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We investigate the dynamics of a two-component Bose-Einstein condensate subject to spin—orbital-angular-
momentum coupling and confined to a ring, via the variational approach. Adopting a single-mode approximation by
assuming that the BEC carries a single angular momentum for SU(2)-symmetric spin interactions, the equations of motion
for the variational parameters are derived. The phase diagram of the ground state in the plane of the Raman coupling and
detuning contains three different phases which meet at a tricritical point, and the exact phase boundaries between the three
phases are determined. Linear stability analysis shows that the stationary state is dynamically stable, and there exists an os-
cillation eigenmode with frequency determined by detuning, angular momentum, and Raman coupling. The time-evolution
results indicate that the spin vector undergoes periodic rotation along a closed orbit on the Bloch sphere, which can be
interpreted as a precession of the collective spin around an effective field determined by the Raman coupling strength, the

detuning, and the angular momentum.
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1. Introduction

Spin—orbital-angular-momentum coupling describes the
interaction between a particle’s spin magnetic moment and the
effective magnetic field associated with its orbital motion.!!
As a fundamental quantum mechanical effect, it is crucial for
understanding atomic structure and the microscopic origin of
chemical bonding. In recent years, light—atom interactions in
ultracold-atom experiments have enabled the engineering of
synthetic gauge fields for neutral atoms, including spin-linear-
momentum coupling (SLMC)?-! and spin—orbital-angular-
momentum coupling (SOAMC).®-#! These advances make ul-
tracold atomic gases with SLMC or SOAMC a versatile plat-
form for exploring unconventional quantum phases and novel
dynamical phenomena.

In ultracold atomic gases with SLMC, the coupling be-
tween an atom’s internal spin and its center-of-mass mo-

9-15

mentum gives rise to stripe phases,®~!31 fractional-vortex

16-211 and exotic solitonic excitations.!?>-2°! In contrast,

states,[
in systems with SOAMC, atoms populate well-defined orbital-
angular-momentum states, so the condensate wave function
naturally carries a nonzero winding number, enabling uncon-
ventional quantum phases that are absent in more conventional
ultracold gases, most notably angular stripe states. 303!

To the best of our knowledge, previous studies on Bose—

Einstein condensates (BECs) with SOAMC have mainly fo-
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cused on identifying novel ground states, whereas their dy-
namical properties, especially the real-time evolution and lin-
ear stability, have received much less attention. In such sys-
tems, the atomic spin is coupled to the quantized orbital an-
gular momentum associated with the circulation of the BEC.
Consequently, the atomic spin dynamics and the orbital mo-
tion are no longer independent but are intrinsically inter-
twined. It is therefore natural to expect that SOAMC can sig-
nificantly affect the dynamical behavior of the BEC, includ-
ing its spin dynamics, dynamical stability, and low-energy ex-
citation modes. Exploring these issues can provide a deeper
understanding of the dynamical consequences of SOAMC in
BECs.

In this work, we focus on a two-component BEC with
SOAMC confined to a ring and study both its ground state and
its real-time dynamics along the azimuthal direction. Starting
from a single-particle Hamiltonian with SOAMC generated by
two Laguerre—Gaussian (LG) Raman beams, we derive an ef-
fective one-dimensional mean-field model on the ring. Adopt-
ing a single-mode approximation by assuming that the BEC
carries a single angular momentum for SU(2)-symmetric spin
interactions, and using the variational method, we obtain equa-
tions of motion for the variational parameters and map out the
ground-state phase diagram in the plane of Raman coupling
and detuning, together with the exact phase boundaries; a tri-
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critical point in the phase diagram is identified. We further per-
form a linear-stability analysis around the stationary state and
find that the stationary state is dynamically stable, and there
exists an oscillation eigenmode with frequency determined by
detuning, angular momenta, and Raman coupling. Finally, we
obtain the exact full dynamical solutions of the variational pa-
rameters, revealing that the spin vector undergoes periodic ro-
tation along a closed orbit on the Bloch sphere.

2. Model

We consider a two-component BEC coupled by a pair of
copropagating LG Raman beams. The Raman process trans-
fers the orbital angular momenta of the LG beams to the two
spin states and realizes SOAMC. In cylindrical coordinates,

the corresponding single-particle Hamiltonian reads!®-®!

. P19 0
Ho = ‘mm(rar)*

+ Or()o+ 2o, (1

(L. —Iho)?
2Mr2

where r is the radius, 0 is the azimuthal angle, M is the atomic
mass, L, = —i%dy is the z component of the angular momen-
tum operator. Qg = I(r/w)lhl*Al e =2 /w? represents the spa-
tially dependent Raman coupling with / being the coupling
strength, and w is the waist of the beams, /; and /, are the an-
gular momenta of the two lasers, and [ = (I} — 5)/2. 0Oy is
the Pauli matrix, and A is the two-photon detuning.

We assume the BEC is confined on a uniform ring with ra-
dius R so that the system is effectively one-dimensional along
the azimuth angle 0, and consider the SU(2)-symmetric spin
interactions by taking all interaction strengths to be equal to a
single value g. Measuring energy in units of Eg = /*>/(MR?)
and time in units of 7i/ER, and defining the dimensionless pa-
rameters Q = Qr(R)/Eg and 0 = A/ER, the mean-field dy-
namics of the BEC at zero temperature can be governed by the
dimensionless Gross—Pitaevskii (GP) equation

oy 1( .0 2 5
=3 (Fige 1) wrews Swrsw oo
Ay, 1/ .9\ )
18t¢:2<_186+l> ‘l’l‘f'Q‘I’T—E%"‘gP%a (2b)

where p = |y;|> + |y |? is the total density satisfying the nor-
malization condition foznp(e)de =1, and g denotes the ef-
fective one-dimensional interaction strength on the ring. The
corresponding energy functional is

2 1 0
_ 1 e
5—/0 de{‘f’ L( ivg

+§('PW)2}. 3)

2 5
lGZ> + Qo+ <o, |V

2

In this paper, we focus on the case with / = 1; the same analy-
sis can also be readily generalized to / > 1.

3. Theoretical method

To develop an analytical analysis, we employ a variational
approximation to investigate the dynamics of the system, 40!
based on the Lagrangian

i 0¥ oY
E_/O 2(‘1’(%—&5(’>d9—87 )

where ¥ (6,1) = [y (0,1),y, (G,t)]T with T being the trans-
pose. We adopt a single-mode approximation by assuming that
the BEC carries a single angular momentum due to SOAMC,
and thus take the condensate wave functions as

elm® /sina(r)e' P
y = .
(6,1) T (cosa(t)eww)) ; )

where the integer m is the angular momentum or winding num-
ber, which is conserved due to the rotation symmetry. Phys-
ically, & controls the relative weight of the two spin compo-
nents, while @; and @, represent the phases of the two wave
functions. Without loss of generality, ¢, @, and @, are time-
dependent variational parameters. It should be pointed out that
this single-mode approximation is reliable for a uniform ring
and the SU(2)-symmetric spin interactions considered in this
work. In contrast, asymmetric spin interactions and/or nonuni-
form trapping may induce substantial mixing between differ-
ent angular-momentum modes; hence, multimode superposi-
tions may become important and lead to angular-density mod-
ulation or more complicated spin textures.%-3]

Defining ¢ = @; = ¢, insertion of Eq. (5) into Eq. (3)
gives

€ = Qsin2a)cos(@_) + <m— g) cos(2a)

[ 8
= 1)+ — 6
+5 (m*+1)+ i (6)
and the reduced Lagrangian
1, 1 ,
£:—§¢++§cos(2a)(p_—5. ™
The equations of motion for the variational parameters can be
obtained from the Euler-Lagrange equation g—/‘f — % (‘;—ﬁ) =
0 (where A is a variational parameter and A= %):
0 =—Qsin(p_), (8a)
¢_ = —-2Qcot(2a)cos(p-)+2m—34. (8b)

Obviously, a and ¢_ are coupled nonlinearly by the Ra-
man coupling, angular momentum, and detuning, so the BEC
would display interesting dynamics. However, ¢ decouples
from the other variational parameters and makes no contri-
bution to the dynamics. Moreover, it should be emphasized
that the interaction term enters the Lagrangian Eq. (7) only as
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a constant due to the SU(2)-symmetric spin interactions un-
der the single-mode approximation. Therefore, the equations
of motion are independent of the interaction parameters. For
asymmetric interactions or multimode states with nonuniform
density, the nonlinear term would, in general, modify the equa-
tions of motion and affect the dynamics of the BEC.

To further clarify the underlying physics behind SOAMC,
we introduce the spatially averaged spin S; = 02” ‘I’*Gj‘PdB
(j = x,y,z). With the wave function (5), the spin becomes

S sin(2a) cos(@-)
Sy | = | —sin(2a)sin(@-) | . )
S; —cos(2a)
Using Eqgs. (8a) and (8b), one obtains the equations of motion
of the spin
Sy = (2m— 6)Sy, (10a)
Sy = —2Q8,— (2m—§)S,, (10b)
S, = 208, (10¢)

These equations of motion for the spin can also be rewritten
as the form S = B x S with B = (22,0, 8 — 2m), which rep-
resents the Bloch equation for the spin precession under the
action of the effective field B. It is worth emphasizing that the
appearance of the angular momentum m in the effective field
B shows that the spin dynamics is also influenced by the an-
gular momentum, which is a direct manifestation of SOAMC.

4. Results and discussion

We first analyze the properties of the stationary state,
where the variational parameters o and ¢_ are time inde-
pendent. The stationarity condition ¢& = 0 in Eq. (8a) yields
sin(p_) =0, i.e., o_ =0, or &. For Q > 0, if we restrict
a € [0,%], the energy can be minimized by choosing ¢_ = 7,
which gives cos ¢_ = —1 and aligns the transverse spin S, an-
tiparallel to the effective transverse B, = 2. In this case,
Eq. (8b) becomes

2Q

Equation (11) makes it explicit that for |6 —2m| > Q the BEC
is nearly polarized due to a ~ 0, while for 6 ~ 2m the two
components are population balanced due to o ~ %.

Eliminating o and ¢_ from the energy functional yields

( 2+1)—%m+%’ (12)

which is an effective energy functional depending only on m
for fixed 8, 2, and g. In Eq. (12), the first term represents the
kinetic cost due to the angular momentum, while the square-

E(m) =

N =

root term is the lower dressed-state energy resulting from the
competition between Raman coupling and the effective lon-
gitudinal field B, = 2m — §. The m-dependent energy dis-
persion &(m) is shown in Fig. 1. For § = 0, the energy is
invariant under the reflection transformation 6 — —0, i.e.,
E(m) = E(—m).
twofold degenerate, and the dispersion is mirror-symmetric

Therefore, the states with m and —m are

about m = 0, as shown in Fig. 1(a). For § # 0, the reflec-
tion symmetry is broken and the degeneracy between +m is
lifted, as shown in Fig. 1(b).

For the ground state, the angular momentum can be de-
termined by solving the stationary-condition equation % =0
under the condition that % > 0. If m is temporarily re-
garded as a continuous variable, one can first identify the

corresponding minimizer m* of the energy. Since m is in fact

4p (@) (b)
44
3 3
w 2 w 2
1 1
0
0
-4 -2 0 2 R R S, 2 4
m m

Fig. 1. (a) and (b) The energy dispersion curves for § =0 and § = 1, respec-
tively. The parameter 2 = 0.5.

-1.0 -0.8 -0.6 —0.4 —-0.2 O

2.0 2.0
1.5 1.5

S 1.0 1.0
0.5 0.5
05 of

| R |

0
0 0

Fig. 2. (a) The phase diagram of the ground state in the plane of  and &, where the blue, red, and green solid lines are the phase boundaries

6=0,Q2=,/ 1% (26 +3)(26+1),and Q =4/ % (26 —3) (26 — 1), respectively. The black solid triangle marks the tricritical point; panels (b)

and (c) show the evolutions of S, and S, with Q and § in the ground state, respectively.
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restricted to integer values, however, the actual ground state is
selected not by m™* itself, but from the nearest integers around
m*. Figure 2(a) presents the ground-state phase diagram in the
(2, 8) plane, which contains three different phases character-
ized by m = —1, 0, and +1, corresponding to different angular
momenta. The phase boundaries between phases can be de-
termined by equating their energies. Specifically, the phase
boundary between the m = +1 and m = —1 phases is 6 = 0,
the phase boundary between the m = —1 and m = 0 phases is

Q= \/% (204 3) (20 + 1), and the phase boundary between
2(26-3)(26 - 1).

In particular, a tricritical point occurs at 6 =0 and Q = 3/4,

them:—l—landm:OphasesisQ:\/

where the three phases meet and become degenerate; hence the
location of the tricritical point in the phase diagram is deter-
mined by the condition E(m=0)=E(m=+1)=E(m=—1).
Furthermore, Figs. 2(b) and 2(c) show the ground-state spin
components Sy and S, in the (2, §) plane. In the m = 0 phase,
(8%, Sy,S;) = (—1,0,0) indicates that the BEC is fully spin-
polarized along the negative x direction. In the m = +1 and
m = —1 phases, they have opposite angular momentum and
S,; the absolute values of both S, and S, are smaller than 1.

. 10.7
“Jﬂ |
0
0 5

0710 -5 10

(o]

o

~

[\V]

0 —2m
Fig. 3. The frequency || as a function of § — 2m and €.

To proceed, we assess the stability of the stationary state
against a small perturbation. Setting o/(¢) = . + @(r) and
o_(t) = o_ .+ ¢_(r), where o, and @_ , represent the sta-
tionary state solutions solved from Eq. (8) by setting % =

% =0, &(r) and ¢_(¢) denote the small time-dependent de-
partures from the stationary state solutions under a small per-
turbation. Linearizing Eq. (8) results in the following ordinary

differential equations:

d [ & 0 2\ /g
s(@) ()6 o

The corresponding eigenfrequencies are

0 =4,/(8—2m)2+4Q2, (14)

which are purely real for all parameters, implying that the sta-
tionary state is therefore dynamically stable and a small pertur-
bation generates a periodic oscillation with frequency |®|. As

shown in Fig. 3, the frequency | ®| increases with both |8 — 2m)|
and Q, and vanishes only at § = 2m and = 0. Experimen-
tally, this frequency can be extracted from the oscillation pe-
riod of the spin-resolved populations after a quench of either
Qord.

Finally, we investigate the real-time dynamics of BEC on
a ring. Since the BEC is rotation-invariant, the angular mo-
menta are conserved. Therefore, the motion equation (10) of
the spin can be solved exactly:

_ 4.QZSX’0 —-20 CSZ,O " CZSX’() +20 CSZ,O

Sx(1) pe pe cos(or)
+ 550 G ), (152)
S,(t) = Sy0cos(er) — wsm(w), (15b)
S.(1) = $2S.0 —w 229 {Suo  22LSko w+2 4% (o1)
20250 sin(t), (15¢)

where { = 2m — 8. These expressions make explicit that the
spin would oscillate periodically with frequency @ and that the
dynamics is fully controlled by the detuning &, angular mo-
menta m, and the Raman coupling Q. In particular, if § = 2m,
then the oscillation frequency is determined completely by the
Raman coupling. Moreover, from Eq. (9), the exact solutions
of a(7) and @_(¢) can also be obtained immediately:

at) = %arccos(sz), ¢_(t) = arctan <?) . (16)

X
As a typical example, Fig. 4 illustrates the spin oscilla-
tion for the initial-polarized state S(0) = (0,0,1), where
Su(t) = — 2 sin? (1), $y(1) = —2sin(wr), and S.(r) =
2
% + 40%2 cos(mr), the spin vector S rotates periodically along
a closed orbit on the Bloch sphere.

1.0

0.5

0

—-0.5

—1.0

Fig. 4. (a) Time evolution of the spin components Sy, Sy, S;; (b) trajectory
of S(z) on the Bloch sphere. The blue arrow represents the spin vector at
t = 0. The colored line is the trajectory of the spin vector, and the colorbar
is the corresponding time. The parameters in panels (a) and (b) are 2 = 0.6,
m=1,and 6 = 0.25.

The predicted spin dynamics can be probed experimen-
tally through the time evolution of the spin-resolved popu-
lations or the averaged spin components. Conversely, be-
cause the spin degree of freedom is coupled to the orbital
angular momentum in the presence of SOAMC, the ob-

served spin dynamics can also provide information about
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the angular momentum of the BEC. Therefore, the present
model predicts not only spin precession but also an angular-
momentum-dependent spin dynamics characteristic of a BEC
with SOAMC.

5. Conclusion

In this paper, we study the dynamics of a two-component
BEC with SOAMC. By assuming the BEC is confined to a
ring, we derive an effective one-dimensional mean-field model
along the azimuthal angle and use the variational method to
obtain the equations of motion for the variational parameters.
In the plane of Raman coupling and detuning, we depict the
phase diagram of the ground state, which contains three differ-
ent phases. The three phases meet at a tricritical point, and the
exact phase boundaries among them are established. By fur-
ther performing a linear stability analysis around the ground
state under perturbation, we find the ground state is dynami-
cally stable, and there exists an oscillation eigenmode with a
frequency related to the detuning, angular momenta, and Ra-
man coupling. Finally, we obtain the exact full dynamical
solutions of the variational parameters, which show that the
spin vector rotates periodically along a closed orbit on a Bloch
sphere.
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