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We investigate the ultrastrong extraordinary transmission and reflection in the PT-symmetric periodic triangular optical
waveguide network (PTSPTOWN). It is found that the extremum boundary points of photonic modes can be identified after
reclassifying photonic modes. At the extremum boundary points of photonic modes, this network can generate ultrastrong
extraordinary transmission and reflection, whose values can all arrive at the order of magnitude of 1011 and are six orders
of magnitude larger than that produced by aperiodic networks. We introduce the effective refractive index to explain the
mechanism of generating extraordinary optical characteristics and find that the total gain and loss effect of this network
defined by the imaginary part of the effective refractive index is exactly corresponding to the ultrastrong extraordinary
transmission and reflection, but there is no clear correspondence between the group index of this network defined by the real
part of the effective refractive index and the ultrastrong extraordinary transmission and reflection. It may deepen people’s
knowledge on PT-symmetric periodic optical waveguide networks and may be useful for the designing of extremely narrow
filters, optical switches, high-efficient photon storage, and other all-optical devices.
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1. Introduction

Parity-time-symmetric (PT-symmetric) optical systems
are a kind of artificial micro-nano structures that can con-
trol and confine the propagation of electromagnetic (EM)
waves, and have attracted considerable attention in recent
decades.[1–19]

It is well known that in quantum mechanics observable
mechanical quantity operators must be Hermitian in order to
ensure their eigenvalues are real numbers. However, Ben-
der et al.[1] found that for a PT-symmetric mechanical sys-
tem, when the imaginary part of the potential function is
smaller than some critical value, even if the Hamiltonian is
non-Hermitian, all of the energy eigenvalues are still real num-
bers; only when the imaginary part of the potential func-
tion is larger than this critical value do its energy eigen-
values start to appear as complex numbers. This critical
value is called the spontaneous PT-symmetric breaking point.
In 2007, under the condition of paraxial approximation El-
Ganainy et al.[2] introduced a PT-symmetric optical system by
use of materials with even-function real part and odd-function
imaginary part refractive indices. Since then, many extraor-
dinary optical properties and phenomena in PT-symmetric
systems have been investigated, such as energy transfer
oscillation,[3,4] transmission noncommutability,[5,6] unidirec-

tional invisibility,[7,8,20] birefringence,[3,9] defect state,[10]

bound states in the continuum (BIC)[11,12] and ultrastrong
transmission and reflection.[13–15,21,22]

Optical waveguide networks[23–25] are another kind of
artificial micro-nano structure that can control and confine
the propagation of EM waves, and are also a kind of pho-
tonic band gap (PBG) systems. Compared with photonic
crystals, the structure symmetry of optical waveguide net-
works is much more flexible,[25,26] the phase and ampli-
tude measurements of the EM waves in the latter are also
much more convenient,[24] the PBGs generated by the latter
can be much wider and deeper than those produced by the
former.[26–30] Optical waveguide networks have been widely
researched by now; an incomplete list includes strong pho-
tonic localization,[31–33] large PBGs,[26–30] comb-like optical
transmission spectra,[34,35] nonlinear optical effect,[36–38] and
so on.

Combining the PT-symmetric concept with optical
waveguide networks, our group designed a PT-symmetric
Thue–Morse aperiodic optical waveguide network.[15] We
found that the propagation of EM waves in this aperiodic
network produces more photonic modes and the concept of
spontaneous PT-symmetric breaking point needs to be gener-
alized. The aperiodic network determined by the new defin-
ing PT-symmetric breaking point can generate ultrastrong ex-
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traordinary transmission and reflection whose values can, re-
spectively, arrive at 2.96316×105 and 1.32761×105.[15] How-
ever, for aperiodic networks, seeking the spontaneous PT-
symmetric breaking points is very complicated. Consequently,
for periodic networks, does there exist a more concise and rig-
orous method to obtain the spontaneous PT-symmetric break-
ing point for generating ultrastrong extraordinary transmission
and reflection? Can periodic networks generate much stronger
transmission and reflection than those of aperiodic networks?
If so, what is the underlying mechanism responsible for such
ultrastrong extraordinary transmission and reflection? Ad-
dressing these questions may deepen people’s knowledge on
PBG materials and PT-symmetric optical systems.

Now, it is known that periodic networks can generate ab-
solute PBGs which are much wider than those created by pho-
tonic crystals, and the most typical network is a periodic tri-
angular network,[26] which not only possesses a very simple
structure but also generates a very wide PBG with the center
gap ratio of 146%.[30] Furthermore, Tang et al.[31] found that
a defect triangular network can produce ultrastrong photonic
localization. In this paper, we replace the vacuum/dielectric
waveguide segments in previous triangular networks with the
PT-symmetric ones to design a PT-symmetric periodic trian-
gular optical waveguide network (PTSPTOWN) and investi-
gate its extraordinary optical properties. It is found that in
this network the EM waves can generate neither ordinary pho-
tonic propagation mode nor single gain/loss photonic non-
propagation mode, but two kinds of photonic non-propagation
modes with co-existing gain and loss in the total range of fre-
quency. Consequently, we reclassify photonic modes and use
the distribution diagram of photonic modes to directly seek ex-
tremum spontaneous PT-symmetric breaking points/extremum
boundary points of photonic modes. Unlike purely numer-
ical calculations commonly adopted in studies of aperiodic
networks, our method is directly derived from an analytical
formulation of the dispersion function, making the identifi-
cation of extremum boundary points both concise and phys-
ically rigorous. We find that at extremum boundary points
of photonic modes, our designed PT-symmetric network can
produce ultrastrong extraordinary transmission and reflection,
whose values can all arrive at 8.76×1011 and are six orders of
magnitude larger than those in aperiodic networks.[15] More-
over, we also investigate the mechanism for generating ultra-
strong extraordinary transmission in the view of effective re-
fractive index and photonic group velocity. It may provide
the theoretical and experimental basis for the design of all-
optical devices, such as optical amplifiers, ultra-narrowband
optical filters, high-efficiency photonic energy storage, optical
logic elements in photon computers, and ultrasensitive optical
switches with ultrahigh monochromaticity. On the other hand,
the structure of our designed 1D PTSPTOWN is very simple,
and the imaginary part of the refractive index of the waveg-

uide material is very small. It may be realized conveniently in
experiments.

This paper is organized as follows. Section 2 introduces
PTSPTOWN and the main theory and method for analytical
deduction and numerical calculation. Section 3 defines the
photonic mode by the dispersion relation, obtains the ultra-
strong extraordinary optical properties, and discusses the re-
sults. Section 4 provides the conclusion of this paper.

2. Model and theory
2.1. PTSPTOWN

The PTSPTOWN studied in this paper is shown in Fig. 1,
where the waveguide segments at the entrance and exit are all
vacuum ones with the length of d, those in the triangle unit cell
are all PT-symmetric ones with the length of d. For simplicity,
we set d = 1 µm. In unit cells, between each pair of nearest-
neighbor nodes there exist two PT-symmetric waveguide seg-
ments, which means this is a two-segment-connected network.
Each PT-symmetric waveguide segment is made up of SiO2

and consists of three equal-length sub-waveguides, whose re-
fractive indices are, respectively, n1 = nSiO2 − ιnI, n2 = nSiO2

and n3 = nSiO2 + ιnI. Here the complex conjugate refractive
indices along the length can be achieved by doping the gain
and loss quantum dots.[13,39]
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l2↪n2

l3↪n3

Fig. 1. Schematic diagram of the PTSPTOWN with three unit cells,
one entrance, and one exit, where each dotted line denotes two PT-
symmetric waveguide segments with the length of d. Each waveguide
segment consists of three equal-length sub-waveguides whose refractive
indices are n1, n2, and n3, respectively. Each solid line represents one
vacuum waveguide segment with the length of d. EI, ER, and EO are
the input, reflective, and output EM waves, respectively.

It is reported that in the range of 43–1427 THz (i.e., 0.21–
7.00 µm), the dispersion equation of SiO2 satisfies[40]

n2
SiO2
−1 =

0.6961663λ 2

λ 2−0.06840432 +
0.4079426λ 2

λ 2−0.11624142

+
0.8974794λ 2

λ 2−9.8961612 , (1)

and the dispersion curve is plotted in Fig. 2.
From Fig. 2 one can see that in the range of 200–500 THz

(i.e., 0.6–1.5 µm), the dispersion effect is weak. In order to
reduce the workload and the influence of the dispersion effect
on the results, only the EM waves with the frequency (wave-
length) in the range of 300–500 THz (0.6–1.0 µm) are stud-
ied, which corresponds to the dispersion curve of the thick red
solid line in Fig. 2.
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Fig. 2. Dispersion curve of SiO2 defined by Eq. (1), where the red thick
solid line expresses the range investigated in this paper, the black thin
dashed lines are all scaling lines and the values are, respectively, ν1 =
43 THz (λ1 = 7.0 µm), ν2 = 300 THz (λ2 = 1.0 µm), ν3 = 500 THz
(λ3 = 0.6 µm), and ν4 = 1427 THz (λ4 = 0.2 µm).

2.2. Three-material network equation

From Fig. 1 one can see that in a PT-symmetric network,
each waveguide segment in unit cells is composed of three
kinds of materials. Consequently, a three-material network
equation must be used to investigate the PTSPTOWN. In this
section, we derive the three-material network equation specif-
ically for our designed two-segment-connected PTSPTOWN
with equal waveguide length.

It is known that the EM wave function with frequency
ν in the three-material segments satisfies the following wave

equation:

d2

dx2 ψnm(x)+ k2
mψnm(x) = 0, (2)

where the EM wave vector km = 2πνnm/c (m = 1, 2, 3), nm

is the refractive index of the mth kind of material, c is the EM
wave speed in vacuum.

For a 1D waveguide segment, only the monomode prop-
agation of EM waves needs to be considered. The wave func-
tion between nodes i and j can be regarded as the following
linear combination of two oppositely traveling plane waves:

ψi j(x)=


ψn1 (x) = a1 eιk1x +b1 e−ιk1x (0≤ x≤ l1li j) ,
ψn2 (x) = a2 eιk2x +b2 e−ιk2x (l1li j ≤ x≤ l12li j) ,
ψn3 (x) = a3 eιk3x +b3 e−ιk3x (l12li j ≤ x≤ li j) ,

(3)

where l12 = l1 + l2, li j is the total length of the waveguide seg-
ment with three kinds of materials. Applying the continuity of
the wave function and its derivative, the energy flux conserva-
tion at any node yields

∑
j

σi j

µω
ψi j(x)

dψi j(x)
dx

∣∣∣∣
x=0

= 0, (4)

where the summation is over all segments linked directly to
node i. Generally, the cross-sectional area σi j for each seg-
ment is the same. By means of Eqs. (3) and (4), one can de-
duce the following network equation of three-material multi-
connected optical waveguide networks

−ψi ∑
j

A1B1 cosD1li j−A1B2 cosD2li j−A2B1 cosD3li j +A2B2 cosD4li j

A1B1 sinD1li j−A1B2 sinD2li j−A2B1 sinD3li j +A2B2 sinD4li j

+∑
j

ψ j
4k2k3

A1B1 sinD1li j−A1B2 sinD2li j−A2B1 sinD3li j +A2B2 sinD4li j
= 0, (5)

where 

A1 = k1 + k2,
A2 = k1− k2,
B1 = k2 + k3,
B2 = k2− k3,
D1 = k1l1 + k2l2 + k3l3,
D2 = k1l1 + k2l2− k3l3,
D3 = k1l1− k2l2− k3l3,
D4 = k1l1− k2l2 + k3l3.

(6)

Since PT-symmetric networks represent a class of three-
material waveguide networks, we employ Eqs. (5) and (6) to
analyze their extraordinary optical properties.

2.3. Generalized Floquet–Bloch theorem and generalized
eigenfunction method

It is well-established that the Floquet–Bloch theorem ap-
plies to systems with spatial translation periodicity. How-
ever, in our designed optical waveguide network, all waveg-

uide segments can be arbitrarily bent or folded, resulting in
topological translation periodicity without spatial periodicity.
For such structures, we previously proposed a dimensionless
generalized Floquet–Bloch theorem, which can be expressed
as follows:[25]

ψ𝐾 (𝑁 +𝑃 ) = ψ𝐾 (𝑁) eι𝐾·𝑃 , (7)

where 𝐾 is the structure Bloch wavevector, 𝑁 is the node
scaling vector, and 𝑃 is the structure translation vector. The
three vectors are all dimensionless. In this paper, we use the
dimensionless generalized Floquet–Bloch theorem to deduce
the dispersion relation, define photonic modes, and determine
the distribution of photonic modes.

Additionally, the generalized eigenfunction method[29] is
employed to calculate transmissivity and reflectivity, where
transmission and reflection coefficients act as generalized
wave functions.

104205-3



Chin. Phys. B 35, 104205 (2026)

3. Extraordinary optical properties
3.1. Extraordinary photonic modes

According to the generalized Floquet–Bloch theorem,
when EM waves propagate from the Nth unit cell to the
(N+P)th unit cell, the only difference between the wave func-
tion of the former and that of the latter is the phase factor of

eι𝐾·𝑃 . For our designed PTSPTOWN, one can deduce the
following dispersion relation by putting Eq. (5) into Eq. (7):

cosK = f (ν) =
4Y 2−Z2

2Y Z +Z2 , (8)

where


Y = ∑

j

A1B1 cosD1li j−A1B2 cosD2li j−A2B1 cosD3li j +A2B2 cosD4li j

A1B1 sinD1li j−A1B2 sinD2li j−A2B1 sinD3li j +A2B2 sinD4li j
,

Z = ∑
j

4k2k3

A1B1 sinD1li j−A1B2 sinD2li j−A2B1 sinD3li j +A2B2 sinD4li j
.

(9)

From Eq. (8) one can see that for a three-material mul-
ticonnected network composed of vacuum and/or dielectric
waveguides, the dispersion function f (ν) must be real. In
the case of real f (ν) and | f (ν)| ≤ 1, the 𝐾 in Eq. (8) pos-
sesses real solutions, and then the amplitude of the wavefunc-
tions does not change with the propagation; we refer to this
photonic mode of EM waves as ordinary propagation mode.
It forms passbands and causes large transmission that is sus-
tained even with an increasing number of unit cells and, gen-
erally, 0.01≤ Tpassband ≤ 1.0.[25,26,41] In the case of real f (ν)
and | f (ν)| > 1, the 𝐾 in Eq. (8) possesses a pair of com-
plex conjugate solutions, and then the amplitude of the wave-
functions changes with the propagation; we refer to this pho-
tonic mode of EM waves as non-propagation mode. In a vac-
uum/dielectric network, there exists only attenuation mecha-
nism but no gain mechanism; thus EM waves propagate with
attenuation propagation mode, which forms a stopband and
causes a tiny transmission decreasing with the increase of the
number of unit cells and, generally, Tstopband < 0.01.[25,26,41]

One can see that in a vacuum/dielectric network, | f (ν)| =
1 can be used for the critical value to distinguish photonic
modes. In our designed PTSPTOWN, the refractive indices
of two kinds of materials form a complex-conjugate pair; one
can deduce that the dispersion function will be also complex
in the total range of frequency. In the case of complex f (ν),
the 𝐾 in Eq. (8) possesses no real solution but a pair of com-
plex conjugate solutions. From the aspect of mathematics, EM
waves in this PT-symmetric network will propagate as atten-
uation and gain propagation modes simultaneously. On the
other hand, in PT-symmetric optical waveguides, both atten-
uation and gain mechanisms exist. Consequently, from the
aspect of physics, EM waves will propagate as attenuation and
gain propagation modes simultaneously. It means that in this
PT-symmetric network the 𝐾 possesses no real solution but a
pair of complex conjugate ones, and then no matter whether
the transmissivity decreases with the increment of the number
of unit cells and whichever range the EM wave frequency is,
the traditional passbands and/or stopbands will not exist now.

On the other hand, it is reported that the spontaneous PT-
symmetric breaking point is located at the boundary between
the ordinary propagation mode and non-propagation mode.[15]

However, in our designed PTSPTOWN there is no propagation
mode, so we still use | f (ν)| = 1 as a critical point to distin-
guish photonic modes. From Eq. (8) one knows that when
| f (ν)|> 1, the imaginary part of 𝐾 will be big enough to gen-
erate strong extraordinary transmission whose value is larger
than 1.0, and we define this kind of photonic modes as strong
propagation modes. When | f (ν)| ≤ 1, the imaginary part of
𝐾 is small and cannot produce strong extraordinary transmis-
sion whose value is larger than 1.0, and we define this kind of
photonic modes as weak propagation modes. Obviously, both
strong and weak propagation modes belong to a category of
non-propagation modes, which are distinct not only from or-
dinary propagation modes but also from the non-propagation
modes originating from vacuum or dielectric networks. In this
paper, we define the value of the imaginary part of the PT-
symmetric materials, nI, as the boundary point of photonic
modes between strong propagation modes and weak propa-
gation modes, and use this definition to investigate the distri-
bution of photonic modes in Subsection 3.2.

3.2. Extremum boundary point of photonic mode

Based on the definitions of strong and weak propagation
modes in Subsection 3.1 and the boundary point of photonic
mode in PTSPTOWN, we use Eq. (8) to plot the distribution
diagram of photonic modes for the EM waves in the range of
300–500 THz.

From Fig. 3, one can see that there exists one extremum
valley for the boundary point of photonic modes of PT-
SPTOWN, and we call it the extremum boundary point of
the photonic mode, located at nI = 8.809× 10−9 and ν =

412.172102 THz. At this point, | f (ν)|= 1 and the dispersion
function f (ν) is continuous without a derivative. It causes
ultrastrong extraordinary optical transmission and reflection.
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Fig. 3. Distribution diagram of photonic modes, where red and white
zones express strong and weak propagation modes, respectively. (a) The
frequency range corresponds to the thick red solid line in Fig. 2. (b) The
enlarged drawing of the zone of the frequency range from 412.0721 THz
to 412.2721 THz.

3.3. Ultrastrong extraordinary transmission and reflection

In order to investigate the transmission and reflection of
EM waves propagating in the PTSPTOWN, we numerically
calculate the transmissivity and reflectivity in the range of
300–500 THz. It is found that the transmissivity and reflectiv-
ity in regimes corresponding to the pure weak or strong propa-
gation modes are generally smaller than those at the boundary
point of photonic modes; the former is usually smaller than
1.0 while the latter is always bigger than 1.0. The transmis-
sivity and reflectivity at the boundary point of photonic modes
are much smaller than those at the extremum boundary point
of photonic modes; the former is generally smaller than 105

while the latter’s maximum can arrive at 1011.
From the aforementioned analyses one knows that ultra-

strong extraordinary transmission and reflection can be gen-
erated at the extremum boundary point of photonic modes.
Therefore, we further investigate the transmissivity and reflec-
tivity for a PTSPTOWN with one unit cell at the point where
this extremum occurs, and the results are presented in Fig. 4.

From Fig. 4(a) one can see that there are two sharp
transmissivity valleys, and the values for both left- and right-
incident EM waves are all the same and arrive at 3.77×10−12,
which shows an ultrastrong PBG-like attenuation characteris-
tic. On the other hand, from Fig. 4(a) one can also see that
there are two transmissivity peaks for left- and right-incident
EM waves and the values are, respectively, 8.76×1011 and
7.46×1011, which are six orders of magnitude larger than that
created by aperiodic networks. The case of reflection is similar
to that of transmission. From Fig. 4(b) one can see that there
exists no reflectivity valley, but only two reflectivity peaks ex-
ist and the values for left- and right-incident EM waves ar-
rive at 8.76×1011 and 7.46×1011, respectively. From Fig. 4
one can see that for both transmissivity and reflectivity, the
left- and right-incident curves do not overlap each other, which
shows typical noncommutability of EM wave propagation in

the PTSPTOWN. In such a system, both the transmitted and
reflected waves can exhibit an ultrastrong resonant coupling
effect, giving rise to sharp resonance peaks.
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412.17210025 412.17210380 412.17210025 412.17210380
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Fig. 4. Transmission and reflection spectra at the extremum boundary
point of photonic mode of periodic triangular network with one unit
cell, where red dashed and dotted lines and black thick dotted lines ex-
press left- and right-incident results of PT-symmetric network, respec-
tively, blue thick dashed lines denote the results of pure gain-material
network with the refractive index nGain = nSiO2 −8.809×10−9ι , green
thin dotted lines indicate the results of pure loss-material network with
the refractive index nLoss = nSiO2 + 8.809× 10−9ι . (a) Transmission
spectra. (b) Reflection spectra.

In our opinion, there are two main reasons for the PT-
SPTOWN generating the ultrastrong extraordinary transmis-
sion and reflection. Firstly, from the analyses on the ex-
traordinary photonic modes in Subsection 3.1 one can see
that the structure Bloch wavevector possesses no real solu-
tion but only a pair of complex conjugate solutions. Conse-
quently, there exists no ordinary propagation mode but two
kinds of non-propagation modes, strong and weak propagation
modes. These two kinds of non-propagation modes are differ-
ent from the ordinary propagation mode and attenuation prop-
agation mode produced by vacuum/dielectric networks. Thus
the transmission and reflection spectra of the PTSPTOWN
are completely different from those of vacuum/dielectric net-
works. Secondly, for photons there exists no single gain and/or
loss mode, but only resonant coupling effect on photonic
modes. Furthermore, compared with reported PT-symmetric
optical systems, when EM waves propagate in the PTSP-
TOWN, it will produce multi-quantum coherent superposi-
tion, which will further strengthen the aforementioned reso-
nant coupling effect, then the ultrastrong extraordinary trans-
mission and reflection are generated.

In order to investigate the resonant coupling effect of gain
and loss in PT-symmetric networks, we compare the transmis-
sivity and reflectivity in PT-symmetric networks with those in
the networks composed of single gain and loss materials. Thus
we calculate the transmissivity and reflectivity of the periodic
triangle networks composed of single gain or loss materials,
whose refractive indices are nGain = nSiO2 −8.809×10−9ι or
nLoss = nSiO2 + 8.809× 10−9ι , respectively. From Fig. 4(a)
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one can see that the transmissivity of the network composed
of single gain material (the blue thick dashed line) is approxi-
mately 1.0001, and that of the network composed of single loss
material (the green thin dotted line) is approximately 0.9998.
The network composed of single gain materials generates an
extraordinary transmission which is greater than 1.0, but it is
far less than the ultrastrong extraordinary transmission gener-
ated by the PT-symmetric network with the same imaginary
part which arrives at the order of 1011. The network com-
posed of single loss materials generates a transmission which
is smaller than 1.0, but it is much bigger than the transmission
generated by the PT-symmetric network with the same imagi-
nary part which arrives at the order of 10−12. From Fig. 4(b)
one can see that the reflectivity of the network composed of
single gain (the blue thick dashed line) or loss (the green thin
dotted line) materials arrives at the order of 10−14; it is far
less than the reflection produced by the PT-symmetric net-
work with the same imaginary part which arrives at the order
of 1011. It means that the gain and loss effects for transmis-
sion and reflection in the single gain or loss materials are far
smaller than those in the PT-symmetric network; furthermore,
we set the imaginary part of the gain or loss material to be very
small (only 10−9 order), so the pure gain or loss effect is very
weak.

For this reason, in PT-symmetric networks, the gain or
loss effects of both single gain and loss materials are all neg-
ligible and play a very minor role; they will neither cancel
nor weaken each other, but both couple and strengthen each
other under the multiple coupling effects of gain and loss ef-
fects. The gain and loss materials in each PT-symmetric opti-

cal waveguide together form a coupled resonator system. This
system creates a strong resonant coupling effect for the pho-
tons propagating through the network, resulting in sharp reso-
nance peaks and valleys in the spectrum. Their resonant fre-
quencies are determined by the network structure. Because of
the noncommutability of EM wave propagation, the resonance
peaks for left- and right-incident do not coincide with each
other. In addition, the quantum coherence superposition effect
inherent to PT-symmetric networks can strengthen the mech-
anism of resonant coupling, leading to a more pronounced ef-
fect. Therefore, it can generate ultrastrong extraordinary trans-
mission and reflection in PTSPTOWN.

Our further research shows that the ultrastrong extraor-
dinary transmission and reflection at the extremum bound-
ary points of photonic modes are also closely related to the
number of unit cells. As examples, we calculate the trans-
mission/reflection for left-incident EM waves at the extremum
boundary points of photonic modes in the PTSPTOWN with 1
to 8 unit cells and list the results in Table 1.

Table 1 illustrates the evolution of transmission and re-
flection at the extremum boundary points of the photonic
modes as the number of unit cells increases. In the left column,
both the transmissivity and frequency of the peaks decrease,
meaning the peaks diminish and shift toward lower frequen-
cies. The middle column shows that while the transmissivity
of the valleys decreases, their frequency remains constant at
412.17210205 THz. Similarly, the right column indicates that
the reflectivity and frequency of the peaks also decrease, re-
sulting in the peaks that are likewise shifted to lower frequen-
cies.

Table 1. Transmissions/reflections of PTSPTOWN at the extremum boundary points of photonic modes for different unit cell numbers, where N
expresses the unit cell number, Tpeak and νTpeak express the transmissivity and frequency of the left-incident transmission peak, Tvalley and νTvalley
express the transmissivity and frequency of the left-incident transmission valley, and Rpeak and νRpeak express the reflectivity and frequency of
the left-incident reflection peak.

N Tpeak(νTpeak ) Tvalley(νTvalley ) Rpeak(νRpeak )

1 8.76×1011(412.17210025) 3.77×10−12(412.17210205) 8.76×1011(412.17210025)

2 4.79×1011(412.17209848) 6.19×10−12(412.17210205) 4.79×1011(412.17209848)

3 4.82×1011(412.17209670) 2.16×10−13(412.17210205) 4.82×1011(412.17209670)

4 1.37×1011(412.17209493) 1.55×10−13(412.17210205) 1.37×1011(412.17209493)

5 6.04×1010(412.17209316) 7.78×10−14(412.17210205) 6.04×1010(412.17209316)

6 2.96×1010(412.17209141) 6.89×10−14(412.17210205) 2.96×1010(412.17209141)

7 1.62×1010(412.17208962) 3.87×10−15(412.17210205) 1.62×1010(412.17208962)

8 9.46×109(412.17208785) 5.06×10−15(412.17210205) 9.46×109(412.17208785)

3.4. Effective refractive index

In order to investigate the mechanism of the ultrastrong
extraordinary transmission and ultraweak transmission pro-
duced by the PTSPTOWN, we take example by the mech-
anism of the extraordinary transmission created by photonic
crystals by introducing effective refractive index.[42,43] It is
well known that the transmission coefficient t and transmis-
sivity T of an optical waveguide network satisfy the following

relationship:

t =
√

T eιΦt = eι
ωneffL

c , (10)

where the total cumulative phase Φt = arctan(tI/tR)±mπ , m
is integer. tI and tR are the real and imaginary parts of the
transmission coefficient, respectively, L is the effective length
of the network, neff is the effective refractive index and can be
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expressed as follows:

neff = η + ιγ, (11)

where 
η =

cΦt

ωL
,

γ =−c lnT
2ωL

.
(12)

Obviously, η represents the effective phase of EM waves; γ

denotes the gain or loss effect for the amplitude of EM waves.
For photonic crystals, the group velocity of EM waves

is defined as vg-PC = dω/dk.[42,43] In our designed PT-
symmetric network, we change the refractive index, n, into
the real part of the effective refractive index, η , and redefine
the group velocity as vg-PT = d(2πν)/d(2πνη/c) = c/(η +

ν dη/dν). Taking the example of the definition of phase ve-
locity, vp = c/n, we simplify the expression of the group ve-
locity of PT-symmetric networks as

vg-PT =
c
ng

, (13)

where we call ng the group refractive index and define it as
ng = |η +ν dη/dν |.

In order to investigate the mechanism of the ultrastrong
extraordinary transmission produced by PT-symmetric net-
works, we numerically calculated the real and imaginary parts
of the effective refractive index and group refractive index of
the left-incident EM wave at the extremum boundary points of
the photonic modes of PTSPTOWN with one unit cell, respec-
tively. The results are shown in Fig. 5.

From Fig. 5(a) one can see that at the frequency of ν1 =

412.17210025 THz, there exists an ultrastrong transmission
peak whose value arrives at 8.76×1011; at the frequency of
ν2 = 412.17210380 THz, there exists an ultradeep transmis-
sion valley whose value arrives at 3.77×10−12. From Fig. 5(b)
one can see that at the frequency ν1, there exists a γ valley
whose value is −0.620; at the frequency ν2, there exists a γ

peak whose value is 0.613. Comparing Figs. 5(a) and 5(b),
one can see that the frequencies of the ultrastrong transmission
peak and ultradeep transmission valley precisely correspond to
those of the valley and peak of γ , respectively. It means that
the ultrastrong and ultraweak transmissions are, respectively,
caused by the total gain and loss effects of PT-symmetric ma-
terials and network structures, and it also demonstrates that
the definition of effective refractive index is suitable for PT-
symmetric networks and may be useful for explaining the gain
and/or loss transmission of PT-symmetric optical waveguide
networks.

From Figs. 5(c) and 5(d) one can see that at the frequency
ν1, there exists an ultrastrong peak of group refractive index,
whose value reaches ng = 1.385× 108 � 1.0. Then based
on Eq. (13) one can deduce that at ν1, the group velocity

of the EM waves propagating in our designed PTSPTOWN
is νg-PT ≈ 7.220× 10−9c� c. Obviously, it is a very slow
photonic group velocity, and this distinct slow light effect will
cause remarkable photonic accumulations, and consequently,
ultrastrong extraordinary optical transmission is produced.
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Fig. 5. Three kinds of spectra of left-incident EM waves at the ex-
tremum boundary points of photonic modes in PTSPTOWN with one
unit cell, where T is the transmissivity, γ is the imaginary part of
neff, ng is the group refractive index, ν1 = 412.17210025 THz, ν2 =
412.17210380 THz. (a) Transmission spectra. (b) γ spectra. (c) Group
refractive index spectra. (d) and (e) Enlarged diagrams of the left- and
right-sides of (c), respectively.

On the other hand, from Fig. 5(c) one can also see that at
the frequency ν2, there exists no obvious fluctuation, but from
Fig. 5(e), the enlarged diagram of Fig. 5(c) near the frequency
ν2, one can see a small fluctuation at frequency ν2 whose
peak value is ng = 0.2537 < 1.0. Then based on Eq. (13)
one can deduce that at the frequency ν2, the group velocity
of the EM waves propagating in our designed PTSPTOWN
is νg-PT ≈ 3.942c > c. Obviously, it is a fast photonic group
velocity, and this fast light effect will cause a remarkable pho-
tonic loss effect.

In brief, the step of the imaginary part of the effective
refractive index exactly corresponds to that of transmissiv-
ity. It means that the definition of the effective refractive in-
dex is suitable for PT-symmetric optical waveguide networks,
and just as in general media/photonic crystals, the imaginary
part of the effective refractive index of PT-symmetric optical
waveguide networks still corresponds to the total gain and loss
effect of the network. However, the step of the real part of the
effective refractive index does not exactly correspond to that
of transmissivity. It means that the real part of the effective
refractive index of PT-symmetric optical waveguide networks
does not correspond to the total photonic phase of the network.
We think the reason is as follows. In a PT-symmetric network,
the waveguide connections among nodes are very complex,
and then when EM waves propagate in the system, the quan-
tum coherent superposition effect may lead to the effective
phase of the total network being complex and random; slow
photonic group velocity and the corresponding slow light ef-
fect are certain, but fast photonic group velocity and the corre-
sponding fast and/or super-fast light effect are disordered and
uncertain.
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Furthermore, a relationship exists between the transmis-
sion and reflection in PT-symmetric systems, as shown in
Ref. [19]:

√
RLRR = |1−T |. When T � 1, the product of the

left and right reflectivities equals the square of the transmis-
sivity, i.e., RLRR = T 2. Although the non-reciprocal nature
of PT-symmetric systems results in RL 6= RR, an ultrastrong
transmissivity peak (with T � 1) is always accompanied by
ultrastrong reflection at the same frequency. Therefore, the
correspondence between the imaginary part of the effective re-
fractive index and ultrastrong transmission is completely anal-
ogous to its correspondence with ultrastrong reflection.

4. Conclusions
In this paper, we design an interesting PTSPTOWN, in-

vestigate the ultrastrong extraordinary transmission and reflec-
tion, and try to explain the mechanism of the extraordinary op-
tical characteristics by means of effective refractive index and
group velocity.

First, we investigate the photonic modes in PTSPTOWN.
It is found that periodic PT-symmetric networks are better than
aperiodic PT-symmetric networks. In a variety of coupling ef-
fects, the photonic modes in PT-symmetric networks consist
of two kinds of non-propagation modes with coexisting gain
and loss in the total range of frequency. As a result, we reclas-
sify the photonic modes to obtain extremum boundary points
of photonic modes which generate ultrastrong extraordinary
transmission and reflection. This method is more concise and
rigorous than that in aperiodic PT-symmetric networks.

Second, we numerically calculate the ultrastrong extraor-
dinary transmission and reflection generated by PTSPTOWN.
It is found that, at the extremum boundary points of pho-
tonic modes, the EM wave can generate ultrastrong extraor-
dinary transmission and reflection, which are more than 6 or-
ders of magnitude greater than that of aperiodic PT-symmetric
networks. From the perspective of physical mechanism, EM
waves propagating in the PT-symmetric system formed by ma-
terials with complex-conjugate imaginary parts of the refrac-
tive index produce intense resonance, which further induces
the slow light effect. Meanwhile, the resonant enhancement
together with the gain leads to the accumulation of photonic
energy. These peculiar phenomena and properties are con-
ducive to the design and development of extremely narrow fil-
ters, optical switches, high-efficient photon storage, and other
all-optical devices.

Finally, we introduce the effective refractive index of PT-
symmetric networks and explore the relationship between the
real and imaginary parts of the effective refractive index and
the ultrastrong extraordinary transmission. It is found that the
gain and loss effects defined by the imaginary part of the ef-
fective refractive index directly correlate with the ultrastrong
extraordinary transmission. In contrast, there is no definite

corresponding relationship between the group velocity defined
by the real part of the effective refractive index and the ultra-
strong extraordinary transmission. We believe that this is due
to the complex quantum coherence effect of the PT-symmetric
network; the phase generated by EM waves in a PT-symmetric
network is more complex than that of a PT-symmetric opti-
cal system with a single optical path. Therefore, the effective
phase of the whole network is very disorganized. These find-
ings deepen people’s understanding of photon propagation in
artificial microstructures and provide insights into the relation-
ship between extraordinary optical properties, effective refrac-
tive index, and group velocity.
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