in Eq. (30) is fulfilled
with B ; = 1. Other parameters are chosen as Vp = 6, Wy = 0.45, u = —3.5.

Rel[)]

Fig. 7. PT -symmetric soliton profiles (a) and the corresponding stability spectra (b) on the graph for which the sum rule in Eq. (30) is fulfilled
with f_; = 10/12, B_» = 10/8, B; = 10/11, B, = 10/9. Other parameters are the same as those in Fig. 6.
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Fig. 8. PT -symmetric soliton profiles (a) and the corresponding stability spectra (b) on the graph for which the sum rule in Eq. (30) is fulfilled
with B_; =10/12, f_» =10/8, B; = 10/11, B2 = 10/9. Other parameters are chosen as Vo = 6, Wy = 0.55, u = —3.5.
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Fig. 9. Evolution of the field intensity |¥. j|2 (a) and the time dependence of its maximum value (b) for unstable P77 solitons on each edge of
the graph.
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The eigenvalue highlighted with a red circle in Fig. 8(b)
determines the associated unstable P7 -symmetric soliton.
The corresponding spatial-temporal dynamics of this soliton
on each edge of the graph, together with the time evolution
of the maximum value of the field intensity |¥.;(x,?)| in
Eq. (34), are shown in Fig. 9. From this plot, one can easily
observe that the soliton blows up for the gain—loss parameter
Wo = 0.55. Unlike in the linear regime, the phase transition
point shifts from 0.185 to 0.5 due to the cubic nonlinearity. In
our numerical experiment, we examined the stability spectra
for the gain—loss parameter around Wy = 0.5 and chose a lim-
ited set of parameters. The power as a function of the chemical
potential reveals that the cubic nonlinearity induces a signifi-
cant shift in the P7T -symmetry-breaking threshold.

Violating the sum rule in Eq. (30) causes the breaking of
PT-symmetry in the system. Interestingly, in our numerical
experiment, we note that our system is highly sensitive to the
values of the nonlinearity coefficient B+ ;. Even a small de-
viation from this constraint leads to the disappearance of the
soliton profile. The disappearance of the soliton profile can
be attributed to two main factors: first, the breaking of P7T -
symmetry in the system, and second, the pronounced sensitiv-
ity of the solution to variations in the nonlinearity coefficients.
Therefore, in all calculations, we have chosen the values of
B+ to be close to unity.

6. Conclusions

In this work, we have studied P7T -symmetric branched
optical lattices by employing the nonlinear Schrodinger equa-
tion with a P77 -symmetric periodic potential on metric graphs.
In the unbranched case, i.e., on a line, we have mathemat-
ically proved the condition for the gain—loss parameter using
the plane-wave expansion method, showing that the similarity-
transformed matrix Hamiltonian is Hermitian under the condi-
tion (Eq. (12)). By modelling the branched structure in terms
of metric graphs, the dispersion relation is obtained for differ-
ent parameters on the star graph with four edges. We have
shown that the exceptional point (or phase-transition point)
can be controlled using the constraint in Eq. (16). When the
system is below the P7-symmetry-breaking threshold, this
constraint ensures real eigenvalues by choosing appropriate
values of the weight coefficients o ;, and all eigenvalues re-
main real.

In the nonlinear regime, we have numerically solved the
cubic nonlinear Schrddinger equation with the same P7T-
symmetric periodic potential on the star graph. The linear sta-
bility of solitons is analyzed by adding perturbation terms to
the complex amplitude of the field. When the constraint in
Eq. (30) is broken, we have noted that the amplitude of the
soliton becomes nearly zero.

The achievement of this work comes from the fact that we
have obtained tunable P7 -symmetric optical lattices, where
the tuning relies on the constraints in Egs. (16) and (30).
This tunability allows one to regulate the spectral properties,
phase-transition threshold, and stability of the solitons. Such a
feature makes the proposed model a useful theoretical plat-
form for designing and analysing P7 -symmetric nonlinear
wave systems in complex optical networks. Moreover, this
property of such systems lays the foundation for the applica-
tion of PT-symmetry in real optical devices, such as PT-
symmetric optical couplers, unidirectional optical isolators,
and PT -symmetric optical switches, among others.
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