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This paper studies stability switching and Hopf bifurcation in a two-delay predation system with diffusion and net-
work coupling. By using the Kronecker-product formulation and Laplacian-mode decomposition, the high-dimensional
characteristic equation of the coupled system is reduced to a family of mode-dependent characteristic equations. Based on
this reduction, explicit stability-switching curves are derived in the (τ1,τ2)-plane, and the corresponding stability region of
the positive equilibrium is determined. Furthermore, by applying the Hassard method and center-manifold reduction, the
direction of the Hopf bifurcation, the stability of the bifurcating periodic solutions, and the variation of their periods are
obtained. Numerical examples are presented to verify the theoretical results and illustrate the temporal and spatiotemporal
dynamics generated by the two delays under network coupling. These results provide an effective analytical framework for
studying delay-induced stability switching and oscillatory behavior in networked predator-prey systems.
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1. Introduction

In ecology, predation models are classical frameworks
for describing species interactions and have long been used
to study local population dynamics. Predation systems have
been extensively studied in recent years.[1,2] Since the orig-
inal models were established,[3,4] mathematicians and biolo-
gists have progressively refined their descriptions of dynam-
ical behaviors in predation systems. Under standard simpli-
fying assumptions, a commonly used predator-prey model is
given by the following system[5]

ẋ = rx− kx2− mxy
a+ x

,

ẏ =
cmxy
a+ x

− py.
(1)

However, spatial migration and time-delay effects are
ubiquitous in real ecosystems, ranging from population dif-
fusion caused by habitat fragmentation to response delays in-
duced by predator breeding cycles. These factors collectively
shape the complex dynamics of ecosystems. In recent years,
with the interdisciplinary integration of network science and
dynamical systems theory, predation models on undirected
networks have attracted increasing attention.[6–9] Such mod-
els combine local node dynamics with edge-based coupling,

thereby providing a more realistic framework for analyzing
ecological processes in discrete spaces.

Diffusion, as the migration process of species in space,
quantifies their movement rate through diffusion coefficients.
It not only reflects species’ responses to resource distribution
and environmental pressure but also reshapes population spa-
tial distribution through material exchange between nodes. For
example, Miao and Zhu[10] found that in a two-dimensional
reaction-diffusion model, the coupling of time delay and dif-
fusion can induce Turing instability, leading to the emergence
of spatial patterns such as stripes and spots. This pattern-
formation mechanism is particularly important in fragmented
habitats. When diffusion interacts with predation and repro-
duction, species may avoid local extinction through spatially
heterogeneous distributions.[11,12]

Time delay originates from inherent delays in ecologi-
cal processes, such as prey maturation cycles, predator ges-
tation delays, or response intervals to environmental changes.
Suriguga et al.[13] showed that time delay can lead to bifur-
cation in a predation model, triggering periodic oscillations in
population sizes; Wang et al.[14] further discovered that the
superposition of prey spatial memory and a delay in predator
gestation can exert a regulatory effect on the stability of the
positive equilibrium state of the system, even triggering persis-
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tent oscillations under diffusion-free conditions. The dynami-
cal complexity induced by such time delays makes ecosystems
exhibit nonlinear responses to parameter changes, increasing
the difficulty of predicting population dynamics.[15,16]

Undirected networks, characterized by symmetric con-
nections, provide a natural framework for describing mutual-
istic or competitive interactions among species. In predation
systems, undirected edges usually denote the bidirectional mi-
gration of species between adjacent habitats, and topological
features such as node degree and clustering coefficient directly
influence the diffusion efficiency and stability of the system.
For example, Gou et al.[17] pointed out that the eigenvalue dis-
tribution of the undirected network Laplacian determines the
critical bifurcation parameters: fully connected graphs sup-
press spatial heterogeneous oscillations due to strong coupling
effects, while sparse networks may promote non-uniform pop-
ulation distributions.

Embedding diffusion and time delays into undirected net-
work models enables the construction of more realistic eco-
logical scenarios. Taking the Leslie-Gower predation sys-
tem as an example, when considering time-delay reaction-
diffusion under uniform Neumann boundary conditions, Jiao
et al.[18] found that the system can exhibit spatial Hopf bi-
furcation, with oscillation patterns closely related to network
connection density. Zhou et al.[19] further introduced non-
local intraspecific competition and spatial memory, confirm-
ing that memory-based diffusion coefficients significantly alter
the system’s bifurcation thresholds and oscillation periods. In
addition, related studies published in domestic journals have
also shown that bifurcation-oriented analysis is important for
understanding complex oscillatory behaviors in nonlinear dy-
namical systems.[20] These studies indicate that the topologi-
cal structure of undirected networks synergizes with diffusion-
delay effects to jointly regulate ecological system dynamics.

Despite substantial progress in the study of predation sys-
tems on undirected networks, their high dimensionality and
nonlinearity still pose significant theoretical challenges. In ex-
isting research, linear stability analyses, such as Turing insta-
bility analysis and Hopf bifurcation analysis, have been well
developed, but the characterization of complex dynamics af-
ter bifurcation (such as the stability of periodic solutions and
multi-frequency oscillation mechanisms) still relies on normal
form theories. Gou et al.[17,21] first proposed a Hopf normal
form derivation framework for undirected network reaction-
diffusion systems, successfully extending the center manifold
reduction method to discrete space models by decomposing
the eigenstructure of high-dimensional Jacobian matrices us-
ing Kronecker products. However, this framework mainly
targets delay-free systems. When introducing multiple time-
delays (such as predator response delays and prey migration
delays), the analytical calculation of normal form coefficients

and the determination of bifurcation curves still face techni-
cal bottlenecks. This difficulty involves not only eigenvalue
tracking in multi-parameter spaces but also the treatment of
delay-induced nonlocal nonlinear couplings.[22]

Additionally, the interaction of multiple ecological fac-
tors has motivated the development of more complex systems.
For instance, Anand et al.[23] incorporated prey fear effects
and predator group hunting behavior into undirected network
models, revealing that time-delay anti-predation responses can
enhance system oscillation amplitudes; Hou and Ding[24] con-
structed a vector-borne disease-predation system with non-
local effects and memory diffusion for pine wilt disease trans-
mission, uncovering the regulatory mechanism of network
topology on disease transmission thresholds. These studies
indicate that the development of undirected network predation
systems should focus more on the integration of multi-factor
coupling and advanced mathematical methods.[25,26]

This paper studies a two-delay predation system with dif-
fusion and undirected network coupling. The delay τ1 charac-
terizes the delayed growth effect of the prey, while τ2 repre-
sents the delayed predation effect. Accordingly, we consider
the following two-delay predation system:

ẋ = rx(t− τ1)− kx2− mxy(t− τ2)

a+ x
,

ẏ =
cmxy
a+ x

− py,
(2)

where x(t) and y(t) denote the prey and predator densities at
time t, respectively. The parameter r > 0 is the intrinsic growth
rate of the prey, and k = r

K > 0 is the intraspecific competi-
tion coefficient, where K is the carrying capacity of the prey.
The term −kx2 describes density-dependent self-limitation,
and mx

a+x is the Holling type-II functional response. Moreover,
m > 0 denotes the capture rate, a > 0 is the half-saturation
constant, c > 0 is the conversion efficiency, and p > 0 is the
predator mortality rate.

The main purpose of this paper is to analyze how the
two delays affect the local stability and Hopf bifurcation of
the positive equilibrium in the networked predation system.
By exploiting the Kronecker-product structure and Laplacian-
mode decomposition, we reduce the high-dimensional charac-
teristic equation to a family of mode-dependent characteristic
equations. This allows us to derive explicit stability-switching
curves in the (τ1,τ2)-plane and characterize the corresponding
Hopf bifurcation properties by means of the Hassard method
and center-manifold reduction.

The rest of this paper is organized as follows. Section 2 is
devoted to the stability-switching curves of the two-delay pre-
dation system with diffusion and network coupling. Section 3
studies the stability and Hopf bifurcation of the system. Sec-
tion 4 presents numerical simulations to verify the theoretical
results and illustrate the corresponding dynamical behaviors.
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2. Stability-switching curves of a two-delay pre-
dation system with diffusion and network
coupling
The basic predation system (2) has the following equilib-

rium points:

E1 = (0,0), E2 = (
r
k
,0),

E∗(x∗,y∗) =
(

pa
cm− p

,
−ac(pak− cmr+ rp)

(cm− p)2

)
.

The equilibrium E∗ is positive if and only if the conditions
p < cm and (ak+ r)p < cmr are satisfied.

To incorporate spatial diffusion and network coupling,
we introduce the Laplacian matrix and consider the following
coupled two-delay predation system:

dxi

dt
= rxi(t− τ1)− kx2

i −
mxiyi(t− τ2)

a+ xi
+ k1 ∑

N
j=1 Li jx j,

dyi

dt
=

cmxiyi

a+ xi
− pyi + k2 ∑

N
j=1 Li jy j.

(3)

For an undirected network, the Laplacian matrix L = {Li j} is
symmetric and hence has real eigenvalues together with an or-
thonormal basis of eigenvectors. Let Λl be an eigenvalue of
L with corresponding eigenvector ψl , l = 1,2, . . . ,N. Here,
k1 and k2 denote the diffusion coefficients of the prey and
predator populations, respectively.[27] Let ui(t) = xi(t)− x∗

and vi(t) = yi(t)− y∗ denote the deviations from the equilib-
rium E∗. Linearizing system (3) around the equilibrium E∗,
we obtain(

u̇i
v̇i

)
= A10

(
ui
vi

)
+A11

(
ui,τ1
vi,τ1

)
+A12

(
ui,τ2
vi,τ2

)
+K

(
∑

N
j=1 Li ju j

∑
N
j=1 Li jv j

)
,

where

A10 =

(
a11 0
a21 a22

)
, A11 =

(
b11 0
0 0

)
,

A12 =

(
0 c12
0 0

)
, K =

(
k1 0
0 k2

)
.

In the above matrices, the coefficients are given by

a11 =−2kx∗− amy∗

(a+ x∗)2 , a21 =
cmay∗

(a+ x∗)2 ,

a22 =
cmx∗

a+ x∗
− p, b11 = r, c12 =−

mx∗

a+ x∗
.

Let U := (u1(t),v1(t), . . . ,uN(t),vN(t))T, Uτ1 := (u1(t −
τ1),v1(t − τ1), . . . ,uN(t − τ1),vN(t − τ1))

T, Uτ2 := (u1(t −
τ2),v1(t − τ2), . . . ,uN(t − τ2),vN(t − τ2))

T. Then above lin-
earizing system can be written in matrix form as

dU
dt

= (IN⊗A10)U +(IN⊗A11)Uτ1

+(IN⊗A12)Uτ2 +(L⊗K)U, (4)

where IN is the N×N identity matrix and ⊗ denotes the Kro-
necker product.

Assume that ψl = (ψ1
l ,ψ

2
l , . . . ,ψ

N
l )

T is an eigenvector of
the Laplacian matrix L corresponding to the eigenvalue Λl , i.e.,
Lψl = Λlψl . Specifically, for i, l = 1,2, . . . ,N, ∑

N
j=1 Li jψ

j
l =

Λlψ
i
l .
Substituting U(t) = ψl⊗C eλ t , where C = (C1,C2)

T 6= 0,
into system (4), we obtain the characteristic equation associ-
ated with the mode Λl

det(λ I2N− (IN⊗A10)− (IN⊗A11)e−λτ1

−(IN⊗A12)e−λτ2 − (L⊗K)) = 0.

Accordingly, the stability of the linearized system is deter-
mined by the roots of the corresponding characteristic equa-
tion. For convenience, we define

B := IN⊗A10 + IN⊗
(

e−λτ1A11

)
+ IN⊗

(
e−λτ2A12

)
+L⊗K.

We now state the following result.
Theorem 1 For the mode matrices

Bl = A10 + e−λτ1A11 + e−λτ2A12 +ΛlK, l = 1,2, . . . ,N

if Bl has eigenvalue λ (with corresponding eigenvector Cl =

(Cl1,Cl2)
T satisfying BlCl = λCl), then λ is also an eigenvalue

of B. The corresponding eigenvector of B is ψl⊗Cl .
Proof By direct calculation (for each l = 1,2, . . . ,N),

B(ψl⊗Cl) =

(
IN⊗A10 + IN⊗

(
e−λτ1A11

)
+IN⊗

(
e−λτ2A12

)
+L⊗K

)
(ψl⊗Cl)

= (IN⊗A10)(ψl⊗Cl)+
(

IN⊗
(

e−λτ1A11

))
(ψl⊗Cl)

+
(

IN⊗
(

e−λτ2A12

))
(ψl⊗Cl)+(L⊗K)(ψl⊗Cl)

= (INψl)⊗ (A10Cl)+(INψl)⊗
(

e−λτ1 A11Cl

)
+(INψl)⊗

(
e−λτ2 A12Cl

)
+(Lψl)⊗ (KCl)

= ψl⊗ (A10Cl)+ψl⊗
(

e−λτ1A11Cl

)
+ψl⊗

(
e−λτ2 A12Cl

)
+Λlψl⊗ (KCl)

= ψl⊗ (A10Cl + e−λτ1A11Cl + e−λτ2A12Cl +ΛlKCl)

= ψl⊗ (BlCl)

= ψl⊗ (λCl)

= λ (ψl⊗Cl) .

Thus, B(ψl⊗Cl) = λ (ψl⊗Cl).
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Then, expanding det(Bl−λ I2) = 0, we obtain the charac-
teristic equation for each mode l

λ
2 +αl1λ +αl2 + e−λτ1(αl3λ +αl4)+ e−λτ2αl5 = 0, (5)

where αl1 = −(k1Λl + k2Λl + a11 + a22), αl2 = a11a22 +

(a11k2 + a22k1)Λl + k1k2Λ 2
l , αl3 = −b11, αl4 = b11k2Λl +

a22b11, αl5 =−c12a21.

Since our interest lies in the coexistence state, we focus
on the positive equilibrium E∗. We next analyze system (3) in
the following two cases.

Case 1 Delay-free (τ1 = τ2 = 0).
When τ1 = τ2 = 0, Eq. (5) reduces to

λ
2 +(αl1 +αl3)λ +αl2 +αl4 +αl5 = 0. (6)

By the Routh-Hurwitz criterion, the positive equilibrium E∗

is locally asymptotically stable if and only if αl1 + αl3 > 0
and (αl1 + αl3)(αl2 + αl4 + αl5) > 0 for all l = 1,2, . . . ,N.
This condition gives the local stability criterion for the posi-
tive equilibrium in the delay-free case.

Case 2 Delay-included (τ1 and τ2 are not both zero).
We rewrite Eq. (5) in the form

Pl(λ ,τ1,τ2) = Pl0(λ )+Pl1(λ )e−λτ1 +Pl2(λ )e−λτ2 = 0, (7)

where Pl0(λ ) = λ 2 + αl1λ + αl2, Pl1(λ ) = αl3λ + αl4,
Pl2(λ ) = αl5. The following result is based on Ref. [28].

From the above conditions, we obtain the following
lemma.

Lemma 1 For each ω > 0, the following statements hold.
(1) If Pl0(iω) 6= 0 and (τ1,τ2) ∈ R2

+, then λ = iω can be
a solution of Pl(λ ,τ1,τ2) = 0 if and only if

|Pl1(iω)|+ |Pl2(iω)| ≥ |Pl0(iω)|, (8)

−|Pl0(iω)| ≤ |Pl1(iω)|− |Pl2(iω)| ≤ |Pl0(iω)|. (9)

(2) If Pl0(iω) = 0 and (τ1,τ2) ∈ R2
+, then λ = iω can be

a solution of Pl(λ ,τ1,τ2) = 0 if and only if

|Pl1(iω)|= |Pl2(iω)|.

For convenience, conditions (8) and (9) can be rewritten
as

Fl1 = |Pl1(iω)|− |Pl2(iω)|− |Pl0(iω)|,

Fl2 = |Pl2(iω)|− |Pl1(iω)|− |Pl0(iω)|,

Fl3 = |Pl0(iω)|− |Pl1(iω)|− |Pl2(iω)|. (10)

Therefore, λ = iω is a solution of Pl(λ ,τ1,τ2) = 0 if and only
if the inequalities Fl1 ≤ 0,Fl2 ≤ 0,Fl3 ≤ 0 hold. We denote by
Ωl the set of all positive ω satisfying Eqs. (8) and (9). For any

given ω0 ∈Ωl with Plk(iω) 6= 0 for k = 0,1,2, it follows from
Eq. (10) that the pair (τ1,τ2) satisfies

τl10 = τ
µ±
l1 (ω0) =

arg Pl1(iω)
Pl0(ω) +(2µ−1)π±θl1

ω0
≥ 0,

µ = µ
±
0 , µ

±
0 +1, . . . , (11)

τl20 = τ
ν±
l2 (ω0) =

arg Pl2(iω)
Pl0(ω) +(2ν−1)π∓θl2

ω0
≥ 0,

ν = ν
±
0 , ν

±
0 +1, . . . , (12)

where θl1, θl2 ∈ [0,π] are

θl1 = cos−1
(
|Pl0(iω0)|2 + |Pl1(iω0)|2−|Pl2(iω0)|2

2|Pl0(iω0)||Pl1(iω0)|

)
,

θl2 = cos−1
(
|Pl0(iω0)|2 + |Pl2(iω0)|2−|Pl1(iω0)|2

2|Pl0(iω0)||Pl2(iω0)|

)
,

and µ
+
0 , µ

−
0 , ν

+
0 , ν

−
0 represent the smallest feasible inte-

gers (which might be negative and potentially depend on ω0)

such that the corresponding τ
µ
+
0 +

l1 , τ
µ
−
0 −

l1 , τ
ν
+
0 +

l2 , τ
ν
−
0 −

l2 values
computed are non-negative. Hence, for each ω0 ∈ Ωl , for-
mulas (11) and (12) determine the corresponding stability-
switching curves in the τ1–τ2 plane. Differentiating the char-
acteristic Eq. (7) with respect to τ1 and τ2, we obtain the
transversal conditions

Re
[

dλ

dτ1

]−1

τ1=τl10

=
2αl3 sin(ω0τl10)ω

2
0 +Ml11ω0 +Ml12

α2
l3ω3

0 +αl4ω6
0

,

Re
[

dλ

dτ2

]−1

τ2=τl20

=
Ml21ω0 +Ml22

αl5ω0
,

where

Ml11 = [cos(ω0τl20)αl3αl5τl20−αl1αl3 +2αl4]cos(ω0τl10)

+αl3(sin(ω0τl10)sin(ω0τl20)αl3τl10−αl3),

Ml12 = αl4[sin(ω0τl10)(αl1− cos(ω0τl20)αl5τl20)

+ cos(ω0τl10)sin(ω0τl20)αl5τl20],

Ml21 = [−τl20αl3 cos(ω0τl10)+2]cos(ω0τl20)

− sin(ω0τl20)τl10αl3 sin(ω0τl10),

Ml22 = (τl10αl4−αl3)sin(ω0τl10)cos(ω0τl20)

− [(τl10αl4−αl3)cos(ω0τl10)−αl1]sin(ω0τl20).

Let

2αl3 sin(ω0τl10)ω
2
0 +Ml11ω0 +Ml12 6= 0, (13)

Ml21ω0 +Ml22 6= 0. (14)

For each mode l, let T j
l denote the j-th continuous curve

segment parameterized by ω0, and let T 0
l denote the inte-

rior region enclosed by the coordinate axes and these curves.
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Moreover, let Tl =
⋃m

j=1 T j
l , which constitutes the stability-

switching curves.
Based on the above analysis, we obtain the following the-

orem on the stability switching of the positive equilibrium E∗.
Theorem 2 Assume that conditions (13) and (14) hold.

Let T j
l = (τ j

l10(ω0),τ
j

l20(ω0)) denote the curve segments on
Ωl , and let T 0

l denote the corresponding interior region. For
E∗ of Eq. (3):

(I) If (τ1,τ2) ∈ T 0
l , then E∗ is asymptotically stable;

(II) If (τ1,τ2)∈ T j
l , then Eq. (5) has a pair of purely imag-

inary roots, and a Hopf bifurcation occurs at E∗.
To implement Theorem 2 numerically, we summarize the

procedure for computing the stability-switching curves in the
(τ1,τ2)-plane as follows.

Algorithm 1 Numerical computation of the stability-
switching curves.

1: Step 1. Fix a Laplacian eigenvalue Λl and compute the
functions Fl1(ω), Fl2(ω), and Fl3(ω) for ω > 0.

2: Step 2. Determine the admissible frequency set Ωl =
{ω > 0 : Fl1(ω)≤ 0, Fl2(ω)≤ 0, Fl3(ω)≤ 0}.

3: Step 3. For each ω ∈Ωl , compute θl1(ω) and θl2(ω), and
then evaluate τ1(ω) and τ2(ω) from Eqs. (11)–(12).

4: Step 4. Choose the smallest integers µ and ν such that
τ1(ω)≥ 0 and τ2(ω)≥ 0.

5: Step 5. Use the signs of Re(dλ/dτ1) and Re(dλ/dτ2) to
determine the crossing direction.

6: Step 6. Plot the curves in the (τ1,τ2)-plane and identify
the stable region according to Theorem 2.

3. The stability associated with the Hopf bifur-
cation

By employing the Hassard method and center manifold
theorem,[29] we investigate the stability of the Hopf bifurca-
tion and derive the conditions for the bifurcation direction and
the stability of bifurcating periodic solutions at the critical
value (τl10,τl20). We consider two scenarios: 0 < τl20 ≤ τl10

and 0 < τl10 < τl20.
(I) 0 < τl20 ≤ τl10

Let τ1 = τl10+µ , µ ∈ R, t = tτ1, xl(tτ1) = x̂l(t), yl(tτ1) =

ŷl(t). Note that xl = x̂l and yl = ŷl , and denote the solu-
tion of Eq. (3) by x(t) = (x1(t),y1(t), . . . ,xN(t),yN(t))T. Set
xt(θ) = x(t + θ), θ ∈ [−1,0], and xt ∈ C([−1,0],R2N)

.
= C1.

It can be ascertained that at the critical value τ1 = τl10, Eq. (3)
experiences a Hopf bifurcation, with the corresponding eigen-
values being ±iω0. Thereafter, we represent Eq. (3) in the
vicinity of E∗ as follows:

ẋt = Lµ(xt)+gµ(xt), (15)

where Lµ ,gµ : C1 → R2N are linear and nonlinear operators,

respectively. The linear operator Lµ is defined as

Lµ υ = (τl10 +µ)

[
(IN⊗A10)col

(
υl1(0)
υl2(0)

)N

l=1

+(IN⊗A11)col

(
υl1(− τl20

τ1
)

υl2(− τl20
τ1

)

)N

l=1

+(IN⊗A12)col
(

υl1 (−1)
υl2 (−1)

)N

l=1

+(L⊗K)col
(

υl1(0)
υl2(0)

)N

l=1

]
,

and the nonlinear operator gµ is given by

gµ(ψ) = (τl10 +µ)col
(

Kl1
Kl2

)N

l=1
,

where A10,A11,A12,L,K are defined in Eq. (4)

Kl1 =
may∗υ2

l1(0)
(a+ x∗)3 − kυ

2
l1(0)−

maυl1(0)υl2(− τl20
τ1

)

(a+ x∗)2

−
may∗υ3

l1(0)
(a+ x∗)4 +

maυ2
l1(0)υl2(− τl20

τ1
)

(a+ x∗)3 +h.o.t.,

Kl2 =
cmaυl1(0)υl2(0)

(a+ x∗)2 −
y∗cmaυ2

l1(0)
(a+ x∗)3

+
y∗cmaυ3

l1(0)
(a+ x∗)4 −

cmaυ2
l1(0)υl2(0)

(a+ x∗)3 +h.o.t.

According to the Riesz representation theorem, there exists
a bounded variational matrix function η(θ ,µ)2N×2N for θ ∈
[−1,0], such that Lµ υ satisfies

Lµ υ =
∫ 0

−1
dη(θ ,µ)υ(θ), for υ ∈C1.

In fact, we can take

η(θ ,µ) =



(τl10 +µ)(IN⊗A10 + IN⊗A11

+IN⊗A12 +L⊗K), θ = 0,

(τl10 +µ)(IN⊗A11 + IN⊗A12), θ ∈
[
− τl20

τl10
,0
)
,

(τl10 +µ)IN⊗A12, θ ∈
(
−1,− τl20

τl10

)
,

0, θ =−1.

For φ ∈C1, define

A(µ)φ =


dφ(θ)

dθ
, θ ∈ [−1,0),∫ 0

−1 dη(µ,s)φ(s), θ = 0,

R(µ)φ =

{
0, θ ∈ [−1,0),
f (µ,φ), θ = 0.

When θ = 0, system (15) is equivalent to the following
equation:

ẋt = A(µ)xt +R(µ)xt , (16)

where xt(θ) = x(t + θ), θ ∈ [−1,0]. Denote A = A(0) and
η(θ) = η(θ ,0).
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For υ ∈C1([0,1],(R2N)∗), define

A∗υ(s) =

−
dυ(s)

ds
, s ∈ (0,1],∫ 0

−1 dηT(0, t)υ(−t), s = 0,

and the bilinear inner product

〈υ(s),φ(θ)〉= υ(0)φ(0)−
∫ 0

−1

∫
θ

ξ=0
υ(ξ −θ)dη(θ)φ(ξ )dξ .

Then A and A∗ are adjoint operators. It is known that±iω0τl10

are eigenvalues of A. Therefore, they are also eigenvalues of
A∗.

Suppose that the linear operator A has a pair of purely
imaginary eigenvalues ±iω0τl10 corresponding to the eigen-
vectors q(θ) and q̄(θ). Then Aq(θ) = iω0τl10q(θ). By calcu-
lation, we have

q(θ) = e iω0τl10θ ·ψl⊗
(

1
ql1

)
= e iω0τl10θ · col

(
ψ

j
l

ql1ψ
j

l

) j=N

j=1

,

where

ql1 =
iω0− (a22 + k2Λl)

a21
.

Similarly, we can obtain q∗(s) as an eigenvector of A∗

corresponding to the eigenvalue −iω0τl10, where

q∗(s) = De iω0τl10s ·ψ∗l ⊗
(

1
q∗l1

)

= De iω0τl10s · col

(
ψ

j∗
l

q∗l1ψ
j∗

l

) j=N

j=1

,

where the component is given by

q∗l1 =
c12 e−iω0τl20

iω0− (a22 + k2Λl)
.

ψl is the real eigenvector of the network Laplacian matrix L
with corresponding eigenvalue Λl , and ψ∗l is the real eigen-
vector of the matrix LT corresponding to the eigenvalue Λl .
Now, we calculate the inner product 〈q∗(s),q(θ)〉 as follows:

〈q∗(s),q(θ)〉 = D(ψ∗l ⊗ (1,q∗l1))(ψl⊗ (1,ql1))
T

−
∫ 0

−1

∫ 0

ξ=θ

D(ψ∗l ⊗ (1,q∗l1))e−i(ξ−θ)ω0τl10

×dη(θ)(ψl⊗ (1,ql1))
T e iξ ω0τl10 dξ

= D(
N

∑
j=1

ψ
j

l ψ
j∗

l (1+ql1q∗l1

−
∫ 0

−1
(ψ∗l ⊗ (1,q∗l1))e iθω0τl10

×dη(θ)(ψl⊗ (1,ql1))
T))

= D
N

∑
j=1

ψ
j

l ψ
j∗

l (1+ql1q∗l1

+τl10b11 e−iω0τl10 +ql1τl20c12 e−iω0τl20).

Then we note D = [∑N
j=1 ψ

j
l ψ

j∗
l (1 + ql1q∗l1 +

τl10b11 e−iω0τl10 + ql1τl20c12 e−iω0τl20)]−1, where the normal-
ization conditions 〈q∗(t),q(θ)〉 = 1 and 〈q∗(t),q(θ)〉 = 0 are
satisfied.

Let xt be the solution of Eq. (16) when µ = µ0. Then we
decompose R2N = T c⊕T su, where T c := {zq(θ)+ zq(θ)|z ∈
C} and T su := {xt |〈q∗,xt〉= 0}. For any

xt(θ) = (x1t(θ),y1t(θ), · · · ,xNt(θ),yNt(θ))
T,

there exist z ∈ C and

W (t,θ) =
(

W (1)
1 ,W (2)

1 , · · · ,W (1)
N ,W (2)

N

)T
∈ T su,

such that

z(t) = 〈q∗,xt〉, xt(θ) = zq(θ)+ zq(θ)+W (t,θ), (17)

or, equivalently, in component form

xl(t)(0) = zψ
j

l + zψ
j

l +W (1)
j20(0)

z2

2 +W (1)
j11(0)zz+W (1)

j02(0)
z2

2

+W (1)
j30(0)

z3

6 +W (1)
j21(0)

z2z
2 + · · · ,

yl(t)(0) = zql2ψ
j

l + zql2ψ
j

l +W (2)
j20(0)

z2

2 +W (2)
j11(0)zz

+W (2)
j02(0)

z2

2 +W (2)
j30(0)

z3

6 +W (2)
j21(0)

z2z
2 + · · · ,

xl(t)(−1) = zψ
j

l e−iω0τl10 + zψ
j

l e iω0τl10 +W (1)
j20(−1) z2

2

+W (1)
j11(−1)zz+W (1)

j02(−1) z2

2 +W (1)
j30(−1) z3

6

+W (1)
j21(−1) z2z

2 + · · · ,

yl(t)(−1) = zql2ψ
j

l e−iω0τl10 + zql2ψ
j

l e iω0τl10 +W (2)
j20(−1) z2

2

+W (2)
j11(−1)zz+W (2)

j02(−1) z2

2

+W (2)
j30(−1) z3

6 +W (2)
j21(−1) z2z

2 + · · · ,

xl(t)
(
− τ2

τl10

)
= zψ

j
l e−iω0τ2 + zψ

j
l e iω0τ2 +W (1)

j20

(
− τ2

τl10

)
z2

2

+W (1)
j11

(
− τ2

τl10

)
zz+W (1)

j02

(
− τ2

τl10

)
z2

2

+W (1)
j30

(
− τ2

τl10

)
z3

6 +W (1)
j21

(
− τ2

τl10

)
z2z
2 + · · · ,

yl(t)
(
− τ2

τl10

)
= zql2ψ

j
l e−iω0τ2 + zql2ψ

j
l e iω0τ2

+W (2)
j20

(
− τ2

τl10

)
z2

2 +W (2)
j11

(
− τ2

τl10

)
zz

+W (2)
j02

(
− τ2

τl10

)
z2

2 +W (2)
j30

(
− τ2

τl10

)
z3

6

+W (2)
j21

(
− τ2

τl10

)
z2z
2 + · · · ,

for j, l = 1,2, . . . ,N. On the center manifold Cµ0 , we have

W (t,θ) = W (z(t),z(t),θ)
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= W20(θ)
z2

2
+W11(θ)zz+W02(θ)

z2

2

+W30(θ)
z3

6
+ · · · ,

where z and z represent the local coordinates of the center man-
ifold Cµ0 in the directions of q and q, respectively. Note that if
xt is real, then W is also real. We only consider real solutions.
For the solution xt ∈Cµ0 of Eq. (16), since µ = µ0, we have

ż = 〈q∗, ẋt〉= 〈q∗,Axt +Rxt〉= 〈A∗q∗,xt〉+ 〈q∗,Rxt〉

= iω0τl10〈q∗,xt〉+ 〈q∗,Rxt〉

= iω0τl10z+q∗(0) f [µ0,z(t)q(0)+ z(t)q(0)

+W (z(t),z(t),0)]

= iω0τl10z+q∗(0) f0(z,z), iω0τl10z+g(z,z). (18)

Denote

f0(z,z) = f20
z2

2
+ f11zz+ f02

z2

2
+ f21

z2z
2

+ · · · ,

g(z,z) = q∗(0) f0(z,z) = g20
z2

2
+g11zz+g02

z2

2

+g21
z2z
2

+ · · · .

Then

g02 = q∗(0) f02, g11 = q∗(0) f11,

g20 = q∗(0) f20, g21 = q∗(0) f21.

To discuss the properties of the periodic solutions of the
equation near the origin, it is only necessary to calculate g02,
g11, g20, and g21. Below, we give an algorithm for calculating
gi j.

Since f (µ,φ) is at least quadratic in φ , g02, g11, and g20

can be directly obtained from Eq. (18), while g21 is generally
related to the coefficients W11 and W20 in W (z,z,θ). Next, we
solve for W11 and W20.

From Eqs. (16)–(18), we get

Ẇ = ẋt − żq− żq

= Axt +Rxt − (iω0τl10z+g)q− (−iω0τl10z+g)q

= A(W + zq+ zq)+Rxt −2Re{gq}

−iω0τl10zq+ iω0τl10zq

= AW +Rxt −2Re{gq}.

Thus,

Ẇ =

{
AW −2Req∗(0) · f0q(θ), −r ≤ θ < 0,

AW −2Req∗(0) · f0q(θ)+ f0, θ = 0,

, AW +H(z,z,θ). (19)

Equation (16) is transformed into{
ż = iω0τl10z+g(z,z),
Ẇ = AW +H(z,z,θ).

Denote

H(z,z,θ) = H20(θ)
z2

2
+H11(θ)zz

+H02(θ)
z2

2
+H30(θ)

z3

6
+ · · · . (20)

On the other hand, in a neighborhood of the origin, we
have

Ẇ =Wzż+Wzż.

Therefore, substituting Eqs. (18) and (20) into Eq. (19)
and comparing the coefficients of terms with the same degree
in z, we obtain

(A− IN⊗ (2iω0I2))W20(θ) =−H20(θ), AW11 =−H11(θ).

(21)

Note that Hi j is independent of Wi j(θ) when i+ j = 2.
Also, since 2iω0 and 0 are not eigenvalues of A, W20, W11, and
W02 =W 20 can be solved from Eq. (21). That is, from Eq. (21),
when θ ∈ [−1,0), we have

H(z,z,θ) =−q∗(0) f0q(θ)−q∗(0) f0q(θ) =−gq(θ)−gq(θ).

(22)

Comparing the coefficients in Eq. (20), we get

H20(θ) =−g20q(θ)−g02q(θ), H11(θ) =−g11q(θ)−g11q(θ).

From Eqs. (21) and (22) and the definition of matrix A,
we obtain

Ẇ20(θ) = 2iω0τl10W20(θ)+g20q(θ)+g02q(θ).

Note that q(θ) = q(0)e iω0τl10θ . Then,

W20(θ) =
ig20

ω0τl10
q(0)e iω0τl10θ +

ig02

3ω0τl10
q(0)e−iω0τl10θ

+E2 e2iω0τl10θ , (23)

W11(θ) = − ig11

ω0τl10
q(0)e iω0τl10θ +

ig11

ω0τl10
q(0)e−iω0τl10θ

+E1, (24)

where both E1 and E2 are 2N-dimensional constant vectors.
Also, when θ = 0, we have
∫ 0
−r dη(µ0,θ)W20(θ) = 2iω0τl10W20(0),

+g02q(0)+g02q(0)− f2,∫ 0
−r dη(µ0,θ)W11(θ) = g11q(0)+g11q(0)− f1.

(25)

Substitute Eqs. (25) into Eqs (23) and (24) respectively, and
note that{
(IN⊗ (iω0τl10I2)−

∫ 0
−r e iω0τl10θ dη(µ0,θ))q(0) = 0,

(−IN⊗ (iω0τl10I2)−
∫ 0
−r e−iω0τl10θ dη(µ0,θ))q(0) = 0.

Then we can calculate that

080204-7



Chin. Phys. B 35, 080204 (2026)

E2 = 2IN⊗
(

a11 +b11 e−iω0τl10 + k1Λl−2iω0 c12 e−iω0τl20

a21 a22 + k2Λl−2iω0

)−1

col

(
f j
l,21

f j
l,22

) j=N

j=1

,

E1 = IN⊗
(
−a11− k1Λl−b11 −c12

−a21 −a22− k2Λl

)−1

col

(
f j
l,11

f j
l,12

) j=N

j=1

,

where

f j
l,21 =

(ψ j
l )

2

(a+ x∗)3 [amy∗−amql1(a+ x∗)e−iω0τl20

−k(a+ x∗)3],

f j
l,22 =

amc(ψ j
l )

2

(a+ x∗)3 ((a+ x∗)ql1− y∗),

f j
l,11 =

ψ
j

l ψ
j

l
(a+ x∗)3 [2amy∗−2k(a+ x∗)3

−am(a+ x∗)(ql1 e−iω0τl20 +ql1 e iω0τl20)],

f j
l,12 =

amcψ
j

l ψ
j

l
(a+ x∗)3 ((ql1 +ql1)(a+ x∗)−2y∗).

By solving the linear system corresponding to the com-
plement space, we obtain the coefficients gi j as following:

g20 =
2τl10D
(a+ x∗)3

N

∑
j=1

(ψ j
l )

2
ψ

j∗
l (amc((a+ x∗)ql1− y∗)q∗l1

−k(a+ x∗)3 +amy∗−amql1(a+ x∗)e−iω0τl20),

g11 =
τl10D

(a+ x∗)3

N

∑
j=1

ψ
j

l ψ
j

l ψ
j∗

l

×[amc((ql1 +ql1)(a+ x∗)−2y∗)q∗l1−2k(a+ x∗)3

+2amy∗−am(a+ x∗)(ql1 e−iω0τl20 +ql1 e iω0τl20)],

g02 =
2τl10D
(a+ x∗)3

N

∑
j=1

(ψ j
l )

2
ψ

j∗
l [amc((a+ x∗)ql1− y∗)q∗l1

−k(a+ x∗)3 +amy∗−amql1(a+ x∗)e iω0τl20 ],

g21 = − τl10D
(a+ x∗)4

N

∑
j=1

ψ
j∗

l [am(a+ x∗)2W (2)
20 (−τl20

τl10
)

−acmq∗l1(a+ x∗)2W (2)
20 (0)+2am(a+ x∗)2W (2)

11 (−τl20

τl10
)

−2acmq∗l1(a+ x∗)2W (2)
11 (0)]

+[amql1ψ
j

l (a+ x∗)2 e iω0τl20 +2(a+ x∗)(k(a+ x∗)3

+amy∗(cq∗l1−1)− 1
2

acmql1q∗l1ψ
j

l (a+ x∗))]W (1)
20 (0)

+[2amql1ψ
j

l (a+ x∗)2 e−iω0τl20 +4(a+ x∗)(k(a+ x∗)3

+amy∗(cq∗l1−1)− 1
2

acmql1ψ
j

l q∗l1(a+ x∗))]W (1)
11 (0)

−2am(a+ x∗)(2ql1ψ
j

l e−iω0τl20 +ql1ψ
j

l e iω0τl20)

+4ma[cq∗l1(a+ x∗)(ql1ψ
j

l +
1
2

ql1ψ
j

l )

+
3
2

y∗(1− cq∗l1)], (26)

and further calculate the key bifurcation parameters.
(i) The direction of the Hopf bifurcation µ2 =

− Re{c1(0)}
Re{λ ′(τl10)}

. Precisely, when Re{λ ′(τl10)}> 0, if µ2 > 0 (al-
ternatively, µ2 < 0), the Hopf bifurcation is supercritical (sub-
critical, correspondingly), and the periodic solution comes into
existence for τ1 > τl10 (respectively, τ1 < τl10). However, if
Re{λ ′(τl10)} < 0, the bifurcating periodic solutions occur in
the opposite direction.

(ii) The stability of the bifurcated periodic solutions
β2 = 2Re(c1(0)). More precisely, the bifurcated periodic so-
lutions are stable when β2 < 0; conversely, they are unstable
when β2 > 0.

(iii) The period of the bifurcated periodic solutions
T2 = − Im{c1(0)}+µ2Im{λ ′(τl10)}

ω0τl10
. More precisely, the period in-

creases when T2 > 0; in contrast, it decreases when T2 < 0.
Where c1(0) = i

2ω0τl10
(g20g11−2|g11|2− 1

3 |g02|2)+ g21
2 .

(II) 0 < τl10 < τl20

Let τ2 = τl20 +µ2. Subsequently, we recast Eq. (3) in the
vicinity of E∗ as a functional differential equation within the
space C1

ẋt = Lµ2(xt)+gµ2(xt),

where

Lµ2υ = (τl20 +µ2)

[
(IN⊗A10)col

(
υl1(0)
υl2(0)

)N

l=1

+(IN⊗A11)col
(

υl1(−1)
υl2(−1)

)N

l=1

+(IN⊗A12)col

υl1

(
− τl10

τ2

)
υl2

(
− τl10

τ2

)N

l=1

+(L⊗K)col
(

υl1(0)
υl2(0)

)N

l=1

]
,

gµ2(υ) = (τl20 +µ2)col
(

K∗l1
K∗l2

)N

l=1
,

K∗l1 =
may∗υ2

l1(0)
(a+ x∗)3 − kυ

2
l1(0)−

maυl1(0)υl2(−1)
(a+ x∗)2

−
may∗υ3

l1(0)
(a+ x∗)4 +

maυ2
l1(0)υl2(−1)
(a+ x∗)3 +h.o.t.,
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K∗l2 =
cmaυl1(0)υl2(0)

(a+ x∗)2 −
y∗cmaυ2

l1(0)
(a+ x∗)3

+
y∗cmaυ3

l1(0)
(a+ x∗)4 −

cmaυ2
l1(0)υl2(0)

(a+ x∗)3 +h.o.t.

Using Hassard’s method, we calculate the following values:

g20 =
2τl20D
(a+ x∗)3

N

∑
j=1

(ψ j
l )

2
ψ

j∗
l [amc((a+ x∗)ql1− y∗)q∗l1

−k(a+ x∗)3 +amy∗−amql1(a+ x∗)e−iω0τl20 ],

g11 =
τl20D

(a+ x∗)3

N

∑
j=1

ψ
j

l ψ
j

l ψ
j∗

l [amc((ql1 +ql1)(a+ x∗)−2y∗)

×q∗l1−2k(a+ x∗)3 +2amy∗

−am(a+ x∗)(ql1 e−iω0τl20 +ql1 e iω0τl20)],

g02 =
2τl20D
(a+ x∗)3

N

∑
j=1

(ψ j
l )

2
ψ

j∗
l [amc((a+ x∗)ql1− y∗)q∗l1

−k(a+ x∗)3 +amy∗−amql1(a+ x∗)e iω0τl20 ],

g21 = − τl20D
(a+ x∗)4

N

∑
j=1

ψ
j∗

l [am(a+ x∗)2W (2)
20 (−1)

−acmq∗l1(a+ x∗)2W (2)
20 (0)+2am(a+ x∗)2W (2)

11 (−1)

−2acmq∗l1(a+ x∗)2W (2)
11 (0)]

+[amql1ψ
j

l (a+ x∗)2 e iω0τl20 +2(a+ x∗)(k(a+ x∗)3

+amy∗(cq∗l1−1)− 1
2

acmql1q∗l1ψ
j

l (a+ x∗))]W (1)
20 (0)

+(2amql1ψ
j

l (a+ x∗)2 e−iω0τl20 +4(a+ x∗)(k(a+ x∗)3

+amy∗(cq∗l1−1)− 1
2

acmql1ψ
j

l q∗l1(a+ x∗)))W (1)
11 (0)

−2am(a+ x∗)(2ql1ψ
j

l e−iω0τl20 +ql1ψ
j

l e iω0τl20)

+4ma[cq∗l1(a+ x∗)(ql1ψ
j

l

+
1
2

ql1ψ
j

l )+
3
2

y∗(1− cq∗l1)],

and

W20(θ) =
ig20

ω0τl20
q(0)e iω0τl20θ +

ig02

3ω0τl20
q(0)e−iω0τl20θ

+E2 e2iω0τl20θ ,

W11(θ) = − ig11

ω0τl20
q(0)e iω0τl20θ

+
ig11

ω0τl20
q(0)e−iω0τl20θ +E1,

further calculate the key bifurcation parameters.
(i) The direction of the Hopf bifurcation µ2 =

− Re{c1(0)}
Re{λ ′(τl20)}

. Precisely, in the case where Re{λ ′(τl20)} > 0,
if µ2 > 0 (alternatively, µ2 < 0), the Hopf bifurcation is super-
critical (subcritical correspondingly), and the periodic solution
comes into existence for τ2 > τl20 (respectively τ2 < τl20). If

Re{λ ′(τl20)} < 0, however, the bifurcating periodic solutions
will be in the opposite direction.

(ii) The stability of the bifurcated periodic solutions
β2 = 2Re{c1(0)}. To be exact, the bifurcation periodic so-
lutions possess stability when β2 < 0; conversely, they lack
stability when β2 > 0.

(iii) The period of the bifurcated periodic solutions
T2 = − Im{c1(0)}+µ2Im{λ ′(τl20)}

ω0τl20
. More precisely, the period ex-

periences an increment when T2 > 0; in contrast, it undergoes
a decrement when T2 < 0, where

c1(0) =
i

2ω0τl20

(
g20g11−2|g11|2−

1
3
|g02|2

)
+

g21

2
.

4. Simulation
To verify the theoretical results, we consider the follow-

ing specific form of system (3):
dxi

dt
= 1.2xi(t− τ1)−1.2x2

i −
2.5xiyi(t− τ2)

0.7+ xi
+ k1 ∑

N
j=1 Li jx j,

dyi

dt
=

2.5xiyi

0.7+ xi
−1.1yi + k2 ∑

N
j=1 Li jy j.

(27)

The positive equilibrium of system (27) is E∗ =

(0.55,0.27).
For numerical illustration, we focus on the Laplacian

mode Λ1 = 0. Here, Λ1 = 0 is considered purely as a Lapla-
cian mode in the modal stability analysis, rather than as a cri-
terion for network connectivity. The purpose of this section is
twofold: first, to verify the stability-switching and Hopf bifur-
cation results obtained in Sections 2 and 3; second, to illustrate
representative dynamical behaviors of the networked system
for different values of the link probability p.

For the mode Λ1 = 0, Eq. (5) reduces to

λ
2 +1.6224λ −1.2λ e−λτ1 +0.3326e−λτ2 = 0. (28)

When τ1 = τ2 = 0, the roots of Eq. (28) are −0.2112±
0.5367i, which implies that the positive equilibrium E∗ is
asymptotically stable.

When at least one of τ1 and τ2 is nonzero, Lemma 1
shows that λ = iω is a solution of Eq. (28) if and only if
ω ∈ (0.1175,0.6198). Accordingly, the admissible frequency
interval is obtained from the functions F11(ω), F12(ω), and
F13(ω), as shown in Fig. 1(a). Based on Theorem 2, the cor-
responding stability-switching curve T1 in the (τ1,τ2)-plane is
plotted in Fig. 1(b), and the region enclosed by the coordinate
axes and T1 gives the asymptotically stable region of the posi-
tive equilibrium E∗.

To further validate the theoretical prediction, we directly
compute the characteristic roots of Eq. (28) at several repre-
sentative points in the (τ1,τ2)-plane. We select one point in-
side the stable region, one point near the switching curve, and
one point in the unstable region. The corresponding rightmost
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roots confirm that the maximum real part is negative in the
stable region, close to zero near the switching curve, and posi-
tive in the unstable region. Hence, the direct root computation
is consistent with the prediction of Theorem 2, as shown in
Table 1.
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0

0

0.5
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F3

(a) (b)
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18
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6

4

2

0
0 10 20 30 40

τ

τ


Fig. 1. (a) The functions F11(ω), F12(ω), and F13(ω) for the mode
Λ1 = 0. The admissible frequency interval is ω ∈ (0.1175,0.6198). (b)
The stability-switching curve T1 in the (τ1,τ2)-plane. The shaded region
T 0

1 corresponds to the asymptotically stable region of the positive equi-
librium E∗.

Figure 2 displays three representative dynamical regimes
corresponding to the above parameter choices. For (τ1,τ2) =

(9,5), the solution converges to the positive equilibrium E∗,
which agrees with the stability prediction. For (τ1,τ2) =

(17.6536,6.38558), the trajectory exhibits periodic oscilla-
tions near the stability-switching boundary, indicating the on-
set of Hopf bifurcation. For (τ1,τ2) = (29,10), the equilib-
rium loses stability, and the solution exhibits more complex
oscillatory behavior.
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(a) (τ, τ)=(9, 5): stable equilibrium.

(b) (τ, τ)=(17.6536, 6.38558): periodic oscillation near the
     stability-switching boundary

(c) (τ, τ) = (29, 10): unstable oscillatory behavior.
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Fig. 2. Representative dynamics of system (27) for the mode Λ1 = 0.
Left column: time series of the prey density x(t). Right column: phase
portraits in the (x(t),y(t))-plane.
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Fig. 3. Numerical solutions of system (27) for three representative val-
ues of the link probability p: (a) p = 0, (b) p = 0.03, and (c) p = 0.07.
This figure illustrates how the temporal behavior changes as the network
coupling becomes stronger.
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Fig. 4. Further numerical illustrations of system (27) for three represen-
tative values of the link probability p: (a) p = 0, (b) p = 0.03, and (c)
p = 0.07. The results show the corresponding network-level dynamical
patterns under different coupling strengths.

Next, we illustrate how different values of the link prob-
ability p affect the observed dynamical behavior of the net-
worked system. Here, p is used only as a numerical parameter

080204-10



Chin. Phys. B 35, 080204 (2026)

Table 1. Direct numerical validation of the characteristic roots of Eq. (28) at representative points.

Point (τ1,τ2) Rightmost roots maxℜ(λ ) Stability
A (9,5) −0.001614±0.164215i −0.001614 stable
B (17.6536, 6.38558) 0.000731±0.312401i 0.000731 unstable (near Hopf boundary)
C (29,10) 0.028545±0.187663i 0.028545 unstable

in the random network construction, and the following simu-
lations are intended to provide qualitative illustrations rather
than additional theoretical conclusions.

We consider three representative cases: p = 0, p = 0.03,
and p = 0.07.

When p = 0, the nodes are effectively isolated from one
another, and the dynamics at different nodes evolve indepen-
dently. In this case, the network exhibits weak coherence, and
the temporal behaviors are mainly governed by the local node
dynamics.

When p = 0.03, the coupling between nodes is present
but remains relatively weak. As a result, interactions among
neighboring nodes become visible, and the solutions exhibit
partial coherence together with noticeable spatial heterogene-
ity.

When p = 0.07, the coupling effect becomes stronger,
and the collective dynamics become more coherent across the
network. The simulations indicate that stronger coupling tends
to suppress disorder and promote more coherent collective be-
havior.

Figures 3 and 4 present the corresponding numerical so-
lutions for these three values of p. These results show that, un-
der the same local parameters, varying the network link prob-
ability may significantly influence the observed temporal and
spatiotemporal patterns of the coupled predation system.

5. Conclusion
In this paper, we investigated a two-delay predation sys-

tem with diffusion and network coupling. By combining the
Laplacian-mode decomposition with the Kronecker-product
formulation, we reduced the stability analysis of the high-
dimensional networked system to a family of mode-dependent
characteristic equations. On this basis, we derived the cor-
responding stability-switching curves in the (τ1,τ2)-plane and
obtained sufficient criteria for the stability of the positive equi-
librium.

Furthermore, by employing the Hassard method and
center-manifold reduction, we analyzed the Hopf bifurcation
generated at the critical delay values and characterized the di-
rection of bifurcation, the stability of the bifurcating periodic
solutions, and the variation of their periods. These results clar-
ify how the interplay between the two delays influences the
local dynamics near the positive equilibrium.

The numerical examples support the theoretical analysis.
In particular, the stability-switching curves predicted by the
characteristic equation are consistent with the simulated dy-
namical behaviors observed at representative parameter points.
The simulations further illustrate typical temporal and spa-
tiotemporal patterns under network coupling.

Overall, the present study establishes a tractable analyt-
ical approach for studying delay-induced stability switching
and Hopf bifurcation in predation systems with diffusion and
network coupling. The framework developed here may also be
useful for analyzing other delayed networked biological mod-
els with similar coupling mechanisms.

Future work may consider extending the present setting
to more general ecological systems, such as models with mul-
tiple interacting species, heterogeneous delays, or stochastic
perturbations, in order to further understand the influence of
complex ecological factors on the stability and oscillatory be-
havior of networked population systems.
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