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Mechanochemical organic synthesis using ball milling leverages mechanical energy to drive chemical reactions.
A comprehensive understanding of the underlying reaction kinetics is essential for the continuous development of
mechanochemical synthesis. However, the rate-limiting processes of mechanochemical reactions remain poorly under-
stood because molecular behavior at interfacial length scales is still largely unknown. We have theoretically predicted that
mechanochemical reactions of two solid reactants lead to the formation of a product-rich phase at their interface due to the
instability arising from the immiscibility of product and reactant solids and that the applied mechanical stress accelerates
the diffusion of reactants through the product-rich layer by decreasing the thickness of this layer. To shed light on the
rate-limiting processes governing such mechanochemical reactions, we develop here a scaling theory. This theory predicts
that the rate-limiting process depends on the thickness of the product-rich layer and can therefore change over time. Unlike
conventional solution-based reactions, the crossover between regimes of rate-limiting processes is influenced not only by
the diffusion length but also by the extent of reactant dissolution into the product-rich layer and the magnitude of the ap-
plied mechanical stress. The model developed in this study provides a fundamental framework for a deeper understanding
of mechanochemical organic reactions occurring during ball milling.
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1. Introduction

Mechanochemical organic synthesis using ball milling re-
quires little or no organic solvent and has attracted significant
attention as an efficient, energy-saving, and ecofriendly alter-
native to conventional solution-based approaches that rely on
organic solvents. A wide range of organic reactions can be
performed efficiently using ball milling.!'"~") Strong mechan-
ical agitation by ball milling grinds the reactants, reagents,
and catalysts (Fig. 1(a)).
der mechanochemical conditions, the reactants are used in

Since no solvent is required un-

their native physical states, which can either be solid or lig-
uid, depending on the compounds and reaction conditions. 3]
A comprehensive understanding of reaction kinetics under
mechanochemical conditions is essential for advancing tech-
niques based on mechanochemical synthesis. Identifying the
rate-limiting processes is the first step in understanding the
kinetics of chemical reactions.!!”) However, the rate-limiting
processes of mechanochemical reactions remain poorly under-
stood owing to the inherent complexity arising from the fact
that chemical reactions at molecular length scales are accel-
erated by macroscopic mechanics,'!!! and that molecular dy-
namics in systems composed of multiple phases are involved.

The processes involved in mechanochemical reactions

Corresponding author. E-mail: tyamamoto@icredd.hokudai.ac.jp

CSTR: 32038.14.CPB.ae5db4

range from macroscopic (solid particles) to microscopic
(molecular) levels (Fig. 1).[''1 At the macroscopic level,
mechanical agitation drives the motion of metal balls and
solid reactants, as well as the fragmentation of the reactants
(Fig. 1(a)). Theoretically, these processes have been studied

[12-14] and by model-

using the physics of granular materials
ing them as Poisson processes./'>! At the molecular level, the
reactants transform into the product (Fig. 1(b)). It is straight-
forward to think that the applied mechanical force can directly
activate the starting materials and catalysts, thereby decreasing

[11-13] [ndeed, the impact

the activation energy of the reactions.
of applied tension on the reactions of polymeric compounds
has been widely studied.!'®->!] Polymer chains are consid-
ered to induce and control force transduction so that func-
tional units (mechanophores) can be activated. Theoretically,
the activation force is predicted using density functional the-
ory (DFT)-based quantum chemical calculations, in which the
work done by displacements >3] or externally applied forces
on pairs of terminal atoms?¥ or functional groups!?!' is con-
sidered. In contrast, the detailed role of mechanical stress in
mechanochemical reactions involving small molecules by ball
milling remains unclear, except for a few specifically designed

g,[25-27

system I probably because the processes at intermediate
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length scales between the macroscopic and molecular limits
remain poorly understood.

(a) Macroscopic particle dynamics

(b) Reaction

A+B — AB

(c) Molecular diffusion and flow at interface

Product-rich phése Diffusior’_?
ST DN
> <
Flo

Mechanical stress

Reactant A-rich solid Reactant B-rich solid

Fig. 1. Mechanochemical organic synthesis by ball milling.
(a) Mechanochemical synthesis is performed by mechanical agitation of
solid reactants (magenta and cyan circles) and metal balls (gray circle).
(b) At the molecular level, reactants A and B transform into product AB.
(c) Mechanochemical reactions occur at the interfaces between reactant
solids (magenta and cyan slabs), producing a product-rich layer (green)
at these interfaces. The applied mechanical stress by the metal balls
drives material flow in the product-rich phase. Reactant molecules A
and B diffuse in the product-rich layer and undergo chemical reactions
when they meet.

Mechanochemical reactions involving solid reactants oc-
cur at the interface (Fig. 1(c)). Molecular dynamics (MD)
simulations have predicted that the plasticity of colliding
solid reactant particles plays a key role in the mixing of

[28.29] However, MD simulations are limited to short

reactants.
timescales before chemical reactions occur. We previously
developed a theory combining the Landau theory for phase
transition with the Onsager theory for irreversible processes,
which predicts that mechanochemical reactions of two solid
reactants produce a product-rich phase at their interface due to
instabilities arising from the immiscibility of products and re-
actants (green layer in Fig. 1(c)).?% The theory also predicts
that the dissolution of reactant molecules into the product-rich
layer regulates the kinetics of mechanochemical reactions. 3!
Interestingly, adding a small volume of solvent to the sys-

311 probably

tem enhances the reactivity of solid reactants,
because the solvent wets the surfaces of reactant solids and
acts as a plasticizer for the product-rich layer. Under these
conditions, the applied mechanical stress drives material flow,
increasing the concentration gradient of the reactants in the
product-rich layer by decreasing its thickness (white arrows
in Fig. 1(c)).[*?! This mechanical effect accelerates diffusion-

limited reactions, whose rates depend on the concentration

gradient of the reactants, but does not influence reaction-
limited processes, whose rates depend on the local reactant
concentrations. However, the previously proposed theory
could not predict the factors determining the rate-limiting pro-
cesses of mechanochemical reactions.

To shed light on

mechanochemical reactions, we develop a theory to study the

the rate-limiting processes of

conditions under which mechanochemical reactions are lim-
ited by diffusion or by reaction. In conventional solution-
based reactions, the rate-limiting processes are determined by
the diffusion length, which is the distance a reactant can dif-
fuse before reacting.33! The proposed theory predicts that, in
mechanochemical reactions, the rate-limiting process depends
on the thickness of the product-rich layer and the system size,
and can therefore change over time. In the diffusion-limited
regime, chemical reactions occur as soon as the reactants meet
because the intrinsic reaction is faster than diffusion. In the
reaction-limited regime, diffusion of molecules is faster than
the reaction; thus, the volume fractions of the reactants and
products are determined by thermodynamic equilibrium con-
ditions due to the multiphase nature of the system. There is
also a “marginal” regime, in which the rate-limiting process is
the reaction, but a reactant A molecule penetrates the reactant
B-rich solid phase (and vice versa) only up to the diffusion
length. The crossover between reaction regimes is determined
not only by the diffusion length but also by the extent of dis-
solution of reactant molecules into the product-rich layer and
the applied mechanical stress. Although the present analysis is
limited to mesoscopic interfacial dynamics, it provides a basis
for understanding the rate-limiting process of mechanochem-
ical reactions by bridging microscopic and macroscopic dy-
namics.

2. Scaling theory for kinetics of mechanochemi-
cal reactions

We develop a scaling theory to analyze the rate-limiting
processes in mechanochemical reactions by extending our pre-
vious theoretical studies.!**3%! This theory considers a sim-
ple mechanochemical reaction between two solid reactants,
A and B, that forms a product AB (A+B — AB). We fo-
cus on the interfacial region between the two solid reactants
where mechanochemical reactions occur. The coordinate sys-
tem is set such that the x—y plane lies at the interface be-
tween the solid reactants, and the z axis is normal to this plane
(Fig. 2(a)). The system is described by the volume fractions,
Wa(2), WB(z), and Wag(z), of the reactants and products. Sub-
scripts A, B, and AB represent the quantities of reactants A
and B and product AB, respectively. For simplicity, we con-
sider cases in which the diffusion constants and thermody-
namic properties of the two reactants are equal, and the vol-
ume per product molecule AB is the sum of the volumes per
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molecule of reactants A and B. In this case, the volume frac-
tions of reactants A and B are symmetric with respect to the
x—y plane, W (z) = wg(—z). Thus, we analyze only half of
the system, z > 0. By neglecting the small volume of added
solvents, the system is occupied by the reactants or the product
(incompressibility condition)

Va(2) + B (2) +yas (z) = 1. )

The volume fractions of A and B follow reaction—diffusion

equations: 34!

%WA (Z) _ DA% (wA (Z)a:uA(WAle/B))

0z ksT
—kya (2) wB(2), 2)
) 9 9 ps (Va, VB)
FRL (2) = DB(TZ (‘I’B (Z)aszT)
—kya (2) wa(z2), 3)

where Ua (Wa, W) and g (Wa, wg) are the chemical poten-
tials of A and B, respectively. D and Dp are the diffusion
constants of reactants A and B, respectively. k is the reaction
rate constant. The volume fraction of the product yap(z) is
determined by the incompressibility condition (Eq. (1)). Equa-
tions (2) and (3) imply that the chemical potentials, rather than
the volume fractions, are continuous throughout the system.
The reactant B solid is stable only when the volume frac-
tion yp(z) is larger than the binodal value, Wg(z) > Wga,
and a phase rich in products or reactant A is stable when
the volume fraction is smaller than another binodal value,
wB (z) < wg1.1**3 The volume fraction between the two bin-
odal values, W1 < W (z) < W, is unstable. The binodal
volume fractions, yg; and yg,, can be determined experi-
mentally. In our previous study, we derived yg; and yg; as
functions of the immiscibility parameter using the mean-field
approximation.*”) The volume fraction yg(z) of reactant B
thus exhibits a discontinuity between yg; and Wgy at z = h(t)
(Figs. 2(b)-2(d)). This discontinuity is accompanied by a cor-
responding jump in the volume fraction Wa(z) of reactant A
between the binodal values wa; and yu» at the same posi-
tion. Note that the chemical potentials are equal at the binodal
values, ta (Wa1, WB1) = Ua (Wa2, ¥B2) and U (W1, ¥B1) =
U (Wa2, Wg2), ensuring continuity of the chemical potentials
at z = h(r) (local equilibrium). The region z > A(t) is predom-
inantly occupied by reactant B and is thus identified as the
reactant-B-rich solid phase. The discontinuity in the volume
fraction at z = A (¢) results from the instability arising from the
immiscibility between the product and reactant solids, and the
region 0 < z < h(¢) thus forms a distinct product-rich phase.
A small volume of solvent added to the system can wet
the surfaces of the solid reactant particles and act as a plas-

131

ticizer in the product-rich phase.*!! For simplicity, we treat

the reactant-rich solid phases as rigid bodies and the product-
rich phase as a viscous fluid. The applied mechanical stress
o, drives flow in the product-rich phase. We here consider
cases in which the relaxation time of the product-rich phase is
faster than the frequency of the metal ball motions so that the
applied mechanical stress is assumed to be static. The mate-
rial flow decreases the thickness of the product-rich phase at a
speed

_8 01 .3
-3 TABT, (2)

v (1) 0, )

where Map is the viscosity of the product-rich phase and ry
is the radius of the interfacial region. Equation (4) is de-
rived by solving the Stokes equation under the lubrication
approximation.3233 The thickness A(t) of the product-rich
phase depends on the reaction rate S(#) and material flow v(¢)
LI (DN
dr 1 — a1 — g1

The reaction rate S(¢) is defined by the volume of reactants

V(). )

converted to product per unit time and area, and its form de-
pends on the rate-limiting process of the reaction.

The reaction can occur throughout the entire system of
size L(¢) in the reaction-limited regime. The thickness L(r) of
the system evolves according to the following equation:

d
—L(t)=—v(t). 6
SL0) = () ©
The volume Vi (¢) of material is excluded from the interfacial
region between the solid reactants by the material flow under
the applied mechanical stress, as described by Eq. (4). Mass

conservation can then be expressed as follows:

d

a(Vex (t)+mrdL(r)) =0. (7)

2.1. Diffusion-limited regime

In the diffusion-limited regime, the reactant molecules A
and B react immediately upon meeting at z = 0 (Fig. 2(b)).
Reactant A molecules do not penetrate the region defined by
z > 0, and the volume fraction of reactant B molecules at the
interface z = 0 vanishes, yg (0) = 0. In the low-temperature
limit, the volume fraction yg(z) of reactant B molecules in
the product-rich phase is small. In this case, the chemical po-
tential of reactant B assumes an asymptotic form expressed as
us = kT log y(z). Solving Eq. (3) in the steady state, the
volume fractions of reactants have the form wa (z) = 0 and
Wi (z) ~ yd,z/h(t) for 0 < z < h(t). The superscript ‘d’ indi-
cates the binodal value in the diffusion-limited regime (binary
mixture of reactant B and product). The flux Jg(z) represents
the volume of reactant B molecules crossing a unit area per
unit time

0
JB (2) = —Dpy3 (2) a*Z#B (Wa, wB). ®)
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In the diffusion-limited regime, the reaction rate S(z)(=
—J5(0)) is equal to the flux of reactant B reaching z = 0. Sub-
stituting the steady-state profile, the reaction rate has the form

d
YRy

S(I):DBh(I).

€))

The diffusion of reactant molecules occurs only within the re-
gion between the two solid reactants.

(a) X

" Product-rich phase
(b) Diffusion-limited regime (

A-rich solid --

"*-. B-rich solid

— o » Z

-hit) h(t)
(c) Reaction-limited regime (Reaction rate<Diffusion flux)
il
v, (2) Vas(2) Vy(2)
\VB{1 =\ . ° s
: s 7
() v it
(d) Marginal reg:ime (Reaction rate:Dif:fusion flux)
LIV :
va(2) V@ T w2
Vi =V A1
: N
............. > Z
) PN
vy A,
-h(f) h(t)

Fig. 2. Volume fraction profiles of reactants. (a) Schematic showing the
coordinate system, where the x—y plane is located at the mid-plane of
the product-rich layer (green) and the z axis is normal to the plane. The
volume fractions of reactants A (magenta) and B (cyan) as well as prod-
uct AB (green) are presented as functions of position z for the diffusion-
limited (b), reaction-limited (c), and marginal regimes (d).

2.2. Reaction-limited regime

In the reaction-limited regime, the diffusion of reactant A
and B molecules is so fast that the volume fractions of reac-
tants and products are determined using thermodynamic equi-
librium conditions (Fig. 2(c)). The volume fractions of the re-
actant molecules in the two reactant-rich solid phases and the
product-rich phase are maintained at the binodal values, and

the reaction primarily changes the thickness of these phases.
Thus, the reaction rate S(¢) is expressed as follows:

S(t) = kya yg h(t) +kypo Yo (L (1) —h(1))
Vex (1)
g

+kWa1 VB (10)
The superscript ‘t” denotes the binodal value in the reaction-
limited regime (ternary mixture of A, B, and AB). The first,
second, and third terms in Eq. (10) correspond to the reaction
rates in the product-rich phase, reactant-rich solid phase, and
the volume flown out from the region between the reactant-
rich solid phases, respectively. At first glance, one may think
that the reaction rate S(z) depends on the flow via k(z), L(¢),
and Ve (¢), see Egs. (5)—(7). However, by taking the time
derivative of both sides of Eq. (10), we derive the relationship

d k (Va1 VB — Vaa Vo)
L5 = 1L~ PRVl 6 (). (11
dr ) L /N “

Eq. (11) shows that, in the reaction-limited regime, the reac-
tion rate S(¢) is independent of flow.

2.3. Marginal regime

In the marginal regime, the product-rich phase remains in
thermodynamic equilibrium, while reactant A molecules pen-
etrate the reactant B-rich solid phase only over the diffusion
length (Fig. 2(d))

Dy
ld = 7 (12)
In this case, the reaction rate has the form
_ r r r r r r VCX (t)
S(t) = kya Wp1h(t) +kWar WeoAa + kWA Vg e (13)
0

By taking the time derivative of both sides of Eq. (13), we
derive the relationship

T T
%S(I) - %S(r). (14)
Al Bl
Thus, the reaction rate S(¢) does not depend on the flow in the
marginal regime. The only difference between the reaction-
limited and marginal regimes is the distribution of reactant
A molecules within the reactant B-rich solid phase and vice
versa. Because the binodal values in the marginal regime are
identical to those in the reaction-limited regime, we use the
same superscript ‘r’.

The time evolution of the system is derived by solving
Egs. (5) and (6), with the flow fields given by Eq. (4). The re-
action rates S (¢) in the diffusion-limited, reaction-limited, and
marginal regimes are derived using Egs. (9), (11), and (14), re-
spectively. The reaction regime is determined by the minimum
among these reaction rates.
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Table 1. Characteristic length scale, time scale, and mechanical stress used in the present theory and the volumefraction ratios.

Symbol Meaning Expression Used value
Ad Diffusion length Da/k -
] k T T
— Inverse reaction time % ~ kYL Ve -
T L=yi — ¥
3 2
Op Mechanical stress scale 2 Nap —02 -
8 T Ag
Va2 VB Vi
[o4 Volume fraction ratio of phases % ~ 7A22 0.01
Var¥er (i)
1—wt, —uk
B Volume fraction ratio of regimes rwgl - Yar — Vi = wgl 5 10.0
VaiVe 1w (Vi)

The present theory is formulated in terms of the charac-
teristic length scale Aq, time scale T», and mechanical stress o},
as well as the volume-fraction ratios o and 8 (Table 1). The
ratio 3 is estimated to be large because yh, ~ Y5, ~ vy, /2.
The ratio o depends on the extent to which reactant A dis-
solves into the reactant-B-rich solid (and vice versa), relative
to dissolution of these molecules in the product-rich phase.
The reaction rate (per unit area) scales as

—wh — Ve A

S:
p
T

15)

3. Regime diagram without applied mechanical
stress

In the absence of applied mechanical stress (v = 0), the
system size remains constant, L(t) = Ly (Eq. (6)), where
Lo(= L(0)) represents the initial system size. Our theory
predicts that the rate-limiting process depends on the thick-
ness A(t) of the product-rich phase and the system size Ly
(Fig. 3(a)). Because the thickness h(r) increases over time,
the rate-limiting process can change as the reaction proceeds.
We identify four types of trajectories: I. For Ly > L3, the re-
action begins in the marginal regime and subsequently enters
the diffusion-limited regime (black arrow in Fig. 3(a)). IL
For L] < Lo < L3, the reaction sequentially passes through
the marginal, reaction-limited, and diffusion-limited regimes
(cyan arrows in Fig. 3(a)). III. For Aq < Ly < L7, the reaction
starts in the marginal regime and then shows a crossover to the
reaction-limited regime (magenta arrow in Fig. 3(a)). IV. For
Ly < A4, the kinetics remain reaction-limited over the entire
reaction time. The explicit expressions for L} and L; are sum-
marized in Table 2, and their derivations are provided in the
supplementary information (SI).

Marginal/diffusion-limited, = marginal/reaction-limited,
and reaction-limited/diffusion-limited crossovers occur when
the thicknesses of the corresponding product-rich layers are
hmdo, hmro, and hyqo, respectively (Fig. 3(a)). The expressions
for the thicknesses of the product-rich layers and the corre-
sponding times are summarized in Tables 3 and 4. The rate-

limiting processes are determined not only by the diffusion
length A4 but also by the parameters o and 3, which represent
the extent of reactant molecule dissolution in the product-rich
phase, unlike in conventional solution-based reactions.

(a) Marginal (Reaction rate=Diffusion flux)

h=L

Diffusion-limited
(Reaction rate>Diffusion flux)

. I

Reaction-limited
(Reaction rate<Diffusion flux)

1 ...I...
oy o

1 2 3 4 5 6

hi,
(b) Marginal Diffusion-limited
I - EE—— -
I R > B — [
I E. > FEEN.

Reaction-limited

Fig. 3. Regime diagram without material flow. (a) Regime diagram
of rate-limiting processes of mechanochemical reactions with respect to
the product-rich layer thickness A(¢) and system size Ly. The diagram
was constructed using the expressions in Tables 2—4 with a = 0.01 and
B = 10.0. The diffusion-limited, reaction-limited, and marginal regimes
are shown in orange, purple, and brown, respectively. Without flow in
the product-rich layer, the system size Ly remains constant, whereas the
thickness h() of the product-rich layer increases over time (trajectories
indicated by black, cyan, and magenta arrows). The marginal/diffusion-
limited, marginal/reaction-limited, and reaction-limited/diffusion-limited
crossover boundaries are denoted by hngo, Aimr, and hyqg, respectively.
The sequence of crossovers experienced by the system depends on Ly
with three thresholds Aq, L}, and L3. (b) Schematic illustration of the
crossover sequences corresponding to the black, cyan, and magenta tra-
jectories shown in panel (a).

4. Reaction rate without applied mechanical
stress

The expressions for the reaction rate and thickness of the
product-rich layer in each regime are provided in Tables 5 and

078201-5
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6, and their derivations are provided in the SI. In the marginal
regime, the reaction rate Sy, (¢) increases over time as

Sm (1) = kyao WpoAae ™, (16)

because the reaction occurs uniformly in the product-rich layer
(black line in Fig. 4(a)). In the diffusion-limited regime, the
reaction rate Sq(#) decreases over time as

Vi)

Zﬁlg (t _tme) .
T

Sd (t) =Dg

A7)

2
h md0 +

Because diffusion of reactants in the product-rich layer decel-
erates as the thickness A(r) of this layer increases (black line

the diffusion-limited regime, whereas in the marginal regime
it is proportional to the thickness of this layer.

The non-monotonicity in the reaction rate may be exper-
imentally accessible unless the characteristic time 7,49 at the
marginal/diffusion-limited crossover is either too short or too
long compared with the experimental time scale. The charac-
teristic time #;,qg is given by

1 1
Imdo = Tp IOg §+ Z—F% . (18)

Table 2. Threshold system sizes, L} and L3, that determine changes in
trajectory type in the absence of applied mechanical stress. The deriva-
tions are provided in SI.

Symbol  Trajectories Expression SI
in Fig. 4(a); Tables 2 and 3 for i n he reaction
g ( ?, see ab.es and 3 for hy,g0 and f,,40), the reactio ld p— NG ~
rate exhibits a maximum S,q0 at the crossover between the
marginal and diffusion-limited regimes. This non-monotonic L T VB2 825

behavior results from the fact that the reaction rate is propor-
tional to the inverse of the thickness of the product-rich layer in

L3 I ard <\/‘1‘+£2;>+/1d S24

Table 3. Product-rich layer thickness /(t) of at the regime crossover points in the absence of applied mechanical stress. The

derivations are provided in SI.

Symbol Regimes Expression SI
h Marginal/diffusion-limited arg 1 + E 1 S12
md0 g § \/ 17 a2 2
Do Marginal/reaction-limited Lo— 24 S16
\/4[3 (1—a) A + (aly)® — aLy
hydo Reaction-limited/diffusion-limited S20

2(1—a)

Table 4. Characteristic time at the crossovers between regimes in the absence of applied mechanical stress. The derivations are

provided in SI.
Symbol Regimes Expression SI
t, Marginal/diffusion-limited T, lo 1 + 1 + E S13
'md0 g S p 108 2 22
tnr0 Marginal/reaction-limited T, log <1 + Loa;jd ) S17
t, Reaction-limited/diffusion-limited tnr0 + ki 1 \/4ﬁ (- a)ldz_'_ (aL0)2 —oh S21
0 eaction-limited/diffusion-limite mo+ 7 og 20l — (1 —a) i)

Table 5. Reaction rate in the reaction-limited, diffusion-limited, and marginal regimes in the absence of material flow driven by
applied mechanical stress. The derivation of these expressions is given in the SI. hgqg and #4¢ are the thicknesses of the product-
rich layer and time at which the system enters the diffusion-limited regime. A4 = hmdo and t40 = fmdo for the marginal/diffusion-
limited crossover; hgy = hqo and tqg = t,qo for the reaction-limited/diffusion-limited crossover.

Symbol Regime Expression SI
1, t—t
S (1) Reaction-limited (Lo > Aq) kyi, Wy Ad exp {%ro +(1-a) Tmro} S18
P P
Sq(r) Diffusion-limited Dp ngz S15, S23
2B A (t—1,
iy + BAg (1 —ta0)
T
t
Sm (1) Marginal kyiy, WoAd exp (;) S10
P
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Table 6. Thickness of the product-rich phase in the reaction-limited, diffusion-limited, and marginal regimes in the absence of
the material flow driven by applied mechanical stress. The derivation of these expressions is given in the SI. i4g and #4¢ are the

thicknesses of the product-rich layer and time at which the system enters the diffusion-limited regime.

Symbol Regime Expression SI
1, t—1,
he (1) Reaction-limited Pnro + le exp (m—ro> {exp ((1 —o) 7""0) — 1} S19
-« T T
2822 (t—t,
hq (1) Diffusion-limited "3+ M S14,822
P
hm (1) Marginal odg (exp <TL> - l> Si1
P

Equation (18) is derived by enforcing continuity of the re-
action rate and the thickness of the product-rich layer at
the marginal/diffusion-limited crossover (see Table 4). The

ﬁ<<l

. . 2
crossover time fmqo has asymptotic forms 1, /a” for 2

B B

T
and —plog—z for — > 1. This implies that, if the disso-
lution of reactant A into the reactant B-rich solid is strongly
hindered relative to its dissolution in the product-rich phase,
Var/Va <
only on long time scales, near completion. The reaction rate

ng, the reaction becomes diffusion-limited

thus increases for most of the time. In contrast, when the vol-
ume fraction of reactant A dissolved into the reactant B-rich
solid is comparatively large relative to that in the product-rich
phase, Wi, /yh, > M , the marginal regime persists only
on short time scales. The reaction rate thus decreases for most
of the time.

5. Reaction rate with applied mechanical stress

For systems with very large size Ly — oo, the
mechanochemical reaction starts in the marginal regime and
then undergoes a crossover to the diffusion-limited regime. In
the absence of applied mechanical stress, the reaction rate de-
creases over time in the diffusion-limited regime (black line in
Fig. 4(a)). With applied mechanical stress, the reaction rate
decreases only slightly after the marginal/diffusion-limited
crossover and then becomes constant (magenta and light green
lines in Fig. 4(a)). Thus, the applied mechanical stress accel-
erates the mechanochemical reaction in the diffusion-limited
regime. This acceleration arises because the stress-driven ma-
terial flow decreases the thickness of the product-rich layer,
thereby increasing the diffusive flux of reactant molecules

[321' A new finding in our present study is

through this layer.
that the characteristic time at the marginal/diffusion-limited
crossover increases with increasing applied mechanical stress
(see black, magenta, and light green lines in Fig. 4(a)).
Quantitatively, Eq. (4) suggests that the stress-driven ma-
terial flow is not significant on short time scales, when £ () ~
0. In this short-time regime, Eqs. (16) and (17) are effective.
On long time scales, the material flow becomes significant,

and the increase in the thickness of the product-rich layer ow-

ing to the mechanochemical reaction is balanced by its de-

crease due to the material flow

S(t)=v(t), (19)

See Eq. (5). The time at which this crossover between the two
time regimes occurs is denoted as ..

Diffusion-limited

—~
Q

Ny

(o]

E /

r
[4)]
T
1

r

S( t)rp/()\d( 1y~ Wg,)
w

N

Marginal

N

Diffusion-limited

L.

Fig. 4. Reaction rate vs. time. The reaction rate S(z) (rescaled by the
scale Sp,) (a) and thickness /() (rescaled by the diffusion length A4) of the
product-rich layer (b) are shown as a function of time for ¢, /o, = 0.0
(black), 0.1 (magenta), and 1.0 (light green). The solid and broken
lines denote marginal and diffusion-limited regimes, respectively. The
results were obtained by numerically integrating Eqs. (5) and (6) with
o =0.01, B =10.0, and Ly/Ag = 50.0. The characteristic times at the
marginal/diffusion-limited crossover are indicated by dotted lines.

In the marginal regime, the reaction rate continues to fol-
low Eq. (16), even for ¢t > ., because the reaction rate depends
only on the local reactant volume fractions determined by ther-
modynamic equilibrium conditions. In contrast, the thickness
h(t) of the product-rich layer for 7 > f. is expressed as follows:

1

hn(t)  (00p\3 t
A’d = (Gl) eXp % .

(20)
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Equation (20) shows that the thickness h(f) decreases with
increasing applied mechanical stress and grows much more
slowly than in the absence of material flow (see Table 6). At
first glance, one may think that the contribution of material
flow to the thickness A(t) may not be important in the marginal
regime because it does not affect the reaction rate (Eq. (16)).
However, the material flow affects the characteristic time at
the crossover between marginal and diffusion-limited regimes
because the reaction rate is continuous at the crossover, while
the reaction rate depends on the thickness of the product-rich
layer in the diffusion-limited regime.

(a) 8 T T T
174
e
6 — .
o >\ ;
\I:E 4 Tman/tp .
o :
2} : |
clo
L/
1 1 1
1700 102 10" 10 10°
clo
€1 P
(b) 101_ T | 1 ~1
T L 1/
s s
=l :
B
%] .
10° ! i !
10°  10° 10" 10° 10°

clo
Lp

Fig. 5. Marginal/diffusion-limited crossover time vs. applied mechanical
stress. Characteristic time f;,q (rescaled by the time scale 7;,) (a) and re-
action rate S(fmq) (rescaled by the scale Sp) (b) at the marginal/diffusion-
limited crossover as a function of applied mechanical stress. Results were
obtained using Egs. (18) and (23) for & = 0.01 and = 10.0. Slopes of
1/4 are indicated using short line segments.

In the diffusion-limited regime, the reaction rate is con-
stant for ¢ > ¢, and is derived as

1

l/’(311 oL \4
Sa(t) =Ds " (ﬁcp> ) (2D
by solving Eq. (17) with Egs. (4) and (9) (broken magenta and
light-green lines in Fig. 4(a)). Thus, the reaction rate increases
with increasing applied mechanical stress. The acceleration of
the diffusion-limited reaction by applied mechanical stress re-
sults from the fact that the thickness 4(z) of the product-rich

layer decreases with increasing stress

"o _ (ﬁ%)i -

A o)

(broken magenta and light-green lines in Fig. 4(b)).[3?!

When the time f#;,4 at the marginal/diffusion-limited
crossover is shorter than the characteristic time 7., the stress-
driven material flow is not significant at #,,q. In this case, the
crossover time is given by Eq. (18), fing = fmdo (Fig. 5(a)).
When t,q4 > ., the crossover time #,q is expressed as

1/4
I'md ﬁ3/461_
— =log| ——+— |, (23)
B ( acpl/4

which is derived from the continuity of the reaction rate and
thickness of the product-rich layer at 7,4 (see Egs. (20) and
(22)). Thus, the characteristic time fy4 is independent of the
applied mechanical stress for small stress and increases with
increasing stress magnitude for large stress (Fig. 5(a)). The
characteristic stress o, at the crossover has the asymptotic
form o,/ for B/ >> 1, when dissolution of reactant A in
reactant B-rich solid is smaller than that in the product-rich
layer, and, otherwise, a*c,/B> for f/a* < 1, see the dis-
cussion below Eq. (22). The maximum reaction rate S(fyq)
is independent of the applied mechanical stress for o, < o,
but exhibits a power-law dependence on the applied mechan-
ical stress with exponent 1/4 for 6, > o, (Fig. 5(b)). These
scaling relationships may be experimentally accessible.

6. Trajectories of regimes with applied mechan-
ical stress

In the absence of applied mechanical stress, the thickness
h(t) of the product-rich layer increases over time while the
system size remains constant, L(t) = Ly. For Ly > L}, the
mechanochemical reaction starts in the marginal regime and
then shows a crossover to the diffusion-limited regime. Un-
der applied mechanical stress, the stress-driven material flow
decreases both the thickness A(t) of the product-rich layer and
the system size L(t), because material from the product-rich
layer flows out of the system (Fig. 6(a)). Interestingly, un-
der very large applied mechanical stress, the mechanochemi-
cal reaction completes before the system reaches the diffusion-
limited regime, even for Ly > L3 (magenta arrow in Fig. 6(a)),
although the thickness hy,g of the product-rich layer decreases
with increasing applied mechanical stress (broken lines in
Fig. 6(a)). In this case, the system instead shows a crossover
to the reaction-limited regime. The rate-limiting processes of
mechanochemical reactions therefore depend not only on ap-
plied mechanical stress but also on the diffusion length A4 and
dissolution of reactant molecules in the product-rich layer.

In the marginal and reaction-limited regimes, the reac-
tion rate is independent of the stress-driven material flow. The
fact that the system shows a crossover to the reaction-limited
regime rather than the diffusion-limited regime under large
mechanical stress implies that the acceleration of the reaction
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by mechanical stress has a limitation. The analysis of the reac-
tion trajectories, involving five regimes, is summarized in the
SI. For Lo > L} and a < B 12 the trajectory analysis predicts
that the crossover switches at a threshold applied mechanical
stress

(Lo — adg)*

Oth = 4 Gp7
B34

(24)
see also Eq. S53 in the SI. The threshold stress is sensitive
to the initial size Ly of the reactant particles. This crossover
may be particularly relevant for systems with small reactant
particles, and the switching of crossovers may thus be relevant
when these particles are relatively small.

Marginal (Reaction rate=Diffusion flux)

ONCE ' IS h=L
6 /I T ||I T u
. ! |0'I'0'D=0.0 ] ‘. "
y L
at L4 4
I/I |

S 3t h, /Y : oy Reaction-limited
ol \ P & - “p i (Reaction rate<Diffusion flux)
W oo ————1
do EGL L, 2
0 1 2. :3 4 5 6

hix,
(b) B

= g g .

.o :

7l p i

3 4+ / A T

> L ]

T 3+ P 1

= 2r /s g o

= :

& » ]

1 1 L 1 |

C0 1 2 3 4 5 6

Fig. 6. Reaction trajectories vs. applied mechanical stress. Trajectories
(a) and reaction rates S(z) (b) of mechanochemical reactions are shown
for (FL/(Fp = 0.0 (black), 0.1 (cyan), 0.3 (light green), and 1.0 (magenta)
as a function of the product-rich layer thickness A(¢) and the system size
L(t). The results were obtained by numerically integrating Eqgs. (5) and
(6) with o¢ = 0.01, B = 10.0, and Lo/Aq = 5.0. The dotted lines corre-
spond to crossover boundaries separating marginal, diffusion-limited, and
reaction-limited regimes (see also Fig. 3).

7. Discussion

We have developed a scaling theory to study the rate-
limiting processes of mechanochemical reactions. These pro-
cesses depend on the thicknesses of the product-rich layer
h(r) and the system size L(z), both of which change during
the reaction. Our theory predicts that the rate-limiting pro-
cesses are determined not only by the diffusion length A4,
but also by the parameters o and 3, involved in the disso-
lution of reactant molecules in the product-rich layer and by
the applied mechanical stress o . The trajectories of the sys-
tem depend on the initial size of the reactant particles and the

magnitude of the applied mechanical stress. Stress-driven ma-
terial flow accelerates the diffusion of reactant molecules in
the product-rich layer. Thus, the characteristic time at the
marginal/diffusion-limited crossover increases with increasing
applied mechanical stress. Under sufficiently large stress, it
switches to the marginal/reaction-limited crossover. Our pre-
vious theory was limited to relatively small applied mechan-
ical stresses and large time scales, where the mechanochem-
ical reaction is diffusion-limited.*?! The present theory ex-
tends this framework to a wider range of applied mechanical
stresses and time scales by explicitly considering the crossover
between reaction regimes.

1

= 08

—m

T

; 0.6

T 04

= 02
%

Fig. 7. Conversion ratio vs. time. The conversion ratios I"(¢) /Lo (rescaled
by the product volume fraction 1 — w4, — wg; ~ 1 in the product-rich
phase) are shown as a function of rescaled time /1, for 6, /o, = 0.0
(black), 0.1 (magenta), and 1.0 (light green) with o = 0.01, 8 = 10.0,
and Ly/Aq = 10.0. The rescaled conversion ratio I'(r) /Lo is derived by
integrating the rescaled reaction rate S (f) 7, /[Aq(1 — W4, — Vg, )] (shown
in the inset) with respect to the rescaled time 7/7,, and then dividing by
the rescaled system thickness Lo /Aq.

Our theory produces a couple of experimentally acces-
sible predictions: First, the mechanochemical reaction accel-
erates over time on short time scales (marginal regime) and
then approaches a constant rate on long time scales (diffusion-
limited regime) when the particle size Ly is larger than the
diffusion length A4. Second, the reaction rate increases with
increasing magnitude of applied mechanical stress mainly on
long time scales (see Figs. 4 and 7). These predictions are,
at least qualitatively, consistent with the features of the reac-
tion kinetics measured experimentally.’®37 Our theory fur-
ther predicts that: 1. the dependence of the reaction rate on
the magnitude of the applied mechanical stress in the long-
time regime follows a power law with exponent 1/4 (see also
Fig. 5); and 2. this acceleration of the mechanochemical re-
action saturates when the applied mechanical stress is very
large (see also Fig. 6). These experiments may be accessi-
ble via quantitative measurements of reaction kinetics over a
wide range of applied mechanical stress.

Our scaling theory predicts the thickness h(z) of the
product-rich layer and the reaction rate S(¢) as functions of
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time up to numerical constants of order unity by neglecting
higher-order terms. Numerical simulation of Egs. (2) and (3)
including convection is another approach to predict the kinet-
ics of mechanochemical reactions. The latter approach takes
into account both reaction and diffusion and thus can predict
the reaction rate more precisely and seamlessly. The scaling
theory is useful for understanding the physics involved in the
kinetics of mechanochemical reactions and for predicting the
dependence of the reaction rate on parameters involved in dis-
solution and rheology.

The main assumption of the present theory is that a small
volume of added solvent acts as a plasticizer for the product-
rich layer. In our scaling theory, the rheological property
of the product-rich phase is represented by its viscosity Nap
(Eq. (4)). The extent of softening depends on the compounds
and volume of the added solvent, in contrast to the hot-spot
theory, 38!l which predicts that mechanical stresses locally
increase the temperature for a short period of time. The present
theory predicts that even a solvent that selectively dissolves the
product molecules, but not the reactant molecules, enhances
reactivity. Experimentally measuring the reactivity and rheol-
ogy by changing solvent and its volume can provide further
insights into the mechanisms of solvent-mediated reactivity
enhancement in mechanochemical systems.

The present theory is limited to analysis at the interfa-
cial length scales. The macroscopic dynamics of the reactant
particles and milling balls during ball milling break and mix
the solid particles, making the applied mechanical stress time-
dependent. From the viewpoint of interfacial length scales,
mechanical agitation breaks the reactant particles to create
new surfaces (and also changes the system size L(¢)) and ex-
changes the pairs of particles forming the interfaces. Among
these effects, the creation of new surfaces by particle breakage
can be a rate-limiting process for binary reactions. Our present
theory assumes that reactant particles are rigid bodies, and the
mechanism of reaction acceleration predicted by this theory
differs from mechanisms involving the creation of new inter-
faces, which is usually considered the mechanism of mechani-
cal mixing. Interestingly, pre-milling of reactant particles does
not change the kinetics of mechanochemical reactions in some
experiments. 3421 The present theory is best tested by such
experiments.

The present theory integrates the microscopic dynamics
of atoms during chemical reactions into our mesoscopic ap-
proach, focusing on the dynamics of molecules at interfaces
via the Kkinetic constant k, but does not address how the ki-
netic constant k depends on applied mechanical stress. At first
glance, applied mechanical stress might be expected to de-
crease the activation barrier through the work done by atomic
displacements. However, in general, these effects are thought
to be weak for reactions between small molecules. Neverthe-

less, applied mechanical stress can potentially change the sta-
tistical weight of reactant conformers, which may be signifi-
cant in certain reactions.

8. Conclusion

The theory predicts that mechanochemical reactions ex-
hibit rich crossovers of rate-limiting processes, in contrast to
conventional solution-phase reactions. The reaction rate con-
stant k, which can be estimated by quantum chemical calcula-
tions, is integrated into mesoscopic molecular behavior at in-
terfaces, thus marking the first step toward bridging molecular
and mesoscopic theories. Our present theory is limited to cases
in which: 1. the reaction is of type A+ B — AB; 2. the reactant
solids A and B do not form eutectic systems; 3. the reactant
solids act as rigid bodies and the product-rich phase acts as a
Newtonian fluid; and 4. the system is isothermal. However,
this theory takes into account dissolution, diffusion, rheology,
and chemical reaction and thus can be extended to the cases of
different reaction types,!'*?! miscibility, mechanical proper-

5.13%] We believe that critical experimental

ties, and ensemble
tests of our present theory will advance our understanding of

the kinetics of mechanochemical reactions under ball milling.

Data and code availability

The Mathematica notebook file used for the numerical
calculations and the data are available on figshare with the
identifier (https://doi.org/10.6084/m9.figshare.30383023).
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