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The emergence of hypergraphs has solved the problem that the interactions between nodes are insufficient to describe
the complex relationships among multiple individuals. In this paper, we model social contagion with the reinforcement
effect on hypergraphs, where hyperedges disseminate information to nodes, and nodes upload information to hyperedges.
In order to reduce the complexity of high-order interactions on the propagation, hypergraphs are mapped to factor graphs,
where hyperedges are encoded to factor nodes, and the connection between a node and a factor node indicates that the
node is located in the hyperedge. Taking into account the heterogeneity of nodes and hyperedges, we establish the message
passing evolution equations about each node based on the factor graph. Finally, we carry out numerical simulations by
iterating the message passing equations. We find that the probability of the adopted state decreases before the outbreak of
social contagion, and the final adopting scale suddenly increases as the transmission rates increase, which are caused by
the combined action of high-order interactions and the social reinforcement effect. Significantly, the final adopting scale
presents a step-like variation when the adopting threshold of hyperedges changes.
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1. Introduction
Complex networks are excellent tools for depicting pair-

wise interactions, where nodes represent individuals and edges
denote the interactions between two individuals. However,
a large amount of evidence indicates that there are not only
pairwise interactions, but high-order interactions.[1,2] Hyper-
graphs provide a framework for characterizing high-order in-
teractions, overcoming the limitation of complex networks in
capturing such interactions.[3] In hypergraphs, a hyperedge
can include any number of nodes, thereby depicting high-order
interactions of the contained nodes. For example, a discussion
group consisting of multiple members can be denoted by a hy-
peredge. Members conduct discussions and exchange ideas
within the group. After making decisions, the group repre-
sentative communicates with other groups and learns about
their decisions. And then, the group representative conveys
the information from other groups to the members of their own
group.

As the mathematical theory of hypergraphs gradually be-
comes complete, the transmissions based on hypergraphs have
also attracted attention.[4,5] In Ref. [6], Higham et al. focus on
the SIS propagation model in a hypergraph, and analyze lo-
cal stability and global stability via mean-field method. Liang
et al. utilize tensor algebra to explore discrete-time SIS social
contagion processes on weighted and directed hypergraphs in
Ref. [7]. The presence of the higher-order interaction leads
to the bistability. In social contagion, due to differences in

cognitive levels, environmental factors, and other influences,
individuals repeatedly verify the reliability of the received in-
formation and only accept it after multiple confirmations. It
indicates that social contagion has a key feature — social rein-
forcement effect, which distinguishes it from epidemic spread-
ing. Generally, social contagion with reinforcing effects is
characterized by the threshold model.[8,9] However, high-order
interactions make social contagion more complicated, which
leads to the network-based threshold model being unable to
fully capture high-order effects. To reduce the complexity
of high-order interactions, researchers transform a hypergraph
into a factor graph and they confirm that it is feasible.[10,11] In
particular, Peng et al. utilize the factor graph to solve higher-
order percolation based on the message passing method.[11]

Furthermore, the message passing method can generate state
evolutions of each node based on network topology.[12–15] And
the approach introduces a variable representing the probability
that neighbors fail to transmit behavioral information to nodes,
thereby giving the approach an advantage in studying social
contagion with reinforcing effects. Therefore, among the nu-
merous methods of propagation modeling, the message pass-
ing method is an effective way to formulate network-based so-
cial contagion.

Motivated by the above discussions, we focus on so-
cial contagion with the reinforcing effects on hypergraphs.
Firstly, we transfer the propagation on the hypergraph to a
factor graph, where hyperedges are mapped into factor nodes,
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thereby facilitating the use of the message passing method to
solve the propagation under high-order interactions. And then,
a model is built to characterize the propagation. Further, after
defining ‘message’ variables between nodes and factor nodes,
we establish the message passing equations to derive state evo-
lutions of each node by the message passing method. Finally,
numerical simulations are carried out to observe the time evo-
lution of social contagion and the changes of the final adopting
scale under different transmission rates. And the relationships
between the final adopting scale and adoption thresholds are
also demonstrated.

On the whole, the contributions of this work are as fol-
lows. We construct a model on hypergraphs for social conta-
gion dynamics with reinforcement effect, where the underly-
ing propagation structures are expanded from pairwise interac-
tions between two nodes to high-order interactions formed by
multiple nodes. In the model, the occurrences of social con-
tagion rely on propagation among nodes and hyperedges, and
not only nodes but also hyperedges are in one of unadopted,
adopted and recovery states at each time. When the amount of
received information reaches their own adoption thresholds,
the unadopted node and factor node become the adopted state,
thereby reflecting the social reinforcement effect on nodes and
hyperedges. The recovery state of a factor node is deter-
mined by whether the proportion of the number of recovery
nodes contained in the hyperedge reaches the state threshold.
Further, taking into account the heterogeneity of nodes and
hyperedges, the node-based evolutions are formulated by the
message passing evolution equations. It is confirmed that the
message passing evolution equations are consistent with the
Monte Carlo results, thereby providing an accurate model for
characterizing social propagation in hypergraphs. And signif-
icantly, under the combined action of high-order interactions
and social reinforcement effect, the probability of nodes in the
adopted state decreases before the outbreak of social conta-
gion, and the final adopting scale undergoes a first-order phase
transition as the transmission rates increases. What’s more,
the final adopting scale presents a step-like variation when the
adopting threshold of hyperedges changes.

2. Model
In this paper, the basic propagation structure of social

contagion is a hypergraph H = (V,E), which consists of the
node set V = {v1,v2, . . . ,vN} and the hyperedge set E =

{𝑒1,𝑒2, . . . ,𝑒n}. The number of nodes is |V | = N and the
hyperdegree of node i is the number of hyperedges includ-
ing node i. Hyperedge 𝑒 j = {vi1 ,vi2 , . . . ,vip} is composed
of p nodes vi1 ,vi2 , . . . ,vip , where p is referred to as the car-
dinality of hyperedge 𝑒 j and denoted by |𝑒 j| = p. In par-
ticular, the hypergraph degenerates into an ordinary network
when the cardinalities of all hyperedges are 2. For example, as

shown in Fig. 1(a), the hypergraph H = (V,E) is composed of
a set of 9 nodes V = {v1,v2, . . . ,v9} and a set of 5 hyperedges
E = {𝑒1,𝑒2, . . . ,𝑒5}, where hyperedges are 𝑒1 = {v1,v2},
𝑒2 = {v2,v3,v4}, 𝑒3 = {v3,v4,v8}, 𝑒4 = {v1,v4,v5,v6,v7} and
𝑒5 = {v8,v9}.

In order to facilitate analysis of social contagion on a hy-
pergraph by the message passing method, we convert the hy-
pergraph H = (V,E) into a factor graph ℋ= (𝒱,𝒰 ,ℰ). The set
𝒱 denotes the set of nodes, consisting of all nodes in the hy-
pergraph H. The set 𝒰 denotes the set of factor nodes and each
hyperedge in the hypergraph H represents a factor node. The
set ℰ represents all edges between nodes and factor nodes. If a
hyperedge contains some nodes in the hypergraph, these nodes
and the factor node will accordingly connect, thereby forming
edges in the factor graph. As shown in Fig. 1(b), the hyper-
graph in Fig. 1(a) is transformed into a factor graph, where the
sets of nodes and factor nodes are 𝒱 = V and 𝒰 = E, respec-
tively, and the set of edges ℰ is composed of connecting lines
between each hyperedge and contained nodes. For example,
the hyperedge 𝑒3 in Fig. 1(a) contains nodes v3, v4 and v8.
According to the conversion rule, the lines connecting factor
node 𝑒3 to nodes v3, v4 and v8 are the edges in the factor graph
in Fig. 1(b).

e
e

e

ee

e e e ee

(a) A specific example of hypergraph (b) Factor graph of the hypergraph

Fig. 1. (a) Hypergraph H = (V,E) is composed of a set of 9 nodes
V = {v1,v2, . . . ,v9} and a set of 5 hyperedges E = {𝑒1,𝑒2, . . . ,𝑒5},
where 5 pieces of hyperedges are 𝑒1 = {v1,v2}, 𝑒2 = {v2,v3,v4}, 𝑒3 =
{v3,v4,v8}, 𝑒4 = {v1,v4,v5,v6,v7} and 𝑒5 = {v8,v9}. (b) Hypergraph
H = (V,E) is converted into a factor graph.

At each time, each node is in one of the unadopted,
adopted and recovery states (U , A and R for short), and the
same applies to each factor node. Node i being in the un-
adopted state implies that it has not adopted the behavior.
Meanwhile, unadopted node i can receive the behavioral infor-
mation from the adopted hyperedge 𝑒 to which node i belongs,
but it cannot transmit any information about the behavior. The
nodes have memory for information and can remember the
amount of received information. Node i adopts the behavior
and simultaneously transforms from the unadopted state to the
adopted state when the amount of information received from
the adopted factor nodes connected to it is equal to or greater
than the adoption threshold Y . And then, node i transmits be-
havioral information to the unadopted factor nodes connected
with it at a certain rate β . After adopting the behavior, node i
loses interest in the behavior at a rate γ and is unwilling to
spread behavioral information anymore, thereby entering into
the recovery state. If all nodes become the recovery state, the
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propagation process will stop. Hyperedge 𝑒 enters the adopted
state from the unadopted state when the amount of information
uploaded from nodes contained in hyperedge 𝑒 is equal to or
greater than adopting threshold of hyperedge 𝑒, and then it
propagates information to unadopted nodes in hyperedge 𝑒 at
a rate β𝑒. In the model, the adopting thresholds for hyperedges
with different numbers of nodes are diverse and are positively
correlated with the number of containing nodes. We set hyper-
edge 𝑒’s adopting threshold Y A

𝑒 = ⌈Ta|𝑒|⌉ (⌈·⌉ denotes round
up to an integer), where Ta is the adopting threshold propor-
tion of nodes in the hyperedge and its range of values is [0,1].
If the number of recovery nodes in hyperedge 𝑒 is equal to
or greater than Y R

𝑒 = ⌈Tr|𝑒|⌉ (Tr is the proportion of recovery
nodes in the hyperedge and its range of values is [0,1]), it will
be in the recovery state.

For example, as shown in Fig. 2(a), nodes v4, v8 and v9

are in the unadopted state, which are denoted by blue dots.
Nodes v1, v2, v3 are in the adopted state (red dots in Fig. 2(a))
and nodes v5, v6, v7 are in the recovery state (black dots in
Fig. 2(a)). In Fig. 2(b), the adopted node v1 propagates the
information to factor node 𝑒1 (green line), but node v2 does
not pass the information to factor node 𝑒1 (purple line). Then,
let Ta = Tr = 0.5 and we calculate Y A

𝑒1
= ⌈Ta|𝑒1|⌉= 1. For hy-

peredge 𝑒1, the amount of received information is 1, which is
equal to Y A

𝑒1
= 1, therefore, factor node 𝑒1 is in the adopted

state (red rhombus). Similarly, factor node 𝑒2 is also in the
adopted state, so factor node 𝑒2 can pass information to the
unadopted node v4 with a certain probability along the yel-
low edge in factor graph. On the contrary, in Fig. 2(c), factor
node 𝑒5 is in the unadopted state (blue rhombus). The number
of the recovery nodes in hyperedge 𝑒4 is 3, which is equal to
Y R
𝑒4

= ⌈Tr|𝑒4|⌉ = 3. Thus, factor node 𝑒4 is in the recovery
state (black rhombus).

(a)

(b)

e eee e

e eee e(c) (d)

Fig. 2. A specific example of social contagion. The dots and rhombuses
denote the nodes and factor nodes, respectively. The blue, red and black
represent the unadopted, adopted and recovery states, respectively. The
green lines indicate that the adopted nodes upload the information to the
factor nodes. The purple lines indicate that the adopted nodes do not
propagate the information to the factor nodes. And the yellow lines rep-
resent that the adopted factor nodes pass the information to the nodes with
a certain probability.

3. Message passing equations
The state probability equations reflect the temporal evolu-

tion of each state under the transmission mechanism and serve

as the basis for numerical simulations, implying that these
equations play a key role in propagation studies. In this sec-
tion, considering heterogeneities of nodes and hyperedges, we
formulate node-based evolution equations through the mes-
sage passing method. As an important quantity in the mes-
sage passing method, ‘message’ is transmitted between the
nodes and factor nodes. And to avoid repeating transmission
of the information between node i and factor node 𝑒, we de-
fine ‘message’ η̃𝑒→i(t) as the probability that factor node 𝑒 has
not transmitted information to node i by time t and ‘message’
η̂k→𝑒(t) as the probability that node k has not transmitted in-
formation to factor node 𝑒 by time t. The initial values of
η̃𝑒→i(0) and η̂k→𝑒(0) are 1.

Let 𝒯i(t) (𝒯 ∈ {U,A,R}) be the probability of node i be-
ing in the 𝒯 state at time t. If node i does not adopt the be-
havior at the initial time and the total number of information
received from hyperedges to which node i belongs is less than
the adoption threshold Y by time t, it will remain in the un-
adopted state. Based on the analysis, the dynamical equation
of Ui(t) is

Ui(t) =Ui(0) ∑
S𝑒⊆Ei
|S𝑒|<Y

∏
𝑒∈S𝑒

(1− η̃𝑒→i(t)) ∏
𝑑∈Ei∖S𝑒

η̃𝑑→i(t), (1)

where Ei is the set composed of the hyperedges to which node i
belongs. S𝑒 is the subset of Ei and | S𝑒 | denotes the size of S𝑒.
Ei∖S𝑒 represents the complementary set of the subset S𝑒 in Ei.
The calculation of Ui(t) is about probability, thus it is neces-
sary to consider all possible combinations of subsets of Ei.

At time t, the hyperedge 𝑒 is in any one of three states
with a certain probability, and each state affects the informa-
tion dissemination from hyperedge 𝑒 to node i. Therefore,
η̃𝑒→i(t) is determined by the state of hyperedge 𝑒, that is,

η̃𝑒→i(t) = ξ̃
U
𝑒→i(t)+ ξ̃

A
𝑒→i(t)+ ξ̃

R
𝑒→i(t), (2)

where ξ̃𝒯
𝑒→i(t) (𝒯 ∈ {U,A,R}) denotes the probability that hy-

peredge 𝑒 is in 𝒯 state and has not transmitted the information
to node i at time t.

When hyperedge 𝑒 is in the unadopted state at time t, hy-
peredge 𝑒 has not adopted the behavior, and thus cannot prop-
agate the behavioral information to node i. Thus, ξ̃U

𝑒→i(t) is
equal to the probability that hyperedge 𝑒 is in the unadopted
state at time t,

ξ̃
U
𝑒→i(t) = ∑

Sk⊆N𝑒∖{i}
|Sk|<Y A

𝑒

∏
k∈Sk

(1− η̂k→𝑒(t)) ∏
j∈N𝑒∖(Sk∪{i})

η̂ j→𝑒(t), (3)

where N𝑒 is the set of all nodes contained in hyperedge 𝑒,
and N𝑒∖{i} is the set N𝑒 excluding node i. Sk is the sub-
set of N𝑒∖{i}, and | Sk | represents the size of the set Sk.
N𝑒∖(Sk∪{i}) denotes the complementary set of the set Sk∪{i}
in N𝑒, i.e., the set of the nodes contained in hyperedge 𝑒 ex-
cepting for the nodes in the set Sk and node i. The purpose of
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removing node i is to prevent repeated propagation between
factor node 𝑒 and node i, and consider the dynamical correla-
tions between the states of the nodes and factor nodes. ξ̃U

𝑒→i(t)
is the cavity probability, thereby avoiding the echo chamber
effect.

When factor node 𝑒 is in the adopted state, the informa-
tion transmission from factor node 𝑒 to node i at time t causes
the decrease of η̃𝑒→i(t). Thus, the derivative of η̃𝑒→i(t) is

dη̃𝑒→i(t)
dt

=−β𝑒ξ̃
A
𝑒→i(t). (4)

However, if factor node 𝑒 in the adopted state has not
transmitted information to node i and changes to the recov-
ery state at time t, it will cause the increase of ξ̃ R

𝑒→i(t). The
dynamical change of ξ̃ R

𝑒→i(t) is expressed as

dξ̃ R
𝑒→i(t)
dt

= γ𝑒(1−β𝑒)ξ̃
A
𝑒→i(t), (5)

where γ𝑒 = ∑ Sk⊆N𝑒

|Sk|<Y R
𝑒

∏k∈Sk
Rk(t) is the recovery rate of factor

node 𝑒.
Equation (4) is transformed into ξ̃ A

𝑒→i(t)=− dη̃𝑒→i(t)
β𝑒 dt , and

we substitute it into Eq. (5),

dξ̃ R
𝑒→i(t)
dt

=−γ𝑒(1−β𝑒)

β𝑒
× dη̃𝑒→i(t)

dt
. (6)

Integrating both sides of Eq. (6) over the interval [0, t], and us-
ing the initial conditions ξ̃ R

𝑒→i(0) = 0, η̃𝑒→i(0) = 1, we obtain

ξ̃
R
𝑒→i(t) = γ𝑒(1−

1
β𝑒

)(η̃𝑒→i(t)−1). (7)

Substituting Eqs. (2), (3) and (7) into Eq. (4), we get

dη̃𝑒→i(t)
dt

= β𝑒

[
ξ̃

U
𝑒→i(t)− η̃𝑒→i(t)

]
+γ𝑒(1−β𝑒)(1− η̃𝑒→i(t)). (8)

Similar to the calculation of η̃𝑒→i(t), η̂k→𝑒(t) is deter-
mined by the state of node k at time t, and thus it is calcu-
lated in three parts. That is, η̂k→𝑒(t) = ξ̂U

k→𝑒(t)+ ξ̂ A
k→𝑒(t)+

ξ̂ R
k→𝑒(t). The probabilities that node k is in U , A, R states and

has not transmitted information to the associated hyperedge 𝑒

by time t are represented by ξ̂U
k→𝑒(t), ξ̂ A

k→𝑒(t), and ξ̂ R
k→𝑒(t),

respectively.
The probability ξ̂U

k→𝑒(t) is equal to the probability that
node k is in the unadopted state at time t. The information
transmission is nonredundant in the message passing method.
Therefore, when we traverse the hyperedges to which node k
belongs, the hyperedge 𝑒 should be excluded.

ξ̂
U
k→𝑒(t) = Uk(0) ∑

S𝑚⊆Ek∖{𝑒}
|S𝑚|<Y

∏
𝑚∈S𝑚

(1− η̃𝑚→k(t))

× ∏
ℎ∈Ek∖(S𝑚∪{𝑒})

η̃ℎ→k(t), (9)

where Ek is the hyperedge set to which node k belongs, S𝑚 is
the subset of Ek and its size is | S𝑚 |. Similar to the analysis
of Eqs. (4), (5) and (8), we obtain

dη̂k→𝑒(t)
dt

= β
[
ξ̂

U
k→𝑒(t)− η̂k→𝑒(t)

]
+γ(1−β )(1− η̂k→𝑒(t)). (10)

At time t, if the unadopted node i enters the adopted state, it
will lead to an increase of Ai(t). On the contrary, if the adopted
node i recovers, it will reduce Ai(t) and increase Ri(t). The
derivatives of Ai(t) and Ri(t) are expressed as

dAi(t)
dt

=− dUi(t)
dt

− γAi(t),
dRi(t)

dt
= γAi(t). (11)

Equations (1), (3) and (8)–(10) provide the complete dynam-
ical evolution equations of social contagion on hypergraphs,
thereby calculating the state probabilities of the nodes at any
time.

In addition, we also concern the condition under which
the outbreak of social contagion occurs. As adopted nodes
and factor nodes continuously transmit information, the ‘mes-
sages’ η̃𝑒→i(t) and η̂k→𝑒(t) gradually decrease over time. By
setting the right side of Eqs. (8) and (10) to be 0, the ‘mes-
sages’ η̃𝑒→i(t) and η̂k→𝑒(t) cease to change, and the state vari-
ables Ui(t), Ai(t) and Ri(t) reach their steady states. Accord-
ingly, we obtain

η̃𝑒→i(∞) =
γ𝑒(1−β𝑒)(1− η̃𝑒→i(∞))

β𝑒
+ ξ̃

U
𝑒→i(∞),

η̂k→𝑒(∞) =
γ(1−β )(1− η̂k→𝑒(∞))

β
+ ξ̂

U
k→𝑒(∞). (12)

The outbreak threshold corresponds to the conditions under
which the trivial solution emerges in Eq. (12), that is, the point
at which functions

g =−η̃𝑒→i(∞)+
γ𝑒(1−β𝑒)(1− η̃𝑒→i(∞))

β𝑒
+ ξ̃

U
𝑒→i(∞),

f =−η̂k→𝑒(∞)+
γ(1−β )(1− η̂k→𝑒(∞))

β
+ ξ̂

U
k→𝑒(∞)

are tangent to horizontal axis at the critical values of η̃c
𝑒→i(∞),

η̂c
k→𝑒(∞), and

dg(η̃𝑒→i(∞), η̂k→𝑒(∞))

dη̃𝑒→i(∞)
|η̃c

𝑒→i(∞) = 0,

d f (η̃𝑒→i(∞), η̂k→𝑒(∞))

dη̂k→𝑒(∞)
|η̂c

k→𝑒(∞) = 0.

Through further calculations, the outbreak thresholds are

β
c
𝑒 =

γ𝑒

d ξ̃U
𝑒→i(∞)

dη̃𝑒→i(∞) |η̃c
𝑒→i(∞)+ γ𝑒−1

,

β
c =

γ

d ξ̂U
k→𝑒(∞)

dη̂k→𝑒(∞) |η̂c
k→𝑒(∞)+ γ −1

. (13)
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At first glance, the transmission rate β appears to be unre-
lated to the outbreak threshold β c

𝑒. However, ξ̃U
𝑒→i(∞) is com-

puted based on η̂k→𝑒(∞) and β from Eqs. (3) and (10), indi-
cating that β c

𝑒 is related to β . Similarly, β c is associated with
β𝑒. Therefore, in essence, the values of the transmission rates
β𝑒 and β have substantial impacts on the outbreak thresholds.
The outbreak threshold represents the critical point at which a
phase transition occurs in social contagion dynamics. When
both transmission rates β and β𝑒 exceed their respective out-
break thresholds, social contagion widely spreads and the final
adoption scale R(∞) gradually increases.

4. Numerical illustrations

Based on the above message passing evolutions of each
node in Section 3, we conduct numerical simulations on an
artificial hypergraph, Karate hypergraph and scale-free hyper-
graph. The artificial hypergraph and the Karate hypergraph
are shown in Figs. 3(a) and 3(b), respectively. The Karate hy-
pergraph is constructed based on the training schedules of the
members in the Karate club, where members who are trained
at the same time form a hyperedge.[16] There are 14 hyper-
edges, which are shown in Table 1. The scale-free hypergraph
consists of 1000 nodes and is characterized by a power-law ex-
ponent of 2.2, an average node hyperdegree of 4.5, and an av-
erage hyperedge size of 9. The topology of the artificial hyper-
graph is presented in the matrix 𝒜, where the row and column
denote the nodes and hyperedges, respectively. If node i is in
hyperedge 𝑒, then 𝒜(i,𝑒) is equal to 1, otherwise, 𝒜(i,𝑒) = 0.
Matrix 𝒜 is also the topology of the factor graph correspond-
ing to the hypergraph, where the row and column denote the
nodes and factor nodes, respectively. The Karate hypergraph
and scale-free hypergraph are similarly transformed, thereby
yielding their factor graph.

𝒜=



0 0 0 0 0 0 1 0 1 1 1 0 0 0 1 0 0 0 1 0
0 1 1 0 0 0 0 1 0 0 0 1 1 0 1 1 1 0 0 0
1 0 1 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0
0 1 0 0 1 1 0 1 0 0 0 0 1 1 1 0 0 0 1 0
0 1 0 1 1 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
0 0 0 0 1 0 1 0 0 0 1 1 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 1 0 0 0 0 0 1 0 1 1 0
0 0 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0 0 0 0
1 0 1 1 0 0 0 1 0 0 1 1 0 0 1 1 1 0 0 1


.

The message passing evolutions in Section 3 indicate
that its numerical calculation is an iterative solution process.
The specific steps are as follows: (i) solving the differential
Eqs. (8) and (10) according to ode45 algorithm, (ii) calculat-
ing the probabilities ξ̃U

𝑒→i(t) and ξ̂U
k→𝑒(t), (iii) repeating steps

(i) and (ii), and updating messages η̃𝑒→i and η̂k→𝑒 until con-
vergence, (iv) calculating the state probability Ui(t), Ai(t) and

Ri(t). Consequently, the state evolutions of the nodes are ob-
tained according to the above numerical calculations. In order
to observe the overall effect, we take the average value of the
state probability about all nodes as the observation target, i.e.,
𝒯 (t) = 1

N ∑
N
i=1𝒯i(t) (𝒯 ∈ {U,A,R}). We set the initial values

U(0) = 0.8 and I(0) = 0.2. In the simulations, we choose the
recovery rate γ = 0.2 and the adopting threshold of the node
Y = 2 in three hypergraphs, the adopting threshold proportions
of nodes in the hyperedge Ta = 0.5 in artificial hypergraph,
Ta = 0.2 in Karate hypergraph and scale-free hypergraph. And
the proportions of recovery nodes are Tr = 0.5 in artificial hy-
pergraph and Karate hypergraph, Tr = 0.2 in scale-free hyper-
graph.

Table 1. Hyperedges in Karate hypergraph.

Hyperedge Nodes in hyperedge
𝑒1 15,16,17,18,19,20,21,22,23,24
𝑒2 9,10,25,26,27,28,29,30,31,32,33,34
𝑒3 1,2,3,4,5,6,7,8,11,12,13,14,15,16
𝑒4 1,3,5,7,9,11,13,25,27,29,31,33
𝑒5 1,2,3,4,9,10,13,14,25,26,31,32,33,34
𝑒6 1,2,3,4,5,6
𝑒7 34,9,10,29,30,31
𝑒8 20,21,22,23,24,25,26,27,28,29,30,31,32,33
𝑒9 1,2,3,4
𝑒10 34,9,10,31,32,33
𝑒11 5,6,7,8,11,12,13,14
𝑒12 15,16,14,18,19,20
𝑒13 21,22,23,24,25,26
𝑒14 27,28,29,30,31,32,33,34

(a) Artificial hypergraph (b) Karate hypergraph

Fig. 3. Topologies of (a) artificial hypergraph and (b) Karate hypergraph.

Firstly, we illustrate the time evolutions of unadopted,
adopted and recovery states under different transmission rates
β , which are obtained under transmission rates β𝑒 = 0.5 in
artificial hypergraph and Karate hypergraph, and β𝑒 = 0.6 in
scale-free hypergraph. Figures 4(a) and 4(d) show the results
in the artificial hypergraph under β = 0.2 and 0.7, respec-
tively. Figures 4(b) and 4(e) are about Karate hypergraph un-
der β = 0.2 and 0.8, respectively. Figures 4(c) and 4(f) are
about scale-free hypergraph under β = 0.05 and 0.4, respec-
tively. Further, we verify the change rates of the unadopted
and adopted states, as shown in the upper right corner of each
subgraph in Fig. 4. It is obvious that dA(t)/dt is initially neg-
ative and eventually equals 0 in Fig. 4(a), with the result that
the curve of A(t) keeps decreasing until it reaches 0 at t = 40.
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A similar trend is also observed in Figs. 4(b) and 4(c). The
time evolutions of the adopted state in Figs. 4(a)–4(c) imply
that social contagion does not break out and eventually comes
to a halt. However, when β = 0.7, the value of A(t) exceeds
the initial value 0.2 for t ∈ [4.5,15] in Fig. 4(c) and reaches
the peak values 0.35 at t = 10, which indicates that social
contagion outbreaks. A similar phenomenon is also observed
in Figs. 4(d) and 4(e). In Figs. 4(d)–4(f), a different pattern
emerges: dA(t)/dt becomes positive during a certain period
of time. Specifically, it starts negative, then becomes positive.
It later turns negative again, and finally reaches zero. Conse-
quently, A(t) exhibits a trajectory of decline, followed by rise,
and then another decline, eventual stabilization. The funda-
mental reason is that during the initial stage of social conta-
gion, the amount of received information for node and factor
nodes does not reach the adoption thresholds, thereby most of
nodes and factor nodes being in the unadopted state. Mean-
while, some nodes and factor nodes that are initially in the
adopted state recover. That is, the rate at which U(t) decreases

is less than the rate at which adopted nodes become recovered
(i.e., −dU(t)/dt < γA(t)), and the change rate of the adopted
state dA(t)/dt = −dU(t)/dt − γA(t) < 0, thereby leading to
decrease of A(t). As the dissemination continues, the nodes
and factor nodes gradually adopt the behavior, which causes
A(t) to gradually increase. Then the adopted nodes and fac-
tor nodes lose interest in the behavior and stop transmitting
relevant information, thereby causing A(t) to fall. Finally, all
adopted nodes and factor nodes enter the recovery state, and
the value of A(t) remains 0, which implies the propagation
stops. It is shown that, in all cases, the change rate of the
unadopted state dU(t)/dt ≤ 0, implying that U(t) either de-
creases or remains unchanged. As is well known, based on
the transmission mechanism and the expression of R(t), the
change rate of the recovery state throughout the entire trans-
mission process is always greater than or equal to 0. Therefore,
the probability of being in the recovery state either increases
or remains unchanged.
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Fig. 4. The time evolutions of U , A and R states under different transmission rates β .

It is observed that the transmission rate influences the
trend of state evolutions in Fig. 4. Then, we attempt to in-
vestigate the changes in the final adopting scale (i.e., stable
state of R) with variations of transmission rates β and β𝑒, as
shown in Figs. 5(a) and 5(b), respectively. In Fig. 5(a), we set
β𝑒 = 0.5 in artificial hypergraph, β𝑒 = 0.7 in Karate hyper-
graph and β𝑒 = 0.1 in scale-free hypergraph. In Fig. 5(b), we
set β = 0.2 in artificial hypergraph, β = 0.4 in Karate hyper-
graph and β = 0.1 in scale-free hypergraph. On the whole, the

final adopting scale R(∞) rises as β aggrandizes in Fig. 5(a).
Tellingly, there is a sudden and saltatory increase in R(∞) at
β = 0.25 in artificial hypergraph, β = 0.15 in Karate hyper-
graph and β = 0.1 in scale-free hypergraph, implying the oc-
currence of a first order transition. When the speed of infor-
mation dissemination from nodes to factor nodes β is very
small, both nodes and factor nodes are in the stage of accu-
mulating information. As β increases, under the combined
action of high-order interactions and social reinforcement ef-
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fect, the amount of received information for nodes and factor
nodes increases rapidly, thereby causing the adoption thresh-
old to be reached quickly. As a consequence, a large number of
nodes and factor nodes change from the unadopted state to the
adopted state. Thus, the phenomenon is reflected in physics
aspect as a sudden increase of the final adopting scale R(∞),
indicating the occurrence of a first-order phase transition. Sim-
ilarly, the final adopting scale R(∞) increases with β𝑒 rising
in Figs. 5(b) and the growth rate of R(∞) is relatively higher
for β𝑒 ∈ [0.6,0.8] in artificial hypergraph, β𝑒 ∈ [0.35,0.6] in
Karate hypergraph and β𝑒 ∈ [0.05,0.3] in scale-free hyper-
graph. Further, when β and β𝑒 change simultaneously, the
final adopting scale R(∞) also shows a sudden increase in
Figs. 5(c)–5(e).

Since the adopting thresholds determine the amount of
received information when the nodes and factor nodes enter
the adopted state, they play a crucial role in social conta-

gion. Thus, we explore the effects of Y and Ta on the so-
cial contagion. We set β = 0.2, β𝑒 = 0.5 in artificial hyper-
graph, β = 0.5, β𝑒 = 0.5 in Karate hypergraph, and β = 0.1,
β𝑒 = 0.4 in scale-free hypergraph. In Fig. 6(a), when the adop-
tion threshold of node Y changes from 1 to 3 in three hyper-
graphs, R(∞) has the sharp reduction. However, R(∞) remains
unchanged when Y ≥ 4. In the three hypergraphs, the hyperde-
gree of the majority of nodes is less than or equal to 3. When
the adopting threshold Y exceeds 3, the amount of received
information for the majority of nodes is unable to reach the
adopting threshold Y and thus social contagion cannot propa-
gate. In Fig. 6(b), as Ta increases, R(∞) stepwise declines and
the sudden decline occurs at Ta ∈ [0.3,0.4] and [0.5,0.6] in the
artificial hypergraph, Ta ∈ [0.2,0.3] in Karate hypergraph and
Ta ∈ [0.5,0.6] in scale-free hypergraph. When Ta ≥ 0.6, the
value of R(∞) remains at 0.2.
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Fig. 7. The time evolutions of (a) U , (b) A and (c) R states under the mean-field approach (MF), Monte Carlo method (MC), and message passing
method (MP).

Finally, we compare the temporal evolutions of social
contagion in scale-free hypergraph predicted by the mean-field
approach (MF), Monte Carlo method (MC), and message pass-
ing method (MP), as shown in Fig. 7. Here, we set β = 0.4,
β𝑒 = 0.9. It is evident that the curves generated by MP align
more closely with MC than MF. In particular, the trend of A(t)
under MF fails to capture the trend of initial decline, followed
by a rise, another decline, and eventual stabilization, whereas
both MP and MC successfully reproduce the tendency. It indi-
cates that the message passing evolution equations developed
in Section 3 more accurately characterize the social conta-
gion on hypergraphs, thereby providing a precise mathemat-
ical model. The message passing evolution equations are con-
structed based on specific topological structure of hypergraphs
and account for the heterogeneity of nodes and hyperedges,
resulting in node-based evolution equations. In contrast, the
mean-field evolution equations do not consider the detailed
topology but instead rely on statistical hypergraph informa-
tion, such as the hyperdegree distribution. On the other hand,
MP avoids the echo chamber effect through introducing the
cavity probability ξ̃U

𝑒→i(t). That is, if a susceptible node i is
infected by a hyperedge 𝑒, the possibility of node i infecting
hyperedge 𝑒 is excluded. Even if the infection probability of
node i is overestimated, it cannot affect hyperedge 𝑒. And,
in a sense, MP takes into account the dynamical correlations
between the node and hyperedge states, and also avoids the
redundant transmission of information between the nodes and
hyperedges. Therefore, the message passing evolution equa-
tions in Section 3 offer a comprehensive description of social
contagion in hypergraphs and achieve high accuracy, granting
them a distinct advantage in predictive performance.

5. Conclusion
In this paper, social contagion based on hypergraphs is in-

vestigated, which aims at modeling complex social dissemina-
tion with the reinforcing effects under high-order interactions.
The high-order interactions cause the formation of hyperedges
consisting of multiple nodes, resulting in significant effects on
transmission. Based on the hypergraphs, the information prop-
agates between the nodes and hyperedges. The nodes and hy-

peredges have their own adopting thresholds. Each hyperedge
is in one of the unadopted, adopted and recovery states at each
time, and each node is as well. An unadopted hyperedge re-
ceives information from its containing nodes. If the accumu-
lated quantity reaches the adopting threshold, the hyperedge
will enter the adopted state. The hyperedge’s recovery state is
determined by the number of recovery nodes it contains. Each
unadopted node receives information from its affiliated hyper-
edges, and enters the adopted state when the amount of in-
formation reaches the adopting threshold. The adopted nodes
report the information to their affiliated hyperedges. When
the adopted nodes lose interest about the information, they en-
ter the recovery state. Further, we resort to the factor graph
for reducing the complexity of high-order interactions in so-
cial contagion. Taking into account the heterogeneity of nodes
and hyperedges, we define ‘message’ among different factor
nodes and nodes, thereby deriving node-based state evolution
equations based on the message passing method. And the evo-
lution equations coincide with Monte Carlo method. Finally,
we perform numerical solutions through iterating the message
passing equations, thereby carrying out numerical simulations.
The time evolution curves of three states under different trans-
mission rates are obtained, including the outbreak and non-
outbreak scenarios. Before the outbreak of social contagion,
the probability of the adopted state decreases, caused by the
combined action of high-order interactions and social rein-
forcement effects. It also leads to the situation that the final
adopting scale suddenly increases when the transmission rates
change. More significantly, as the adopting threshold of the
hyperedges increases, the final adopting scale exhibits a step-
like variation.
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