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The strongly correlated fermions play a vital role in modern physics. For a given fermionic Hamiltonian system,
the most widely used approach to exploring the underlying physics is to study the wave function that incorporates Fermi–
Dirac statistics, which can be obtained variationally by energy minimization or by imaginary-time evolution. In this work,
we develop an accurate tensor network method for one-dimensional interacting fermionic models based on the coherent-
state path-integral representation of the fermionic partition function. Employing the coherent-state representation, the
partition function is effectively represented as a (1+1)-dimensional anisotropic Grassmann-valued tensor network, and
the Grassmann version of the corner transfer-matrix renormalization group algorithm is developed to contract the tensor
network and evaluate physical quantities. We validate our method on the one-dimensional fermionic Hubbard model with a
magnetic field, where the essential features of the phase diagram in the (µ,B) plane are quantitatively captured. Our work
offers a promising approach to interacting fermionic models within the framework of tensor networks.
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1. Introduction
Fermionic many-body systems lie at the heart of many

fundamental and technologically relevant phenomena in con-
densed matter physics, such as superconductivity,[1] frac-
tional quantum Hall effects,[2] Mott insulators,[3] quantum
spin liquids,[4] and various topological phases of matter.[5]

However, accurately simulating fermionic models poses sig-
nificant challenges in many-body physics, including exponen-
tial scaling with system size for exact diagonalization,[6] the
notorious sign problem in quantum Monte Carlo,[7] and lim-
ited correlations in approximating strongly correlated systems
through weak-coupling approaches.[8]

Among these numerical methods, although it has its
own drawbacks, the tensor network state method[9–15] has at-
tracted increasing attention in recent years due to its advan-
tages in characterizing low-entangled states and handling sign-
problematic systems. In particular, by incorporating fermionic
exchange statistics into the wave-function representation, the
tensor network state has become an important tool for the
study of strongly correlated electronic systems. For exam-
ple, the swap-gate formulation,[16–18] probably the most popu-
lar fermionic tensor network proposal,[19–24] has been widely
utilized for numerical simulations and provided convincing
evidence of possible striped states[25–29] as well as super-
conducting states[26,28,29] in the two-dimensional (2D) t–J [30]

and Hubbard models.[31,32] Nevertheless, based on the graph-

ical projection of the 2D wave function, hosting a three-
dimensional structure essentially, to a 2D plane, this swap-gate
formulation is not so convenient in some situations, e.g., com-
plex lattice structures where the graphical projection might be
too complicated, and finite temperature calculations, which re-
quire the evaluation of the partition function.

Using the coherent-state representation, Grassmann ten-
sor networks can describe both the fermionic wavefunction
and the path-integral representation of the partition function.
In condensed matter physics, Gu et al. proposed the Grass-
mann tensor network states[33–35] for simulating the ground
state of fermionic Hamiltonians.[36–39] Later in the particle
physics community, the Grassmann tensor renormalization
group was developed[40–46] to compute the partition func-
tion of relativistic lattice fermionic models. Despite their ca-
pability, Grassmann tensor networks are still relatively un-
derexploited compared to their bosonic counterparts, and
their potential has not been fully explored. In particular,
the corner transfer-matrix renormalization group (CTMRG)
method[26,47–51] has demonstrated supreme advantages over
many coarse-graining tensor renormalization group methods
in contracting 2D bosonic tensor networks, but it has not been
utilized so far to showcase its power for Grassmann tensor net-
works. In this work, we introduce the Grassmannization of
the CTMRG method and validate this approach via the one-
dimensional fermionic Hubbard model[52] with a magnetic
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field in the path integral formalism.[53,54]

The rest of the paper is structured as follows. In Sec-
tion 2, we introduce the one-dimensional Hubbard model and
the Grassmann tensor network representation of its partition
function in the path integral formalism. In Section 3, we first
present a simple example of Grassmann tensor contraction as
a warm-up; then the Grassmannization of the CTMRG method
will be described in detail. In Section 4, we validate our Grass-
mann tensor network approach on the one-dimensional Hub-
bard model under a magnetic field. In Section 5, we summa-
rize and provide a prospect for Grassmann tensor networks.

2. Tensor network representation of fermionic
partition functions
Let us take the one-dimensional fermionic Hubbard

model under a magnetic field as a concrete example. The
Hamiltonian is given by

H = −t ∑
⟨i j⟩

∑
s=↑,↓

(
ĉ†

isĉ js +h.c.
)

+U ∑
i

(
n̂i↑−1/2

)(
n̂i↓−1/2

)
−µ ∑

i

(
n̂i↑+ n̂i↓

)
−B∑

i

(
n̂i↑− n̂i↓

)
. (1)

The ĉ†
is and ĉis with s = {↑,↓} are the fermionic cre-

ation and annihilation operators defined at the i-th lattice site,
and n̂is ≡ ĉ†

isĉis is the occupation number operator. The first
term describes the electrons hopping with energy t on the one-
dimensional lattice; the second term is the on-site Coulomb
interaction with strength U ; the third term includes the chemi-
cal potential µ to control the electron density; and the last term
describes the electrons coupled to an external magnetic field B.
Following the standard fermionic path integral formalism,[55]

the corresponding fermionic action for Eq. (1) can be ex-
pressed as

S [ψ, ψ̄] = ∑
n∈Λ1+1

ψ̄(n)(ψ(n+ τ̂)−ψ(n))

−εt (ψ̄(n)ψ(n+ σ̂)+ ψ̄(n+ σ̂)ψ(n))

+εUψ̄↑(n)ψ↑(n)ψ̄↓(n)ψ↓(n)

−ε(µ +B+U/2) ψ̄↑(n)ψ↑(n)

−ε(µ−B+U/2) ψ̄↓(n)ψ↓(n)+U/4. (2)

In Eq. (2), σ̂ (τ̂) denotes the unit vector in the spatial
(temporal) direction of the (1+1)-dimensional lattice Λ1+1,
n ≡ (nσ ,nτ) is the composite coordinate, and ε stands for
the discretization (Trotter) step in the temporal (imaginary-
time) direction. The ψ(n) =

(
ψ↑(n),ψ↓(n)

)T and ψ̄(n) =(
ψ̄↑(n), ψ̄↓(n)

)
are the two-component Grassmann-valued

fields defined on the n-th site. ψ̄↑,↓ is the dual of the Grass-
mann variable ψ↑,↓, and they should be treated as strictly
independent.[56] The partition function corresponding to this
lattice action can be approximately represented as a 2D Grass-

mann tensor network:[53]

Z ≈
∫

∏
n∈Λ1+1

dψ̄(n)dψ(n)e−S[ψ,ψ̄]

= gTr
(

∏
n∈Λ1+1

𝒯
Ψσ (n)Ψτ (n)Ψ̄τ (n−τ̂)Ψ̄σ (n−σ̂)

)
, (3)

where the integral is over all the Grassmann variables. Sim-
ilarly, the gTr stands for the Grassmann integral over all the
Grassmann variables appearing in the Grassmann tensor net-
work. An illustration is shown in Fig. 1(a), the local Grass-
mann tensor 𝒯 is defined as

𝒯
Ψσ (n)Ψτ (n)Ψ̄τ (n−τ̂)Ψ̄σ (n−σ̂)

=
16

∑
Iσ I′σ=1

4

∑
Iτ I′τ=1

TIσ Iτ I′σ I′τΨ
p(Iσ )

σ (n)Ψ p(Iτ )
τ (n)

×Ψ̄
p(I′τ )

τ (n− τ̂)Ψ̄
p(I′σ )

σ (n− σ̂). (4)

(a)

T
......

..
.

..
.

(b)

T

gTr

n⇁τ⊥

n⇁σ⊥n

Ψτ(n)

Ψσ(n)Ψσ(n↩σ)
−

−

^

Ψτ(n↩τ)̂

Fig. 1. (a) The partition function of the one-dimensional Hubbard
model represented as a Grassmann tensor network, as expressed in
Eq. (3). (b) The local Grassmann tensor residing at the n-th lattice site
in (a), as expressed in Eq. (4).

Here, Ψσ (n) and Ψτ(n) are auxiliary Grassmann variables
residing on the bonds (n, n+ σ̂ ) and (n, n+ τ̂), respectively.
Conversely, Ψ̄σ (n− σ̂) and Ψ̄τ(n− τ̂) are Grassmann variables
introduced on bonds (n− σ̂ , n) and (n− τ̂ , n), respectively, see
Fig. 1(b). Mathematically, the Grassmann tensor 𝒯 in Eq. (4)
represents a multilinear combination of Grassmann variables,
and T with commuting elements is called its coefficient tensor.
The parity function p yields 0 (1) if the index belongs to the
Grassmann-even (odd) sector. For a more detailed introduc-
tion to Grassmann tensor operations, such as the Grassmann
contraction, fusion, decomposition, etc., interested readers can
refer to Ref. [46]. For the action expressed in Eq. (2), the co-
efficient tensor T appearing in Eq. (4) is determined as

067101-2
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TIσ Iτ I′σ I′τ
fuse←−− T(iσ↑iσ↓ jσ↑ jσ↓)(iτ↑iτ↓)(i′σ↑i

′
σ↓ j′

σ↑ j′
σ↓)(i

′
τ↑i
′
τ↓)

= ∑
iσ↑iσ↓

∑
i′
σ↑i
′
σ↓

∑
jσ↑ jσ↓

∑
j′
σ↑ j′

σ↓

∑
iτ↑iτ↓

∑
i′
τ↑i
′
τ↓

e−Uε/4× (−1)iσ↑+iσ↓ × (
√
εt)∑s=↑↓(iσs+i′σs+ jσs+ j′σs)× (−1)R

×(δi′
τ↓+i′

σ↓+ jσ↓,1δiτ↓iσ↓ j′
σ↓,1

δi′
τ↑+i′

σ↑+ jσ↑,1δiτ↑+iσ↑+ j′
σ↑,1

− [ε(µ +B+U/2)+1]δi′
τ↓+i′

σ↓+ jσ↓,1δiτ↓iσ↓ j′
σ↓,1

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

− [ε(µ−B+U/2)+1]δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,1δiτ↑+iσ↑+ j′
σ↑,1

+ ([ε(µ +B+U/2)+1] [ε(µ−B+U/2)+1]−εU)δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

), (5)

where fuse←−− denotes the fact that the rank-4 tensor T is obtained
by fusing its rank-12 counterpart with ixs, i′xs, jxs, j′xs = {0,1},
x = {σ ,τ}, and s = {↑,↓}. (−1)R is the sign factor respon-
sible for the reordering of Grassmann variables. A detailed
derivation of Eq. (5) is given in Appendix A.[57]

Now we have expressed the partition function of the one-
dimensional Hubbard model, given in Eq. (1), as approxi-
mately the gTr of a Grassmann tensor network, which is ex-

pressed in Eq. (3) and illustrated in Fig. 1(a). In this work,
we are interested in exploring the phase diagram of the one-
dimensional Hubbard model in the (µ,B) plane, which can be
characterized by physical quantities such as the particle num-
ber p = ⟨n̂↑⟩+ ⟨n̂↓⟩, magnetization m = (⟨n̂↑⟩− ⟨n̂↓⟩)/2, and
double occupancy d = ⟨n̂↑n̂↓⟩. In the context of tensor net-
works, these quantities can be evaluated through the so-called
impurity method:[58]

⟨n̂↑(l)⟩ ≈
(∫

∏n∈Λ1+1
dψ̄(n)dψ(n)

)
ψ̄↑(l)ψ↑(l)e−S[ψ,ψ̄]

Z
=

gTr
(
· · ·𝒯 n↑

ΨσΨτΨ̄τΨ̄σ
· · ·
)

Z
, (6)

⟨n̂↓(l)⟩ ≈
(∫

∏n∈Λ1+1
dψ̄(n)dψ(n)

)
ψ̄↓(l)ψ↓(l)e−S[ψ,ψ̄]

Z
=

gTr
(
· · ·𝒯 n↓

ΨσΨτΨ̄τΨ̄σ
· · ·
)

Z
, (7)

⟨n̂↑(l)n̂↓(l)⟩ ≈
(∫

∏n∈Λ1+1
dψ̄(n)dψ(n)

)
ψ̄↑(l)ψ↑(l)ψ̄↓(l)ψ↓(l)e−S[ψ,ψ̄]

Z
=

gTr
(
· · ·𝒯 d

ΨσΨτΨ̄τΨ̄σ
· · ·
)

Z
. (8)

Here, for simplicity, we have omitted the site labels of the Grassmann subscripts in 𝒯 . For clarity, we emphasize that the
occupation number operator n̂ and the lattice site label n refer to different quantities and are not to be confused. In the numerators
of Eqs. (6)–(8), the Grassmann tensor defined at the l-th lattice site is replaced by the impurity Grassmann tensors corresponding
to n̂↑, n̂↓, and n̂↑n̂↓, respectively. To be specific, the corresponding coefficients of the three impurity tensors are defined as follows:

T
n↑

Iσ Iτ I′σ I′τ

fuse←−− T
n↑
(iσ↑iσ↓ jσ↑ jσ↓)(iτ↑iτ↓)(i′σ↑i

′
σ↓ j′

σ↑ j′
σ↓)(i

′
τ↑i
′
τ↓)

= ∑
iσ↑iσ↓

∑
i′
σ↑i
′
σ↓

∑
jσ↑ jσ↓

∑
j′
σ↑ j′

σ↓

∑
iτ↑iτ↓

∑
i′
τ↑i
′
τ↓

e−Uε/4× (−1)iσ↑+iσ↓ × (
√
εt)∑s=↑↓(iσs+i′σs+ jσs+ j′σs)× (−1)R

×(−δi′
τ↓+i′

σ↓+ jσ↓,1δiτ↓iσ↓ j′
σ↓,1

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

+ [ε(µ−B+U/2)+1]δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

), (9)

T
n↓

Iσ Iτ I′σ I′τ

fuse←−− T
n↓
(iσ↑iσ↓ jσ↑ jσ↓)(iτ↑iτ↓)(i′σ↑i

′
σ↓ j′

σ↑ j′
σ↓)(i

′
τ↑i
′
τ↓)

= ∑
iσ↑iσ↓

∑
i′
σ↑i
′
σ↓

∑
jσ↑ jσ↓

∑
j′
σ↑ j′

σ↓

∑
iτ↑iτ↓

∑
i′
τ↑i
′
τ↓

e−Uε/4× (−1)iσ↑+iσ↓ × (
√
εt)∑s=↑↓(iσs+i′σs+ jσs+ j′σs)× (−1)R

×(−δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,1δiτ↑+iσ↑+ j′
σ↑,1

+ [ε(µ +B+U/2)+1]δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

), (10)

T d
Iσ Iτ I′σ I′τ

fuse←−− T d
(iσ↑iσ↓ jσ↑ jσ↓)(iτ↑iτ↓)(i′σ↑i

′
σ↓ j′

σ↑ j′
σ↓)(i

′
τ↑i
′
τ↓)

= ∑
iσ↑iσ↓

∑
i′
σ↑i
′
σ↓

∑
jσ↑ jσ↓

∑
j′
σ↑ j′

σ↓

∑
iτ↑iτ↓

∑
i′
τ↑i
′
τ↓

e−Uε/4× (−1)iσ↑+iσ↓ × (
√
εt)∑s=↑↓(iσs+i′σs+ jσs+ j′σs)× (−1)R

×δi′
τ↓+i′

σ↓+ jσ↓,0δiτ↓iσ↓ j′
σ↓,0

δi′
τ↑+i′

σ↑+ jσ↑,0δiτ↑+iσ↑+ j′
σ↑,0

. (11)
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3. Grassmannn CTMRG
We now turn to the Grassmannization of the CTMRG

method. However, before diving into the details, let us con-
sider the Grassmann tensor contraction, the most basic opera-
tion in all Grassmann tensor network methods, as a warm-up.
To make it concrete, let us consider the contraction between
two neighboring rank-4 Grassmann tensors, 𝒯 u and 𝒯 d , along
the imaginary-time direction, as sketched in Fig. 2(a). Specif-
ically, the two Grassmann tensors are defined as

𝒯 u
ΨσΨτΨ̄σΘ̄τ

= ∑
Iσ Iτ I′σ I′τ

T u
Iσ Iτ I′σ I′τ

Ψ
p(Iσ )

σ Ψ
p(Iτ )

τ Ψ̄
p(I′σ )

σ Θ̄
p(I′τ )
τ , (12)

𝒯 d
ΦσΘτ Φ̄σ Φ̄τ

= ∑
Jσ Jτ J′σ J′τ

T d
Jσ Jτ J′σ J′τ

Φ
p(Jσ )
σ Θ

p(Jτ )
τ Φ̄

p(J′σ )
σ Φ̄

p(J′τ )
τ . (13)

As expressed in Eqs. (12) and (13) and shown in Fig. 2(a),
an outgoing (incoming) arrow on a link indicates the related
tensor index is associated with a dual (non-dual) Grassmann
variable. It is important to distinguish the types of Grass-
mann variables, since a Grassmann variable Θ should always
be placed to the left of its dual variable Θ̄ when performing
Grassmann contraction[45] according to∫

Θ̄τΘτ

Θ
p(Jτ )
τ Θ̄

p(I′τ )
τ = δJτ ,I′τ δp(Jτ ),p(I′τ ),

with
∫

Θ̄τΘτ

≡
(∫

dΘ̄τ dΘτ e−Θ̄τΘτ

)
, (14)

where δJτ ,I′τ δp(Jτ ),p(I′τ ) would lead to the contraction of cor-
responding coefficient tensors. Now we can obtain a rank-6
Grassmann tensorℳ by performing the Grassmann contrac-
tion of 𝒯 u and 𝒯 d as illustrated in Fig. 2(b):

ℳ
Ψσ ΦσΨτ Φ̄σΨ̄σ Φ̄τ

=
∫

Θ̄τΘτ

𝒯 u
ΨσΨτΨ̄σΘ̄τ

𝒯 d
ΦσΘτ Φ̄σ Φ̄τ

= ∑
Iσ Jσ Iτ I′σ J′σ J′τ

MIσ Jσ Iτ I′σ J′σ J′τΨ
p(Iσ )

σ Φ
p(Jσ )
σ

×Ψ
p(Iτ )

τ Φ̄
p(J′σ )
σ Ψ̄

p(I′σ )
σ Φ̄

p(J′τ )
τ . (15)

The coefficient tensor M is obtained from the ordinary tensor
contraction of coefficient tensors T u and T d , but multiplied
with a non-trivial fermionic sign factor, i.e.,

M(Iσ Jσ )Iτ (I′σ J′σ )J′τ = ∑
Kτ

T u
Iσ Iτ I′σ Kτ

T d
Jσ Kτ J′σ J′τ

×(−1)S(Iσ ,Iτ ,I′σ ,Jσ ,J′σ ,J
′
τ ,Kτ). (16)

The sign factor (−1)S in Eq. (16) is responsible for two
things: moving the Grassmann variable Θ̄τ to the right-hand
side of Θτ for performing the Grassmann integral in Eq. (14),
and rearranging the remaining Grassmann variables according
to the order specified by the subscript of the new Grassmann
tensor ℳ. The explicit form of the sign factor is derived in

Appendix A.[57] In fact, it is unnecessary to derive the sign fac-
tors for each Grassmann contraction case by case; in practice,
one can design a simple computer program to handle them
in a unified way, as done in Ref. [61]. As in bosonic tensor
networks, when summing two given Grassmann tensors over
several indices, one can always perform the contraction in two
steps: (1) arrange the indices requiring summation together
and put them in their appropriate places, i.e., at the end of the
multiplicand’s indices and the beginning of the multiplier’s in-
dices; (2) perform the summation over the indices and perform
the corresponding Grassmann integral according to Eq. (14).
Since the parity of each index is known, the exchange of any
two neighboring indices, e.g., i and j, would contribute a sign
(−1)p(i)×p( j), and the total sign stemming from step (1) can
be obtained by multiplying all these factors involved one by
one. This can be effectively achieved by designing a nested
loop that counts the exchanges involved.

T

T

T

T
M

(a)
(b)

Ψτ

Θτ

Θτ

Ψσ

Ψσ

Ψτ

Θτ

Θτ

Φσ

Ψσ

Φσ

Ψσ

Ψτ

Φσ

Φτ

Ψσ

Φσ

Ψσ

Φσ Φτ
Φσ

Φτ

-

-
-

-

-

-

-

- -

-

-

u

u

d

d

Fig. 2. (a) The Grassmann tensors 𝒯 u and 𝒯 d . (b) The Grassmann
contraction of 𝒯 u and 𝒯 d .

After gaining some familiarity with the Grassmann no-
tation, let us introduce the Grassmann CTMRG method.
CTMRG[48,49] is one of the most accurate methods for con-
tracting a two-dimensional tensor network in the thermody-
namic limit. It was originally tailored for models in statistical
physics and later generalized to evaluate physical quantities
of condensed-matter systems using the iPEPS ansatz.[26,50,51]

Recently, it has been made variational and more efficient for
symmetric tensor networks,[47] even on lattices other than
square.[59] In the following, we describe a Grassmann version
of the so-called directional[26] or asymmetric[51] CTMRG,
which can be applied to tensor networks with unit cells of arbi-
trary size and demonstrates good overall performance in most
cases.

Suppose we are considering a 2D Grassmann tensor net-
work generated by the uniform rank-4 Grassmann tensor 𝒯 ,
introduced in Eqs. (4) and (5). The Grassmann CTMRG aims
to find four Grassmann corner matrices 𝒞lu, 𝒞ru, 𝒞ld , 𝒞rd to
approximate the quadrants surrounding the bulk tensor 𝒯 , and
four rank-3 Grassmann edge tensors ℰ l , ℰ r, ℰu, ℰd to approxi-
mate the corresponding half-infinite rows and columns, as we
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can see in Fig. 3. The accuracy is controlled by the virtual
bond dimension of the environment tensors (namely, the cor-
ners and edges), denoted as χ in this work. Starting from some
prepared {𝒞} and {ℰ}, which can be randomly initialized, the
Grassmann CTMRG algorithm optimizes them iteratively by
performing moves in four directions one by one alternatively
until convergence is reached. Here, we outline the downward
move of the procedure.

TT
...

..
.

..
.

...

lu
C

ru
C

ld
C

rd
C

u
E

r
E

l
E

d
E

Fig. 3. A Grassmann tensor network defined on a square lattice is ap-
proximated by a finite cluster of Grassmann tensors, where four corner
matrices {𝒞} and four edge tensors {ℰ} are iteratively determined to
represent the effective environments of 𝒯 .

As illustrated in Fig. 4, the downward move would even-
tually update the three downward environment tensors, i.e.,
𝒞ld , ℰd , and 𝒞rd . It starts by inserting a single row into the
effective 3× 3 cluster in Fig. 3 and subsequently absorbs the
inserted tensors into the downward environments. Suppose
each index of the coefficient tensor of T has a common di-

mension D; then the new environments will have a dimension
χD. In order to perform truncation of the enlarged dimen-
sion to the original χ , a pair of Grassmann isometric tensors
𝒫 and 𝒬, whose coefficient tensors are of size χD× χ and
χ× χD, respectively, is constructed and inserted at the corre-
sponding links for contractions. This completes a single step
of the downward move. As a matter of fact, the steps described
here are exactly the same as the usual bosonic CTMRG, except
that we have replaced all the tensor contractions by Grassmann
contractions described at the beginning of this section. How-
ever, non-trivial Grassmann sign factors would play a vital role
in constructing the isometric tensors and performing contrac-
tions, which we will discuss in the following.

T

lu
C

ru
C

l
E

r
E

u
E

ld
C rd

C

d
E

l
E

r
E

T

T

ld
C
~ rd

C
~d

E
~

(a) 

(b) 

(c) 

P QP Q

Fig. 4. The downward move of the Grassmann CTMRG method. The
sizes of 𝒫 and 𝒬 are χD×χ and χ×χD, respectively.
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Ψ5

Ψ3

-

-

-

Ψ7

Ψ7
-

-

---l

l

l

l r

r

r

r

Fig. 5. The Grassmann tensor equation satisfied by the Grassmann isometries 𝒫 and 𝒬, i.e., their coefficients are required to construct a
low-rank approximation of W in Eq. (18), or equivalently, 𝒫 and 𝒬 constitute the truncated SVD of 𝒲 as expressed in Eq. (19).

To construct the isometric tensors𝒫 and𝒬, we consider a
4×4 cluster with a 2×2 𝒯 cluster placed at the center, as illus-
trated in Fig. 5. We have also explicitly written the Grassmann
variables associated with each index for clarity. First, a rank-4
Grassmann tensor𝒲 is obtained by Grassmann contraction:

𝒲
Ψ1Ψ2;Ψ̄3Ψ̄4

=
∫

Ψ̄5Ψ5

∫
Ψ̄6Ψ6

𝒳
Ψ1Ψ2;Ψ5Ψ̄6

𝒴
Ψ6Ψ̄5;Ψ̄3Ψ̄4

. (17)

The coefficient tensor W can be computed after performing the
Grassmann contraction between 𝒳 and 𝒴 in Eq. (17); i.e.,

Wi1i2;i′3i′4
= ∑

i5i6

Xi1i2;i5i6Yi5i6;i′3i′4
× (−1)p(i6)

= ∑
i5i6

Xi1i2;i5i6Ỹi5i6;i′3i′4
, (18)

where we have absorbed the sign factor (−1)p(i6) into Ỹ . We
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choose 𝒫 and 𝒬 in such a way that they constitute the trun-
cated Grassmann singular value decomposition (SVD) of𝒲 ,
as shown in Fig. 5:

𝒲
Ψ1Ψ2;Ψ̄3Ψ̄4

≈
∫
𝒰Ψ1Ψ2;Φ1𝒮Φ̄1Φ2

𝒱†
Φ̄2;Ψ̄3Ψ̄4

=
∫
𝒳

Ψ1Ψ2;Ψ l
5Ψ̄ l

6
(𝒫

Ψ l
6Ψ̄ l

5 ;Ψ̄7
𝒬

Ψ7;Ψ r
5 Ψ̄ r

6
)𝒴

Ψ r
6 Ψ̄ r

5 ;Ψ̄3Ψ̄4
, (19)

where we have used
∫

as a shorthand notation for all the Grass-
mann integral measures, and the dimensions corresponding to
indices {Φ ,Φ̄} are truncated to χ . It is easy to prove that the

solution for 𝒫 and 𝒬 in Eq. (19) can be obtained as

𝒫
Ψ6Ψ̄5;Ψ̄7

= ∑
i′5i6i′7

(
Pi′5i6;i′7

× (−1)p(i6)
)

Ψ
p(i6)

6 Ψ̄
p(i′5)

5 Ψ̄
p(i′7)

7 , (20)

𝒬
Ψ7;Ψ5Ψ̄6

= ∑
i5i′6i7

(
Qi7;i5i′6

× (−1)p(i7)
)

Ψ
p(i7)

7 Ψ
p(i5)

5 Ψ̄
p(i′6)

6 , (21)

where the coefficient tensors P and Q are defined as follows:

P = ỸV S−1/2, Q = S−1/2U†X . (22)

To see this, we use the fact USV † = XỸ and plug
Eqs. (20)–(22) into the right-hand side of Eq. (19):

𝒲
Ψ1Ψ2;Ψ̄3Ψ̄4

≈
∫

Ψ̄ l
5Ψ l

5

∫
Ψ̄ l

6Ψ l
6

∫
Ψ̄7Ψ7

∫
Ψ̄ r

5 Ψ r
5

∫
Ψ̄ r

5 Ψ r
5

𝒳
Ψ1Ψ2;Ψ l

5Ψ̄ l
6
𝒫

Ψ l
6Ψ̄ l

5 ;Ψ̄7
𝒬

Ψ7;Ψ r
5 Ψ̄ r

6
𝒴

Ψ r
6 Ψ̄ r

5 ;Ψ̄3Ψ̄4

= ∑
i1i2i′3i′4

(
∑

j5 j6i7k5k6

Xi1i2; j5 j6Pj5 j6;i7Qi7;k5k6Ỹk5k6;i′3i′4

)
Ψ

p(i1)
1 Ψ

p(i2)
2 Ψ̄

p(i′3)
3 Ψ̄

p(i′4)
4 , (23)

where the sign factor from the Grassmann contraction of 𝒳
and 𝒫 cancels that in 𝒫 , the sign factor from contracting 𝒫
and 𝒬 cancels that in 𝒬, and the sign factor from the Grass-
mann contraction of 𝒬 and 𝒴 is incorporated in Ỹ . Since the
coefficients satisfy the following equation:

XPQỸ = X
(

ỸV S−1/2
)(

S−1/2U†X
)

Ỹ

=
(
XỸ
)

V S−1/2S−1/2U† (XỸ
)

=
(
USV †)V S−1U† (USV †)

= US
(
V †V

)
S−1 (U†U

)
SV †

= USV †, (24)

the equation below, corresponding to Eq. (19), holds:

𝒲
Ψ1Ψ2;Ψ̄3Ψ̄4

≈ ∑
i1i2i′3i′4

(
USV †)

i1i2;i′3i′4
Ψ

p(i1)
1 Ψ

p(i2)
2 Ψ̄

p(i′3)
3 Ψ̄

p(i′4)
4

=
∫
𝒰Ψ1Ψ2;Φ1𝒮Φ̄1Φ2

𝒱†
Φ̄2;Ψ̄3Ψ̄4

. (25)

The sign factors appearing in Eqs. (20) and (21) might be
slightly different when constructing the Grassmann isometries
for moves in the other three directions, but the methodology
is the same. Once the Grassmann CTMRG procedure is con-
verged, with the help of converged environment tensors,[47]

the desired physical quantities can be easily obtained through
the impurity method mentioned in Section 2. In this context,
the expectation value of any local observable can be expressed
as a ratio of two tensor network scalars, as expressed below:

<Oimp>/

T

T

imp

^

(26)

Here the environment tensors surrounding 𝒯 and 𝒯 imp are
obtained from the Grassmann CTMRG procedure described
above.

3.1. Details for numerical implementation

In this work, we choose a tiny discretization step in the
imaginary-time direction, ε= 10−4, to reduce the Trotter error
at the initial stage as much as possible. The point is that in the
Grassmann CTMRG method, the inverse temperature β grows
only linearly with the iteration step, thus if we rely solely
on this method to address the ground state properties of a
given model, with such a small ε, the required renormalization
steps to approach the zero-temperature limit would be huge.
Therefore, we prefer to utilize the Grassmann high-order ten-
sor renormalization group (HOTRG) algorithm[41,45,53,62] as a
pre-processing tool to provide better initial Grassmann tensors
for the Grassmann CTMRG method.

In a recent work,[53] a hyperparameter Nτ is introduced to
control the Grassmann HOTRG steps in the temporal direction
before performing the ordinary iterations. It serves as an effec-
tive strategy to reduce the anisotropy in the Grassmann tensor
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caused by the small ε, and a similar idea was first used to study
the ground state of the 2D quantum Ising model.[62] We adopt
the same strategy with a fixed bond dimension Dc = 16 for
the HOTRG procedure and find that Nτ = 8 yields negligible
errors in the Grassmann HOTRG procedure and works well
in most cases. In addition to reducing the anisotropy in ten-
sor elements, the effective temperature corresponding to the
Grassmann tensor after the Nτ temporal steps would become
β0 = 2Nτ × ε = 0.0256, thus largely reducing the required

Grassmann CTMRG iterations to approach zero temperature.

For example, after 8000 Grassmann CTMRG iterations, we

find that the convergence error of the expectation values is al-

ready lower than 10−8 for χ = 64.

Furthermore, we find that the following blocking opera-

tion (without truncation) along the spatial direction, after the

Nτ HOTRG steps in the imaginary-time direction, could also

enhance the numerical stability for the Grassmann CTMRG:

T T T T T T

contract & fuse

~~

(27)

That is, we perform a single step of Grassmann contraction
between the neighboring Grassmann tensors along the spatial
direction and fuse the two temporal indices into a single one.

Hereafter, for clarity, we call the modified method with
the pre-processing procedure by Grassmann HOTRG the
GCTMRG* method. For the one-dimensional Hubbard model
expressed in Eq. (1), the GCTMRG* is performed in the fol-
lowing steps: (i) given the initial Grassmann tensor 𝒯0 defined
in Eqs. (4) and (5), which is of size 16×4×16×4, we perform
Nτ = 8 Grassmann HOTRG steps only in the imaginary-time
direction with a cutoff Dc = 16, and obtain the renormalized
tensor 𝒯1 of the same size as the initial 𝒯0; (ii) we perform
a single step of the blocking operation illustrated in Eq. (27)
and obtain a Grassmann tensor 𝒯2 of size 16× 16× 16× 16;
(iii) the Grassmann CTMRG algorithm, discussed in this sec-
tion, is performed to approximate the environments of 𝒯2 in
the zero-temperature limit; (iv) the expectation values are eval-
uated with the help of the converged environments from (iii),
as illustrated in Eq. (26).

4. Results
The ground-state phase diagram of the one-dimensional

Hubbard model in the (µ,B) plane can be obtained using the
Bethe ansatz method.[52] A schematic plot of the phase di-
agram with µ < 0 and B > 0 is shown in Fig. 6. In par-
ticular, when B = 0, the ground state of the model can be
solved analytically, thus providing a perfect platform to test
our GCTMRG* method.

As shown in Fig. 6, the phase diagram is divided into five
distinct parts. Phase I stands for a completely trivial phase
corresponding to an empty lattice with p = 0, in the extremely
negative µ region. Phase II corresponds to partially-filled
states with electron densities 0 < p < 1, while the spins are

fully polarized, i.e., net magnetization density m = p/2. Phase
III, located in the upper right part of the phase diagram, corre-
sponds to the half-filled, fully-polarized ground state, namely,
p= 1 and m= 1/2. Phase IV is an intermediate metallic phase
characterized by partially-filled electrons as well as partially-
polarized spins, i.e., 0 < p < 1 and 0 < m < p/2. Finally,
phase V denotes an insulating ground state with half-filled and
magnetic bands, that is, p = 1 and 0 < m < p/2.

I

I V V

I I

I I I

O

(0,0)µ(<0)

µ2

µ3

µ

µ1

B

B0

Fig. 6. The phase diagram of the one-dimensional Hubbard model in the
(µ,B) plane, obtained from the Bethe ansatz. This figure is adapted from
Ref. [52]. Schematic plots of the phases are provided to highlight their key
characteristics. In these illustrations, an empty circle denotes an unoccupied
lattice site, and a filled circle with an arrow represents an electron with the
arrow indicating the spin orientation. µ1 and µ2 are defined in the main text,
µ3 = 2− 2

√
1+u2, B0 = 2

√
1+u2− 2u with u ≡U/4, and U denotes the

on-site interaction strength. For U = 5, a value used in part of our numerical
computations, B0 ≈ 0.702, and µ3 ≈−1.202.

We first focus on the origin point of the (µ,B) plane, i.e.,
O(0,0) located at the lower right corner of the phase diagram
in Fig. 6, validate our GCTMRG* method, and highlight its
improvements over the Grassmann HOTRG approach by com-
puting the relative error of the double occupancy d = ⟨n̂↑n̂↓⟩
in the ground state with respect to the exact solution,

d =
1
2

∫
∞

0
dωJ0(ω)J1(ω)sech2(ωU/4), (28)
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where U denotes the on-site Hubbard interaction strength, and
J0(ω) and J1(ω) are the zeroth-order and first-order Bessel
functions of the first kind, respectively. For Grassmann
HOTRG, the double occupancy d can be obtained via

d− p
2
+

1
4
=− 1

βL
∂ ln(Z)

∂U

∣∣∣∣
µ,B,T

, (29)

where L is the length of the chain. Here, Z denotes the partition
function defined in Eq. (3), which is a function of parameters
U , µ , B, and T . The relation above can be verified directly
by substituting Z = Tr

(
e−β Ĥ

)
and the explicit Hamiltonian

in Eq. (1) into the right-hand side of Eq. (29).
For the (0,0) point, the particle density p = 1 in Eq. (29)

is due to the particle-hole symmetry. In Grassmann HOTRG,
the partition function Z can be obtained directly, and its
finite difference yields d according to Eq. (29). In this
work, setting the Trotter step to ε = 10−4, we have cho-
sen pre-processing steps Nτ = 12, and then N = 24 steps
of Grassmann HOTRG are performed to approach the zero-
temperature limit.[53] The finite difference is performed with
∆U = 10−4. In the GCTMRG* method, once the environ-
ment tensors are obtained, d can be estimated conveniently
by the impurity method according to Eqs. (8) and (26). To
avoid confusion, we adopt the following convention: in the
pre-processing stage of the GCTMRG* algorithm, the Grass-
mann HOTRG bond dimension is denoted by Dc, whereas for
standard Grassmann HOTRG, it is denoted by χ , the same as
the Grassmann CTMRG. The Dc is fixed at 16 throughout our
numerical computations.

Exact

χ=16
χ=32

χ=48
χ=64

U

d
δ
d

χ

Grassmann HOTRG

GCTMRG*

Fig. 7. Performance of the double occupancy d = ⟨n̂↑n̂↓⟩ for the one-
dimensional Hubbard model at (0,0) point in the phase diagram. The
exact results expressed in Eq. (28) are also included for comparison.
(a) Relative error δd with respect to the exact solution at U = 2. Per-
formance of Grassmann HOTRG and GCTMRG* obtained at a series
of bond dimension χ is compared. (b) d as a function of U . The data
are obtained from the GCTMRG* method with a series of χ .

The result is summarized in Fig. 7. In Fig. 7(a), the dou-
ble occupancy d obtained for U = 2 is compared. We can
see that the GCTMRG* method outperforms the Grassmann
HOTRG at a series of environment dimensions χ . Besides, as
shown in Fig. 7(b), the double occupancy obtained from the
GCTMRG* decreases with increasing U as expected, and the
numerical value is in excellent agreement with the exact solu-
tions in Eq. (28) across a wide range of on-site interactions U .
Moreover, the data obtained from different χ exhibit perfect
convergence, and this verifies that our GCTMRG* method can
efficiently capture ground state physics in the one-dimensional
Hubbard model in the thermodynamic limit.

Once the validity of our approach is established, we
now turn to explore the whole phase diagram by calculat-
ing the order parameters, i.e., the particle number density
p = ⟨n̂↑⟩+ ⟨n̂↓⟩ and the magnetization m =

(
⟨n̂↑⟩−⟨n̂↓⟩

)
/2,

with the Grassmann tensor network approach along three typ-
ical lines in the (µ,B) plane. In the GCTMRG* calculations,
we set χ = 64 for the Grassmann CTMRG iterations hereafter.

The first line we focus on is B = 0 in Fig. 6. In this case,
the corresponding one-dimensional phase diagram as a func-
tion of chemical potential µ is

I IV Vµ2
µ=0

µ1
(30)

where both the critical value µ1 separating the trivial phase
(p = 0) and the intermediate metallic phase (0 < p < 1), as
well as the critical value µ2 separating the metallic phase and
the insulating phase (p = 1), can be analytically determined
by[52]

µ1(u) =−2−2u,

µ2(u) = 2−2u−2
∫

∞

0

dω

ω

J1(ω)e−ωu

cosh(ωu)
,

u≡U/4. (31)

The particle number p obtained from the GCTMRG*
method is shown in Fig. 8. It shows that for a given U
and an increasing µ , as expected, the particle density starts
from zero in the trivial empty phase I, gradually becomes
larger in the intermediate metallic phase IV, and finally reaches
one in the insulating phase V. In fact, the obtained critical
chemical potentials indicating the phase transitions are also
consistent with the exact values expressed in Eq. (31): for
U = 2,4,6,8,10, we have µ1 =−3,−4,−5,−6,−7, and µ2 ≈
−0.086,−0.643,−1.446,−2.339,−3.273, which are denoted
as dashed lines in Fig. 8 for comparison.

Next, we turn on the external fields B= 0.1, 0.25, 0.5 with
U fixed at 5. In this case, the considered magnetic fields are
below B0 ≈ 0.702, the corresponding phase diagram should
look like

µ=0
I IV VII

(32)
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Compared to Eq. (30), an additional phase, i.e., phase II with
fully-polarized spin and partially-filled state (0 < p < 1,m =

p/2), emerges between the trivial phase I and phase IV. The
obtained results of p and m from GCTMRG* are shown in
Fig. 9. Here, we focus on the line B = 0.25 for illustration.
For an extremely negative µ , the trivial phase with zero den-
sity and magnetization is verified. As µ increases, we enter the
fully-polarized phase II, where the expected relation m = p/2
is numerically confirmed, see Fig. 9(c). The transition be-
tween phase II and phase IV can be inferred from either the
cusp in the plot of p(µ) shown in Fig. 9(a), or the peak of
the m(µ) shown in Fig. 9(b). Finally, phase V with p = 1 is
obtained when µ further increases. Similar conclusions can
also be drawn from calculations with B = 0.1 and B = 0.5, as

shown in Fig. 9.

U/.

U/.

U/.

U/.

U/.

µ

p

Fig. 8. Particle number p = ⟨n̂↑⟩+ ⟨n̂↓⟩ obtained by GCTMRG* as
a function of chemical potential µ for the one-dimensional Hubbard
model with a series of U and B = 0. The exact values of the critical
µ at the phase transitions for these U , determined by Eq. (31), are also
included as dashed lines for comparison.

(a) (b) (c)

B/.
B/.
B/.

B/.↪ m
B/.↪ m
B/.↪ m
B/.↪ p
B/.↪ p
B/.↪ p

µ

p

µ

m

µ

p
 ↼


m

↽
Fig. 9. (a) Particle number p and (b) magnetization m =

(
⟨n̂↑⟩−⟨n̂↓⟩

)
/2, obtained by the GCTMRG* method, as functions of chemical

potential µ , for a series of magnetic fields B and a fixed U = 5. The dashed lines indicating the phase transitions between phases II and IV are
added for guidance. (c) The relation p = 2m within phase II is verified.

Finally, we perform calculations along the lines of µ =

−2.0, −2.5, and −3.0, which is smaller than µ2(u = 1.25) ≈
−1.03 for U = 5, and the corresponding phase diagram should
look like

IIIV III

B/ (33)

As illustrated in Fig. 10, if we focus on µ = −2.5 for
the moment, the system starts from the intermediate phase
IV with zero magnetization, where as B grows, the particle
number decreases gradually, and the magnetization becomes
larger. Then the system transitions to the fully-polarized phase
II, as also evidenced by the relation m = p/2. With an even
larger magnetic field, the model finally enters the half-filled,
fully-polarized phase III, characterized by p = 1 and m = 1/2.
All these features are consistent with the phase diagram illus-
trated in Fig. 6 and Eq. (33). For other chemical potentials like
µ =−2 and µ =−3, we have the same conclusion.

With all these results, we conclude that the GCTMRG*
method based on Grassmann tensor networks can indeed
reproduce the key features in the phase diagram of the
one-dimensional Hubbard model under a magnetic field,
demonstrating its ability to study one-dimensional interacting
fermionic models.

B

B

(a)

(b)

µ=−2.0

µ=−2.5

µ=−3.0

p
m

Fig. 10. (a) Particle number and (b) magnetization as functions of the
magnetic field B, for a series of chemical potentials. U = 5 is fixed in
the calculations. The dashed lines indicating the phase transitions are
added for guidance.

5. Summary

This work presents a Grassmann CTMRG method as-

sisted by Grassmann HOTRG steps,[41,45,53,62] dubbed the
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GCTMRG* method, to study the ground-state properties of
one-dimensional interacting fermionic models. By represent-
ing the partition function of a lattice fermion in the path-
integral formulation as a (1+1)-dimensional Grassmann ten-
sor network, the method treats the fermionic model just like
a 2D anisotropic classical model, but with Grassmann vari-
ables involved. The Grassmann HOTRG serves as a pre-
processing tool to reduce the anisotropy of the Grassmann
tensor network and efficiently reduces the required renor-
malization steps in the imaginary-time direction in the sub-
sequent Grassmann CTMRG iterations. The GCTMRG*
method demonstrates its advantages over the direct Grassmann
HOTRG method through double-occupancy calculations for
the one-dimensional Hubbard model with µ = 0 and B = 0.
More importantly, we show that our method captures the es-
sential features of the full phase diagrams, demonstrating its
ability to investigate one-dimensional interacting fermionic
models.

In this work, the main goal of the calculations is to test
the validity of the Grassmann CTMRG algorithm in charac-
terizing the full phase diagram, as shown in Fig. 6. With
Dc = 16, χ = 64, we have shown that the phase transitions
detected clearly in Figs. 7–10 are sufficient to reconstruct the
phase diagram. Furthermore, one can use a larger Dc, a larger
χ , and smaller parameter intervals (such as ∆µ and ∆B) to re-
fine the phase diagram by determining the phase boundaries
more accurately.

As a prospect, it would be interesting to explore the
possibilities for finite-temperature computations[63,64] of one-
dimensional fermionic models in the coherent-state path-
integral formalism, where a Grassmann version of the time-
evolving block decimation method[65] is necessary. It is
also worthwhile to compare the two routes to interacting
fermion models in some detail, i.e., the current Grassmann
tensor network approach based on the path-integral repre-
sentation of the partition function,[41–46] and the fermionic
tensor network states based on the variational principle ap-
plied to variational wave functions satisfying Fermi–Dirac
statistics.[16,17,24,33,34,60] At last, while the partition function
of a 2D fermionic model represented as a (2+1)-dimensional
Grassmann tensor network can be complicated to contract, it
remains valuable for the study of the thermodynamics of 2D
systems in the thermodynamic limit, to which we hope to con-
tribute in the future.

Program availability

The source code of our implementation is openly avail-
able in the Science Data Bank at the following link:
https://doi.org/10.57760/sciencedb.30118.
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[22] Pižorn I and Verstraete F 2010 Phys. Rev. B 81 245110
[23] Zhang H, Dong S, Wang C, Zhang M and He L 2024 Comput. Phys.

Commun. 305 109355
[24] Mortier Q, Devos L, Burgelman L, Vanhecke B, Bultinck N, Verstraete

F, Haegeman J and Vanderstraeten L 2025 SciPost Phys. 18 012
[25] Corboz P, White S R, Vidal G and Troyer M 2011 Phys. Rev. B 84

041108
[26] Corboz P, Rice T M and Troyer M 2014 Phys. Rev. Lett. 113 046402
[27] Zheng B X, Chung C M, Corboz P, Ehlers G, Qin M P, Noack R M, Shi

H, White S R, Zhang S and Chan G K L 2017 Science 358 1155
[28] Ponsioen B, Chung S S and Corboz P 2019Phys. Rev. B 100 195141
[29] Ponsioen B, Chung S S and Corboz P 2023 Phys. Rev. B 108 205154
[30] Zhang F C and Rice T M 1988 Phys. Rev. B 37 3759
[31] Hubbard J 1963 Proc. R. Soc. Lond. Ser. A 276 238
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The One-Dimensional Hubbard Model (Cambridge University Press)
[53] Akiyama S and Kuramashi Y 2021 Phys. Rev. D 104 014504
[54] Akiyama S, Kuramashi Y and Yamashita T 2022 Prog. Theor. Exp.

Phys. 2022 023I01
[55] Coleman P 2015 Introduction to many-body physics (Cambridge Uni-

versity Press)

[56] Altland A and Simons B D 2010 Condensed matter field theory (Cam-
bridge University Press)

[57] Supplementary materials

[58] Zhao H H, Xie Z Y, Xiang T and Imada M 2016 Phys. Rev. B 93 125115

[59] Lukin I V and Sotnikov A G 2024 Phys. Rev. E 109 045305

[60] Bultinck N, Williamson D J, Haegeman J and Verstraete F 2017 Phys.
Rev. B 95 075108

[61] Yosprakob A 2023 SciPost Phys. Codebases 20
[62] Xie Z Y, Chen J, Qin M P, Zhu J W, Yang L P and Xiang T 2012 Phys.

Rev. B 86 045139

[63] Li W, Ran S J, Gong S S, Zhao Y, Xi B, Ye F and Su G 2011 Phys. Rev.
Lett. 106 127202

[64] Dong Y L, Chen L, Liu Y J and Li W 2017 Phys. Rev. B 95 144428

[65] Orus R and Vidal G 2008 Phys. Rev. B 78 155117

067101-11

https://doi.org/10.1088/1361-648X/ad4760
https://doi.org/10.1088/1361-648X/ad4760
https://doi.org/10.1088/0256-307X/39/6/067502
https://doi.org/10.1088/0256-307X/39/6/067502
https://doi.org/10.1143/JPSJ.65.891
https://doi.org/10.1016/0375-9601(96)00128-4
https://doi.org/10.1103/PhysRevB.80.094403
https://doi.org/10.1103/PhysRevB.98.235148
https://doi.org/10.1103/PhysRevD.104.014504
https://doi.org/10.1093/ptep/ptac014
https://doi.org/10.1093/ptep/ptac014
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ae56e3
https://doi.org/10.1103/PhysRevB.93.125115
https://doi.org/10.1103/PhysRevE.109.045305
https://doi.org/10.1103/PhysRevB.95.075108
https://doi.org/10.1103/PhysRevB.95.075108
https://doi.org/10.21468/SciPostPhysCodeb.20
https://doi.org/10.1088/1361-648X/ad4760
https://doi.org/10.1088/1361-648X/ad4760
https://doi.org/10.1103/PhysRevLett.106.127202
https://doi.org/10.1103/PhysRevLett.106.127202
https://doi.org/10.1103/PhysRevB.95.144428
https://doi.org/10.1103/PhysRevB.78.155117

	1. Introduction
	2. Tensor network representation of fermionic partition functions
	3. Grassmannn CTMRG
	3.1. Details for numerical implementation

	4. Results
	5. Summary
	References

