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Neuronal oscillations arise from the interplay between intrinsic neuronal dynamics and network connectivity. In this
work, we investigate the effects of network topology on oscillatory behavior in a FitzHugh–Nagumo (FHN) neuronal model
with distributed delay, representing ion-channel memory effects, and diffusive delay, accounting for axonal transmission
delays. The neurons are coupled through quasi-Laplacian interactions on Barabási–Albert (BA) scale-free networks. Us-
ing the multiple-time-scales (MTS) method, we derive amplitude equations near the Hopf bifurcation point and establish
explicit relationships between oscillatory dynamics and network topology. The analysis shows that the smallest negative
eigenvalue of the network governs the critical delay threshold for oscillation onset, while the distributed-delay parameter
σ and diffusive delay τ jointly regulate this threshold. The resulting oscillation frequencies are confined to the beta band
(15–30 Hz), a frequency range often associated with pathological neural activity in Parkinson’s disease. Extensive numer-
ical simulations over 50 network realizations confirm the theoretical predictions. Hub nodes with higher degrees exhibit
lower critical delays and larger oscillation amplitudes, whereas peripheral nodes display weaker and more heterogeneous
responses. Statistical analysis further reveals a negative correlation between node degree and critical delay and a positive
correlation between node degree and oscillation amplitude. These results demonstrate how delay effects and network topol-
ogy jointly shape the emergence and spatial organization of collective oscillations, providing insights into synchronization
phenomena in complex neuronal networks.

Keywords: Hopf bifurcation, FitzHugh–Nagumo (FHN) model, delay, multiple-time-scales (MTS) method,
quasi-Laplacian, Barabási–Albert (BA) scale-free network
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1. Introduction
The Hodgkin–Huxley (HH) model, first proposed by

Hodgkin and Huxley in 1952, laid the foundation for research
in neuronal dynamics.[1] The FitzHugh–Nagumo (FHN)
model is a simplified reduction of the HH model, involving
only two dynamical variables: the membrane potential and
a recovery variable.[2] Owing to its simplicity and its ability
to reproduce the essential mechanism of neuronal firing, the
FHN model has been widely adopted in theoretical studies
of neuronal excitability and oscillatory dynamics. The brain
consists of billions of neurons interconnected via synapses,[3]

forming large-scale networks with highly heterogeneous con-
nectivity. Consequently, complex network theory has become
an indispensable framework for describing neuronal interac-
tions beyond isolated or locally coupled systems. Among var-
ious network models, the Barabási–Albert (BA) scale-free net-
work was introduced to explain the emergence of power-law
degree distributions observed in many real-world systems.[4]

Owing to its preferential attachment mechanism, the BA net-
work is characterized by a few highly connected hub nodes

and a large number of low-degree peripheral nodes, resulting
in strong structural heterogeneity. Rather than serving as an
exact representation of anatomical brain networks, scale-free
networks provide a minimal and mechanism-oriented platform
for investigating how degree heterogeneity influences collec-
tive neuronal dynamics. Empirical and theoretical studies
have revealed functional distinctions between hub nodes and
peripheral nodes in heterogeneous networks. For instance,
Tanaka et al.[5] showed that dynamical robustness is mainly
determined by peripheral nodes, whereas structural robust-
ness relies on hub nodes. Moon et al.[6] established general
mathematical relations linking global topology (node degree),
local dynamics (oscillation amplitude), and directional infor-
mation flow (phase lead/lag), thereby revealing a fundamen-
tal rule governing information transmission in brain networks.
More recently, Kocsis et al.[7] highlighted the critical role of
hub nodes in semantic processing within the human brain.
From a dynamical systems perspective, it has been shown that,
in heterogeneous networks, the onset of collective instabili-
ties is often controlled by spectral properties associated with
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highly connected nodes, leading to earlier destabilization of
hub-related modes.[8,9] In this paper, we conduct an in-depth
investigation of the relationship among node degree, time de-
lay, and oscillation amplitude in BA networks. Extensive nu-
merical experiments are performed, and the corresponding sta-
tistical results are presented.

Pattern formation is ubiquitous in nature, ranging from
animal coat markings to synchronous neuronal discharges, re-
flecting the emergence of spatiotemporal coherence and self-
organization. In 1952, Turing[10] introduced a pioneering the-
ory of morphogenesis based on reaction–diffusion systems,
explaining the mechanism of spontaneous pattern formation.
In his work, Turing demonstrated that a homogeneous equi-
librium in an activator–inhibitor system can be destabilized
through diffusion-driven instability, leading to nonuniform
steady states. Turing instability has since provided a univer-
sal framework for understanding pattern formation across nat-
ural and artificial systems. In 2010, Nakao and Mikhailov[11]

established a theoretical framework for Turing instability on
complex networks, laying the foundation for studying pattern
dynamics in network systems. This seminal work showed
that network eigenvalues serve as effective control parame-
ters for pattern-forming bifurcations. Subsequently, Asllani
et al.[12] extended this framework from undirected to directed
networks, emphasizing that both network topology and local
dynamical rules play equally essential roles. This extension
has opened new perspectives for modeling dynamical systems
in neuroscience. Zheng et al.[13] further combined reaction–
diffusion equations with complex networks and showed that
positive wave numbers can induce Turing patterns.

Clinical neurophysiological studies have demonstrated
that pathological beta-band (15–30 Hz) synchronous oscilla-
tions are prevalent within the basal ganglia–cortical loops of
patients with Parkinson’s disease, serving as a primary dynam-
ical hallmark of motor impairment.[14–16] From the perspec-
tive of nonlinear dynamics, Hopf bifurcation represents the
fundamental mechanism by which a system transitions from
a steady state to limit-cycle oscillations. This provides a cru-
cial theoretical framework and a novel avenue for elucidating
how neuronal populations transition from stochastic firing to
pathological rhythmic activity.

While Turing instability gives rise to stationary spatial
patterns, neuronal oscillations are typically associated with
Hopf bifurcations, which generate time-periodic activity. In
networked systems, Hopf bifurcation is likewise shaped by
the spectral properties of the coupling operator, a principle
closely related to the master stability framework.[17] Time de-
lay is an intrinsic feature of neuronal systems, arising from
finite axonal conduction velocities and synaptic transmission
delays.[18] Delay is well known to induce instabilities, bifur-
cations, and pattern formation.[19–22] Furthermore, the kinetics

of ion channels are not governed solely by fixed delays but also
exhibit memory effects, whereby the present state depends on
the weighted history of past states with exponential decay. To
capture this feature, distributed delay kernels have been intro-
duced into neuronal models. Karmeshu et al.[23] incorporated
a distributed delay kernel into a single-neuron firing model,
enabling the system to account for the weighted influence of
past membrane potentials. Experiments have shown that post-
synaptic currents (PSCs), driven by neurotransmitter–receptor
interactions, typically decay exponentially rather than vanish
instantaneously.[24] Tiganj et al.[25] developed a single-neuron
model based on calcium dynamics and calcium-activated non-
specific (CAN) cationic currents, demonstrating that individ-
ual neurons can generate firing activity with long exponential
decay constants. These findings provide strong biological jus-
tification for incorporating distributed delay kernels into neu-
ronal models. From a dynamical viewpoint, distributed delays
act as temporal filters that modulate instability thresholds and
oscillation amplitudes without altering the fundamental bifur-
cation structure.[26,27] Moreover, since neuronal signal trans-
mission along axons also exhibits delays, introducing time de-
lay into the diffusion term yields a more realistic description
of neural signaling. The stability of delayed neuronal net-
works has been extensively investigated, revealing that delays
can reorganize collective oscillatory behavior.[28,29] In addi-
tion, extensive studies have been devoted to the mathemati-
cal treatment of distributed delays in dynamical systems.[30,31]

The derivation of amplitude equations for Hopf bifurcations in
models with distributed delay is often based on the center man-
ifold theorem.[32,33] This paper, for the first time, employs the
multiple-time-scales method to derive the amplitude equation
of Hopf bifurcation for a system incorporating both distributed
delay and fixed delay in the diffusion term.

This study first focuses on the roles of distributed delay,
representing ionic channel memory effects, and diffusive de-
lay, associated with axonal signal transmission, in shaping the
generation and regulation of neuronal oscillations. Building
on this, we employ the multiple-time-scales (MTS) method to
derive the amplitude equation and establish its explicit con-
nection to the BA scale-free network topology, thereby link-
ing node degree to local dynamical behavior. Our analysis re-
veals that the critical delay for oscillation onset is governed by
the smallest negative eigenvalue of the network, while degree
heterogeneity leads to effective coupling amplification at hub
nodes. As a consequence, hub nodes undergo Hopf bifurcation
at shorter delay thresholds and exhibit larger oscillation ampli-
tudes than peripheral nodes. Extensive numerical simulations
and statistical analyses across multiple network realizations
confirm these theoretical predictions. The results provide a
mechanistic explanation for the privileged role of hub nodes in
delay-induced neuronal oscillations and highlight how struc-
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tural heterogeneity biases collective dynamics. The structure
of this paper is as follows. In Section 2, we introduce the pro-
posed model and conduct stability analysis. In Section 3, we
apply the multiple-time-scales method to derive the amplitude
equation of Hopf bifurcation with both distributed delay and
diffusive delay. Section 4 presents numerical simulations and
discusses the biological implications. Finally, concluding re-
marks are provided.

2. The description of FHN model with delay and
network
The general FHN model, incorporating distributed delay,

time delay, and network structure, is given by

dui

dt
=−bui(ui−a)(ui−1)−

∫ t
−∞

F(t− s)vi(s)ds

+d1
N
∑
j=1

Qi j(u j(t− τ)−u0),

dvi

dt
= ε(ui + c−βvi)+d2

N
∑
j=1

Qi j(v j(t− τ)− v0),

(1)

where ui and vi represent the membrane potential and recovery
variable of the i-th neuron, respectively. The recovery variable
vi governs the slower dynamics associated with the activation
of outward K+ channel currents and the inactivation of inward
Na+ channel currents, while d1 and d2 denote the synaptic
coupling strength and ionic diffusion coupling strength, re-
spectively. The term Qi j = Ai j − µkiδi j, with µ ∈ [0,1], de-
scribes the interactions among neurons in the network, where
A is the adjacency matrix of an undirected and unweighted
network, ki = ∑

N
j=1 Ai j is the degree of node i, and δi j is the

Kronecker delta. Notably, Qi j reduces to the negative Lapla-
cian matrix Li j when µ = 1, corresponding to a conservative
zero-flux boundary condition that is biologically reasonable
for neural network studies. The coupling term in the first equa-
tion of Eq. (1) physically represents the total synaptic current
received by the target neuron i from its connected neighboring
neurons in the network. The discrete time delay τ denotes the
synaptic and axonal conduction delays, as the propagation of
action potentials along axons and the release of neurotransmit-
ters across synaptic clefts in biological systems require finite,
nonzero time. The coupling term in the second equation rep-
resents the diffusion dynamics of K+ and Na+ ions between
adjacent neurons, with τ denoting the delay associated with
ion diffusion through ion channels. The distributed delay term∫ t
−∞

F(t− s)vi(s)ds represents the memory effect arising from
K+ and Na+ ion-channel kinetics. The weak kernel F(x) and
its corresponding integral term characterize the fact that the
current state of a neuron is not determined solely by its instan-
taneous input, but is also influenced by the cumulative effect of
the historical states of the recovery variable over a preceding
time interval.

We consider the weak kernel

F(x) = σ e−σx, (2)

where σ > 0, and 1/σ reflects the mean delay of the weak
kernel. Let wi(t) =

∫ t
−∞

F(t− s)vi(s)ds; then, we have

dui

dt
=−bui(ui−a)(ui−1)−wi

+d1
N
∑
j=1

Qi j(u j(t− τ)−u0),

dvi

dt
= ε(ui + c−βvi)

+d2
N
∑
j=1

Qi j(v j(t− τ)− v0),

dwi

dt
=−σwi +σvi.

(3)

The positive equilibrium of system (3) is denoted by
(u0,v0,w0). Let ∆ui = ui−u0, ∆vi = vi−v0, and ∆wi =wi−w0

represent small perturbations. The linearized system of Eq. (3)
around (u0,v0,w0) can be written as follows: ∆u̇i

∆v̇i

∆ẇi

= 𝐽

 ∆ui

∆vi

∆wi

+𝐷

∑
N
j=1 Qi j∆u jτ

∑
N
j=1 Qi j∆v jτ

0

 , (4)

where

𝐽 =

−3bu2
0 +2(b+ab)u0−ab 0 −1

ε −εβ 0
0 σ −σ

 ,
𝐷 =

d1 0 0
0 d2 0
0 0 0

 ,
and ui = ui(t), vi = vi(t), uiτ = uiτ(t−τ), and viτ = viτ(t−τ).

Let ΛN ≤ ·· · ≤ 0 ≤ ·· ·Λ1 be the eigenvalues and
φ (α) = (φ

(α)
1 ,φ

(α)
2 , . . . ,φ

(α)
N ) be the eigenvectors of the quasi-

Laplacian matrix Qi j, satisfying ∑
N
j=1 Qi jφ

(α)
j = Λα φ

(α)
i ,

∀α = 1,2, . . . ,N. The general solution of system (4) is given
by 

∆ui =
N
∑

α=1
ξ1 eλα tφ

(α)
i ,

∆vi =
N
∑

α=1
ξ2 eλα tφ

(α)
i ,

∆wi =
N
∑

α=1
ξ3 eλα tφ

(α)
i .

(5)

Substituting Eq. (5) into Eq. (4), we obtain

λα

ξ1

ξ2

ξ3

=

a11 a12 a13

a21 a22 a23

a31 a32 a33


ξ1

ξ2

ξ3

 , (6)

where

a11 = −3bu2
0 +2(b+ab)u0−ab+d1Λα e−λα τ ,
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a12 = 0, a13 =−1,

a21 = ε, a22 =−εβ +d2Λα e−λα τ , a23 = 0,

a31 = 0, a32 = σ , a33 =−σ .

According to system (6), the corresponding characteristic
equation of system (3) is

λ
3
α +

(
m1 +m2 e−λα τ

)
λ

2
α

+
(

m3 +m4 e−λα τ +m5 e−2λα τ
)

λα

+m6 +m7 e−λα τ +m8 e−2λα τ = 0. (7)

The coefficients in Eq. (7) are given in Appendix A(a).

2.1. The stability without network

According to Eq. (7), the characteristic equation of sys-
tem (3) in the absence of network coupling is

λ 3
α +m1λ 2

α +m3λα +m6 = 0. (8)

Theorem 1
Based on Eq. (8):
(i) If H11 : m1 > 0, H12 : m3 > 0, H13 : m6 > 0, and

H14 : m1m3−m6 > 0 hold, then system (3) is stable;
(ii) Otherwise, system (3) is unstable.

2.2. The stability without time delay

According to Eq. (7), the characteristic equation of sys-
tem (3) in the absence of time delay is

λ
3
α +(m1 +m2)λ

2
α +(m3 +m4 +m5)λα

+m6 +m7 +m8 = 0. (9)

Theorem 2
Based on Theorem 1(i) and Eq. (9),
(i) If Λα satisfies H21 : m1+m2 > 0, H22 : m3+m4+m5 >

0, H23 : m6 +m7 +m8 > 0, and H24 : (m1 +m2)(m3 +m4 +

m5)− (m6 +m7 +m8)> 0, then a Hopf bifurcation cannot oc-
cur in system (3).

(ii) Otherwise, Hopf bifurcation may occur in system (3).

2.3. The stability with network and time delay

Let λα = iωα (ωα > 0) be a solution of Eq. (7). Applying
Euler’s formula (e iθ = cosθ + i sinθ ) and separating the real
and imaginary parts, we obtain

cos(θ) =
A1B3−A3B2

A1B1−A2B2
, sin(θ) =

A3B1−A2B3

A1B1−A2B2
, (10)

where θ = ωα τ , and the expressions for A1, A2, A3, B1, B2,
and B3 are given in Appendix A(b).

Furthermore, we obtain

ω
12
α +C5ω

10
α +C4ω

8
α +C3ω

6
α +C2ω

4
α +C1ω

2
α +C0 = 0, (11)

where the explicit expressions for C0, C1, C2, C3, C4, and C5

are given in Appendix A(c).
Let Eq. (11) be denoted by

g(ωα) = ω
12
α +C5ω

10
α +C4ω

8
α +C3ω

6
α

+C2ω
4
α +C1ω

2
α +C0. (12)

It follows that lim
ωα→∞

g(ωα) = +∞. Therefore, if C0 < 0,

Eq. (11) possesses at least one positive root. Without loss of
generality, we assume that Eq. (11) has twelve positive roots,
denoted by ωα i (i = 1,2, . . . ,12). Thus,

τ
k
α =

1
ωα i

arccos
(

A1B3−A3B2

A1B1−A2B2

)
+

2kπ

ωα i
,

k = 0,1, . . . ,

and the critical delay value is defined as

τ∗ = min{τk
α}. (13)

The transversality condition can be expressed as

Re

{(
dλα

dτ

)−1
}∣∣∣

τ=τk
α

= Re
{

D1 +D2 i
D3 +D4 i

}
=

D1D3 +D2D4

D2
3 +D2

4
, (14)

where the expressions of D1, D2, D3, and D4 are given in Ap-
pendix A(d).

Theorem 3
Based on Theorem 2(i), Eqs. (13) and (14)
(i) If

D2
3 +D2

4 6= 0, Re

{(
dλα

dτ

)−1
}∣∣∣

τ=τk
α

= 0,

then Hopf bifurcation cannot occur in system (3);
(ii) If

D2
3 +D2

4 6= 0, Re

{(
dλα

dτ

)−1
}∣∣∣

τ=τk
α

6= 0,

then the transversality condition holds:
(*) if τ < τ∗, system (3) is stable;
(**) if τ > τ∗, Hopf bifurcation occurs.

3. Amplitude equations for the Hopf bifurcaton
In this section, we derive the amplitude equation and de-

termine the direction of the Hopf bifurcation using the method
of MTS. By applying the transformation (∆ui,∆vi,∆wi)

T =

(ui − u0,vi − v0,wi − w0)
T and treating (∆ui,∆vi,∆wi)

T as
(ui,vi,wi)

T, and defining τ0
0 := τ∗ and ω0 := ω∗, with the

rescaling t→ tτ , system (3) can be rewritten as

𝑋̇i = τ𝐺t𝑋i + τ𝐺𝜏𝑋iτ + τ𝑁(𝑋i), (15)
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where

𝑋i =
(
ui(t), vi(t), wi(t)

)T
,

𝑋iτ =
(
uiτ(t−1), viτ(t−1), wiτ(t−1)

)T
,

𝐺t =

b∗11 b12 b13
b21 b22 b23
b31 b32 b33

 ,
𝐺τ =

c∗11 c12 c13
c21 c22 c23
c31 c32 c33

 ,
b11 =−3bu2

0 +2(b+ab)u0−ab, b12 = 0, b13 =−1,

b21 = ε, b22 =−εβ , b23 = 0, b31 = 0,

b32 = σ , b33 =−σ ,

c11 = d1 ∑
N
j=1 Li j +d1ki(1−µ),

c22 = d2 ∑
N
j=1 Li j +d2ki(1−µ),

c12 = c13 = c21 = c23 = c31 = c32 = c33 = 0,

𝑁(𝑋i) =



3
∑
|α|=2

1
α! Dα f (𝑋i) ·𝑋α

i

3
∑
|α|=2

1
α! Dα g(𝑋i) ·𝑋α

i

3
∑
|α|=2

1
α! Dα h(𝑋i) ·𝑋α

i


+O(4),

where fuiui = (−3u0 + 1 + a)b, fuiuiui = −6b, and all other
terms vanish. Therefore,

𝑁(𝑋i) =
[
(−3u0 +1+a)bu2

i −bu3
i +O(4) 0 0

]
.

Define the time scales as T0 = t and T2 = ε2t. Then,

∂

∂ t
=

∂

∂T0
+ ε

2 ∂

∂T2
, (16)

where ε is a small perturbation parameter.
The solution 𝑋i can be expanded as

𝑋i(T0,T2) =

ui(T0,T2)
vi(T0,T2)
wi(T0,T2)


= ε

u(1)i (T0,T2)

v(1)i (T0,T2)

w(1)
i (T0,T2)

+ ε
2

u(2)i (T0,T2)

v(2)i (T0,T2)

w(2)
i (T0,T2)


+ε

3

u(3)i (T0,T2)

v(3)i (T0,T2)

w(3)
i (T0,T2)

+O(4). (17)

From Eq. (17), we obtain

𝑋iτ(T0−1,T2) =

uiτ(T0−1,T2)
viτ(T0−1,T2)
wiτ(T0−1,T2)


=

3

∑
j=1

ε
j

u( j)
iτ (T0−1,T2)

v( j)
iτ (T0−1,T2)

w( j)
iτ (T0−1,T2)

− ε
3 ∂

∂T2

u(1)iτ (T0−1,T2)

v(1)iτ (T0−1,T2)

w(1)
iτ (T0−1,T2)



+ · · · . (18)

The nonlinear term can be expanded as

𝑁 = ε
2𝑁 (2)+ ε

3𝑁 (3)+O(4). (19)

where

𝑁 (2) =

(−3u0 +1+a)b
(
u(1)i

)2

0
0

 ,
𝑁 (3) =

−b
(
u(1)i

)3

0
0

 .
A small perturbation is introduced to the parameter τ ,

namely, τ = τ∗+ε2δ , where δ > 0. In addition, let 𝐺t |τ=τ∗ =

𝐺∗t and 𝐺τ |τ=τ∗ = 𝐺∗τ . Substituting Eqs. (16)–(19) into
Eq. (15), we obtain

O(ε):

∂

∂T0

u(1)i

v(1)i

w(1)
i

− τ∗𝐺
∗
t

u(1)i

v(1)i

w(1)
i

− τ∗𝐺
∗
τ

u(1)iτ

v(1)iτ

w(1)
iτ

= 0. (20)

O(ε2):

∂

∂T0

u(2)i

v(2)i

w(2)
i

− τ∗𝐺
∗
t

u(2)i

v(2)i

w(2)
i

− τ∗𝐺
∗
τ

u(2)iτ

v(2)iτ

w(2)
iτ

= τ∗𝑁
(2). (21)

O(ε3):

∂

∂T0


u(3)i

v(3)i

w(3)
i

− τ∗𝐺
∗
t


u(3)i

v(3)i

w(3)
i

− τ∗𝐺
∗
τ


u(3)iτ

v(3)iτ

w(3)
iτ



= − ∂

∂T2


u(1)i

v(1)i

w(1)
i

+δ𝐺∗t


u(1)i

v(1)i

w(1)
i

+δ𝐺∗τ


u(1)iτ

v(1)iτ

w(1)
iτ



−τ∗𝐺
∗
τ

∂

∂T2


u(1)iτ

v(1)iτ

w(1)
iτ

+ τ∗𝑁
(3). (22)

Considering the solution of Eq. (20), we obtain
u(1)i

v(1)i

w(1)
i

=Ψi(T2)𝑝e iω∗τ∗T0 +Ψ̄i(T2)𝑝̄e−iω∗τ∗T0 , (23)

where Ψi(T2) denotes the complex amplitude, and

𝑝=

 1

p0

p1

=


1

a21

iω∗−a22−K2
a32

iω∗−a33
p0

 ,
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where K2 = [d2ki(1− µ)]e−iω∗τ∗ , and correspondingly K1 =

[d1ki(1−µ)]e−iω∗τ∗ .
Then,(

u(1)i

)2
= Ψ

2
i (T2)e2iω∗τ∗T0 +Ψ̄

2
i (T2)e−2iω∗τ∗T0 +2 |Ψi(T2)|2 ,(

u(1)i

)3
= Ψ

3
i (T2)e3iω∗τ∗T0 +Ψ̄

3
i (T2)e−3iω∗τ∗T0

+3Ψi(T2) |Ψi(T2)|2 e iω∗τ∗T0

+3Ψ̄i(T2) |Ψi(T2)|2 e−iω∗τ∗T0 .

Substituting
(
u(1)i

)2,
(
u(1)i

)3, and Eq. (23) into Eq. (22),
we obtain

∂

∂T0


u(3)i

v(3)i

w(3)
i

− τ∗𝐺
∗
t


u(3)i

v(3)i

w(3)
i

− τ∗𝐺
∗
τ


u(3)iτ

v(3)iτ

w(3)
iτ


= Φ e iω∗τ∗T0 +NST+ c.c., (24)

where NST denotes the non-secular terms, c.c. represents the
complex conjugate term, and Φ = (φ (1),φ (2),φ (3))T with

φ
(1) = −(1+ τ∗K1)

∂Ψi(T2)

∂T2
+δ (a11 +a13 p1 +K1)Ψi(T2)

−3bτ∗Ψi(T2) |Ψi(T2)|2 ,

φ
(2) = −(1+ τ∗K2)p0

∂Ψi(T2)

∂T2

+δ (a21 +a22 p0 + p0K2)Ψi(T2),

φ
(3) = −p1

∂Ψi(T2)

∂T2
+δ (a32 p0 +a33 p1)Ψi(T2).

Equation (24) admits a solution only if the Fredholm solv-
ability condition is satisfied〈p2

p3
p4

 ,
φ (1)

φ (2)

φ (3)

〉= 0, (25)

where the inner product is defined by 〈a,b〉= āTb. To uniquely
determine p̄2, p̄3, and p̄4, we impose the normalization condi-
tion p̄2 + p0 p̄3 + p1 p̄4 = 1. It is straightforward to obtain

p̄2 =
K4(a2

33 +ω2
∗ )

−a13a21a32 +(K3 +K4)(a2
33 +ω2

∗ )
,

p̄3 =
K3K4(a2

33 +ω2
∗ )

a21(a13a21a32− (K3 +K4)(a2
33 +ω2

∗ ))
,

p̄4 =
a13(a13− iω∗)K4

a13a21a32− (K3 +K4)(a2
33 +ω2

∗ )
,

where

K3 = a11 + iω∗+K1, K4 = a22− iω∗+K2.

Using Eq. (25), we obtain

∂Ψi(T2)

∂T2
= δη1Ψi(T2)+η2Ψi(T2) |Ψi(T2)|2 , (26)

where

η1 =
1

p̄2(1+ τ∗K1)+ p̄3 p0(1+ τ∗K2)+ p̄4 p1

×
[
p̄2(a11 +a13 p1 +K1)+ p̄3(a21 +a22 p0 + p0K2)

+p̄4(a32 p0 +a33 p1)
]
,

η2 =
−3bτ∗ p̄2

p̄2(1+ τ∗K1)+ p̄3 p0(1+ τ∗K2)+ p̄4 p1
.

Let Ψi(T2) = ψi e−iω∗τ∗T2 , where ψi = ψi1+ iψi2. Substi-
tuting this expression into Eq. (26), we obtain

ψ̇i1 =−ω∗τ∗ψi2 +δ
(
Re(η1)ψi1− Im(η1)ψi2

)
+
(
Re(η2)ψi1− Im(η2)ψi2

)
(ψi

2
1 +ψi

2
2),

ψ̇i2 = ω∗τ∗ψi1 +δ
(
Re(η1)ψi2 + Im(η1)ψi1

)
+
(
Re(η2)ψi2 + Im(η2)ψi1

)
(ψi

2
1 +ψi

2
2),

(27)

where Re(·) and Im(·) denote the real and imaginary parts of
the corresponding quantity, respectively.

Finally, letting ψi1 = ρi cosθi and ψi2 = ρi sinθi, Eq. (27)
becomes {

ρ̇i = δRe(η1)ρi +Re(η2)ρ
3
i ,

θ̇i = ω∗τ∗+δ Im(η1)+ Im(η2)ρ
2
i ,

(28)

where R1 = Re(η1) and R2 = Re(η2).
Theorem 4
The direction of the Hopf bifurcation is determined by

Eq. (28) as follows:
(i) If R1R2 > 0, system (3) does not undergo a Hopf bi-

furcation;
(ii) If R1R2 < 0, a Hopf bifurcation occurs, and its type is

characterized as follows:
(∗) R1 > 0 (supercritical Hopf bifurcation): the bifurcat-

ing periodic solution is stable;
(∗∗) R1 < 0 (subcritical Hopf bifurcation): the bifurcating

periodic solution is unstable.
Proof
The amplitude equation (28) possesses a unique positive

equilibrium

ρi =

√
−δR1

R2
,

which implies that the existence condition for Hopf bifurca-
tion is R1R2 < 0, thereby proving (i). Furthermore, Eq. (28)
admits the solution

ρi =
±
√

(CδR1 e−2δR1T2 −R2)δR1

CδR1 e−2δR1T2 −R2
,

where C is an arbitrary constant. Applying linear stability
analysis to the positive equilibrium yields the result in (ii).
This completes the proof.
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4. Numerical results and discussion
In this section, the stability, the conditions for a Hopf

bifurcation, and the role of the BA scale-free network with
N = 100 nodes in system (3) are investigated. The param-
eters are set to a = 0.5, b = 1, c = −0.9, ε = 0.3, and
β = 1, resulting in an equilibrium point of (u0,v0,w0) =

(0.928459,0.028459,0.028459). Crucially, these parameter
choices place the intrinsic timescale of the neuronal dynam-
ics within a biologically relevant regime. This enables the
model to capture characteristic frequency bands associated
with pathological states, laying the groundwork for explor-
ing the Parkinson’s disease (PD)-related beta-band oscillations
discussed later.

4.1. The stability without time delay

In this section, the Routh–Hurwitz criterion is employed
to analyze the case without the time delay τ . Since all terms
in conditions H11, H12, H13, and H14, except for σ , are con-
stants, these conditions can be regarded as functions of σ . By
analyzing the corresponding curves with σ as the independent
variable, the stability of system (3) can be assessed. The re-
sults shown in Fig. 1(a) indicate that system (3) is stable, while
Fig. 1(b) further confirms this conclusion, thereby providing a

basis for the subsequent analysis.
We next investigate whether the selected coupling

strengths d1 and d2 affect the stability of system (3) in the ab-
sence of the time delay τ . Since conditions H21, H22, H23, and
H24 depend on both σ and the network eigenvalue Λα , we fur-
ther examine the influence of Λα for both Laplacian (µ = 1)
and quasi-Laplacian (µ = 0.5) networks under fixed σ . The
criterion indicates that system (3) remains stable (see Figs. 2
and 3). The red dots on the curves denote the corresponding
values of the network eigenvalues. Figures 2 and 3 further
verify that the selected parameter set maintains the stability of
system (3), thereby providing a foundation for the subsequent
investigation of time-delay-induced Hopf bifurcation.
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Fig. 1. The Routh–Hurwitz stability criterion is employed to assess the
stability of system (3) for the case d1 = d2 = 0.
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Fig. 2. Routh–Hurwitz stability criterion for assessing the stability of system (3) under µ = 1, τ = 0, d1 = 0.05, and d2 = 0.01. (a) Curves of
H21, H22, H23, and H24 for σ = 1. (b) Corresponding spatial patterns. (c) Curves of H21, H22, H23, and H24 for σ = 10. (d) Corresponding spatial
patterns.
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of H21, H22, H23, and H24 for σ = 1. (b) Corresponding spatial patterns. (c) Curves of H21, H22, H23, and H24 for σ = 10. (d) Corresponding
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4.2. The stability with time delay τ

In this section, we examine how the time delay τ together
with a fixed σ affects neuronal firing. The oscillation fre-
quencies emerging across all unstable delayed regimes (ap-
proximately 15–30 Hz) fall strictly within the characteristic
beta band, which is closely associated with PD. These results
corroborate the relationship between the model and the patho-
logical synchronous rhythms observed in neurological disor-

ders. Finally, we establish the interrelation among the network
eigenvalues Λα , τ , and σ .

The neuronal firing dynamics in the Laplacian network
(µ = 1) were first examined, with the cases of σ = 1 (Fig. 4)
and σ = 10 analyzed separately. For the Laplacian network
with σ = 1, the critical time delay was calculated as τ∗ =

1.08665. When τ = 1, system (3) remains stable (Fig. 4(a))
with an oscillation frequency of 0 Hz; when τ = 1.3, a Hopf
bifurcation occurs (Fig. 4(b)), triggering an oscillation fre-
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quency of 23.03 Hz; and when τ = 2.3, the amplitude becomes
more pronounced (Fig. 4(c)), with the frequency shifting to
23.32 Hz. For σ = 10 (Appendix B, Fig. B1), the critical time
delay was found to be τ∗ = 1.05239. Stability is observed at
τ = 1, while a Hopf bifurcation occurs at τ = 1.3, generating
an oscillation frequency of 24.26 Hz, and becomes significant
at τ = 2.3, yielding a frequency of 23.83 Hz.

Subsequently, the neuronal firing dynamics in the quasi-
Laplacian network (µ = 0.5) were investigated, again consid-
ering σ = 1 and σ = 10. For the quasi-Laplacian network
with σ = 1 (Appendix B, Fig. B2), the critical time delay
was calculated as τ∗ = 1.78073. The system (3) is stable at
τ = 1.7 (0 Hz), a Hopf bifurcation occurs at τ = 2 with an
oscillation frequency of 15.10 Hz, and the amplitude becomes
pronounced at τ = 3, reaching a frequency of 16.08 Hz. For
σ = 10 (Appendix B, Fig. B3), the critical time delay was ob-

tained as τ∗ = 1.88462. Stability is maintained at τ = 1.8
(0 Hz), a Hopf bifurcation emerges at τ = 2, oscillating at
16.11 Hz, and it becomes significant at τ = 3, with a frequency
of 17.84 Hz.

In all cases, increasing the time delay τ beyond a criti-
cal threshold leads to the onset of oscillatory instability, with
larger delays resulting in stronger oscillations. For clarity of
presentation, the corresponding figures are provided in Ap-
pendix B (Figs. B1–B3). Compared with the Laplacian case,
the delayed onset of oscillations reflects the reduced effec-
tive coupling strength associated with the quasi-Laplacian net-
work. These results indicate that modifying the network cou-
pling structure directly alters the critical conditions for delay-
induced Hopf bifurcations. To identify the intrinsic connec-
tions and elucidate their biological mechanisms, Fig. 5 is pro-
vided.
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Fig. 4. The stability of system (3) when µ = 1, σ = 1. (a) The system (3) is stable at τ = 1. (b) Hopf bifurcation occurs at τ = 1.3. (c) The
amplitude becomes more pronounced when τ = 2.3. (d)–(f) The oscillation frequencies are 0 Hz, 23.03 Hz, and 23.32 Hz, respectively, indicating
the emergence of PD-related dynamics.
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Figure 5 illustrates the relationship among the Laplacian

eigenvalue Λα , the parameter σ , and the critical time delay

τ∗. When Qi j is the Laplacian matrix (µ = 1), the spec-

tral interval is given by [Λαmin ,Λαmax ] = [−30.1653,0]; for

the quasi-Laplacian matrix (µ = 0.5), the interval becomes

[Λαmin ,Λαmax ] = [−16.5200,2.5190].

As shown in Fig. 5(a), the critical time delay τ∗ of

system (3) is determined by the smallest negative eigen-
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value. Numerical solutions of Eq. (12) indicate that for Λα ∈
[−16.5200,2.5190], either no positive real root exists or the
obtained root does not yield the minimal τ . Hence, the admis-
sible range is Λα ∈ [−30.1653,−16.5200], which corresponds
to τ∗ associated with µ ∈ [0.5,1]. The values of τ∗ displayed
in Fig. 5(a) are in full agreement with those computed from
Eq. (13). In system (3), the parameter σ characterizes the de-
cay rate of the kernel function associated with the distributed
delay, representing the memory length of past inputs for a
single neuron. The parameter τ , appearing in the diffusion
term, denotes the fixed transmission time delay of coupling
signals between different neurons. The emergence of oscil-
lations (Hopf bifurcation) results from the interplay between
intrinsic memory effects and the network topology.

In Fig. 5(b), when σ is small, a single neuron averages
over a long history of inputs, resulting in sluggish response of
its intrinsic dynamics. In this case, a larger τ is required to ac-
cumulate sufficient phase shift through network propagation to
trigger oscillations. For intermediate values of σ , the memory
length of a neuron matches the timescale of the diffusion delay
τ , yielding the minimal critical value of τ . Conversely, when
σ is large, neurons rely almost entirely on instantaneous in-
puts, and the distributed delay approximates an instantaneous
term. The lack of intrinsic feedback necessitates a larger net-

work delay τ to induce oscillations. From a neuropathological
perspective, this optimal matching between neuronal memory
and transmission delay provides a mechanistic explanation for
the beta-band (15–30 Hz) oscillations highlighted previously.
In PD, changes in conduction delays, often stemming from
dopamine depletion, can push the network across this mini-
mal critical threshold τ∗, thereby triggering pathological syn-
chronous rhythms.

Overall, these results demonstrate that delay-induced
neuronal oscillations are jointly regulated by the network
eigenvalues and distributed delay effects, with the smallest
negative eigenvalue determining the bifurcation threshold and
the parameter σ acting as a dynamical modulator of this
threshold.

4.3. Oscillation analysis of network nodes

In Fig. 6, the bifurcations of these nodes are asyn-
chronous: some nodes undergo bifurcation earlier, while oth-
ers bifurcate later; some exhibit smaller bifurcation ampli-
tudes, whereas others display larger amplitudes. As τ in-
creases, the number of bifurcated nodes grows until all 100
nodes bifurcate. What accounts for this difference? We ap-
proach the analysis from the perspective of node degree.
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Fig. 6. Hopf bifurcation of ui in system (3) with respect to τ when d1 = 0.05 and d2 = 0.01. (a) µ = 1, σ = 1. (b) µ = 1, σ = 10. (c) µ = 0.5,
σ = 1. (d) µ = 0.5, σ = 10.
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Fig. 7. Degree distribution of the BA scale-free network with 100 nodes.

A BA scale-free network consisting of 100 nodes is con-
sidered. Figure 7 displays the degree distribution of the net-
work, where nodes with smaller indices exhibit higher de-
grees, whereas those with larger indices possess lower degrees.

Hub nodes, by virtue of their high degree, are associ-
ated with a coupling network that possesses large negative
eigenvalues, leading to an effective amplification of coupling-
induced feedback. As a result, hub nodes experience a stronger
cumulative influence from the network and reach the Hopf bi-
furcation threshold at relatively shorter transmission delays τ

(Fig. 8). This mechanism explains why hub neurons are pref-
erentially destabilized and become the first sites of oscillation
onset in heterogeneous networks. Beyond the early onset of
oscillations, the enhanced effective coupling at hub nodes also
promotes larger oscillation amplitudes after the bifurcation.
Once the steady state loses stability, the collective feedback
from multiple connections sustains stronger nonlinear oscilla-
tions in hub neurons, manifested as larger membrane potential
amplitudes and more pronounced firing activity (Fig. 9). This
behavior reflects a network-induced enhancement of neuronal
excitability rather than an intrinsic difference in single-neuron
dynamics.
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In contrast, peripheral nodes possess significantly fewer
connections. Their dynamics are primarily shaped by local
interactions rather than global network feedback. Peripheral
nodes that are topologically close to hubs receive indirect am-
plification through hub-mediated pathways, allowing them to
oscillate with relatively smaller delays and moderate ampli-
tudes. Conversely, peripheral nodes that are weakly connected
or distant from hubs experience insufficient cumulative feed-
back, requiring larger delays to destabilize the steady state and
exhibiting smaller oscillation amplitudes.

Consequently, while hub nodes display robust and coher-
ent oscillatory behavior, peripheral nodes exhibit more hetero-
geneous responses. The distribution of critical delay and oscil-
lation amplitude among peripheral nodes is therefore broader
and more uniform, reflecting their weaker and more variable
effective coupling within the network. Biologically, this hub-
driven amplification closely mirrors the localized hypersyn-
chrony observed in the brains of Parkinson’s disease patients.
Highly connected regions, such as the subthalamic nucleus
(STN), function as structural hubs that are inherently more
susceptible to delay-induced instability, thus acting as the pri-
mary pacemakers for pathological beta-band tremors.

Next, we aim to establish a connection between the am-
plitude Eq. (28), derived via the MTS method, and the network
topology. For R1 and R2 in Eq. (28), when µ = 1, i.e., a Lapla-

cian network, we have K1 = K2 = 0, and thus R1 and R2 do not
depend on the node degree ki. Each of the four subfigures in
Fig. 10 contains a single curve, thereby illustrating the bifur-
cation behavior of the system (3) as a whole. For both σ = 1
and σ = 10, when Λα = −30.1653, the conditions R1R2 < 0
and R1 > 0 are satisfied. According to Theorem 1, a stable
Hopf bifurcation occurs, which is consistent with the results
in Figs. 6(a) and 6(b).

When µ = 0.5, i.e., a quasi-Laplacian network, R1 and
R2 incorporate the node degree ki. Figure 11 displays the
variation of R1 and R2 with respect to the eigenvalues for
nodes of different degrees. For both σ = 1 and σ = 10, when
Λα =−16.5200, the conditions R1R2 < 0 and R1 > 0 are sat-
isfied. Hence, by Theorem 1, a stable Hopf bifurcation occurs,
in agreement with Figs. 6(c) and 6(d).

The reason why R1R2 increases with Λα and eventually
becomes positive is that the MTS method provides only a local
criterion near the bifurcation point and may lose validity away
from it. Moreover, the fact that nodes of different degrees bi-
furcate near Λα =−16.5200 can be explained by Fig. 8, which
shows that for each degree there are nodes that bifurcate pre-
cisely at the minimum first-oscillation delay τ . In other words,
once bifurcation occurs for a node of a given degree, it implies
that all nodes with the same degree undergo bifurcation.
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Fig. 8. The distribution of τ for the first oscillation across different degrees. (a) µ = 1, σ = 1. (b) µ = 1, σ = 10. (c) µ = 0.5, σ = 1. (d) µ = 0.5,
σ = 10. In all four subfigures, the onset of the first oscillation exhibits an overall decreasing trend as the node degree increases.
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Building on the preceding analysis, we further investigate
the statistical relationship between the first-oscillation delay
τ , oscillation amplitude, and node degree, aiming to quan-
tify how structural heterogeneity biases delay-induced neu-
ronal dynamics. To this end, 50 independent BA scale-free
networks, each consisting of 100 nodes, were generated, and
50 corresponding sets of bifurcation data were collected. Sta-
tistical analysis was then employed to extract robust correla-
tions between network topology and oscillatory behavior. Due
to the power-law degree distribution of BA networks, the num-
ber of nodes decreases rapidly with increasing degree, result-

ing in limited statistical samples for highly connected hubs.
To ensure statistical reliability, we therefore restrict the analy-
sis to degree classes with sufficiently large populations while
preserving the essential heterogeneity of the network.

The mean degree 〈k〉 serves as an important descriptor of
the distribution and is given by

〈k〉=
∫

∞

kmin

kp(k)dk, (29)

where p(k) = (γ−1)k2
mink−γ .
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Fig. 12. Box plots and mean values for selected degrees of the first-oscillation delay τ . (a) µ = 1, σ = 1. (b) µ = 1, σ = 10. (c) µ = 0.5, σ = 1.
(d) µ = 0.5, σ = 10.
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Fig. 13. Box plots and mean values for selected degrees of the oscillation amplitude. (a) µ = 1, σ = 1. (b) µ = 1, σ = 10. (c) µ = 0.5, σ = 1.
(d) µ = 0.5, σ = 10.

In BA networks, γ is generally taken to be 3. With
kmin = 2 in our generated networks, we obtain 〈k〉 = 4, indi-
cating that most nodes have degrees close to 4. In other words,
most nodes are weakly connected and only a small fraction of
nodes act as hubs. For the statistical analysis, degrees between
2 and 10 were selected. Figures 12 and 13 show boxplots
of the data and the corresponding mean values. The results
demonstrate that the node degree is negatively correlated with
the first-oscillation delay τ , while it is positively correlated
with the amplitude. These statistical trends are fully consis-
tent with the dynamical mechanism identified in Figs. 8 and
9, confirming that highly connected nodes are preferentially
destabilized and sustain stronger oscillatory activity due to en-

hanced effective coupling.
Finally, the means and medians from Figs. 12 and 13 were

compared. The results are shown in Fig. 14. Figure 14 demon-
strates the overall variation characteristics of neurons and em-
phasizes the role of degree heterogeneity in shaping collective
oscillatory behavior. To quantitatively characterize the cor-
relation among node degree, the first-oscillation delay τ , and
amplitude, we calculated Spearman’s rank correlation coeffi-
cients ρ and the corresponding p-values for statistical signifi-
cance.

Figures 14(a) and 14(b) show that for both the Laplacian
network (µ = 1) and the quasi-Laplacian network (µ = 0.5),
when σ ≥ 1, the first-oscillation delay τ of system (3) in-
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creases as σ increases. When σ decreases, the first-oscillation
delay τ also decreases. Figures 14(a) and 14(b) show that
node degree is negatively correlated with the first-oscillation
delay τ . Figures 14(c) and 14(d) show that, under the same
conditions, the amplitude of system (3) decreases as σ in-
creases. Conversely, the amplitude increases as σ decreases.
Figures 14(c) and 14(d) show that node degree is negatively
correlated with amplitude. The neuronal response depends not
only on the current state but also on the accumulation of past
inputs. This behavior reflects the role of the distributed de-
lay parameter σ as a regulator of neuronal memory. As σ

increases, the weak kernel decays more rapidly, causing neu-
ronal signals to rely almost entirely on instantaneous input. In
the absence of sufficient accumulation, a larger network time
delay is required to induce oscillations, and the oscillation am-
plitude decreases progressively. Conversely, as σ decreases,
the weak kernel decays more slowly, enabling neurons to inte-
grate more historical inputs. In this case, even a small network
time delay is sufficient to trigger oscillations, and the oscilla-
tion amplitude increases accordingly.

Figures 14(a) and 14(b) further show that for both net-
work types, when µ increases, the first-oscillation delay τ

decreases, whereas smaller values of µ shift the onset of
oscillations to larger delays. Consistently, Figs. 14(c) and
14(d) demonstrate that the oscillation amplitude increases with
larger µ and decreases as µ is reduced. Since Qi j = Ai j −
µkiδi j, with µ ∈ [0,1], an increase in µ corresponds to stronger

self-feedback of the neurons, making them more sensitive to
their own activity. In this case, a smaller network time delay is
sufficient to induce oscillations, and the oscillation amplitude
becomes larger. Conversely, when µ decreases, self-feedback
is weakened, and the neurons rely more heavily on the activity
of neighboring nodes. In this case, a larger network time delay
is required to trigger oscillations, and the oscillation amplitude
becomes smaller.

From a neurophysiological perspective, these mathemat-
ical dependencies offer insights into the pathogenesis of PD.
The distributed delay parameter σ acts as a proxy for the time
window of synaptic integration. Clinical evidence suggests
that dopamine depletion in PD abnormally alters synaptic in-
tegration times in the basal ganglia (effectively correspond-
ing to a smaller σ ). As the model demonstrates, this slower
decay of historical inputs lowers the delay threshold required
to trigger oscillations and amplifies their magnitude. Further-
more, the parameter µ captures the balance between local self-
feedback and network-mediated interactions. In the Parkinso-
nian state, the loss of dopaminergic modulation disrupts lo-
cal auto-inhibition within core nuclei such as the STN. The
findings reveal that such alterations in self-feedback (µ) sen-
sitize the network, providing a mathematical explanation for
how localized pathological changes in intrinsic cellular prop-
erties can synergize with transmission delays to precipitate the
widespread beta-band synchronization characteristic of PD.
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Fig. 14. Multiple-curve comparison figure. (a) Mean value curves of the first-oscillation delay τ , showing a negative correlation between τ

and node degree. (b) Median value curves of the first-oscillation delay τ , showing a negative correlation between τ and node degree. (c) Mean
value curves of amplitude, showing a positive correlation between amplitude and node degree. (d) Median value curves of amplitude, showing a
positive correlation between amplitude and node degree.

5. Conclusion

This study establishes a comprehensive theoretical frame-
work linking network topology, dual time delay effects, and
neuronal oscillatory dynamics within a biologically motivated
FHN model. By employing the MTS method, we derived re-
duced amplitude equations that explicitly connect Hopf bifur-
cation properties to the network structure through the degree
distribution ki, thereby revealing the role of structural hetero-
geneity in shaping pattern formation in neuronal populations.

The onset of oscillations is governed by a delay-induced
Hopf bifurcation, where the critical threshold τ∗ is determined

by the combined effects of the network Laplacian eigenvalue,
the distributed delay parameter σ , and the transmission de-
lay τ . Extending the analysis to the quasi-Laplacian coupling
case, we further demonstrate that the coupling parameter µ

significantly reshapes the stability landscape by modulating
the balance between self-feedback and network-mediated in-
teractions, thereby controlling the system’s susceptibility to
rhythmic activity.

Statistical analysis over 50 independent BA scale-free
networks confirmed that hub nodes act as dynamical ampli-
fiers, characterized by earlier onset of oscillations and larger
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oscillation amplitudes. This structural heterogeneity induces
a systematic bias in the spatial organization of collective dy-
namics, leading to a degree-dependent hierarchy in bifurcation
behavior.

From a biological perspective, the emergent oscillations
fall within the beta-band frequency range (15–30 Hz), which
is a hallmark of PD-related neural activity. Our results sug-
gest that highly connected regions, such as the STN, are in-
trinsically more vulnerable to delay-induced instability due to
enhanced effective feedback. The interplay between intrinsic
memory effects governed by σ and transmission delays τ pro-
vides a mechanistic explanation for the emergence of patho-
logical synchronization, highlighting an optimal timescale
matching that facilitates abnormal collective oscillations.

Moreover, the modulation of oscillatory behavior by µ

indicates that disruptions in local self-inhibition can syner-
gistically interact with transmission delays, further promot-
ing beta-band synchronization in pathological states. These
findings offer a unified explanation for how structural hetero-
geneity and delay mechanisms jointly shape both the onset and
intensity of rhythmic activity in neuronal systems.

In conclusion, this work integrates bifurcation theory,
complex network analysis, and computational neuroscience to
elucidate how structural heterogeneity governs delay-induced
oscillations in neuronal populations. Beyond providing a theo-
retical explanation for PD-related beta-band synchronization,
the results also offer insights into potential strategies for con-
trolling pathological rhythms through modulation of network
coupling and delay parameters.

Appendix A
(a) There are the specific expressions for the parameters

m1,m2,m3,m4,m5,m6,m7,m8 and F as defined in Eq. (7)

m1 = σ +βε−F,

m2 =−(d1 +d2)Λα ,

m3 = βεσ −Fσ −Fβε,

m4 = (d2F−d2σ −d1σ −d1βε)Λα ,

m5 = d1d2Λ
2
α ,

m6 = εσ(1−Fβ ),

m7 = (d2F−d1βε)σΛα ,

m8 = d1d2σΛ
2
α ,

F =−3bu2
0 +2(b+ab)u0−ab.

(b) The detailed formulations of parameters
A1,A2,A3,B1,B2 and B3 in Eq. (10) are provided below:

A1 = ω
3
α −m3ωα +m5ωα ,

A2 = m6 +m8−m1ω
2
α ,

A3 = m2ω
2
α −m7,

B1 = ω
3
α −m3ωα −m5ωα ,

B2 = m1ω
2
α −m6 +m8,

B3 = m4ωα .

(c) The specific expressions for the parameters in Eq. (11)
are as follows:

C5 = 2m2
1−m2

2−4m3,

C4 = m4
1−m2

1m2
2−4m2

1m3 +2m2
2m3 +2m2

2m5

−4m1m6 +2m2m7 +6m2
3−m2

4−2m2
5,

C3 = −4m3
1m6 +2m2

1m2m7 +2m2
1m2

3−m2
1m2

4

−2m2
1m2

5 +2m1m2
2m6−2m1m2

2m8

+4m1m2m4m5−m2
2m2

3−2m2
2m3m5

−m2
2m2

5 +8m1m3m6−4m2m3m7

+4m2m4m8−4m2m5m7−4m3
3 +2m3m2

4

+4m3m2
5−2m2

4m5 +2m2
6−m2

7−2m2
8,

C2 = 6m2
1m2

6−m2
1m2

7−2m2
1m2

8−4m1m2m6m7

+4m1m2m7m8−4m1m2
3m6

+2m1m2
4m6 +2m1m2

4m8−4m1m4m5m7

+4m1m2
5m6−m2

2m2
6 +2m2

2m6m8−m2
2m2

8

+2m2m2
3m7−4m2m3m4m8 +4m2m3m5m7

−4m2m4m5m6 +2m2m2
5m7 +m4

3

−m2
3m2

4−2m2
3m2

5 +2m3m2
4m5−m2

4m2
5

+m4
5−4m3m2

6 +2m3m2
7 +4m3m2

8

−4m4m7m8 +2m5m2
7,

C1 = −4m1m3
6 +2m1m6m2

7 +4m1m6m2
8

−2m1m2
7m8 +2m2m2

6m7−4m2m6m7m8

+2m2m7m2
8 +2m2

3m2
6−m2

3m2
7−2m2

3m2
8

+4m3m4m7m8−2m3m5m2
7−m2

4m2
6

−2m2
4m6m8−m2

4m2
8 +4m4m5m6m7

−2m2
5m2

6−m2
5m2

7 +2m2
5m2

8,

C0 = m4
6−m2

6m2
7−2m2

6m2
8 +2m6m2

7m8

−m2
7m2

8 +m4
8.

(d) The specific expressions of parameter D1, D2, D3 and
D4 in Eq. (14) are given as follows:

D1 = −3ω
2 cosθ −2m1ω sinθ +m3 cosθ −2ωm5τ sinθ

−2m8τ cosθ +m5 cosθ +ω
2m2τ−m7τ +m4,

D2 = −3ω
2 sinθ +2m1ω cosθ +m3 sinθ −2ωm5τ cosθ

+2m8τ sinθ −m5 sinθ +2m2ω−m4τω,

D3 = −m4ω
2−2m5ω

2 cosθ +2m8ω sinθ ,

D4 = −m2ω
3 +m7ω +2m5ω

2 sinθ +2m8ω cosθ .
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Appendix B
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Fig. B1. Stability of system (3) when µ = 1, σ = 10. (a) The system (3) is stable at τ = 1. (b) Hopf bifurcation occurs at τ = 1.3. (c) The
amplitude becomes more pronounced when τ = 2.3. (d)–(f) The oscillation frequencies are 0 Hz, 24.26 Hz, and 23.83 Hz, respectively, indicating
the emergence of PD-related oscillations.
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Fig. B2. Stability analysis of system (3) for µ = 0.5, σ = 1. (a) The system is stable at τ = 1.7. (b) Hopf bifurcation occurs at τ = 2. (c) The
oscillation amplitude becomes more pronounced at τ = 3. (d)–(f) The corresponding oscillation frequencies are 0 Hz, 15.10 Hz, and 16.08 Hz,
respectively, indicating the emergence of Parkinsonian dynamics.
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Fig. B3. Stability analysis of system (3) for µ = 0.5, σ = 10. (a) The system is stable at τ = 1.8. (b) Hopf bifurcation occurs at τ = 2. (c) The
oscillation amplitude becomes more pronounced at τ = 3. (d)–(f) The corresponding oscillation frequencies are 0 Hz, 16.11 Hz, and 17.84 Hz,
respectively, indicating the emergence of Parkinsonian dynamics.
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