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The present study aims to integrate and explore optical solitary wave solutions within the framework of the high-
order fractional dispersive extended nonlinear Schrodinger model (FDENLSM), a refined mathematical formulation with
wide-ranging applications in nonlinear physics, optical communications, and field theory. By utilizing three contemporary
computational approaches, namely, the modified Sardar sub-equation method, the new Kudryashov approach, and the
improved F-expansion method, we obtain and systematically analyze a rich spectrum of optical soliton structures, including
dark, singular, bright, periodic, exponential, rational, and composite forms. Furthermore, distinct wave patterns such as W-
shaped, bell-shaped, peakon, and mixed trigonometric—hyperbolic solitons are also investigated. The study extends to
the examination of modulation instability and gain spectra of the FDENLSM, providing deeper insight into the system’s
nonlinear characteristics. To vividly signify the obtained results, contour and density maps are presented in both two- and
three-dimensional perspectives. The outcomes of this research contribute significantly to the understanding of complex
nonlinear propagation phenomena, offering valuable analytical tools for researchers working in plasma dynamics, fiber

optics, and related nonlinear systems.
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1. Introduction

The scientific description of complex manifestations
across many systematic fields is made possible by nonlinear
partial differential equations (NLPDESs), which are essential
for providing careful insight into the intricately evolving char-
acteristics of natural systems.!!! In contrast, NLPDEs suggest
solutions that are opposite to those of their linear counter-
parts. These NLPDEs defy direct superposition rules, lead-
ing to an increasingly complex range of dynamics, including
bifurcations, chaos, and intricate spatiotemporal patterns.?!
Through the cooperation of nonlinear components, these mod-
els demonstrate a variety of physical phenomena, such as
fluid dynamics, heat transfer, and optics, where the nonlin-
earity of fundamental physical principles is manifested. The
analysis and study of nonlinear partial differential equations
deepen our theoretical understanding of complicated struc-
tures and reveal crucial insights into their evolving behavior.
Such analysis is very important for the interpretation, predic-
tion, and monitoring of different real-world phenomena.>4!
Numerous phenomena, such as optics, nonlinear fibre optics,
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plasma physics, engineering, and physical effects in fluid dy-
namics, can be effectively characterized by NLPDEs.>~7] The
nonlinear Schrddinger equation (NLSE) is a fundamental tool
in many scientific fields and technical applications. In com-
munication systems, the NLSE is essential for simulating the
propagation of optical pulses through optical fibres. Engineers
can forecast and improve the performance of optical commu-
nication systems, including pulse shaping, nonlinear effects,
and signal dispersion, by solving the NLSE. The NLSE plays
an important role in many scientific and engineering domains,
such as quantum mechanics, optics, laser technology, ultra-
cold physics, and biology.!®?! Numerous scientific and tech-
nical fields are advanced by its solutions, which also provide
valuable insights into the behavior of complex systems gov-
erned by nonlinear wave equations.

An area of mathematics known as fractional calculus
(FC), which deals with derivatives and integrals of non-integer
order, is also very important in a variety of scientific fields
and engineering applications. The behaviors of many natural
systems and processes are too complex for traditional integer-
order calculus to accurately represent. A strong mathematical
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foundation for simulating intricate events with memory, long-
range interactions, and non-locality is offered by FC. Non-
local effects are captured by FC, meaning that a system’s cur-
rent state depends on its historical performance over a span of
time or space. Numerous physical systems, including frac-
tional diffusion processes, fractional Brownian motion, and
porous medium flow, exhibit this characteristic. Many dynam-
ical systems show complex behaviors involving long-range
interactions and memory effects. Its applications span from
basic research to useful engineering solutions, pushing the
boundaries of industry, science, and technology.1"!

In many areas of physics, such as condensed matter
physics, Bose-Einstein condensates, plasma physics, and non-
linear optics, the NLSE is a fundamental partial differential
equation.!'!! The NLSE is often used to simulate how optical
pulses propagate through nonlinear optical fibers. It helps to
understand phenomena such as self-phase modulation, four-
wave mixing, and supercontinuum generation. Numerous ex-
tensions and generalizations of the NLSE have been developed
to incorporate additional effects such as dissipation, higher-
order nonlinearities, and external potentials. These extensions
allow a more comprehensive description of physical systems
and enable the exploration of new phenomena. In the con-
text of the high-order NLSE, consideration of third-order dis-
persion (TOD) and fourth-order dispersion (FOD) terms be-
comes significant due to their impact on the dynamics of opti-
cal pulses in dispersive media.!'”) TOD and FOD terms intro-
duce additional complexities into the dispersion properties of
the medium. They can cause temporal spreading and distor-
tion of optical pulses as they propagate through the medium.
The presence of higher-order dispersion terms affects the sta-
bility, propagation, and interaction of these solitons, leading to
rich dynamics and novel phenomena. Consideration of third-
and fourth-order dispersion terms in the high-order NLSE is
essential for understanding the intricate dynamics of optical
pulses in dispersive media and for designing advanced opti-
cal communication systems and nonlinear optical devices.!!3]
To thoroughly analyze dynamics and apply NLPDEs to prac-
tical problems, analytical solutions are significant. Many
efficient techniques have been developed over time to con-
struct analytical solutions for NLPDEs. To better understand
real-world phenomena, some researchers have employed tech-
niques such as the Khater method,'*! the Sardar sub-equation
method, "] the modified exponential function method, %! Lie
symmetry analysis,[!”) the unified method, '8! the Hirota bilin-
ear method, ! the Heir equation method, (201 the Adomian de-
composition method,?!! the Nucci reduction method,? and
the Darboux transformation method.?*!

Despite the amount of study that has already been con-
ducted on the high-order FDENLSM, more comprehensive in-
vestigations combining various analytical techniques are ur-

gently needed to obtain accurate solutions.!** For address-
ing a broad spectrum of nonlinear phenomena, the accuracy
and diversity of these solutions are essential. By analyzing
the FDENLSM using the MSSE method, the new Kudryashov
methodology, and the enhanced F-expansion method, this
study seeks to bridge this knowledge gap. The primary goal
of this study is to investigate the high-order FDENLSM in
detail and propose practical methods for obtaining accurate
and reliable solutions. Additionally, the modulation instability
(MI) of the proposed model is examined; these investigations
have produced a large number of isolated findings that have
not been reported in earlier research.

The mathematical formulation of
FDENLSM equation is given by!?>:26]

the high-order

—%Dj;ff/x - i%l)i;ff/x - %Dﬁﬁz\
4 2 By
+@sA AL + @ AIAP +iDgEA =0, (1)

The function A = A (x,7) describes a temporally and spatially
dependent entity that encapsulates the complex envelope of a
nonlinear dispersive wave or pulse. Dﬁ,‘,ﬁ is the M-truncated
derivative. Here, ¢ and x denote the time and spatial propa-
gation coordinates, respectively. The amplitude profile of the
electric field is represented by the real component of A, while
the phase profile is represented by the imaginary part. The
second-order dispersion coefficient, denoted by 9, indicates
the group velocity dispersion as well as the extent to which
chromatic effects cause the pulse to spread. g» refers to the
nonlinear coefficient for the Kerr effect, which signifies the
nonlinear response and self-phase modulation. s is the TOD
coefficient. Also, the influence of TOD on pulse propagation
is determined by its magnitude. g is the FOD coefficient. For
the saturated nonlinear response term, the nonlinear coefficient
is 5. One can express a saturated nonlinear response of the
medium as a A|A|* nonlinear term proportional to |A|*. The
A|A|? nonlinear term proportional to |A|? defines the model’s
instantaneous Kerr nonlinearity, as in the NLSE. Several aca-
demics have recently investigated the NLSE using various un-
conventional methods. For instance, Akram er al.!?”! investi-
gated the perturbed NLSE arising in optics by combining the
enhanced F-expansion method with an alternative soliton so-
Iution. According to the authors, 23! the NLSE exhibits both
bright and dark solitons. Using nonlinear chromatic disper-
sion and extracting optical soliton solutions, Mathanaranjan
et al.'®! employed the new extended auxiliary equation ap-
proach for the NLSE. To discover solitary wave solutions, the
authors in Ref. [30] employed the innovative extended unified
auxiliary equation approach for the high-order NLSE.

The remainder of this article is structured as follows: Sec-
tion 2 presents the characteristics of the M-fractional deriva-
tive. Section 3 provides a brief overview of the selected tech-
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niques. Section 4 signifies how to apply the selected tech-
niques to Eq. (1) and obtain soliton solutions. The MI is pre-
sented in Section 5. The physical explanations of the devel-
oped solutions are explored in Section 6. Finally, Section 7
synthesizes the conclusions.

2. The M-truncated derivative

FC is extended by the M-truncated derivative, which in-
troduces a truncation parameter M. This parameter restricts
the influence of distant historical data on the computation of
the current derivative.

Definition The following is the truncated M-fractional
derivative*!! of order « for a function f : (0,00) — R

-«
D [0 = i 8B ~5®)
o>0 Vo<a<l, >0, (2)

where Eg(-) is a Mittag-Leffler function.

Theorem 1 Assume that & € (0,1], 8 > 0, and f = f(®)
and g = g(®@) are o-differentiable at a point @ > 0. Some
properties of the above-mentioned derivative are

(i) D%P(ag+bh)=aD%Pg+bD%Ph, Va, bR,

(ii) Df,,’ﬁ (¢) =0, where c is a constant,

(iii) DEP(g-h) = gDEP (h)+hDEP (o),

_ hyP (g) — gD (h)
(@)

Also, D%P (f(m)) = 222 4L

= 77T do> Where f(@) refers to a

differentiable function.

3. Mathematical prelimeriers of the selected
methods

We explain in this section the main methodologies and
steps for solving NLPDE:s.
NLPDE

Let us consider the fractional

G(v, D?,,’Jﬁv, Dg['fcv, D,‘;’gtv, Df,]’ng, <)=0. 3)

Assume the following transformation in order to obtain
the ordinary differential equation corresponding to Eq. (3)
r 1
v(x,r) =V(&), where § = %(xa +%%). 4
Here, V(&) represents the amplitude. Substituting Eq. (4) into
Eq. (3), we obtain

RV, V, V' -)=0. (3)

3.1. The MSSE method

The MSSE method plays a significant role in mathemati-
cal modeling, scientific research, and engineering practice by
offering a systematic, efficient, and versatile approach to solv-
ing equations.

Assume the trial solution of Eq. (5) as

VE) =10+ Y 5SE). 3 #0, ©)
=1

14

where (i = 0,1,2,---,n) is calculated later. The value of
the integer n can be determined using the balancing theory in
Eqg. (5). From Eq. (6), the function S(&) satisfies the following
differential equation

(S'(E)*=po+piS(E)* +pS(E)*, ©)

where pg, p1, p2 are unknowns.
Following are the results of Eq. (7) along with a constant

i @) If po =0, p1 > 0 and p, # 0, then
S\(E) =+ [Pl (vpilE+T). ®)
SiE) =+ [Blech(vmiE D). O
(ii) For constants g1, g2, po =0, p; >0and p, =4 x g X
g2, then
83(8) = +(4g1v/p1)/ [ (4¢1 — p2) sinh (Vi (€ +7))
+ (4g} = pa) cosh (VPi(§ +7)) |- (10)
(iii) For constants ry, rp, po = %, p1 <0 and p; >0,
then

84(5)1\/?1)12tanh (ﬁ(éﬂ)), (11)

Ss(€)==+ —%coth(,/—’;(€+r)>7 (12)
p P
Se(E) =+ —Zplz{tanh< —21(§+r)>
+isech(«/2p1(<§+‘c))} (13)
_ p1 p
S(E)== —sz{tanh<1/—81(<§+r)>
+icoth(1/—%l(§+f))}, (14)
< _i@[\/r%w%—ncosh(m(é+r>>}
3(6) = risinh (v/=2p1 (& + 1))+ 12 ’
(15)
R —4-cosh (v=2p1(§ + 7)) o
) = R I E )+ (1o
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(iv) If pp =0, p; < 0 and p, # 0, then

sm@)=i\/—%sec(\ﬁ—pl<é+r>), (17
S1(8) =4/~ Trese(VopiE+D).  (8)

2
W If po = 4=, p1 > 0and p, > 0 and rf — 13 > 0, then

—z%tan (\/§(§+r)), (19)
S13(8) ::I:\/gcot(\/f(§+’c)), (20)

Su(E) =+ —j,jz[tan(@@m)
—sec(ﬁn(éﬂ))} @)

5is() =/~ E [un (26 )
_ o (\/f(g + ‘L')) } , 22)

j:\/:%[ rf—rg_r]cos(\/ﬂ(éﬂ))}

Si(é) ==+

SlG(é) = rl Sln(m(é +T)) +V2 ;(23)
eV e (VERIE ) 9
TV .
(vi) If pp =0, p; > 0, then
_ 4p1e\/ﬁ(5+f)
818(6) - :t 62\/ﬁ<5+7) 74p1p27 (25)
B 4p1e\/PT(§+T)
819(6) - :t 1 74[)1[)262\/[)71(&4»1) . (26)
(vii) If pp =0 and p; = 0 and p; > 0, then
1
S20(8) = imv (27)
i
S (8) = im' (28)

Substituting Egs. (6) and (7) into Eq. (5), and collecting
the coefficients of each power of S(£), we obtain a system of
algebraic equations with unknown variables. By setting these
coefficients to zero and solving the resulting system, the un-
known parameters can be determined. Finally, the exact solu-
tions of Eq. (3) can be obtained.

3.2. The new Kudryashov scheme

A quick glance at the new Kudryashov method is de-
scribed as follows:
We assume the trial solution of Eq. (5) as

v(§) = ;)1%7%(@", (29)

where ¥, 0 <i < N, represent unknown parameters to be cal-
culated, and the function R (&) satisfies the relation

Rg =R*(1-KkR?), (30)

and has the following form:

42

RE)=———, 31
(&) 402e8 + ket S
where A represents a constant. Equation (30) fulfills the fol-

lowing equations:

Ree =R —2kR°,

Reee = Re — 6KR* R,

Reeee = R—20kR° +24K°R°,

Recece = Re —60kR*Re + 120K°R*Re.  (32)

By applying the balancing theory in Eq. (5), the value of
the integer n can be determined. Substituting Eqgs. (31) and
(30) into Eq. (5), and collecting the coefficients of each power
of R(&), we obtain a system of algebraic equations with un-
known parameters. By setting these coefficients to zero and
solving the resulting system, the unknown values can be de-
termined, and finally, the exact solutions of Eq. (5) can be ob-
tained.

3.3. The improved F-expansion scheme

Due to its effectiveness, adaptability, and ability to pro-
vide both exact and approximate solutions for nonlinear PDEs,
the improved F-expansion method is significant. It serves as a
useful tool for researchers in various fields because it supports
and simplifies theoretical analysis.

Assume the trial solution of Eq. (5) as

N N
(&) =20+ ) Ailm+F(&)) + Y wlm+F(E)™, (33)
i=0 i=1

where ¥; and A; are not zero at the same time. The following
cases are obtained from Eq. (33):

F(&)=q+TF&), (34)

where ¢ is a constant.
The results of Eq. (34) are as follows:
Case-11f g < 0O, then

F1(8) = —v—qtanh(v/=¢¢), (35)
F2(8) = —v/—gcoth(v/=4¢). (36)
Case-I1 If g > 0, then
F3(6) = Vqtan(y/48), 37)
Fa(&) = —v/qcot(y/48). (38)
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Case-III If g = 0, then
Fs5(&) = —%. (39)

The balancing theory can be applied to Eq. (5) to deter-
mine the value of the integer n. Substituting Eqgs. (33) and
(34) into Eq. (5), and collecting the coefficients of each power
of F(&), we obtain a system of algebraic equations with un-
known parameters. By setting these coefficients to zero and
solving the resulting system, the unknown parameters can be
determined. Finally, the exact solutions of Eq. (5) can be ob-
tained.

3.4. Comparison of the selected methods:
and distinctions

applicability

Although the three approaches share the same travelling-
wave reduction, they differ in their solution ansatz, auxiliary
equations, and the resulting functional families:

MSSE method constructs solutions as polynomials in an
auxiliary function S(&) satisfying a quartic first-order ODE.
This structure naturally yields rich solution families, including
hyperbolic, trigonometric, mixed, exponential, and rational-
type forms. Its limitation is that it relies on a solvable auxiliary
ODE and balancing conditions, and the algebraic complexity
may grow rapidly for higher-order models.

New Kudryashov scheme expands the solution in terms
of R(&) satisfying R% = R*(1 — kR?), which typically pro-
duces rational-exponential profiles and is well suited for bell-,
peakon-, and exponential-type solitary patterns. Its drawback
is that the admissible wave families are restricted by the spe-
cific structure of R(&), so some oscillatory families may not
appear unless the ansatz is further generalized.

Improved F-expansion scheme uses a mixed posi-
tive/negative power expansion in (m + F(&)) with F'(§) =
g+ F*(&), providing a unified approach to periodic (trigono-
metric), hyperbolic, and rational solutions depending on the
sign of g. Its limitation is that parameter constraints can be-
come restrictive, and some solutions may degenerate for spe-
cial choices of m and q.

Overall, the three methods are connected through the
same reduction to an ODE, but they are complementary be-
cause each ansatz emphasizes a different auxiliary structure
and therefore generates different classes of waveforms.

Remark on the role of Sections 3 and 4 Section 3 sum-
marizes the general algorithms of the three solution techniques
for a reduced travelling-wave ODE. In contrast, Section 4 ap-
plies these algorithms to the FDENLSM by using the complex
wave transformation, reducing the fractional PDE to an ex-
plicit ODE, and then deriving method-specific parameter con-
straints and solution families. Hence, Section 4 is not a repe-
tition of Section 3; rather, it provides the problem-dependent
implementation that produces the closed-form wave structures
reported in the subsequent sections.

4. Wave transformation of FDENLSM

To obtain general and widely used explicit soliton solu-
tions for the studied model, we employ the three previously
mentioned methods in this section. Using the following wave
transformation

A=0(E)el?, (40)

DB (o g ), @ = DD (por  gp gy
The functlon O (&) represents the amphtude component,

where £ =

and the function ¢ denotes the phase component. Here, 1, J,
and &; represent the wave number, frequency, and speed of the
solitary waves, respectively. When the complex wave assump-
tion is substituted into Eq. (1), it can be separated into real and
imaginary parts:

Remark The representation A = @(&)e'? corresponds
to the standard amplitude—phase (polar) form of the complex
optical field, where @ (&) represents the wave amplitude and @
denotes the phase of the optical envelope. In nonlinear optics,
the modulus |A|
propagating pulse, while ¢ governs the nonlinear phase evo-

= @ describes the intensity envelope of the

lution arising from dispersion and Kerr-type nonlinear effects.
After substituting this expression into the governing equation,
the resulting relation becomes complex. Separating the real
and imaginary parts is therefore a standard mathematical pro-
cedure that yields the coupled amplitude and phase evolution
equations describing nonlinear wave propagation

Re: ©(248 — 1240, + 405 + ) — 244507 + 2,0
— 24,03 + (12 — 1203 — 642,)0" =0, (41)

Im: 4(03+ )00 —4(6p — 60, + 303+ 2,)0 =
Consequently, we obtain

—0,0°+06,0% + 650" + 610+ 0% = 0. (42)

where p = —¢ (=61 + 305 + @), 5 = —, O =
—88-+4 01+ o5 201 +o4 4
T 8 2T T 5 BT T, 0 04T o

4.1. Application of the MSSE method

N =1 can be obtained by applying the balancing prin-
ciple between the highest power of the nonlinear term @7 in
Eq. (42) and the highest-order derivative @), Thus, using
Eq. (6), we obtain

0&)=n+nsSE). (43)

Substituting Egs. (43) and (7) into Eq. (42), we obtain
an algebraic system of equations by collecting the coefficients
of different powers of S. Solving this system, the following
solution set is obtained
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Family-1
VP2V oo 1 10 v, P D@
{}’o -0, 7 — o o — o (5P +3) 4, & ~ 51 (9P1 10p; — 12pop2 —3) o4 N

Substituting these values into Eq. (43), we determine abundant solutions for the high-order (14 1) DENLSM.
o If pg =0, p; >0, and p, # 0, bright and singular solutions are obtained

Cluster 1
—prvpay@isech |6+ 9 20— §(5pr + 30
Ani(xt) = e
F(ﬁ+1){t°‘ [9”12’10”'2’412”0”2*3{04 (P zl&gf] o }
X exp .
Cluster 2
V- BrvPeseh (i (§ +7))
AI_VZ(X,I) = m
ir(g+1) {ta [9’312710”'2;12”0”2’3((04 (p1 z?/gr] }
X exp .

e For constants g1, g2, po =0, p1 > 0, and p» = 4g1g2, the combo soliton is obtained as:
Cluster 3

Avs(ot) = 481\/P1/P2v/ §4
o V$25(4¢3 — p2) (sinh(,/p1(& + 7)) +cosh(/p1 (& + 1))

9p7—10p; —12pgp2—3
r'(B+1) {ta [ Pi Pl24 Pop2 on— (1 21\)/@f] }

X ex
P o

2
e For constants ry, 1y, pp = p1 <0, and pp > 0, dark and singular soliton solutions are obtained as follows:

4P2
Cluster 4
- g;\ﬁ«/({mtanh( f”)
Aralnt) = V265
—10p; —12ppr—3 (p1=D) @2/
C(B+1)4r |2 21—
o[ T [P ] )
Cluster 5
/=B yPz/ncoth (YRUED) )
Alﬁs(x,l) = ﬂ“p
S
1 —10p; —12pppr—3 (P =D VP
F(BJrl) 1o 9pi s —
o[ TP ] )

The combo-form soliton is given as follows:
Cluster 6

Mf\ﬁ(tanh( \/,5” )+1sech (\[ﬁ(g‘f'f)))
V2395
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1F(B+1){t"‘ [9P12*|UP12;]2P0P2*3W4 (p1— 1JOzW] }

X exp o S
Cluster 7
5 V=P1(E+1) V=P1(§+1)
\/j\/»f(tanh( >3 )+coth( 2'\/5 ))
A1,7(xat) = 2\/54 17
2_ _ _
F(B+1){t°‘ [9p1 109112023 () (py ;}@F] e }
X exp o
Cluster 8
paen _%\/ﬁzm(m—r] cosh (\/5\/—71)1(544)))
1.8 X,t) =
V2 (risinh (V) pi(E 1)) + 1)
2_ _ _
F(B+l){t°‘ [9/31 10p1 1200023 () (py ;\}@F] T }
X exp o
Cluster 9
oy Vo BVEEECn (Vav=pi(g+1))
Al,9 xX,t) =

V25 (sinh (V2y=pi (€ +1)) +1)

2_ — —
F(ﬁ+1){¢a [9p1 10’)12412’)0/32 2o 2 zl}gr] +x }

X ex
P o

o If po =0, p; <0, and p # 0, trigonometric-form solutions are obtained as follows:
Cluster 10

—BL P2/ rsec (v=pi (& + 1))

Aro(x,1) = T

. 7—10p;—12pppr—3 (P1=1) V4

ir(B+1){r |22 25— +x

o O P ] )
Cluster 11
— /P2y prese (vV=pi(€ +1))
Al,ll(xvt) = \4/(@75
2 10p _
F(ﬁ+1){t°‘ {9P1 1091241290P2 3({04 (1 ;\)/@F} }

X ex
P (04

elfpo=y :2, p1>0,p2 >0, and rI — r2 > 0, the trigonometric solutions are obtained as follows:
Cluster 12
f\ﬁtan ( ‘}HT))
Ara(x,t) = T
P(pe1) foe R o] )

X exp

(04
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Cluster 13

Bl /P2 y/preot (VELED)

Ar3(xt) =

V25
2_ _ _ _
ir(B+1) {t(x {9P1 10P12412P0P2 3104_ (p1 21\)/%\/@} +xa}

X ex
P o

The mixed trigonometric-form solution is given as follows:

Cluster 14
V=B vy (tan (V2yPi(E +7)) —see (V2ypiE+7)))
A],14(-x7t) = \/§4p
5
ir(B+1) {ta [9P|2—10P12;1290P2—3JO4_ (pl—%%ﬂ} +x°‘}
X exp o
Cluster 15
e BT () o (35)
1) =
1,15(X 22 s
ir(ﬁ_+1){ta{99?*wp522mmzf3ﬁh<_(przygg%ﬂ}_%xa}
X exp o
Cluster 16
pten \ﬁ%@m(\/ﬁ—rlcos(ﬁ\/ﬁ(é-&-f)))
1,16\X,1) =
V25 (risin (V2ypi(E +7)) +1)
. 2—10p; —12ppp2—3 (Pr=D@vVen a
ir(B+1){re |22 25— +x
X exp { [ = o e ] }
Cluster 17
\/T%\/pjmcos (ﬁm(ﬁ +T))
Arpr(x,t) =

NN (sin (ﬁm(g + r)) - 1)

2_ _ _ _
ir(B+1) {toc {9P1 10P12412P0P2 3(@47 (P1 21\)/%\/@} +xoc}

X exp

o

o If pp =0 and p; > 0, an exponential solution is obtained as follows:

Cluster 18
Al = o1 E B pi(E £ 7)
o Vs [exp(2y/P1 (& + 7)) —4p1p2]
iF(ﬁ + 1) {t(x {9P12*10912;1290P2*3((04_ (Plle\)/%\/@} +xa}
X exp p
Cluster 19
_Apiyp/sexp(y/Pi(€ + 1))
Ar9(x,t) =

Vs [1—4p1p2exp(2/p1 (€ +7))]
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(Pr=D@ven

2_ _ _
rg+1) {t“ [9"1 01— 1200p 3 05,

i

2Vps

X exp

e lf po=0,p;
Cluster 20

(04

=0, and p; > 0, rational solutions are obtained as follows:

10p1 —12pppr—3

(P1—D)@2v/4

(63)

; r(+1) o[22
M) — {r

24 2 — 2V 25

)

(64)

X exp

Vi5(& +7)

Cluster 21

(04

10p; —12pypy —3

(Pr=D@r Ve

o r(g+1){e [9"'2‘

Arp1(x,1) =

b} N

o

X exp

V#s(&+17)

T(B+1)(ur*+x%) )

where & = a

4.2. Application of the new Kudryashov scheme

According to the new Kudryashov method, Eq. (29) gives
0(s) =

(04

Yo+ HR(E),

(65)

(66)

where ¥y and ¥} are constants. Substituting Eq. (66) and Eq. (31) into Eq. (42), we obtain the following results:

Family-I
K2/55
By — 0, B — VI

(12401 + T ) /5

{ T (410 + 1) —

e The peakon soliton solution is obtained as follows:
Cluster 1

473/
A],l(x7t) = p4

2412/5 S/ s

(B +4n)

@2

) ngz i

N <K+412exp (w

o

)

(120147 4) I/ 85

rp+ 1){ {4(!0&104

24x2/5 5/{04

3\5/@02/ >

]ta—i—,ut“-l-(l—l-i)xa}

} |

X exp

Family-IT

\f(\ﬁﬁ)
4ff\/ W“ ’

| EIE

22/3

83/ (V34+5) (10V34-59) kpor

2/3
2/3 Ky )
45x5 (— Ny

Vg —

21— —+ (5v34+33) o4, 5 —

e The exponential solitary wave solution is obtained as follows:
Cluster 2

960 i (‘

(04

7% 102/3 3/38343+/34+223575

3K
2

Al)z(x,l‘) =

L(B+1)( yra+\a)

1<—|—4}»2

24

rp+1)( ta+x)
2/ R (V34+5) 1/
+

7% 102/3 3/38343/344223575

960 KP4

2

3

F(ﬁ+1){

[_

—40(10v/34+63)

i (vV34+5)/° \3@\/@_

to‘+xa}

(67)

—40(10¢3?+63)>,

X eXp
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Family-ITI
5 Y 30, Y Ve | e e Ve ap
{19060 Yo T 0 0 T 20, 2?@2?/5_ 2447@1%_7 R
e The bell-shaped solitary wave solution is obtained as follows:
Cluster 3
4K/ o4
A3 (x,t) - 21 ( [3+1) (%42 ®)
V5 (4120 )
(30 Vs Vree” | e 1 .
P+ [ (A - Lol o e (14 e
X exp 2 (69)
o
4.3. Application of the improved F-expansion scheme
According to the improved F-expansion method, from Eq. (33), we assume that
1
O(E) = Ao+ M (F(E) +m) + =L (70)

F(&)+m

Substituting Eq. (70) together with Eq. (34) into Eq. (42), and collecting the coefficients of different powers of F (&), we obtain
the following algebraic system. Solving this system gives

Family-I:
/7 4/7
Ao — my ,AM— 0, — —w7
Vs vV 85
5q (1-29) V2
5o (-5 o U2
q 6 $ 2 NI
2V 1
— — —(10g+3) .
i~ ¢ (109 +3) 4
Case-I: For g < 0, the hyperbolic solutions are obtained as follows:
Cluster 1
Jon | m- m+q
T s =gtann (o)
A]J()C,l‘) = \4/@75
. 9p7—10p; —12pppy—3
iD(B+1) o | LR 20003 g (1R |yl
X exp _ n
Cluster 2
m2—|—q
4 —
. m— —qcoth(\/qu"(ﬁJré)(W“H“))
Alﬁz(x,t) = 7]
vV 85
. 9p7—10p; —12pppr—3
ir(B-+1) {ta [ Py Pl24 PoP2 on— (1 21\)/@\/7] 4 X }
X exp p (72)

Case-II: For g > 0, the trigonometric solutions are obtained as follows:
Cluster 3

o (m\ftan ( var ;3+1(1(ma+x )) _q)
%(er\/atan (fF(BM&(w“ﬂ“)))
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9p2-10p;—12 -3 1)
F(ﬁ 1) {t"‘ [ Pi P124 Pop2 on— (p1— 5 JOiv ] }
X exp

(04

Cluster 4
NI (m gcot (—ﬁr(ﬁﬂ‘iwﬂﬂa)) +61>
V75 [ vaom ()

9p2—10p; —12pgp2—
F(ﬁ—f—l){ta[pl 1P|241 PoP2 3(@4 (p1 ;\}@F] +x© }

A174(x,t) = —

X ex
P o

Case-III: For g = 0, the rational solution is obtained as follows:

Cluster 5
Arsur) = — Y @ulam+qU(B+1)(ue” +2%)
RACS m[mr(ﬁ+l)(uta+xa)_a]
2 — —
X ex F(B—H){ta [91)1 101’12412’)0’)2 3104 o 21\)/&r] +x* }
’ a
Family-II
2
A =0, n— —M7
m
A3(1=29)p  4q(69—5)—3
8 7 2m2 + 24 p“a
A5 10g+3 4
o — OJQOZ—QTWM [05—>mT‘£04,
0

Case-I: For g < 0, the hyperbolic solutions are obtained as follows:

Cluster 6
m-+q
A 1) = 1—
Le(et) = %o ( m? —my/—qtanh (ﬂﬂﬁ%)(ut%ﬂ)))
F(ﬁ + 1) {ttx [)“0(12m211)502 + 461(6612;5)*3 (@4} +xa}
X exp 2
Cluster 7

m? +q
A 1) = 1—
17(51) A"( 2 —my/=geoth (LB

r(B4+1) {ro [BUT02 1 W23 5] 4o}
(04

X exp

Case-II: For g > 0, the trigonometric solutions are obtained as follows:
Cluster 8

m2
Alvg(x,t) :).{) 1— T a
+m\ftan( var B+l % —4x ))

rg+1) { P [/15 12m22q 6q245) 3(@] +x°‘}

X exp
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Cluster 9

Arg(x,t) = 2o 1_ qcot( qF B+1 u;a+xa))
A2(1-29)@ | 4q(6g—5)—3 a
B + 1 a 2 ) +x
X exp { [ 2m > } } (80)
o
Case-III: For g = 0, the rational solution is obtained as follows:
Cluster 10
Ao (am+ql" (B +1)(ut* +x%))
Aro(x,t) = —
’ m (L (B + 1) (1% +x%) — 1)
2(1_
iD(B+1) {ro |00 2002 4 6092 5] 4 o)
X exp 81)
a
\
5. MI linear combination. Combining and substituting Eq. (85) into

In this part, we study the MI of the proposed model using
the linear stability analysis. MI is a phenomenon in nonlinear
systems where small perturbations to a continuous wave solu-
tion grow exponentially over time. The linear stability method
involves linearizing the governing equation around a continu-
ous wave solution and analyzing the growth rates of small per-
turbations using linear stability theory. This analysis typically
involves solving a linear eigenvalue problem to determine the
spectrum of growth rates associated with different perturba-
tion modes. Assume that the proposed M-fractional model has
the following stable solution: 3%

Alx,1) = age'®”. (82)

The real constant ag in this instance is arbitrary.
4 2

¢ = %‘?)F(M is obtained by substituting Eq. (82)

into Eq. (1). Taking into account the subsequent perturbed

stationary solution

(aggos +dbn) T (B+1)t*
o

A(x,t) = (ap+ €V(x,t)) exp ,

(83)

where V' signifies a fractional complex function. From

Eqgs. (83) and (1), the outcomes fulfil the following linear
equation:

24iD5PV + (964l o5 +48a322) (V + V")
— 4Dy PV — 4isDy PV — Dy Py =0, (84)

where * refers to the conjugate function, and hence Eq. (84)

has the following form:
V(x,1) = vy el (P01 py e =im®=ar®) (85)

where 1) denotes the complex frequency, @ is the real distur-
bance wave number, and v, v, denote the coefficients of the

Eq. (84) yields the following system of equations:

aip a2\ (vi\ _ (0O
(e o) (1) = (o) 0

4.4 3,3
2 4oty 4o’ o
48a0@+96610p5 F(ﬁ+1)4 F(B+1)3
a’n’m 24am
=0
Ty tren
9643 75 + 48ak 2, = 0,
964 25 + 8a3 g =0,
4.4 3,3
2 A I T A N
4020 o 24am
- —0. 87
WIS ®7)

When evaluating the determinant and setting the outcome to
zero, the relationship is obtained as follows:

a*nt @} —8an® (24 + @1 gos) T (B+ 1)+ 160*n°T
x(B+1)* [— 6ain o (2a3 s + @) +n ot + 12&7((03}

£19202T (B +1)° [2613112;01 (2d3 05+ ) — 3&52}
=0, (88)

The key to understanding modulation instability lies in the dis-
persion relation of the system, which describes how the wave
vector of perturbations depends on their frequency. In many
cases, the dispersion relation exhibits regions of anomalous
dispersion, where the group velocity is opposite to the phase
velocity. These regions are often associated with the onset of
modulation instability. By considering Eq. (88), we can ana-
lyze the dispersion relation of Eq. (1) as follows:

070503-12
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4P @y (B -+ 1)+ /02T (B+1)6 [@2n2os — 4u T (B+1)2] [or*n* oy — 4a2n2 @ (B +1)2 — 963 (20305 + ) [(B+1)*]
o= .

24r (B +1)0
(89)
Equation (89) yields the steady-state stability for Eq. (1) when
n°T(B+1)°e’n* @ — 4@ (B+1)* [a'n* o1 — 4o’ > 1T (B+1)° —96a5 (24505 + ) T(B+1)*] 20. (90)
The MI in Eq. (1) occurs when 1) is an imaginary wave number.
n°T(B+1)°e’n* @ — 4@l (B+1)* [a'n o1 — 40’ > L (B+1)° —96a5 (24505 + ) T(B+1)*] <0. (9D

MI is a fundamental nonlinear phenomenon that arises in various physical systems, and its analysis using the linear stability
method is essential for understanding its onset and dynamics. In Figs. 1 and 2, the modulation instability (MI) growth rate, or

gain, is found by the maximum absolute value of the imaginary part of the wave number. This can be done as follows:

/1= A e2ni (1 — 4g) — Aay T (B+1)°

92)

G(M) =2Im(w) =2Im | —

In this case, the MI gain is significantly impacted by the inci-
dent power ag.

It is worth noting that the fractional-order parameters o
and B play important roles in determining the stability char-
acteristics of the system. These parameters appear explicitly
in the dispersion relation and the modulation instability gain
spectrum through the factors involving I' (8 + 1) and the frac-
tional temporal scaling t*. Variations in & modify the effective

(@) a=1,

0.4 8=0.5
T 03}
)
E 0.2}
o~

0.1 | ||’

0.0 III |

-4 . 0 ] 4
n

rp+1)

temporal evolution of the perturbation modes, thereby influ-
encing the growth rate of instability. Similarly, the parameter
B affects the strength of the fractional operator through the
Mittag—Leffler function, which alters the dispersion balance
of the system. Consequently, different choices of (a, ) lead
to noticeable changes in the MI gain profiles, as illustrated in

Figs. 1 and 2.

(b) a=0.54, 3=0.5
0.8}

0.6}

0.4}

2 Im[G(m)]

0.2} ‘fl ri

anf—LL . I
-4 =3 0 2 4

n

Fig. 1. MI regions for different values of ap = {0.14,0.25,0.36}, with g =2.34, g» = 0.87, g3 = 0.13, g = 4.4, and o5 = 0.5 from

left to right, respectively.

[ (a) =04, : b) a=0.6, B=0.7
0.8 o 25 (b)
2.0}
= 0.6 =
B B
g 04- g 15'
£ £ 1o} | A\ /
o~ o~
L | | || osH | | \ vV o\
0.0} | | L oof L . _J LU
-6 -4 -2 0 2 4 -6 -4 -2 0 2 4 6

Fig. 2. Ml regions for different values of ap = {0.4,0.5,0.6}, with g, = 0.34, g = 0.7, g3 = 0.3, g = 0.4, and @5 = 0.5 from left to

right, respectively.
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6. Results and discussion

In this part, the unique contribution of this research is
synthesized by applying multifaceted analytical techniques,
namely, the MSSE method, the new Kudryashov approach,
and the improved F-expansion method, to the high-order
FDENLSM. Thus, by establishing the mentioned techniques,
we find novel soliton solutions such as bright, singular, combo,
dark, mixed trigonometric, periodic, W-shaped, bell-shaped,
peakon-shaped, exponential, rational, and hyperbolic solitary
waves. These thorough analyses of soliton solutions pro-
vide fresh insights into the applications of nonlinear disper-
sive waves when high-order chromatic effects are present. In
addition, these methods are used to create new soliton wave
patterns, which helps us explore the unique dynamical char-
acteristics and topological properties of solitary waves. For
evaluating the model’s physical properties, elucidating nonlin-
ear behavior, and confirming the precision of analytical meth-
ods, solitary wave solution graphs are essential tools. Also, the
MI of the governed model is investigated. The literature has
evaluated and compared these results with earlier findings ob-
tained from other approaches. A unique structure was shown
by Eq. (1); it searches for more interesting, broadly applica-
ble, and unique soliton waveforms. Physical interpretation is
the process of comprehending and elucidating mathematical
models or solutions in terms of actual physical processes or
events.

The three methodologies employed in this work provide

05

Im{A,4(x.4]
0.0

-0.5

ImiA (.1

complementary perspectives for analyzing the considered non-
linear model. The MSSE approach offers an efficient ana-
Iytical framework for constructing exact travelling-wave so-
lutions and identifying multiple families of nonlinear struc-
tures. However, its applicability generally depends on the ex-
istence of suitable auxiliary equations and balance conditions.
The neural-symbolic computational framework is useful for
verifying solution structures and exploring complex param-
eter regimes, although it may require careful parameter tun-
ing and computational resources. Finally, the dynamical and
graphical analyses provide important qualitative insight into
wave propagation and stability features, but they primarily of-
fer numerical or visual interpretation rather than closed-form
analytical expressions. Together, these approaches provide a
more comprehensive understanding of the nonlinear dynamics
of the proposed system.

The analytical solutions obtained in this study are visu-
alized in Figs. 3—16, which provide graphical representations
of the derived wave structures and illustrate the diverse non-
linear behaviors generated by the governing model. Figure
presents the bright-type soliton solution of Eq. (45) obtained
through the MSSE approach, representing a localized wave
packet with a concentrated amplitude peak. The combo struc-
ture of Eq. (47) is depicted in Fig. 4, showing the interaction
of different nonlinear modes within a single wave profile.
In Fig. 5, the dark-type solution of Eq. (48) is illustrated,

Im[Aq,1(x,t)]

Im[A44(x,8)]

-2

-4

-4 -2 0 2 4

Fig. 3. Physical visualization of the bright-type solution of Eq. (45) for pp =0, p1 = 0.6, p» = 0.7, o = 0.8, g = 0.9, o5 =0.5,

a=09,=04,7t=1,and u=0.6.
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describing a localized intensity dip propagating over a nonzero
background. Figure 6 demonstrates the hyperbolic-type solu-
tion of Eq. (50), which characterizes solitary wave propaga-
tion governed by nonlinear and dispersive effects. The peri-
odic soliton structure of Eq. (52) is shown in Fig. 7, indicating
regular oscillatory wave patterns in the spatial domain. Fig-
ure 8 displays the periodic W-form (or combo-type) solution
of Eq. (58), revealing a multi-peaked wave structure generated
by the interaction of periodic nonlinear components.

The exponential-type solution of Eq. (62) is presented in
Fig. 9, reflecting rapidly varying wave profiles controlled by
exponential growth or decay mechanisms. Figure illustrates
the peakon-type structure of Eq. (67), which exhibits a sharply
localized crest typical of peaked solitary waves. The periodic
solution of Eq. (68) is depicted in Fig. 11, representing reg-
ular oscillatory wave dynamics arising from the interplay of
dispersion and nonlinearity. Figure 12 demonstrates the bell-
shaped solution of Eq. (69), corresponding to a smooth local-
ized solitary wave profile. The singular solution of Eq. (72) is
illustrated in Fig. 13, showing the emergence of sharp ampli-
tude variations characteristic of singular wave structures. In
Fig. 14, the periodic wave pattern of Eq. (73) is displayed, re-
vealing repeating oscillatory structures in the wave field. Fig-
ure presents the dark-type structure of Eq. (77), highlighting
localized depressions within the wave profile. Finally, Figure
depicts the rational solution of Eq. (81), which exhibits alge-
braically localized wave patterns often associated with rational

-2

-4

-4 -2 0 2 4

wave dynamics.

These graphical illustrations confirm that the proposed
high-order FDENLSM can capture a wide spectrum of nonlin-
ear dispersive wave phenomena observed in modern nonlinear
physical systems.

To further interpret the obtained results from the perspec-
tive of nonlinear optics, the derived waveforms can be classi-
fied into several physically distinct solution families that cor-
respond to different propagation behaviors of optical pulses in
nonlinear dispersive media.

Bright, bell-shaped, and peakon solutions correspond to
localized high-intensity optical pulses formed when the non-
linear self-focusing effect compensates for group-velocity dis-
persion. Such structures are typical in anomalous-dispersion
regimes of optical fibers and represent stable soliton envelopes
used in pulse transmission and optical signal propagation.

Dark structures represent localized intensity depressions
on a continuous-wave background and are commonly as-
sociated with self-defocusing nonlinear media and normal-
dispersion regimes. These waves often describe phase defects
or intensity dips propagating through optical fields.

Periodic and trigonometric waveforms correspond to re-
peating oscillatory wave trains that arise from the interplay
between dispersion and nonlinear phase modulation. In non-
linear optics, such structures may represent modulated opti-
cal fields or intermediate states between continuous waves and
isolated solitons.

0.6
0.4
0.2}
0.0
-0.2
-0.4

Im[A 3(x,)]

Im[A4 3(x,1)]

-2

-4

-4 -2 [
X

Fig. 4. Physical visualization of the combo-type solution of Eq. (47) for po =0, p1 =0.44, g1 =1, go =2.4, ¢ = 0.8, 94 =0.9,

25 =—088,0=05,8=04,7=1,and u = 0.08.
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Im[A 4(x,1)]

b

ImiA4(x,t]

-2 L/

-4

-4

-4 -2 0 2 4
X

-4 -2 0 2 4

Fig. 5. Physical visualization of the dark-type solution of Eq. (48) for py = =2.7, pp =14, g =19, gu =18, os =05, 1 =1,
u=-096,0c=1,and § =0.9.

Im[Aq 6(x,8)]

X
Im[A46(x,1)]

-2

-4

-4

-4 -2 0 2 4

i -2 0 2 4
X
Fig. 6. Physical visualization of the hyperbolic-type solution of Eq. (50) for p; = —2.7, p» = 0.4, » = 0.9, g = 0.3, 5 = 041,
p=-02a=09,8=04 and T=—1.
Hyperbolic solutions represent strongly localized solitary waves formed through the balance between nonlinear and disper-
sive effects, describing stable optical pulse propagation in nonlinear transmission media. Singular solutions capture extreme-

gradient events and steep wavefronts, which may correspond to strong focusing regimes or instability limits in nonlinear optical
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systems where the field intensity changes abruptly. Exponential profiles characterize rapidly varying wave envelopes, often

associated with dispersion-dominated pulse reshaping or strong amplitude modulation during propagation.
Rational solutions exhibit algebraically localized structures that are often linked to rogue-wave-type optical events or

strongly localized bursts generated by modulation instability.

=
o

<
2

Im[Aq5(x,1)]
o
(=]

-2

-4
4 -4 -2 0 2 4

X

-4

-4 -2 0 2
X
Fig. 7. Physical visualization of the periodic W-form solution of Eq. (58) for p; = 0.9, p =0.82, ¢» = 0.5, o = 0.3, 5 = 2.21,
o=0.85 =02 u=-08and 7=0.1.

0.20

Im{A1 140,t] =
=
X
015 Z
S |
4 -4
4
2
- 0fo -
-2
-4 : -4
-4 -2 0 2 4 -4 -2 0 2 4

X X

Fig. 8. Physical visualization of the periodic W-form solution of Eq. (58) for p; = 0.9, p» =0.82, ¢» = 0.5, g4 = 0.3, 5 =2.21,
a=0.85 =02 u=-08and 7=0.1.
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ImiAg 180681 o

Im[A4 15(x,t)]

-2

-4

-4 -2 0 2 4

Fig. 9. Physical visualization of the exponential-type solution of Eq. (62) for py =0, p; = —2.99, p, =0.13, g = 0.5, ou =1,
os=171,00=1,=0.8, u =04, and 7= —0.1.
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Fig. 10. Physical visualization of the peakon-type solution of Eq. (67) for k =4A, A = 0.1, o = 0.4, ¢ = 0.8, g4 = 0.9, o5 = 0.5,

a=1,8=08, and u = 2.05.
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Finally, combo and W-form solutions illustrate the interaction or coexistence of multiple nonlinear modes within a single
wave envelope, which in nonlinear optics may correspond to bound-state solitons or multi-peak pulse structures influenced by

higher-order dispersion and nonlinear effects.
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Fig. 11. Physical visualization of the periodic-type solution of Eq. (68) for k =4A, A =0.7, g =0.5, g = —0.4, g =0.19, 95 = 0.9,
a=1,=0.8,and u =0.85.
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Fig. 12. Physical visualization of the bell-type solution of Eq. (69) for k =4, A = —=2.7, g0 = 0.5, ¢ = 0.4, g =2.9, 55 = 0.9,
a=1,B=0.5and u=0.5.
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Fig. 13. Physical visualization of the singular-type solution of Eq. (72) for g = —2.2, g» = —0.6, 2, = 0.7, g5 = 0.5, =1, § = 0.4,
u=0.6,and m = 0.44.
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Fig. 14. Physical visualization of the periodic-type solution of Eq. (73) for g = 0.9, g» = 0.7, g =2.62, gos = 1.5, u =0.9,m = 0.7,
a=1,and f =0.49.
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Fig. 15. Physical visualization of the dark-type solution of Eq. (77) for g = —0.09, A9 = 0.66, g = 0.1, g4 = 0.7, gos = 0.5, oo = 0.89,
B =0.78, u = —0.55, and m = 0.44.
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Fig. 16. Physical visualization of the rational-type wave structure obtained from Eq. (81) for ¢ =0, 29 = 0.7, ¢ = 0.89, g = 0.07,
5 =0.75,00=0.6, 3 =0.78, 0 =0.05, and m = 1.8.

This classification highlights how the employed analytical methods collectively reveal diverse nonlinear optical wave dy-
namics within the FDENLSM framework.
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7. Conclusion remarks

This study provides significant insights into the high-
order FDENLSM through multifaceted analytical techniques,
namely the MSSE method, the new Kudryashov approach, and
the improved JF-expansion technique. We have obtained dis-
tinct forms of soliton W-shaped, bell-shaped, peakon, hyper-
bolic, and mixed trigonometric wave solutions. Furthermore,
by employing the linear stability analysis method, the MI of
the M-FDENLSM has been explored, and the MI gain has
also been analyzed, demonstrating that the proposed model is
stable. The primary contribution of this work is to demon-
strate the versatility and efficacy of the aforementioned strate-
gies in providing accurate solutions to the governing model.
This study highlights the adaptability of the FDENLSM equa-
tion, which has practical applications in a number of domains,
such as fluid dynamics and nonlinear optics. In the future,
these analytical approaches can be extended to other higher-
order nonlinear models incorporating stochastic noise effects,
paving the way for more realistic and accurate representations
of complex physical systems. Furthermore, examining para-
metric variations and their effects on the dynamics of the sys-
tem can uncover more fascinating phenomena.

Acknowledgments

The authors extend their appreciation to the Deanship of
Scientific Research and Libraries at Princess Nourah bint Ab-
dulrahman University for funding this research work through
the Research Group Project (Grant No. RG-2025- 08).

References

[1] Zhu X, Xia P, He Q, Ni Z and Ni L 2023 Int. J. Bio-Inspired Comput.
21 106

[2] Akram S, Rahman M ur and Al-Essa L A 2025 High Energy Density
Phys. 57 101234

[3] Singh S, Sakkaravarthi K and Murugesan K 2023 Chaos Solitons Frac-
tals 167 113058

[4]

[5]

[6]

[7]
[8]

[9]
[10]
(11]
(12]
[13]

[14]

[15]
[16]

(171
[18]

[19
[20]

[21]

[22]

[23]
[24]

[25]
[26]
[27]

(28]
[29]

(30]

[31]
(32]

070503-22

Xing X, Han Y, Huang X, Chen W, Zhang Z, Liu M and Hu Q 2025
Adv. Funct. Mater. 35 19204

Xing X, Jiang Y, Huang X, Chen W, Wang K, Zhang Z and Liu M 2025
Ultrafast Sci. 5 0115

Cui X, Zhang Z, Liu M, Qi F and Liu W 2025 Chin. Phys. Lett. 42
100402

Rahman M ur, Akram S and Asif M 2025 Sci. Rep. 15 34652
Eskandari Z, Avazzadeh Z, Ghaziani R K and Li B 2025 Math. Methods
Appl. Sci. 48 7197

Zhang X, Yang X and He Q 2022 N. Am. J. Econ. Finance 62 101766
Rahman M ur and Akram S 2026 J. Appl. Anal. Comput. 16 1668

Du W, He Q, Cao T and Wu J 2025 Oper: Res. Lett. 63 107367
Tsolias G A, Decker R J, Demirkaya A, Alexander T J, Parker R
and Kevrekidis P G 2024 Commun. Nonlinear Sci. Numer. Simul. 125
107362

Li B, Zhang Y, Li X, Eskandari Z and He Q 2023 J. Comput. Appl.
Math. 426 115089

Arshed S, Akram G, Sadaf M and Khan A 2023 Opt. Quantum Elec-
tron. 55 922

Akram S and Rahman M ur 2025 Nonlinear Dyn. 113 32723

Shakeel M, Shah N A and Chung J D 2023 Ain Shams Eng. J. 14
101883

Akram S, Saidani T and Rahman M ur 2025 Math. Methods Appl. Sci.

Shagolshem S, Bira B and Nagaraja K V 2025 Nonlinear Dyn. 113
11999

Wang S 2023 J. Opt. 52 1602

Gulsen S, Hashemi M S, Alhefthi R, Inc M and Bicer H 2023 J. Com-
put. Appl. Math. 42 221

Yunus A O, Olayiwola M O, Omoloye M A and Oladapo A O 2023
Healthcare Anal. 3 100167

Yao S W, Gulsen S, Hashemi M S, Inc M and Bicer H 2023 Results
Phys. 47 106370

Shen Y, Tian B, Zhou T Y and Gao X T 2023 Nonlinear Dyn. 111 2641

Ndoungalah S, Deffo G R, Djine A and Yamgoue S B 2023 Chin. Phys.
B 32 110505

Ay N G and Yasar E 2023 Pramana 97 106
Zhang J R, Zhu F Y, Li W P and Shen Y J 2023 Phys. Scr. 98 085217

Akram S, Ahmad J, Sarwar S and Ali A 2023 Opt. Quantum Electron.
55450

Shehata M S and Bekir A 2023 Int. J. Mod. Phys. B 37 2350204
Mathanaranjan T, Hashemi M S, Rezazadeh H, Akinyemi L and Bekir
A 2023 Commun. Theor. Phys. 75 085005

Ali K K, Yusuf A, Alquran M and Tarla S 2023 Commun. Theor. Phys.
75 085003

Farooq K, Tedjani A H, Li Z and Hussain E 2025 Fract. Fract. 9 436

Ismael H F, Baskonus H M, Bulut H and Gao W 2023 Opt. Quantum
Electron. 55 303


http://dx.doi.org/10.1504/IJBIC.2023.130549
http://dx.doi.org/10.1504/IJBIC.2023.130549
http://dx.doi.org/10.1016/j.hedp.2025.101234
http://dx.doi.org/10.1016/j.hedp.2025.101234
http://dx.doi.org/10.1016/j.chaos.2022.113058
http://dx.doi.org/10.1016/j.chaos.2022.113058
http://dx.doi.org/10.34133/ultrafastscience.0115
http://dx.doi.org/10.34133/ultrafastscience.0115
http://dx.doi.org/10.1088/0256-307X/42/10/100402
http://dx.doi.org/10.1088/0256-307X/42/10/100402
http://dx.doi.org/10.1038/s41598-025-20839-4
http://dx.doi.org/10.1002/mma.v48.7
http://dx.doi.org/10.1002/mma.v48.7
http://dx.doi.org/10.1016/j.najef.2022.101766
http://dx.doi.org/10.1016/j.orl.2025.107367
http://dx.doi.org/10.1016/j.cnsns.2023.107362
http://dx.doi.org/10.1016/j.cnsns.2023.107362
http://dx.doi.org/10.1016/j.cam.2023.115089
http://dx.doi.org/10.1016/j.cam.2023.115089
http://dx.doi.org/10.1007/s11082-023-05137-5
http://dx.doi.org/10.1007/s11082-023-05137-5
http://dx.doi.org/10.1007/s11071-025-11780-2
http://dx.doi.org/10.1016/j.asej.2022.101883
http://dx.doi.org/10.1016/j.asej.2022.101883
http://dx.doi.org/10.1007/s11071-024-10697-6
http://dx.doi.org/10.1007/s11071-024-10697-6
http://dx.doi.org/10.1007/s12596-022-01065-x
http://dx.doi.org/10.1016/0377-0427(92)90076-A
http://dx.doi.org/10.1016/0377-0427(92)90076-A
http://dx.doi.org/10.1016/j.health.2023.100167
http://dx.doi.org/10.1016/j.health.2023.100167
http://dx.doi.org/10.1016/j.rinp.2023.106370
http://dx.doi.org/10.1016/j.rinp.2023.106370
http://dx.doi.org/10.1007/s11071-022-07959-6
http://dx.doi.org/10.1088/1674-1056/acc44f
http://dx.doi.org/10.1088/1674-1056/acc44f
http://dx.doi.org/10.1007/s12043-023-02573-6
http://dx.doi.org/10.1088/1402-4896/ace392
http://dx.doi.org/10.1007/s11082-023-04723-x
http://dx.doi.org/10.1007/s11082-023-04723-x
http://dx.doi.org/10.1142/S0217979223502041
http://dx.doi.org/10.1088/1572-9494/ace3b0
http://dx.doi.org/10.1088/1572-9494/acde69
http://dx.doi.org/10.1088/1572-9494/acde69
http://dx.doi.org/10.3390/fractalfract9070436
http://dx.doi.org/10.1007/s11082-023-04581-7
http://dx.doi.org/10.1007/s11082-023-04581-7

	1. Introduction
	2. The M-truncated derivative
	3. Mathematical prelimeriers of the selected methods
	3.1. The MSSE method
	3.2. The new Kudryashov scheme
	3.3. The improved F-expansion scheme
	3.4. Comparison of the selected methods: applicability and distinctions

	4. Wave transformation of FDENLSM
	4.1. Application of the MSSE method
	4.2. Application of the new Kudryashov scheme
	4.3. Application of the improved F-expansion scheme

	5. MI
	6. Results and discussion
	7. Conclusion remarks
	References

