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SPECIAL TOPIC — Nonlinear localized waves: Theory, methods and applications

Localized nonlinear excitation on the doubly periodic backgrounds
governed by Weierstrass type elliptic waves of
the fifth-order KdV equation

Zheyuan Li(Z=¥JK) and Yunging Yang(# = 75)"
School of Science, Zhejiang University of Science and Technology, Hangzhou 310023, China

(Received 7 March 2026; revised manuscript received 3 April 2026; accepted manuscript online 8 April 2026)

In this work, the linear spectral problems, that is, the Lax pairs of the fifth-order Korteweg—de Vries (KdV) model
with traveling and static Weierstrass functions as coefficients, are investigated using the Lamé equation, and the nonlinear
localized waves on the Weierstrass elliptic periodic function backgrounds are derived using Darboux transformations, whose
propagation and corresponding nonlinear dynamics are also discussed. Furthermore, two types of degenerate nonlinear
waves are studied in the limiting cases of the half-periods @; and @, of the Weierstrass-(x) function. The findings are
beneficial for understanding and forecasting some nonlinear phenomena in related physical fields, including oceanography

and hydrodynamics.
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1. Introduction

Nonlinear evolution equations (NEEs), as theoretical
prototypes for describing various nonlinear phenomena, are
fundamental in various areas of nonlinear science, in-
cluding condensed matter physics,!!! nonlinear optics,!>!
fluid dynamics,® plasma,! financial markets,[® and water
waves.!”] Constructing physically meaningful nonlinear waves
and studying their corresponding underlying nonlinear dynam-
ical properties have always been fundamental and core tasks in
investigating NEEs, which has attracted increasing attention.

Integrable systems, as a special class of NEEs that
can be equivalent to the compatibility conditions of linear
spectral problems, have long served as the core govern-
ing equations for characterizing the evolution and dynam-
ical behaviors of nonlinear waves. Consequently, a large
number of powerful and effective techniques have been de-
veloped to investigate integrable models, including inverse
scattering,lg_lo] Darboux transformation (DT),[''13) Hirota
bilinear,[1®! Riemann—Hilbert problemm’lg] methods, and the
recently emerging deep learning approach.[1-28]

The majority of current investigations concentrate mainly
on constant backgrounds, which mainly involve solitons with
zero background, as well as rogue waves and breathers

The relevant nonlinear wave
[31

on plane wave backgrounds.
theories?>*%! and laboratory experiments3!! demonstrate that
non-constant backgrounds are more adept at describing phys-

ical reality. Therefore, nonlinear local excitation on non-

TCorresponding author. E-mail: yqyang@amss.ac.cn
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constant backgrounds has always been a fascinating and chal-
lenging topic in various physical fields.

Investigations on non-constant backgrounds concentrate
mainly on periodic wave backgrounds represented by Jacobi
elliptic forms, and several effective techniques have been pro-
posed, including DT and numerical methods,*>33 nonlo-
cal symmetry and the dressing method,**3>! DT and non-
linearization technique,[36‘40] DT and theta functions,[4!-43]
DT and Baker-Akhiezer function,**! deep learning!*! and so
on.[*471 A5 another typical representative of periodic back-
ground waves, nonlinear localized excitation on Weierstrass
periodic wave backgrounds has recently attracted increasing
attention. Zhang et al.!*3! constructed the bilinear system
scheme for Weierstrass elliptic solitons in 2020. Nijhoff et
al.'*%! proposed the elliptic N-th roots of unity, which pro-
vides a powerful tool for analyzing nonlinear waves on pe-
riodic backgrounds governed by Weierstrass functions. Sub-
sequently, studies on nonlinear wave solutions on Weier-
strass elliptic periodic wave backgrounds have been gradually
presented. 2933

Despite extensive prior work, nonlinear waves propagat-
ing on periodic wave backgrounds governed by Weierstrass-
type elliptic functions of the fifth-order Korteweg—de Vries
equation (fFKdV)*! have not been studied. Motivated by this

critical omission, this paper is mainly devoted to the following
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fKdV equation:
ou 0 3 ou\? %u  d*u

where u = u(x,t), which has been widely applied in fluid me-
chanics, such as shallow water waves with surface tension, as
well as in plasma physics. The structure of this paper is or-
ganized in the following manner. In Section 2, the first and
n-th DT for the fKdV Egq. (1) are given directly. In Sections 3
and 4, the @-periodic functions, including the stationary and
traveling cases, are selected to be the seed solutions, yielding
various nonlinear wave solutions on the Weierstrass-type peri-
odic backgrounds for the fKdV Eq. (1), and the corresponding
dynamic properties are analyzed. Finally, in Section 5, the
main findings and conclusions are summarized.

2. DT for the fifth-order KdV model

Through the existence of Lax pairs, the fKdV Eq. (1) is
integrable, that is, the fKdV Eq. (1) is equivalent to the com-
patibility condition of the linear spectral system

Lk = (=97 —u) k= Ak, (2a)

K = | (16A% —8Au~+6u> + 2uyx) Ox

+ (—6uuy +4Au, — uxxx)} Kk =TK. (2b)

Based on Matveev’s theorem, the first and n-th forms of the
DT for the fKdV Eq. (1) are presented explicitly in the theo-
rems.

Theorem 1 The functions (u<1), K(l)) satisfy the linear
spectral system

k) Wi L2 =, (3a)
K = (1622 =820 + 6(u? + 2ul) ) !

+ (4}»14,(51) — 6u<1)u§c1) — ugrl) K(l), (3b)

in which u is a solution of the fKdV Eq. (1), K is a solution of
the linear spectral system (2) under A = A;, and

kD) = K —(Inkp), K, (4a)

uV =u42(Inxy) . (4b)

In other words, the form of the linear spectral system (2) is in-
variant under (u,, k) — (u<1), , K<1)>, representing the DT of
the fKdV Egq. (1).

It is worth noting that this process allows for successive
iteration, yielding the n-th DT of the fKdV Eq. (1). To this
end, we first introduce n solutions of the system (2) and denote
ult) 1) i (#) as the functions obtained after y iterations of
the DT on the corresponding variables u, k, k;, that is

K,-fgj) 4 u(u>Kj(#) +/l1<j(“) =0, (5a)

Kjt(“) = (167L2 —8AulM) 4 6(uW)? +2u)($f)> Kji“)

+ (—6uu +a2ul) —ull)) 0. (5b)

A straightforward verification yields that for arbitrary in-
tegers Iivk(l-he [17"%”7 1]77ka€ [1,7/.1,* 1])

w [KLQI, e Kﬁ@k}

w [wa T TR PO e

= , o (6)
Kl(LufU
W[Kﬁ)l, et Kfffr)k, K]

- W[K(ﬂfl)’Kp(lﬁrll)w._’Kl(fi;l)m(ufn] -

(u—1)
Ku

where WV denotes the Wronskian determinant. Subsequently,
in the following theorem, we obtain the n-th DT of the fKdV

Eq. (1).
Theorem 2 The functions (u(”>, K(")) satisfy

Kg) + MOPRQ) + Ax = 0, (3a)
k" = (1622 82 +6(u)? + 202 ) "

+ (4lu§cn> — 6u§")u(”) — u,(;l) Km)? (8b)
in which
) _ WIKi, K, Kn, K]
k" = ; (9a)
WIki, K2, ., Ky
M(n) :u+2(1nW[K17K27~"ﬂKﬂ])xx? (9b)
where u is a solution of Eq. (1), and ki, k>, ..., K, are solu-

tions of the Lax pair (2) of Eq. (1) with potential u. In other
words, (u(”), K<")> and (u, k) satisfy the same linear spectral

problem (2), and therefore u" satisfies
u" — 9, (10(u<”>)3 + 5™+ 100l ul™ + u)‘;;x) =0. (10)

Proof Using Egs. (4), (6) and (7),

o — K(n—l) _ K';gcl_w

- K_lgnfl)

K(”7 1)

W[K‘,(,n_l), =]
W[Kr(lnfl)]
Wik 2k

W[K(n—Z)

n—1 >

(n—2) K(nfz)}

K_r(l}’l—z)]

WK1, K2, .., Kn, K]
W[K17 K27-"7Kn]

*n (W V])

)

n n—1
u = 4D 42 7.2
d%(In K(n—Z))
n—2 n—1
= u" + ZT
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(n=2) _.(n—=2)
—|—2;—; In Y [KnKIn_’;" }
n—1
(n=2) _ (n=2)
u(n72) +282 (an {K:;xiz > Kn g :|)

u+2(InWiki, K, ...,Kn]) - (11a)

3. Nonlinear waves on the periodic background
governed by static o(x) function

To be brief, some properties associated with the Weier-
strass functions are listed without proof

" (x) = —186 (x) (g2 — 200(x)?), (12a)
(s 0) - €+ £00) =3 2EC

P(x+8)+p(0)+ px) = (£(6) + £ (x) - (x+0))*,(120)

in which {(x) represents the Weierstrass zeta-function.>>!

Employing the function expansion technique, the Weierstrass
elliptic function form solution of Eq. (1) is readily derived as

u:—zp(x)ﬂ/—% (13)

Here, the periodic wave solution (13) is selected to serve as
the seed solution, from which some new nonlinear waves can
be constructed by DT Eq. (4) on this periodic background, and
a thorough discussion is conducted on its corresponding evo-
lutionary characteristics and nonlinear dynamical behaviors.

3.1. Solutions of the Lax pair (2) with static o(x) coeffi-
cients

Inserting the periodic solution Eq. (13) into Eq. (2) leads
to a new linear spectral problem whose coefficients are given
by elliptic functions

K —200(x)k+ Nk =0,

K +8 {@ (Ja(x) + )31) —2Ap(x) —24% - % R
44 (_@ﬁ(x) +2Md(x)> k=0, (14a)

where 1 = A +,/—4%%. Here, Eq. (14a) is precisely the Lamé

[55,56

equation | with the Weierstrass function @(x) as the coef-

ficient, whose solution takes the form

K = @, (x) e SPIror (15)

where p,,® are arbitrary constants, and P, (x) denotes the

Lamé equation>!

@ (x) = cm, (16)

where o (x) stands for the Weierstrass o-function. By means
of the properties Eq. (12) associated with the Weierstrass el-
liptic function, one can derive

K= (C(x+p) = E(p) —C(x))x, (17a)
Ku = (#(p) +2p(x)) K, (17b)
K = 0OK. (17¢)

Substituting Eqs. (16) and (17) into Eq. (14) yields

8
2=—p(p) /15 s
4V/—15g:4(p) _
3 —8p(p)e (p) =0,

which implies that Eq. (15) solves Eq. (14) with the constraint
conditions Eq. (18). Consequently, the solution of the linear
spectral system (14) reduces to

e—C(p)X+(47“15§W +8;o<p>xd<p>>r

K = Pp (x) (19)

Nonetheless, only a translated form of seed solution (13) can
be derived by substituting Eq. (19) into the DT (4). There-
fore, it is necessary to derive the general solution of the linear
spectral system Eq. (14), which means providing linearly inde-
pendent solutions of Eq. (19) associated with the given eigen-
value A under the constraints Eq. (18), which can be achieved
through the elliptic square roots of unity. ]

Theorem 3 For the given eigenvalue 4;, the general so-
Iution for the new linear spectral system Eq. (14) under the

constraint conditions Eq. (18) can be given as
2 2
Ky = X Gk, = Y, Cij®py; () e, (20)
j=1 =

in which, for j =1,2

yj=—¢ (sz)x+ it

o = @ +80(0) ¢ (Py),  2D)

with p;; being the two roots of the elliptic square-type Eq. (18)
for A = 4, and C;; being arbitrary constants.

3.2. Nonlinear wave solutions on the static @(x) back-
ground

Taking / = 1 in Theorem 3 yields
K, :Clle}»l.l +C1,2KMV27 (22)

and the corresponding properties of the Weierstrass elliptic
function can be simplified as
p1+p2 =0 (mod period lattice),
E(p1)+¢(p2) =0,
2(p1) = #(p2). (23)

090501-3
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Accordingly, the first nonlinear wave solution associated with
the Weierstrass go-function (13) of the fKdV Eq. (1) is written

in the form
A (A
A A ’

in which C;;; = C1» = 1 is adopted for brevity, with the dif-
ference between them being nothing more than separate phase

u) =u+2 (24)

terms, and A = (K'?q LT K 2).

Based on the relationships Eqgs. (17a) and (17b), and the
\/ —E (= 1,2), the
following simplifications can be obtained as

constraint condition A, = —(p1 ;) —

Axx 82
= _9 Y =t 25
1 o(x) =M 5 (25)
and
(Ax> 2 Gig | + G, +2G1Gary, Ky 6
A K/%M + K/%m +2K2,, Ky ’

in which, for j=1,,2,G; = { (x+p1,;) — ({(x) + & (p1))-
Simultaneously, it can be derived from the properties
Egs. (12b) and (12c) that

G} = o) +@(p1j) + o +piy), j=12, 27a)
P(x)"? — p(p11)”

O @ g

(27b)

The characteristics of Lamé function>>! demonstrate that

K1 Ky, = 82(x) — @2(p11), (28a)
G, = [(Epr) +28(x) = ¢ 2x+p1 )]
X @y, (2x) e, (28b)

where 1;; is defined in Eq. (21).

(a)

2

" W lu
0
-5
-2 // -10

0 0

. 5 -2 t

Combining the relationships given in Egs. (25)-(28), the
first nonlinear wave u(!) (see Eq. (24)) can be written as

(1) _ oy | 8 Gl
u'’ =2p(x) —24 15~ DI (29)
in which
Gi(x,t) = 2M|N; &y, , (2x) ™11
+2MyN, B, , (2x) €712
+2vM; (& (x) + £ (p11)), (30a)
Di(x,t) = Ni®p, | (2x) e + Ny Py, (2x) €12
+2(2(x) — p2(p11)), (30b)
and
M; = p(x) + p(p1,j) + (x+p1j), (31a)
Nj=C(p1,;) +28(x) — {(2x+p1,), (31b)
4,/=15 ~
nj==8(pij)x+ (g;z;d(m,)
+SW(P11)[0'(101/')>I7 (3lc)
for j=1,2.

Various types of nonlinear waves on the (x)-type peri-
odic background Eq. (13) for the fKdV Eq. (1) can be con-
structed by choosing different parameter values of A;. It can
be indicated from the form of solution u(!) that this solution
belongs to a modified breather structure. Figure 1 depicts the
3D and corresponding density propagation under the parame-
ters go =3, g3=1and g, = %77, g3 = %7 It is evident from
the figure that the dark breather wave propagates along a linear
path against the periodic wave background. Additionally, by
selecting distinct parameter sets, nonlinear waves with varying
amplitude characteristics can be generated.

(b)

10 .

5
O o

%
——

S —————— %

—

% 0/ \]

-1

t

0

x 5

Fig. 1. The 3D evolution and corresponding contour propagation of the nonlinear wave Eq. (29), with (a) A} = —0.3 — i (O.9+ g), g =3,

gr=land®) 4 =03-i(2+3F ). 0o = F. g5 = 7.
3.3. Degenerate cases
The degenerate situations of the nonlinear wave Eq. (29)

are studied in this section. For convenience, two limiting situ-

ations of the triple Weierstrass elliptic functions are displayed

in Table 1, in which @; and @, denote the half-periods of g(x).

i

Case1w1—>oo,w2:5

Under this condition, the seed solution Eq. (13) reduces

090501-4



Chin. Phys. B 35, 090501 (2026)

to the static nonlinear solution

2p? 212 4p*
——=2 h - 32
u——F 2 () [T (GD)
and the corresponding nonlinear wave solution Eq. (29) on the
periodic background Eq. (13) reduces to the deformed solitary

wave solution

22 2P [“ap*  Galx,1)
(CO RN I (N y WY B 15 33
! 3 sinh?(px) ! 45 Dy(x,t )7( )

where

Go(x,t) = 2M; N (i)pl ,(2x) g2 4 2]\712192(13;,,?2 (2x) g2l

cosh(px) cosh
A/ ( (p (PP1,1)>

sinh? (px) 51nh3(pp171)
=N @p111(2x)e i +N2¢'p112(2x)ezi'2

1 1
+2p? - ; 34
P <sinh2 (px)  sinh® (PPl,l)) oY

where for j =1,2

Dz(x,t)

) sinh(px+pp1j) 70
Dy, (x) = ’ 3
e P sinh(px) sinh(ppy;) 7
M; = p*sinh~?(px) + p*sinh~*(ppy ;)
+p?sinh ™ (px+ ppy j) + p*,
Nj =2pcoth(px) + peoth(ppi,j) — peoth(2px+ pp ),
5 5
) ) 16p° cosh(ppi ;)
lij = 5 P1jx— peoth(pprj)x— W
J
% [(\/3+1)Sinh2(PP1j)+3 r 53

To give a clear demonstration, Fig. 2 displays the evo-
lutionary characteristics of the deformed soliton solution
Eq. (33) under the parameter settings p =1 (g2 = %, g3 =

8
_f)'

Table 1. Degenerate cases of the Weierstrass functions (p is positive).

i
Cases w1—>oo,a>2:—l W] — 00, ) — ioo
2p
4p4 8p6
i=2,3 B PN i —0 e1=0
8 (j=23)  g=-73.8 > 2=0,83
h p2x2
o) sinh(px) _; .
p
2
1
¢(x) - %er pcoth(px) N
2 1
o(x) ‘% +p? cschz( px) 2

Case 2 @) —> o0, Wy — ioo
Under this condition, the seed solution Eq. (13) reduces
to the rational solution

2
-5, (36)

and the nonlinear wave Eq. (29) degenerates to the rational
solution, written as

2 G3(x,t)
(N 2o — 3\
TR M Ds3(x,t)’

37
where

G3(x,t) = 2M N1 Dy, | (2x)e*1 + 205N, By, (2x) €712
2/, (2x*3+2p1jl3),

= Ni®p, (2x) e +N2€i5pl,2(2x)ezi12
+2 (x—2 - p,—}) , 38)

D3(x,t)

in which, for j = 1,2,

o g 1 1
x prj  2x+pi;’
1 16
lj=——x——t. (39)
Pij Py

By selecting some given parameter values, Fig. 3 demon-
strates the time evolution and associated density propagation
of the rational wave Eq. (37), which depicts a soliton.

1
u®|

Fig. 2. The 3D evolution and corresponding density propagation of the
soliton Eq. (33) with 4, = 0.3+ (0.1 — 25)i, p=1.

1
]

Fig. 3. The 3D evolution and corresponding density plot of the deformed
soliton solution Eq. (37) with A; = 0.01 —0.15i.
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4. Nonlinear waves on the periodic background
governed by traveling &(x + vr) function

We further explore the seed solution of DT (4) in the form
of the traveling Weierstrass-type periodic function, that is

u=a(x+vt)=a(§), (40)

where £ = x+ vt with v denoting the traveling speed. Substi-
tuting Eq. (40) into the fKdV Eq. (1) results in

a"™ (&) +10a(§)a" (&)
+(30a(€)* —v+20a"(&)) @/ (€) =0, 41)

whose solution can be obtained by the Weierstrass elliptic
function expansion technique as

() = —20(8), 42)
with v =2g,.

4.1. Solutions of the Lax pair (2) with traveling o (x + vt)
coefficients

Inserting the traveling wave Eq. (42) into Eq. (2), the
variable-coefficient linear spectral system can be obtained as

Re —20(E) R+ ARk =0, (43a)
+ (—16A% — 16(E)A —2g>) ke +8A 4 (E)k =0, (43b)

whose solution is similar to the previous section and can be
expressed as

k= ®p (&) e cPIErer, (44)

and the corresponding relationships of variable Kk can be de-

duced as
Re =Re=(C(E+p)—C(E)—C(p))k (45a)
Ree = Ru = (p(p) +20(8)) %, (45b)
=0k +v(L(E+p)—C(&)-C(p))k.  (450)
(a) (b)

) ,;;«/, -

Using the characteristics of the Weierstrass elliptic func-
tion, it is easy to obtain from Eq. (43) by substituting Eqgs. (44)
and (45) that

A =—p(p), o—8p(p)# (p) =0. (46)

Then, two linearly independent solutions to Eq. (43) that sat-
isfy the constraint condition Eq. (46) can be expressed as

’ej = qbp_/ &)e

where p; denote the two elliptic square roots of Eq. (46). We

*C(Pj)iHSJO(Pj)Jd(Pj))t’ (47)

thus conclude with the following theorem.

Theorem 4 For the given spectral parameter A = 4;, the
generalized solution of the linear spectral system Eq. (43) with
constraint conditions Eq. (46) can be expressed as

2
Ry, =Y. Cij®p,; (&) e, (48)
=

where, for j = 1,2

uj=-C(p
wj = 80(pi

i) €+t
RIZACE (49)

with p;; being the two roots of the elliptic square-type Eq. (46)
for A = A;, and C;; being arbitrary constants.

4.2. Nonlinear wave solutions on the @&(x+ vr) background

Similarly to Subsection 3.2, the new first-order nonlinear
wave solution on the @(x + vt) background is constructed. By
setting [ = 1 in Theorem 4, we obtain

K‘)Ll :C]J’%}”l,l —|—C]’212'M‘2. (50)

Under the simplification Ci 1 = Cy» = 1, the first-order non-
linear wave of the fKdV Eq. (1) simplifies to

u) = a+2(Inky,)

_ 2(8)— 24, — Sa)

D4()C,l‘)7

(619}

(c)

w e
%//%/ /@/MM -, W

X

Fig. 4. The 3D evolution and corresponding contour plot of the solution Eq. (51) with (a) 4;

o= %,g3 = %; (©) A =—-0.9+0.5i, g, = %,g3 ==

=-0.7+0.02i, g2 =3,g3=1; (b) A =1 —0.65i,
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with

Ga(x,t) = 2P1Q1Dp, | (2£) ™11 + 2P0, Dy, (2€) 12
+2VP (#(8)+ 4 (p11)),

Dy(x,1) = Q1 Py, (28)e™ 1 + 0y, , (26) e*12
+2(2(&) — @(p1,1)), (52)

where, for j = 1,2,

Pj=@(E+p1j)+0(8)+@(p1)),
Q;=28(§) - C(25+p1j) +E(p1y),
1y =—C(p1j) E+8p(p1j)# (p1))t. (53)

Selecting various parameter values for @, A;, and Cyj
(j = 1,2), many different nonlinear waves can be obtained.
As an example, Fig. 4 illustrates the 3D, contour, and density
evolution for the nonlinear wave Eq. (51) under three different
sets of parameters.

4.3. Degenerate solutions

It is worth noting that the wave velocity v in the traveling
wave seed solution Eq. (42) is related to go. Therefore, the
nonlinear wave solution Eq. (51) does not completely degen-
erate into solution (29) when v = 0, but is the degeneration of
solution Eq. (29) with g» = 0. If g3 = 0 is further required,
which means @; — o0 and @, — ico, it is just the degenerate
solution Eq. (37). Then, we only need to consider the degen-
erate case of solution Eq. (51) under the condition of @; — oo
and & = 72% which exhibits distinct behaviors from solution
Eq. (29).

Under this condition, the seed solution Eq. (42) reduces
to a singular solution

. r’ »’

and the corresponding nonlinear wave solution Eq. (51) re-
duces to the deformed solitary wave

Gs(x,l‘)
l)5()€,l‘>7

2 2
M 2p” + 2+ (55)
3 sinh*(p&)
in which
Gs(x,1) = 2P 01y, | (26) ™11 4+ 20,0, By, (26) 112
_ h
ap B ( foslz(pé) 4 Ses 3(pp1,1) > ,
sinh”(p&) ~ sinh’(pp1,1)
Ds(x,t) = 01Pp,, (28) e + 0y Dy, , (2E) &2

1 1
2p° —
ep (Sinhz(Pi) SinhZ(PP1,1)>’ (0

where, for j = 1,2

3 sinh(p§ +pp1;) _P%hu
&, (&)= : ’
o1, (8) P sinh(p€)sinh(ppy ;) © 7

p? p? P’ >

= — + — + = +p°,
7 sinh®(p€)  sinh®(ppy;)  sinh?(pE + pp1 ;)
Q;j = 2pcoth(p&) + pcoth(ppy ;) — pcoth(2p& + pp1 ),

P
= <3Plj —pcoth(pplj)> 2

16p° cosh(ppi ;)
3 Sil’lh5 (pp]j)

13

o~

(sinh?(ppy;) +3)t. (57)

For illustration, Fig. 5 depicts the evolution of the de-
formed soliton solution Eq. (55) with parameters p =1 (g2 =

4 8
3 83 = _ﬁ)

Fig. 5. The propagation of the deformed soliton solution Eq. (55) with
M =02403i,p=1.

5. Conclusions and discussions

Constructing physically meaningful nonlinear localized
waves on periodic backgrounds and investigating their under-
lying nonlinear dynamic behaviors remain popular and chal-
lenging topics in integrable systems. Most existing studies
have focused on periodic wave backgrounds described by Ja-
cobi elliptic functions, while relatively few investigations have
concerned g-function periodic backgrounds. In this paper,
based on the eigenfunctions of the spectral system of the fKdV
equation with the Weierstrass elliptic g-functions as coeffi-
cients and the DT, the nonlinear localized waves on two types
of Weierstrass g-function backgrounds are derived, and their
evolution and corresponding degeneration are also discussed.
The techniques and findings proposed in this paper open a new
path for studying nonlinear waves on Weierstrass elliptic pe-
riodic wave backgrounds for other integrable equations. At
the same time, many issues that still need to be further stud-
ied have also been proposed, such as: Can we systematically
construct various nonlinear waves, including soliton, rogue,
and breather waves, on the Weierstrass g-periodic wave back-
ground and theoretically provide the transformation mecha-
nism between different types of nonlinear waves? Can we
establish the relationship between nonlinear waves on two
types of elliptic periodic wave backgrounds based on the re-
lationship between Weierstrass and Jacobi elliptic functions?
Can we provide the determinant forms of high-order nonlinear
waves on periodic wave backgrounds and analyze their dy-
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namic properties? These are also the issues of our ongoing
studies.
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