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Defects on the toric code, a well-known exactly solvable Abelian anyon model, can exhibit non-Abelian statistical
properties, which can be classified into punctures and twists. Benhemou et al. [Phys. Rev. A 105 042417 (2022)] introduced
a mixed boundary puncture model that integrates the advantages of both punctures and twists. They proposed that non-
Abelian properties could be realized in the symmetric subspace {|++〉 , |−−〉}. This work demonstrates that the nontrivial
antisymmetric subspace {|+−〉 , |−+〉} also supports non-Abelian statistics. The mixed boundary puncture model is shown
to be fault-tolerant in both subspaces, offering resistance to collective dephasing noise and collective rotation noise. In
addition, we propose and validate a quantum information masking scheme within the three-partite mixed boundary puncture
model.
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1. Introduction

In 1997, Kitaev[1] proposed a topological code, known
as the toric code or surface code, depending on the boundary
conditions. Typically defined on a boundaryless surface, the
toric code’s low-energy excitations are Abelian anyons.[2–5]

The braiding group representation of Abelian anyons is a
one-dimensional irreducible representation; however, topo-
logical quantum computation (TQC) generally requires two-
dimensional or higher representations to implement quantum
gate operations. This limitation makes the toric code, in its
basic form, generally unsuitable for TQC.

Nevertheless, defects on the toric code can introduce non-
Abelian statistics,[6,7] overcoming this limitation and making
the toric code an important platform for TQC.[8–17] The toric
code includes both local (point-like) defects[18–22] and nonlo-
cal (line-like or twist) defects.[23–26] Punctures are local holes
in the lattice, whereas twists correspond to the endpoints of
nonlocal domain walls. Their behavior closely resembles that
of Majorana zero modes.[23,24,27–29] Recently, Benhemou et
al.[7] studied the hybridization of these two defects, effectively
combining their advantages and demonstrating the presence
of non-Abelian statistics in Ising anyons. In this framework,
information is encoded in nonlocal degrees of freedom, and
universal quantum gates can be realized through braiding and
fusion operations.

The toric code utilizes its topological properties to pro-
tect qubits from certain types of errors, making it a promis-
ing platform for fault-tolerant quantum computation. First,
toric code punctures exhibit a high fault-tolerance threshold

of around 1%, meaning that increasing the code distance (i.e.,
enlarging the size of the surface code) can significantly reduce
logical error rates.[30–32] Second, the toric code only requires
parity checks between nearest neighbors, simplifying its im-
plementation in physical systems.[8–10] As a result, topological
quantum systems are highly competitive due to their combina-
tion of a high fault-tolerance threshold, accuracy, and minimal
qubit overhead. The toric code plays a crucial role in TQC,
offering unique encoding schemes and robust error correction.
Therefore, it is not only a key component in TQC but also an
important focus of research in quantum computing.

This work builds upon the research of Benhemou et
al.[7] by demonstrating mixed boundary punctures and realiz-
ing non-Abelian statistics in the nontrivial antisymmetric sub-
space {|+−〉 , |−+〉}, while Benhemou et al. proposed the re-
alization in the symmetric subspace {|++〉 , |−−〉}. These
two subspaces are independent of each other, distinguished by
their respective realization methods within the lattice model.
We show that both systems are immune to two typical types of
noise — collective dephasing and collective rotation — within
their respective subspaces. Consequently, these two subspaces
of the mixed boundary punctures on the toric code are fault-
tolerant. This conclusion highlights the significant potential
of non-Abelian statistics in the context of the Abelian lat-
tice model for TQC. Additionally, we propose and validate a
quantum information masking scheme applicable to the three-
partite mixed boundary puncture model.

In Section 2, we present the Abelian and non-Abelian
anyon models, along with the mixed boundary punctures
model. Section 3 discusses the robustness of the mixed bound-
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ary punctures model against two types of collective noise. In
Section 4, we design the information masking scheme within
the mixed boundary punctures model. Finally, we provide a
summary in Section 5.

2. Mixed boundary punctures
2.1. Anyon models

The unitary modular tensor category is the algebraic
structure describing the general anyon system. The total any-
onic space consists of all Hilbert subsystem spaces and the
fusion spaces of all charges[1–5]

Hc
ab =⊕

ab
Ha⊗Hb⊗V c

ab, (1)

where Ha represents the Hilbert subspace of charge a, and V c
ab

is the fusion space containing the fusion rules. In the fusion
space V c

ab, the fusion rule seems like a superposition.

a⊗b = ⊕
c∈L

Nc
abc, (2)

where a,b∈ L and Nc
ab are the possible ways of fusing a and b.

The matrix relating two different bases of the splitting trees is
the F-symbol. The braiding action is called the R-symbol (see
Fig. 1). The algebraic model of anyons is composed of the fu-
sion rules, F-symbols, R-symbols, and some other data of the
unitary modular tensor category. In this paper, non-Abelian
statistics of the Ising anyon is realized using the mixed bound-
ary punctures on the toric code of an Abelian anyon model.

b a b a

Rc

ab

c c

Fig. 1. The braiding operation Rab
c .

Wilczek first discovered the braiding group of a kind
of quasiparticle, which gave an additional Aharonov–Bohm
phase after the braiding operation.[33,34] These quasiparticles
are called Abelian anyons. Immediately after, Kitaev intro-
duced a marvelous exactly solvable model.[1–4] The Kitaev
toric code can be viewed as a simplification and generalization
of a quantum Z2 gauge theory. It is a square lattice grid with
each edge or vertex hosting a spin-1/2 particle. The grids sat-
isfy periodic boundary conditions forming a torus-like struc-
ture. The excitations are Abelian anyons. The vacuum 1,
electric charge e, magnetic flux m and fermion ε = e×m are
four superselection sectors of the Abelian anyons (the case of
two mutual antiparticles is ignored here). For Abelian anyons,
Chern number c = 0,8 and c = ±4 are two categories which
mod 16. The parameters of the simplest Abelian anyons are

those with Chern number c = 0, topology spin θ = 1 and
Frobenius–Schur indicator κ = 1. The Abelian anyons are
mod 2, and the fusion rules read

e× e = m×m = ε× ε = 1,

ε× e = m, ε×m = e, e×m = ε. (3)

According to the definition of braiding operation (see Fig. 1),
the braiding (or exchange) rules of those four superselection
sectors are

Rem
ε =−Rme

ε = 1,

Rεm
e =−Rmε

e = 1,

Reε
m =−Rεe

m = 1,

Ree
1 = Rmm

1 =−Rεε
1 = 1. (4)

It is worth noting that the results given by different orders
of superscripts on operators are also different. For example,
Rem

ε = −Rme
ε = 1. This is not trivial; the representation of an-

other intermediate statistical-Gentile statistics can give a much
clearer physical image for the braiding. In the Gentile statis-
tics representation space, Rem

ε and Rme
ε are mapped into two

mutual conjugate spaces.[35] This kind of anyon is called the
Abelian 1/2-anyons, because the statistical parameter is 1/2
for winding number 1.

Ising anyons are the simplest non-Abelian anyons. Their
Chern number is c = 1. Similarly, there are three categories
of excitations: the vacuum 1, the Majorana fermion ψ , and
the vortex σ . For non-Abelian anyons, the topological spin
and the Frobenius–Schur indicators of vortices are divided
into 8 pieces θσ = exp(iπc/8) and κσ = (−1)(c

2−1)/8, be-
sides θ1 = 1, θψ = −1, κ1 = κψ = 1. For Ising anyons,
θσ = exp(iπ/8) and κσ = κ = 1. The fusion rules of non-
Abelian Ising anyons are

ψ×ψ = 1, ψ×σ = σ , σ ×σ = 1+ψ. (5)

And the braiding rules of Ising anyons give

Rψψ

1 =−1, Rσσ
1 = κ e−

iπc
8 = e−

iπ

8 ,

Rψσ

σ = Rσψ

σ =−ic =−i, Rσσ
ψ = κ e

i3πc
8 = e

i3π

8 . (6)

2.2. Defects on toric code

The toric code can be defined on a lattice with one qubit
at each vertex. The Hamiltonian can be expressed as

H =−∑
v

Av−∑
f

B f , (7)

with stabilizers

Av = ∏
j∈∂v

X j, B f = ∏
j∈∂ f

Z j, (8)

where ∂ f is the qubits that are connected to the face.[7] The in-
formation can be encoded on the toric code by introducing de-
fects on the model surface. Two common kinds of defects are
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punctures and twists. Measurements of the stabilizers could
disentangle the spin system and create the punctures on the lat-
tice. The logical qubits can be encoded using the parity of the
puncture anyons. When Pauli Z stabilizers are measured, elec-
tric charge e is excited (the boundary of the puncture is solid).
When Pauli X stabilizers are measured, magnetic flux m is ex-
cited (the boundary of the puncture is dashed) (see Fig. 2).
Twists are extrinsic defects on the toric code. They can be
represented by five stabilizer operators XZY XZ which cause
a dislocation at the endpoints of the lattice. The anyon braid-
ing around a twist could exchange the type of e and m, while
leaving ψ , braiding and fusion rules invariant.[6,7]

Fig. 2. The mixed boundary punctures model. Z type (red) and X type
(blue) strings terminate at solid and dashed boundaries, respectively.[7]

Pauli Z and X operators (loops) stabilize this defect. The two horizontal
curves represent the stabilizers connecting the boundary and the punc-
ture. The two black crosses at the intersection of the solid boundary and
the dashed boundary represent two twists.

In 2022, Benhemou et al. designed a new concept of
mixed boundary punctures which combined the punctures and
twists (Fig. 2).[7] In Fig. 2, half solid and half dashed bound-
aries are juxtaposed and connected with a pair of twists rep-
resented by two crosses. In Ref. [6], Brown had proven the
equivalence between the corners of the toric code and twist
defects. This mixed boundary corresponds to the measure-
ments of both X and Z stabilizers. The twist applies a Pauli Y
operator at each intersection qubit, then the mixed boundary
punctures are completed. The strings connecting two mixed
boundary punctures indicate that two e or m can be condensed
in those two punctures. The string which connects two solid
sides represents two e are condensed, while two m correspond
to the string connecting two dashed sides (Fig. 3).[7]

2.3. Subspaces of mixed boundary punctures

As Benhemou et al. mentioned,[7] the logical qubits are
the superposition states in Fig. 3

|s1s2,±〉=
|e1e2〉± |m1m2〉√

2
. (9)

They constructed symmetric states to satisfy the fusion matrix
F and braiding evolution matrix B of Ising anyons

F =
1√
2

(
1 1
1 −1

)
, (10)

B = FR2F−1 = e−i π
4

(
0 1
1 0

)
. (11)

Actually, we discover that the antisymmetric construction
also satisfies the Ising statistics.

Fig. 3. The states of the mixed boundary punctures. Red string is Z type
and blue string is X type. The strings connect the matching boundaries
of the puncture pairs. The e and m particles are condensed inside the
punctures which means the states of the system are still ground states.

Symmetric subspace In Benhemou’s research, they only
gave one symmetric construction.[7] The basic units of the
Ising statistics on the toric code are the joint states of two sym-
metric states |(s1s2,+)(s1s2,+)〉 or |(s1s2,−)(s1s2,−)〉. They
proved that this symmetric construction satisfied the fusion
matrix F and braiding evolution matrix B of Ising anyons. In
Fig. 4, braiding s1 around s3 brings different results. When s1

and s3 condense the same kind of quasiparticles, braiding cre-
ates the same operator loops enclosing the punctures to the
strings. For example, in Figs. 4(a) and 4(b), s1 and s3 are
both e(m) particles, and the strings are Z(X)-type stabilizers.
Braiding s1 around s3 gives both s1 and s3 a Z(X) loop cross-
ing the Z(X) string. When s1 and s3 condense different kinds
of quasiparticles, braiding creates different operator loops en-
closing the punctures to the strings. For instance, in Figs. 4(c)
and 4(d), s1 and s3 are e(m) and m(e),respectively, and the
strings are Z(X)-type and X(Z)-type stabilizers. Braiding s1

around s3 gives s1 and s3 X(Z) and Z(X) loops crossing the
Z(X) and X(Z) strings.

The Pauli X operation corresponds to two braiding oper-
ations B2. The Pauli X operation can be realized by

(i) As described in Benhemou et al., braiding puncture s1

around s3 once.
(ii) If the particle types in s1 and s2 are the same as those

in s3 and s4, the result corresponds to Figs. 4(a) and 4(b).
(iii) If the particle types in s1 and s2 differ from those in

s3 and s4, the result corresponds to Figs. 4(c) and 4(d), which
implies the introduction of a minus sign.

The realization of the Pauli Z operation is
(i) Creating a pair of ψ in s1 and s2 (exchange e1e2 and

m1m2).
(ii) Or another method is creating a pair of ψ in s3 and s4

(exchange e3e4 and m3m4) (Fig. 5(a)).[7]
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Fig. 4. The basic units of the Ising statistics on toric code. Braiding s1
around s3 brings different results. Panels (a) and (b) are trivial, loops and
strings are the same type. In panels (c) and (d), loops and strings are
different types, which give minus signs.

Fig. 5. The realization of Pauli Z operation. Panels (a) is the Pauli Z in the
symmetric subspace, while panel (b) is the Pauli Z in the antisymmetric
subspace.

Antisymmetric subspace In this part, we discuss the an-
tisymmetric construction of the mixed boundary punctures on
the toric code. We prove that this mixed boundary punc-
tures model also satisfies the Ising statistics in the antisymmet-
ric subspace {|(s1s2,+)(s3s4,−)〉 , |(s1s2,−)(s3s4,+)〉}. As
mentioned earlier, we need at least four mixed boundary punc-
tures to show the Ising statistics. In the antisymmetric sub-
space, the basic vectors are

|(s1s2,+)(s3s4,−)〉 ≡ |+−〉

=
1
2
(|e1e2e3e4〉− |e1e2m3m4〉

+ |m1m2e3e4〉− |m1m2m3m4〉), (12)

|(s1s2,−)(s3s4,+)〉 ≡ |−+〉

=
1
2
(|e1e2e3e4〉+ |e1e2m3m4〉

−|m1m2e3e4〉− |m1m2m3m4〉). (13)

It can be easily proved that the action of the fusion matrix is

F |+−〉= 1√
2
(|e1e2e3e4〉− |m1m2m3m4〉) = |113124〉 , (14)

F |−+〉= 1√
2
(−|e1e2m3m4〉+ |m1m2e3e4〉) = |ψ13ψ24〉 ,(15)

where we define the vacuum and the Majorana fermion states

|113124〉=
1√
2
(|e1e2e3e4〉− |m1m2m3m4〉),

|ψ13ψ24〉=
1√
2
(−|e1e2m3m4〉+ |m1m2e3e4〉), (16)

so the basic vectors

|+−〉= 1√
2
(|113124〉+ |ψ13ψ24〉),

|−+〉= 1√
2
(|113124〉− |ψ13ψ24〉). (17)

When the braiding operation acts on those two states, we
have

B2
13 |+−〉= |−+〉 , B2

13 |−+〉= |+−〉 , (18)

where B2
13 means braiding particle 1 around particle 3, and it

is a Pauli X operation obviously. But the Pauli Z operation is
different from the symmetric case. In the antisymmetric sub-
space, the Pauli Z operation is the process of creating a pair of
ψ in s1 and s2 (Fig. 5(b)). After that, the states are

Z |+−〉= |+−〉 , Z |−+〉=−|−+〉 . (19)

What calls for special attention is that ψ is the fermion ε in the
toric code; their single particle fusion and braiding rule follow
Eq. (3), but the total effect of the states {|+−〉 , |−+〉} satisfies
the Ising statistics Eqs. (10) and (11).

Ising anyons do not inherently support a T gate (π/8
gate), which limits their braiding operations to the Clifford
group and renders them non-universal for quantum compu-
tation. This limitation can be addressed through the intro-
duction of magic state distillation — a fault-tolerant protocol
that prepares high-fidelity magic states using Clifford opera-
tions, which can then be combined with braiding to implement
T gates. However, this approach incurs substantial resource
overhead due to the need for distillation factories and multiple
distillation rounds.[31]

A more elegant solution has recently emerged from re-
search led by the University of Southern California. Within the
framework of non-semisimple topological quantum field the-
ory, the team discovered a new anyon type — termed the “ne-
glecton” — which was previously discarded in conventional
semisimple models due to its zero quantum trace. Remarkably,
by introducing just a single stationary neglecton, Ising anyons
can achieve universal quantum computation through braiding
alone. The neglecton serves as a fixed point around which
Ising anyons are braided, enabling a complete set of quantum
gates. While the non-semisimple framework initially raised
concerns about unitarity violations, the researchers developed
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a “local isolation” strategy that confines quantum information
to structurally sound regions of the theory, effectively quar-
antining the problematic mathematical aspects. This break-
through transforms previously “neglected” mathematical com-
ponents into a powerful resource for universal topological
quantum computing, though experimental realization remains
an open challenge.[36]

3. Fault-tolerant properties

The mixed boundary punctures model is a simulation of
Ising anyon statistical properties, not real Ising anyons. Non-
Abelian anyons are intrinsically fault-tolerant, because the
Hilbert space of non-Abelian anyons is composed of the lo-
cal subspace and the logical subspace. Errors only exist in
the local subspace, which is isolated from the logical sub-
space. The logical subspace is determined by the conjugacy
class of a finite group and the irreducible representation of its
centralizer. Local operations cannot access the logical sub-
space, so quantum information is protected from local errors.
Is this simulation immune to noise? We consider two typi-
cal noises: the collective dephasing noise and the collective
rotation noise. We confirm to the extent that the symmet-
ric subspace {|++〉 , |−−〉} and the antisymmetric subspace
{|+−〉 , |−+〉} of the mixed boundary punctures model can be
regarded as two logical subspaces of Ising anyons.

Collective dephasing noise and collective rotation noise
are of fundamental importance in quantum information sci-
ence because they represent the most physically relevant and
challenging types of correlated errors in practical quantum
systems. These noise models directly capture realistic deco-
herence mechanisms: collective dephasing arises from global
field fluctuations that randomly rotate qubit phases, while col-
lective rotation models uniform control errors that simultane-
ously rotate all qubits.[37] Their significance stems from the
fact that they violate the core assumption of standard quan-
tum error correction codes — namely, that errors are inde-
pendent and stochastic. Correlated noise can cause logical
errors to accumulate in ways that are not captured by con-
ventional threshold analyses, making systems that are immune
to such noise particularly valuable.[38] Furthermore, in quan-
tum communication protocols, these two noise types serve as
the standard benchmarks for evaluating practical applicability,
as they dominate decoherence in fiber-based and solid-state
implementations. Demonstrating fault-tolerance against these
specific noise models therefore provides strong evidence that
a quantum information scheme possesses genuine physical ro-
bustness beyond what is guaranteed by standard error correc-
tion alone.

3.1. Dephasing noise

We assume |0〉= |e〉 and |1〉= |m〉 on the toric code. The
collective dephasing noise gives

Ud |e〉= |e〉 , Ud |m〉= e iφ(t) |m〉 , (20)

where φ(t) is a random phase that varies over time.
(i) The symmetric subspace {|++〉 , |−−〉}.
According to Eqs. (9) and (20), in the two-qubit case, we

have

⊗
2

Ud |±〉=
1√
2
(|e1e2〉± e i2φ |m1m2〉)≡ |±̃〉 . (21)

In the symmetric subspace, when the collective dephasing
noise operator acts on the basic unit of the Ising anyons (4
mixed boundary punctures), the states become

⊗
4

Ud |±±〉 =
1
2
(|e1e2e3e4〉± e i2φ |e1e2m3m4〉

±e i2φ |m1m2e3e4〉

+e i4φ |m1m2m3m4〉)≡ |±̃±̃〉 . (22)

By calculation, it can be proven that 〈+̃+̃ |−̃−̃〉 = 0 and
〈±̃±̃ |±̃±̃〉= 1. The system in the symmetric subspace is im-
mune to the collective dephasing noise.

(ii) The antisymmetric subspace {|+−〉 , |−+〉}.
Similar to the symmetric subspace, under the effect of the

collective dephasing noise, the four qubit states become

⊗
4

Ud |±∓〉=
1
2
(|e1e2e3e4〉∓ e i2φ |e1e2m3m4〉

±e i2φ |m1m2e3e4〉− e i4φ |m1m2m3m4〉)≡ |±̃∓̃〉 . (23)

It is easy to verify that 〈+̃−̃ |−̃+̃〉 = 0 and 〈±̃∓̃ |±̃∓̃〉 = 1.
The system in the antisymmetric subspace is immune to the
collective dephasing noise.

3.2. Rotation noise

The collective rotation noise affects the states as

Ur |e〉= cosθ |e〉+ sinθ |m〉 ,

Ur |m〉=−sinθ |e〉+ cosθ |m〉 , (24)

where θ(t) is also a random phase that varies over time.
(i) The symmetric subspace {|++〉 , |−−〉}.
In the symmetric subspace, according to Eq. (24), it is not

difficult to draw the conclusion that |++〉 is invariant under
the collective rotation noise

⊗
4

Ur |++〉 = 1
2
(|e1e2e3e4〉+ |e1e2m3m4〉+ |m1m2e3e4〉

+ |m1m2m3m4〉)≡ |+̃+̃〉 . (25)

Another state is slightly more complex than

⊗
4

Ur |−−〉=
1
2
[

4

∏
p=1

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)

−
2

∏
p=1

4

∏
q=3

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)(−sinθ

∣∣eq
〉
+ cosθ

∣∣mq
〉
)
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−
2

∏
p=1

4

∏
q=3

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)(cosθ

∣∣eq
〉
+ sinθ

∣∣mq
〉
)

+
4

∏
p=1

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)]≡ |−̃−̃〉 . (26)

After a series of derivations, we have proved that
〈+̃+̃ |−̃−̃〉 = 0 and 〈±̃±̃ |±̃±̃〉 = 1 under the collective ro-
tation noise. Therefore, symmetric subspaces can resist the
collective rotation noise.

(ii) The antisymmetric subspace {|+−〉 , |−+〉}.
In the case of the antisymmetric subspace, under the ac-

tions of the collective rotation noise, the basic vectors become

⊗
4

Ur |+−〉=
1
2

[ 4

∏
p=1

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)

−
2

∏
p=1

4

∏
q=3

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)(−sinθ

∣∣eq
〉
+ cosθ

∣∣mq
〉
)

+
2

∏
p=1

4

∏
q=3

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)(cosθ

∣∣eq
〉
+ sinθ

∣∣mq
〉
)

−
4

∏
p=1

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)

]
≡ |+̃−̃〉 , (27)

⊗
4

Ur |−+〉=
1
2

[ 4

∏
p=1

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)

+
2

∏
p=1

4

∏
q=3

(cosθ
∣∣ep

〉
+ sinθ

∣∣mp
〉
)(−sinθ

∣∣eq
〉
+ cosθ

∣∣mq
〉
)

−
2

∏
p=1

4

∏
q=3

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)(cosθ

∣∣eq
〉
+ sinθ

∣∣mq
〉
)

−
4

∏
p=1

(−sinθ
∣∣ep

〉
+ cosθ

∣∣mp
〉
)

]
≡ |−̃+̃〉 . (28)

We can still prove that the inner product remains invariant un-
der the collective rotation noise. We have 〈+̃−̃ |−̃+̃〉= 0 and
〈±̃∓̃ |±̃∓̃〉 = 1. The antisymmetric subspace is an invariant
subspace under the collective rotation noise.

4. Information masking
Quantum information masking is a unique property of

multi-body systems in which quantum information is stored in
the correlations between subsystems rather than within them.
It arises from the quantum entanglement among these subsys-
tems. The no-masking theorem proposed by Modi et al. is
one of the family of no-go theorems.[39] Li et al. proposed an
interesting three-body information masking scheme that uti-
lizes the properties of Latin squares in mathematics.[40] Then
we simulated the quantum information masking process in
Abelian anyon system and Ising anyon system according to Li
et al.’s Latin squares scheme.[41] Here, using the mixed bound-
ary punctures model, Ising anyon statistics are simulated on

toric code. We discuss the Latin squares scheme of quantum
information masking process under this model.

In this case, we need three pairs of mixed boundary punc-
tures (six holes, Fig. 6), which corresponds to three Ising
anyons. In our previous work, we proved that the three-partite
quantum information masking scheme maps the arbitrary state
α |1〉+β |ψ〉+ γ |σ〉 as

|Ψ〉 = 1√
3
[α |111〉+α |ψψψ〉+α |σσσ〉

+β |1σψ〉+β |ψ1σ〉+β |σψ1〉

+γ |1ψσ〉+ γ |ψσ1〉+ γ |σ1ψ〉]. (29)

In this case, we can get TrAB (|Ψ〉〈Ψ |) = TrAC (|Ψ〉〈Ψ |) =
TrBC (|Ψ〉〈Ψ |) = I/3; the masking process is accomplished,
and the information is stored in the quantum correlation rather
than the subsystems. Please refer to our work for the spe-
cific proof process. All terms in the braiding operation satisfy
the masking requirement obviously except for the three Ising
anyons term |σσσ〉. The braiding operation gives each term
an additional phase which can cancel each other in the calcula-
tion of |Ψ〉〈Ψ |. According to the special statistical properties
Eqs. (5) and (6), the case of term |σσσ〉 is a little complicated.
In the mixed boundary punctures model, we assume three pairs
of mixed boundary punctures to realize the three Ising anyon
state |σσσ〉.

We give an example of the state |±±±〉, other cases
|±∓±〉 and |±±∓〉 are the same,

|±±±〉 = + |e1e2e3e4e5e6〉± |e1e2e3e4m5m6〉

±|e1e2m3m4e5e6〉+ |e1e2m3m4m5m6〉

±|m1m2e3e4e5e6〉+ |m1m2e3e4m5m6〉

+ |m1m2m3m4e5e6〉± |m1m2m3m4m5m6〉 . (30)

We assume M1 = |e1e2e3e4e5e6〉 ± |m1m2m3m4m5m6〉,
M2 = ±|e1e2e3e4m5m6〉 + |m1m2m3m4e5e6〉, M3 =

+ |e1e2m3m4m5m6〉 ± |m1m2e3e4e5e6〉 and M4 =

±|e1e2m3m4e5e6〉+ |m1m2e3e4m5m6〉. The braiding opera-
tion between Ising anyons 1 and 3 named B13 gives M3 and
M4 a minus sign and keeps M1 and M2 invariant. Similarly,
the braiding operation between Ising anyons 3 and 5 named
B35 gives M2 and M4 a minus sign and keeps M1 and M3

invariant. B13 and B35 are both adjacent braidings of Ising
anyons. It is not difficult to prove that, in the adjacent braiding
case, the minus signs can offset each other. There is another
more complicated braiding type, three-partite braiding. For in-
stance, braiding σ1 around σ2 and σ3 corresponds to braiding
s1 around s3 and s5. Three-partite braiding which has the same
beginning and end particle positions has two styles (Fig. 7). In
Fig. 7(a), particle 2 and 3 do not braid, B = B13B15B51B31 is
composed of four adjacent braidings. In Fig. 7(b), particles 2
and 3 also braid, the diagram has two links. If we define the
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braiding B′ as a cyclic permutation, then B′3 gives the same ex-
treme points of the strands. These two braiding styles are quite
different obviously, which makes the problem more difficult.
Fortunately, the three-partite system is an Ising anyon system.
In Yu’s research,[42] it has been proven that the braiding of
Ising anyons is only related to the endpoints of strands, since
the braiding group is a subgroup of the Clifford group, which
is a finite group. It is noteworthy that this conclusion applies
only to Ising anyons. The braiding groups of other anyons are
infinite groups and heavily depend on the manner of braiding.
Thus the two diagrams in Fig. 7 are the same B = B′ here, we
can conclude them as Fig. 8 in which the braiding process is
a black box. Therefore, the braiding of three-partite is equiv-
alent to the successive action of adjacent braiding which can
realize the quantum information masking as mentioned above.

Fig. 6. Six mixed boundary punctures model simulates three-Ising-anyon
state.

(a) Four adjacent
      braiding

   (b) Braiding
includes two links.

Fig. 7. Two different braiding styles give the same extreme points of
the strands. These two distinct braiding styles lead to two fundamentally
different definitions of identity.

Braiding

Fig. 8. The simplified model of braiding in Ising anyon system. The
braiding of Ising anyons is only related to the endpoints of strands, since
the braiding group is a subgroup of the Clifford group.[42]

5. Feasibility analysis
To evaluate the practical feasibility of our proposed

scheme, we provide a brief analysis of its resource overhead.

In surface-code-based architectures, the number of physical
qubits required to implement a fault-tolerant logical qubit
is strongly dependent on the specific hardware platform and
error-correction protocol. Theoretically, a logical qubit with
code distance d requires at least 2d2 physical qubits in the
ideal case.[3] However, when practical considerations such as
dual-rail encoding, magic state distillation factories, and qubit
routing are taken into account, the typical resource require-
ment increases to approximately 20d2 physical qubits per log-
ical qubit. In our model, each logical qubit is encoded us-
ing a pair of mixed-boundary punctures, leading to an esti-
mated physical overhead of about 40d2 physical qubits per
logical qubit. For a quantum register consisting of n logical
qubits, the total number of physical qubits therefore scales
as O(nd2). Regarding temporal overhead, logical gate oper-
ations in our scheme are implemented via braiding sequences
of Ising anyons. All Clifford gates can be realized with a con-
stant number of braiding operations, consistent with the the-
oretical predictions for topological quantum computation. A
key advantage of our approach over non-topological schemes
lies in its inherent robustness: the fidelity of logical gates is
determined by the topological properties of the system and the
code distance d, rather than by the precision of external con-
trol pulses. It is worth noting, however, that the implementa-
tion of non-Clifford gates (e.g., the T gate), which are essential
for achieving universal quantum computation, necessitates the
use of magic state distillation. This requirement introduces
substantial additional spatial and temporal overhead — a chal-
lenge common to all Ising-anyon-based quantum computing
platforms.[38]

6. Summary
The toric code, also known as the surface code, is a

renowned topological anyon model proposed by Kitaev. De-
fects within the toric code can exhibit non-Abelian statisti-
cal properties, enabling the potential for topological quantum
computation. The defects can be classified into punctures and
twists. Benhemou et al. hybridized these two types of defects
into the mixed boundary punctures model, combining their ad-
vantages. This mixed boundary punctures model demonstrates
the non-Abelian statistics of Ising anyons. They proposed that
non-Abelian statistical properties could be realized within the
symmetric subspace, but we have demonstrated that the anti-
symmetric subspace can also exhibit these properties.

Given that this mixed boundary punctures model can sim-
ulate the statistical properties of Ising anyons on the toric code,
we investigate whether it also possesses fault tolerance similar
to that of non-Abelian anyons. We delve into two typical types
of noise and find that the mixed boundary punctures model is
immune to these disturbances. Furthermore, we demonstrate
that this system can achieve quantum information masking
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by storing information in the correlations between subsystems
rather than within the subsystems themselves.
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