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SPECIAL TOPIC — Biophysical circuits: Modeling & applications in neuroscience

Meminductor synaptic coupling in a heterogeneous HR-FHN
neuron network: Model, dynamics, and DSP implementation
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To functionally emulate the history-dependent plasticity and electromagnetic induction effects inherent in biochem-
ical synapses, this paper proposes a heterogeneous neural network model in which Hindmarsh—-Rose (HR) neurons and
FitzHugh—Nagumo (FHN) neurons are coupled via a synaptic connection composed of a meminductor in series with a
resistor. This architecture explicitly decouples synaptic function: the linear resistor models the instantaneous conductive
pathway, while the meminductor implements the history-dependent plastic pathway. The complex firing dynamics of the
coupled system are systematically investigated through bifurcation diagrams, Lyapunov exponent spectra, phase portraits,
and time-series analysis. The results show that variations in synaptic coupling strength and coupling resistance can induce
transitions between diverse firing patterns, including chaotic spiking, periodic bursting, and alternations between peri-
odic and chaotic states. Crucially, the meminductive synapse introduces activity-dependent multistability, manifested as
the coexistence of multiple firing patterns determined by its initial internal state. Phase synchronization analysis further
demonstrates that adjusting the coupling resistance provides an independent control mechanism that effectively enhances
or suppresses synchronous firing between the two heterogeneous neurons, even at a fixed coupling strength. Finally, the
physical feasibility of the system is validated through successful digital implementation on a digital signal processor (DSP)
platform, as experimental measurements show excellent agreement with numerical simulations. This study establishes
the meminductor as a biomimetically grounded element for chemical synapse emulation and provides a dynamically rich,
hardware-validated platform for neuromorphic computing and information processing.

Keywords: meminductor, heterogeneous neuron network, firing pattern, synchronization, DSP implementa-

tion
PACS: 05.45.—a, 87.19.1g, 87.19.1}, 87.19.1m
DOI: 10.1088/1674-1056/ae56e2

1. Introduction

In 1971, Professor Chua theoretically postulated the
memristor as the fourth fundamental circuit component.!!!
This hypothesis was subsequently validated in 2008 when re-
searchers at Hewlett—Packard (HP) Labs successfully fabri-
cated a physical memristor, sparking extensive worldwide re-
search interest.[>3! Following this breakthrough, Di Ventura et
al. expanded the family of memory devices by introducing the
memcapacitor and meminductor as memristive derivatives.!
Due to their inherent nonlinearity, these memory devices have
demonstrated substantial potential for applications across di-
verse fields, including computer memory, programmable ana-
log circuits, chaotic circuits, and neural systems.

Within the realm of neuromorphic engineering, ac-
curately emulating biological neural systems remains a
paramount challenge. As the fundamental units of the nervous
system, neurons are responsible for sensing, processing, and
transmitting information via electrochemical signals known as
action potentials.!’) These signals underpin higher cognitive

functions, with neural communication occurring through ei-
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ther electrical or chemical synapses.[®! Electrical synapses,
realized via gap junctions, facilitate direct, bidirectional com-
munication with fast ionic coupling between neurons. Chemi-
cal synapses, by contrast, involve a more complex unidirec-
tional process wherein presynaptic neurotransmitter release
modulates postsynaptic ion channels. This mechanism en-
ables sophisticated signal processing while exhibiting pro-
found short- and long-term plasticity — widely regarded as
the cornerstone of learning and memory.!”-1%

While memristors have been widely employed to emu-
late resistive coupling in electrical synapses,!' =13 increasing
attention has been directed toward electromagnetic effects in
neural dynamics. For instance, Qin et al. introduced a mem-
ristive chain Hopfield neural network using a flux-controlled
memristor to model electromagnetic induction, revealing rich
coexisting dynamical behaviors with hardware validation.!'4]
Boya et al. further demonstrated that electromagnetic radia-
tion can significantly reshape Hopfield network dynamics, in-
ducing antimonotonicity, bursting oscillations, and multiscroll
attractors.!!>! In addition, Yang et al. developed a memristive
neuron model incorporating flux-controlled and inductive ele-
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ments, showing that external acoustic and magnetic fields can
effectively modulate neuronal firing patterns./'® These stud-
ies underscore the non-negligible role of electromagnetic fac-
tors in shaping neural activity. From a biophysical perspec-
tive, chemical synaptic transmission involves neurotransmitter
release and ionic flux, both accompanied by transient elec-

7181 This suggests that modeling

tromagnetic phenomena.
synaptic interaction solely through resistive memory elements
may be insufficient to capture potential induction-related mod-
ulation effects.

Motivated by the inductive characteristics of chemical
synapses, numerous studies have introduced inductive cou-
pling into neural and chaotic systems. Inspired by the physical
properties of inductive coils, Yao ef al. proposed a magnetic-
field coupling scheme to synchronize neurons with different
firing modes, demonstrating stable synchronization in scale-
free networks.!!”! Liu e al. constructed an equivalent Joseph-
son junction model incorporating an inductive coil, system-
atically analyzing the dynamical effects of combined induc-
tive and memristive interactions.!”’! Li et al. employed a
parallel inductor—capacitor coupling channel to connect two
memristive Chua circuits, showing that optimal LC match-
ing enhances synchronization.?!! Ma et al. further demon-
strated that appropriate inductor coupling facilitates synchro-
nization and suppresses chaotic oscillations in coupled Chua

[22] Traditional linear inductors, however, lack the

circuits.
nonlinear memory essential for modeling synaptic adaptation,
highlighting a critical gap in available hardware analogs.
Chemical synapses are fundamental to neural information
processing, characterized by both instantaneous signal trans-
fer and adaptive, activity-dependent modulation. This dual
functionality, however, poses significant challenges for em-
ulation using conventional circuit elements such as resistive

[23.24] While memristors emulate certain resistive

memristors.
switching behaviors, they fail to account for the inductive as-
pects inherent in synaptic dynamics, underscoring a funda-
mental limitation in existing neural models.

This limitation has motivated the exploration of higher-
order memory devices, whose intrinsic nonlinearity and state—
history dependence offer a promising pathway toward bioin-
spired synaptic modeling.!>~28) Among these, the meminduc-
tor stands out as a particularly compelling candidate. De-
fined by an inductance that depends on its historical magnetic
flux,* the meminductor inherently embodies both nonlinear-
ity and memory. Its state-dependent inductive behavior and
internal flux memory naturally capture synaptic efficacy that
evolves with prior activity, providing a functional analogy to
biological mechanisms such as residual calcium accumulation
underlying short-term plasticity (STP).[>]

Although recent studies have integrated memory ele-
ments into neural models, most have focused on memristive

or memcapacitive mechanisms, 30321

overlooking the induc-
tive aspects critical for fully capturing synaptic plasticity and
history-dependent dynamics. The explicit use of a meminduc-
tor as the core coupling element in a heterogeneous neural net-
work — particularly within a topology designed to decompose
synaptic function into instantaneous conductive and history-
dependent plastic pathways — remains largely unexplored.
This gap presents a distinct opportunity to enhance both the
biological fidelity and functional richness of hardware-based
neural emulation.

To address this, we propose a novel heterogeneous
neuron network in which a Hindmarsh—Rose (HR) neuron
and a FitzHugh—-Nagumo (FHN) neuron are coupled via a
meminductor—resistor series synapse. This architecture offers
a functional hardware analog of a chemical synapse by explic-
itly separating its operation into two complementary aspects:
(i) a linear resistor modeling the instantaneous, ohmic conduc-
tion pathway, and (i) a meminductor modeling the history-
dependent, plastic pathway. The meminductor’s state variable
evolves with past neuronal activity, implementing a form of
short-term synaptic plasticity that modulates efficacy based on
recent spiking history. We hypothesize that this design will
yield not only biomimetically plausible dynamics but also rich,
controllable nonlinear behaviors that are valuable for neuro-
morphic computing.

The main innovations and contributions of this work
are summarized as follows. (i) We propose a novel het-
erogeneous HR-FHN neuron network coupled through a
meminductor—resistor series synapse, offering a functional de-
composition approach to modeling chemical synaptic cou-
pling. (ii) We systematically investigate the effects of coupling
strength and resistance on firing patterns and synchronization,
demonstrating that the meminductive synapse enables activity-
dependent multistability and flexible phase synchronization
control. (iii) We experimentally validate the physical realiz-
ability and operational stability of the proposed model on a
digital signal processor (DSP) platform, confirming the feasi-
bility of implementing meminductor-based synapses in practi-
cal neuromorphic hardware.

The rest of this paper is organized as follows. Section 2
introduces the mathematical model of the meminductor and
the coupled HR-FHN neuron system, followed by an equilib-
rium point analysis. Section 3 details the complex dynamical
behaviors of the system, examining the influences of coupling
parameters and initial conditions, along with a phase synchro-
nization analysis. Section 4 presents the DSP-based hardware

implementation. Conclusions are provided in the final section.
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2. Meminductor-based HR-FHN neuron model
2.1. Model of the meminductor

To emulate synaptic connections between neurons, a flux-
controlled meminductor is proposed and defined as

i=(a+bp*)e,

dp

E —k(p—klp-l-kzv, (1)
do

ar

where i denotes the meminductor’s current, v represents the
voltage across the meminductor, ¢ is the flux across the me-
minductor, and p is an internal state variable. The parameters
a, b, k, k1, and k> govern the nonlinear characteristics of the
meminductor. The corresponding inverse meminductance is
given by

L' (p) = (a+bp?). 2)

To validate the meminductor characteristics, a sinusoidal cur-
rent signal I = Is cos(wt) is applied to it. When the frequency
is fixed at @ = 0.1 and the amplitude Is is sampled at 0.1,
0.075, and 0.05, the amplitude-dependent hysteresis loops in
the ¢—i plane are as shown in Fig. 1(a). As can be observed,
the area of the pinched hysteresis loop gradually shrinks as
the excitation amplitude decreases. Similarly, the frequency-
dependent hysteresis loops are illustrated in Fig. 1(b), obtained
with the fixed amplitude Is = 0.1 and varying excitation fre-
quencies. One can see that the area of the pinched hystere-
sis loop gradually decreases as the excitation frequency in-
creases. Furthermore, all hysteresis loops in Figs. 1(a) and
1(b) are pinched at and pass through the origin, confirming that
the proposed element satisfies the fingerprints of an ideal me-
minductor: the pinched hysteresis loop and the zero-crossing

property.

x10° %1073

I,=0.1
w=01

S
)
\

)
)

Fig. 1. Pinched hysteresis loops of the flux-controlled meminductor with pa-
rametersa=0,b=0.2,k=0.1, k; = 1 and k, = 1. (a) Amplitude-dependent
hysteresis loops with the fixed frequency @ = 0.1. (b) Frequency-dependent
hysteresis loops with the fixed amplitude Is = 0.1.

2.2. Coupled HR-FHN model

The FHN neuron model is a widely used two-dimensional
simplification capable of capturing essential neural excitabil-

ity and spiking behaviors. Similarly, the two-dimensional

HR model offers a reduction of the more complex Hodgkin—
Huxley formalism. While isolated 2D HR or FHN neurons
exhibit relatively simple dynamics, their coupling can lead to
rich collective behavior. In this work, we couple a 2D HR neu-
ron with a 2D FHN neuron via a meminductor in series with
a linear resistor, as illustrated in Fig. 2. This topology pro-
vides a direct functional decomposition: the resistor models
the fast, voltage-dependent ionic current that passes through
postsynaptic channels, representing the instantaneous, dissipa-
tive aspect of synaptic transmission. The meminductor models
the history-dependent, inductive aspect. Unlike a linear induc-
tor, the meminductor’s inductance is governed by its internal
state variable, which integrates past neuronal activity (mag-
netic flux). This naturally captures the memory effect and
state-dependent filtering akin to STP in biological synapses.

The governing equations of the coupled system are as fol-
lows:

X1 =y1 —aix; +bix} —km(a+bp?)o,

Vi :cl—dlx%—yl,

X =x3— 333 — y2 +km(a+bp?) @,

y2 = e(x2+ax —bayr),
p=ko—kip+ka(x; —x2— (a+bp?)9R),
¢ =x1—x,— (a+bp*)QR,

3

where x; and x, represent the membrane potential variables
of the HR neuron and the FHN neuron, respectively; y; and
yo are the ion current variables of the two neurons. The pa-
rameters ay, b1, c1, and d; are HR neuron parameters, while
az, by, and e are parameters of the FHN neuron. The term
km stands for the coupling strength. The parameter R rep-
resents the resistance in series with the meminductor. Note
that the voltage across the meminductor synapse is expressed
as x| —xy — (a+bp?)QR, and its current is expressed as

(a+bp?)o.

HR-FHN model Chemical synapse

Synaptic
connect

Functionﬁimulation

Meminductor Resistor

Fig. 2. Schematic of a 2D HR neuron and a 2D FHN neuron coupled
by a series-connected meminductor and resistor. The resistor models the
instantaneous synaptic conductance, while the meminductor (with state
p) models the history-dependent plastic property, together functionally
emulating a chemical synapse.

060503-3



Chin. Phys. B 35, 060503 (2026)

2.3. Equilibrium point analysis

Analyzing the equilibrium points and their stability is fun-
damental to understanding the long-term dynamics and possi-
ble attractors in the coupled neural network. The equilibrium
points of the HR-FHN model are obtained by setting the time
derivatives in Eq. (3) to zero, resulting in the following alge-
braic system:

0=y, —alx% +b1x% — km(a+bp2)(p,
0=rcy—dix] —yi,
0=xp— %x% -y +km(a+bp2)(p,

“4)
0= e(x2+ax—bayr),
0=ko—kip+ko(x; —x2— (a+bp?)QR),
0=x; —x2— (a+bp?)QR.
Finally, the relation between variables x; and p is given by
Fi(x2,p) = c1+ (b1 —di) (x2+ 5 (a+bp?)pR)?
—a1(xz+k7‘(a+bp2)pR)3 )

— k't (a+bp?)p,

F(x,p) = (1- é)xz - %X% - éaz +kmk7‘(a+bp2)p.
Thus, the equilibrium points correspond to the intersection of
the curves Fy (x2,p) and F>(x2,p) in the xp—p plane. As an il-
lustrative example, the neuron parameters are fixed at a; = 1,

—3ai?+2bix; 10

—2d1x1 —1 0
_ 0 0 1-x3
I = 0 0 e
kp 0 —k
1 (|

where H; = 2bp ¢ and H, = (a+bp?). For the chosen param-
eter set, the computed eigenvalues for each equilibrium point
(labeled Py, P, ...) are summarized in Table 1 for k, = 0.2
and Table 2 for kp = 1.2. In all cases, at least one eigen-

value possesses a positive real part, leading to the classifica-

b1=3,c1=1,d =5, ap = 0.6, and b, = 0.1, which corre-
spond to commonly used parameter settings that enable typi-
cal spiking dynamics in HR and FHN neurons. The remaining
parameters are set to k = 0.1, ky =1, R=2, a = —0.2, and
b = 0.2, where a and b characterize the nonlinear meminduc-
tive response, and k and k| govern the evolution of the inter-
nal state variable of the meminductor. Under these conditions,
the intersecting curves of Fj(xz,p) and F>(x;,p) are plotted
in Fig. 3 for two different coupling strengths: ky, = 0.2 and
km = 1.2. The plots reveal multiple intersection points, in-
dicating that the system possesses several equilibrium states
whose number and location vary with kp,.

(b) —F\(z4,p)
—Fy(,p0)
2
~
& 0 P\ P, Py
-2 ; ;
—4
-2 0 2

Fig. 3. Curves of Fj(x2,p) and F>(x2,p): (a) km = 0.2; (b) kyy = 1.2.
Intersections represent equilibrium points of the coupled system.

The local stability of each equilibrium point is determined
by analyzing the eigenvalues of the Jacobian matrix J evalu-
ated at that point. For the neural network model (4), the Jaco-
bian is given by

0 —kmH} —kmH>
0 0 0
—1 kal kaZ
—eby 0 0 ’ ©)
0 —ki—kRH, k—kyRH,
0 —RH, —RH,

tion of every equilibrium as an unstable saddle focus (USF).
The presence of such unstable equilibria, often accompanied
by complex conjugate eigenvalue pairs, is a common indica-
tor and necessary precondition for the emergence of chaotic
dynamics in nonlinear systems.

Table 1. Stability analysis of equilibrium points when &y, = 0.2 (USF: unstable saddle focus).

(x2,p) Eigenvalues Stability
P (—1.0956,—0.6655) —19.072; —18.413; 0.22724 +£0.20969i1; —0.059741; —0.053011 USF
P, (—1.0444,—0.6602) —18.129; —10.776; 0.23046 +0.20361; 0.078207; —0.049018 USF
P (—0.7787,—0.6432) —10.356; 0.70132 +1.7215i; 0.2468 £0.188211; —0.031194 USF
Py (0.0957,—0.6602) —10.568; —1.0985; 0.55322; 0.076041; 0.18089 £ 0.17133i USF
Ps (1.1277,—0.6432) —21.226; 0.69396 + 1.7223i; 0.24365 +0.19142i; —0.052598 USF
P (—0.3490,—0.6432) —2.6229; 0.72814 £+ 1.7025i; 0.10332; 0.25987 £ 0.14871i USF
Py (0.9487,—0.6602) —14.917; —10.865; 0.231224+0.203111; 0.078277; —0.044101 USF
R (0.8637,—0.6655) —17.093; —12.956; 0.2292 £+ 0.2082i; —0.060485; —0.039397 USF
Py (0.2319,—0.6655) —17.346; —1.6563; —0.060886; 0.3312; 0.196 - 0.14409i USF
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Table 2. Stability analysis of equilibrium points when &y, = 1.2 (USF: unstable saddle focus).

(x2,p) Eigenvalues Stability
P (—0.8376,0.5923) —10.998; 0.13514 +£1.5761; 0.1231 +£0.318251; —0.036952 USF
P, (—0.2696,0.59232) —1.6716; 0.41402 +1.4922i; 0.11865 £ 0.195131; 0.40092 USF
P (1.1072,-0.5923) —19.52; 0.11284 4+1.55591; 0.11499 £ 0.320841; —0.052008 USF

3. Dynamical characterization of the HR-FHN
model

This section presents a systematic investigation of the
nonlinear dynamics of the meminductor-coupled HR-FHN
neural model. We focus on elucidating the effects of key pa-
rameters — specifically, the coupling strength &y, coupling
resistance R, and system initial conditions — on the electrical
activity and synchronization behavior of the coupled neurons.
For all subsequent analyses, the parameters of the HR neuron
aresettoa; =1,b1 =3,c; =1, and d; =5, and those of the
FHN neuron are set to ap = 0.6, b, = 0.1, and e = 0.1, corre-
sponding to their intrinsic stable periodic firing regimes. The
meminductor parameters are settoa = —0.2, b =0.2, k=0.1,
k1 =1, and k, = 1. Numerical simulations are performed using
the ODE45 algorithm with a time step of At = 103, and the
Lyapunov exponents (LEs) are calculated using the Wolf algo-
rithm to quantitatively characterize the dynamical regimes.

3.1. Dynamics with respect to coupling strength &,

We first examine the influence of the coupling strength kp,
on the system’s dynamics. The coupling resistance is fixed at
R =1, and the initial condition is configured as (0, 0, 0, 0, 0,
0). Figure 4(a) shows the bifurcation diagram of the membrane
potential x; versus kn,, while Fig. 4(b) displays the correspond-
ing spectrum of the first three largest LEs; the remaining three
LEs are consistently negative and are thus omitted for clarity.

The system exhibits a rich repertoire of firing patterns
as ky, varies. For weak coupling (ky, < 0.6), the system pre-
dominantly exhibits chaotic firing dynamics, indicated by the

positive LE; in Fig. 4(b).
val 0.6 < ky < 0.75, the system undergoes a transition from

As k;, increases into the inter-

chaotic to periodic firing, with LE; approximating zero. For
medium coupling strengths (0.75 < ky < 1), the system reen-
ters a regime of chaotic oscillations. When the coupling
strength becomes sufficiently large (ky, > 1), the system sta-
bilizes into a periodic firing state characterized by near-zero

LE;.

Lyapunov exponents

059

1.0
k,

0.5 1.5

m

Fig. 4. Dynamics with respect to the coupling strength kp,: (a) bifurcation
diagram; (b) LEs.

To intuitively illustrate these complex firing behaviors,
representative phase diagrams in the y;—x; plane and the corre-
sponding time series of x; are shown in Fig. 5. When k, = 0.3,
the system exhibits chaotic firing, as illustrated in Figs. 5(a)
and 5(b). At kn = 0.65, the model demonstrates a period-
four bursting pattern, as evident from Figs. 5(c) and 5(d). At
km = 1.3, a period-six bursting pattern is observed, as illus-
trated in Figs. 5(e) and 5(f). Finally, at ky, = 2.3, the model
exhibits a stable period-three bursting pattern, as shown in
Figs. 5(g) and 5(h). These results confirm that k,, serves as
an effective bifurcation parameter, capable of inducing transi-
tions between bursting and chaotic firing states.

2 2
(b) (e) (d)
1 1 1
) & &
0 0 0
-1 —1 —
600 700 800 900 —6 -4 =2 0 2 600 700 800 900
t Yq t
2 2 2
(®) () ()
1
1 1 !
& § g0 g0
0 0
-1 —1
-1 -1 —2 -2
—6 —4 -2 0 2 600 700 800 900 -8 —6 -4 -2 0 2 600 700 800 900
N t Y1 t

Fig. 5. Phase diagrams in the y;—x; plane and time sequence diagrams of state x;: (a) and (b) chaotic firing at ky, = 0.3; (c) and (d) period-four
bursting at ky = 0.65; (e) and (f) period-six bursting at ky, = 1.3, (g) and (h) period-three bursting at ky, = 2.3.
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3.2. Dynamics with respect to R

Next, we analyze the role of the coupling resistance R in
shaping the system’s dynamics. The coupling strength is fixed
at ky, = 1.1, with the initial condition remaining at (0, 0, 0,
0, 0, 0). The corresponding bifurcation diagram and LEs are
shown in Figs. 6(a) and 6(b), respectively. From Fig. 6(a),
it can be observed that the model initially exhibits chaotic
firing within the range R € (0,0.5). In the wider parameter
range R € [0.5,1.43), the model exhibits alternating periodic
and chaotic firing behaviors, with multiple chaotic windows
embedded within periodic regions — a hallmark of complex
nonlinear dynamics. At R = 1.43, the model transitions from
chaotic firing back to periodic firing, subsequently stabilizing
into a periodic firing state for R > 1.43. The LEs shown in
Fig. 6(b) quantitatively confirm these transitions, with positive
exponents corresponding to chaotic regimes and near-zero ex-

ponents indicating periodic behavior.

To provide an intuitive illustration, selected phase dia-
grams and time sequences corresponding to different values
of R are depicted in Fig. 7. When R = 0.2, the neuron exhibits
chaotic firing, as shown in Figs. 7(a) and 7(b). At R =0.7,
the neuron transitions into a period-four bursting state, as il-
lustrated in Figs. 7(c) and 7(d). When R = 1.1, the neuron
shifts back to chaotic firing, as demonstrated in Figs. 7(e) and
7(f). Subsequently, a period-three bursting pattern is observed
at R = 1.6, as shown in Figs. 7(g) and 7(h).

@
<
2 g
< 2
1 %
g = 9]
of g
o p—
1 e v i %
>
ol ewd 3

0 0.5 1.0 1.5 2.0

R

Fig. 6. Dynamics with respect to the coupling resistance R: (a) bifurca-
tion diagram; (b) LEs.
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Fig. 7. Phase diagrams in the y;—x; plane and time sequence diagrams of state x;: (a) and (b) chaotic firing at R = 0.2; (c) and (d) period-four
bursting at R = 0.7; (e) and (f) chaotic firing at R = 1.1, (g) and (h) period-three bursting at R = 1.6.

CH

1.0

0.5

Fig. 8. Dynamical map with respect to the control bifurcation parame-
ters ky and R. Colors indicate firing periods (1-14), with “CH” denoting
chaotic regimes.
As mentioned above, independently varying the control
parameters ky and R can induce a wide array of firing dy-
namics. To gain a global perspective on the system’s behav-

ior, we construct a two-parameter dynamical map, a powerful
tool for visualizing the global dynamics of nonlinear systems.
Keeping the initial conditions at (0, 0, 0, 0, 0, 0), we vary
km € [0,2.5] and R € [0,2]. The resulting dynamical map is
shown in Fig. 8.

In this map, different colors represent distinct firing peri-
ods, labeled from “1” (period one) to “14” (period fourteen).
Regions colored in red and marked “CH” indicate chaotic fir-
ing, operationally defined here as a firing period greater than
14. The map clearly illustrates that both k, and R play cru-
cial and interconnected roles in determining the firing patterns
of the coupled neuron system, revealing complex boundaries
between periodic and chaotic regimes.

3.3. Dynamics with respect to the initial conditions

Multistability — the coexistence of multiple stable firing
states under identical system parameters but different initial
conditions — is a hallmark of neuronal systems. This phe-
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nomenon is critical for diverse brain functions such as memory
formation and decision-making, and it also holds significant
implications for neuromorphic computing.

To investigate the initial-condition-dependent coexisting
firing dynamics, the system parameters are fixed at kp = 2,
kn = 0.2, and R = 1.5, and the initial condition is set to
(0,0,0,0,p(0),0), where p(0) serves as the bifurcation pa-
rameter. The resulting bifurcation diagram of x; and the cor-
responding finite-time LEs are shown in Figs. 9(a) and 9(b),
respectively. The complex dependence of the firing pattern
on p(0) is evident, with alternating windows of periodic and
chaotic behavior.
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Fig. 9. Dynamics with respect to the initial condition p(0): (a) bifurcation
diagram, (b) LEs.

The attractor basin is used to describe the distribution of
attractors and the possible number of categories in the space
of initial conditions. Keeping the system parameters constant,
we vary the initial values of the meminductor state p(0) and
flux ¢ (0) within the ranges [0, 3], while keeping the other ini-
tial values at zero. The resulting local basin of attraction in the
p(0)-¢(0) plane is shown in Fig. 10, clearly illustrating the
distribution of basins corresponding to different attractors.
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Fig. 10. Attraction basin of the ¢(0)-p(0) plane. Different colors corre-
spond to distinct asymptotic firing patterns.

p(0)

To further illustrate this multistability, we select two spe-
cific initial values for the meminductor: p(0) =1 and p(0) =
2. The corresponding time series and phase portraits are plot-
ted in Fig. 11. Different colors represent distinct firing modes:
red denotes a chaotic firing pattern, while blue represents a
period-one pattern. These results confirm that the firing pat-
tern of the neuron can be effectively regulated by the initial
state of the meminductor, showcasing a clear and robust case
of activity-dependent multistability — directly demonstrating
the memory-driven plasticity of our proposed synaptic model.
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Fig. 11. Multistability with respect to the initial condition p(0): (a) phase
diagram in the y;—x; plane; (b) time series of xj.

3.4. Phase synchronization

In heterogeneous coupled neuron networks, complete
synchronization is typically difficult to achieve. Therefore,
phase synchronization is a more relevant and practical measure
of coordinated activity. The burst phase is defined as[334!

0(1) = 207+ 21— (1 <1 < ty1), )
Iny1—1In
where 7, is the onset time of the n-th burst, and 7,1 — 1, de-
notes the burst interval. Phase synchronization can be dis-
cerned by detecting the phase difference between two neurons,
as follows:

|AB(1)[ = |61(r) — 62(2)]. ®)

Here, the absolute value ensures a positive phase difference.
Phase synchronization is considered to be achieved when
AB(t) converges to a constant or oscillates within a small
bounded range.

We first analyze the phase difference over the time inter-
val [0, 1000] for different coupling strengths ky,, while keep-
ing the other parameters and initial conditions consistent with
those in Subsection 3.1. The results are shown in Fig. 12,
where the blue and red curves correspond to HR and FHN
neurons, respectively. When the coupling strength between
the two neurons is zero, the phase difference increases linearly
over time, indicating independent, free-running firing of the
two neurons, as shown in Figs. 12(a) and 12(b). For ky, = 2,
the phase difference continues to increase without converging,
signifying that the two neurons remain out of synchronization,
as shown in Figs. 12(c) and 12(d). When ky, is increased to 4,
the phase difference fluctuates within a narrow bound [0,0.6],
indicating the emergence of phase synchronization between
the two neurons, as illustrated in Figs. 12(e) and 12(f). At
a strong coupling of k; = 10, the phase difference remains
minimal, stabilizing around 0.2, suggesting that the coupled
neurons are nearly in complete synchronization, as shown in
Figs. 12(g) and 12(h).

Notably, the coupling resistance R also plays a critical
role in synchronization. With k&, fixed at 2, a coupling resis-
tance R = 2 results in significant fluctuations in the phase dif-
ference, indicating a pronounced desynchronization state, as
shown in Figs. 13(a) and 13(d). In contrast, a small resistance
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(R = 0.1) causes the phase difference to converge, facilitating
the onset of phase synchronization, as shown in Figs. 13(b)
and 13(e). When R = 0, the dissipative component disappears
and the coupling is dominated by the meminductor. Since the
meminductor primarily introduces memory modulation rather
than dissipation, this leads to desynchronization, as shown in

Figs. 13(c) and 13(f). These results confirm that the coupling
resistance R (the instantaneous pathway) and the meminduc-
tive state (the plastic pathway) provide two independent yet
interactive control knobs for tuning network synchrony. This
dual-parameter control mimics the multifaceted regulation of
signal integration observed in real neural systems.
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Fig. 12. Time series and phase differences at different coupling strengths: (a) and (b) ky = 0; (c) and (d) km = 2; (e) and () km = 4, (g) and (h)
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4. DSP implementation of the coupled HR-FHN
model

To verify the feasibility and operational stability of the
proposed meminductor-coupled heterogeneous neural system
in practical hardware environments, the model is extended
from numerical simulation to a real-time digital hardware plat-
form. Digital signal processing (DSP) systems, owing to their
strong real-time floating-point computation capability and ex-
cellent numerical stability, have been widely adopted for hard-
ware implementations of chaotic systems and neural dynam-
ical models.3>3¢! Furthermore, the memory-dependent cou-
pling characteristic of the meminductor may offer additional
flexibility for real-time modulation and adaptive synchroniza-
tion control. 37!

In this work, a coupled HR-FHN model is implemented
on a DSP platform whose architecture is depicted in the block

diagram of Fig. 14. The system is centered around a 32-
bit floating-point DSP chip (TMS320F28335), which executes
the system of differential equations (Eq. (4)) in real time.
The computed state variables are then converted into analog
voltages via a dual-channel, 16-bit digital-to-analog converter
(DACB8552), enabling direct visualization of dynamic attrac-
tors via a digital oscilloscope (Tektronix MSO 3032). Com-
munication between the host computer and the DSP board is
established via a TI XDS100vl USB emulator, allowing the
algorithm to be uploaded and real-time debugging to occur
within the Code Composer Studio (CCS) integrated develop-
ment environment.

Prior to loading the computational algorithm onto the
DSP, essential initialization procedures are performed, includ-
ing configuring the system clock, initializing the DAC, setting
up timer interrupts for precise numerical integration, and al-
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locating memory for state variables and parameters. The nu-
merical integration algorithm implemented on the DSP is the
fourth-order Runge—Kutta (RK4) method, chosen for its well-
balanced trade-off between computational accuracy and exe-
cution speed, making it suitable for real-time operation. The
integration step size is set to 2 = 0.001, which is consistent
with the numerical simulations. In addition, the sampling fre-
quency and numerical precision of the DSP platform are suffi-
ciently high that quantization errors have a negligible influence
on the dynamical behavior.

The physical hardware setup is shown in Fig. 15. To
match the voltage output range of the DSP platform (con-
fined to —5 V to +5 V), the original state variables are lin-
early scaled before being sent to the DAC. Consequently, the
phase portraits captured on the oscilloscope correspond to
these scaled signals, with each grid division representing 2 V
in accordance with the oscilloscope settings.

The experimentally measured phase portraits in the y;—
x1 plane are displayed in Figs. 16 and 17, corresponding
to different values of the coupling strength ky, and the cou-
pling resistance R, respectively. A direct comparison between
these hardware results and the software simulations presented
in Section 3 (Figs. 5 and 7) reveals a close qualitative and
quantitative agreement. The DSP implementation success-
fully reproduces all major firing patterns — including chaotic

spiking, period-four bursting, period-six bursting, and period-
This
strong correspondence between numerical simulation and ex-

three bursting — across the tested parameter ranges.

perimental measurement confirms both the correctness of the
digital implementation algorithm and the physical realizability
of the proposed meminductor-coupled HR-FHN neuron sys-
tem.

Communication
interface (TI

<«+— |CCS on computer
XDS100v1 USB)

DSP TMS320F28335

B8 CHA K
16bit Digital-to-analog | —— Oscilloscope
conversion . (Tektronix
(DAC8552) CHB | MSO 3032)

Fig. 14. Block diagram of the DSP hardware implementation.

|

Fig. 16. Experimentally measured phase portraits (left column) and time series (right column) in the y;—x; plane for R = 1 at different values of
km: (a) and (b) ky = 0.3; (c) and (d) kp, = 0.65; (e) and (f) kyy = 1.3; (g) and (h) ky, = 2.3.

Fig. 17. Experimentally measured phase portraits (left column) and time series (right column) in the y;—x; plane for k, = 1.1 at different values
of R: (a) and (b) R=0.2; (c) and (d) R=0.7; (e) and (f) R=1.1; (g) and (h) R = 1.6.
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In summary, the successful DSP-based realization of the
model not only verifies its feasibility in practical digital hard-
ware but also highlights the potential of meminductor-based
synaptic architectures for future neuromorphic computing ap-
plications where real-time, reconfigurable, and biologically
plausible neural dynamics are required.

5. Conclusion

This study presents a heterogeneous neural network ar-
chitecture interconnected via a meminductor-resistor series
synapse, enabling a functional decomposition of chemical
synaptic transmission. The linear resistor models instanta-
neous signal conduction, whereas the meminductor emulates
history-dependent plasticity through its state-dependent induc-
tance characteristics. A systematic investigation reveals that
the coupled system exhibits rich dynamical behaviors gov-
erned by two key parameters: the coupling strength ky, and
the coupling resistance R. Through bifurcation analysis and
LE calculations, we demonstrate that these parameters inde-
pendently regulate transitions among chaotic spiking, peri-
odic bursting, and complex alternations between periodic and
chaotic dynamics. The two-parameter dynamical map fur-
ther elucidates the intricate interplay between these control
variables and the resulting firing patterns. The meminductive
synapse introduces activity-dependent multistability, wherein
different initial conditions lead to coexisting attractors with
distinct firing characteristics. This property closely resembles
the STP observed in biological synapses and provides a mech-
anism for history-dependent signal processing. Phase syn-
chronization analysis indicates that the coupling resistance R
enables independent modulation of neural coordination, com-
plementing the influence of coupling strength (k). Exper-
imental validation on a DSP platform confirms the physical
realizability of the proposed architecture. The close agree-
ment between hardware measurements and numerical simula-
tions underscores the model’s feasibility for implementation in
practical digital systems. This work establishes a functionally
decomposed synaptic model that bridges theoretical analysis
with hardware realization, offering a versatile platform for in-
vestigating meminductor-based neural systems with potential
applications in neuromorphic computing and adaptive infor-

mation processing.

Acknowledgments

Project supported by the National Natural Science Foun-
dations of China (Grant No. 62171401) and the Key Research
Project of the Hunan Provincial Department of Education
(Grant No. 25A0146).

References

[1] Chua L 1971 IEEE Trans. Circuit Theory 18 507
[2] Strukov D B, Snider G S, Stewart D R, et al. 2008 Nature 453 80
[3] Tour J M and He T 2008 Nature 453 42
[4] Di Ventra M, Pershin Y V and Chua L O 2009 Proc. IEEE 97 1717
[5] Duan L, Lu Q and Wang Q 2008 Neurocomputing 72 341
[6] MaJ 2023 J. Zhejiang Univ. Sci. A 24 109
[71 Hu B, Guan Z H, Chen G, et al. 2021 IEEE Trans. Cybern. 52 10214
[8] Moul, MaT, Banerjee S, et al. 2024 IEEE Trans. Circuits Syst. I Regul.
Pap. 71 1771
[9] Pereda A E 2014 Nat. Rev. Neurosci. 15 250
[10] Yao Z, Sun K and He S 2023 Nonlinear Dyn. 111 19411
[11] Tian H, Wang J, Ma J, et al. 2025 Chaos Solitons Fractals 199 116863
[12] XuF, Zhang J, Fang T, et al. 2018 Nonlinear Dyn. 92 1395
[13] Serb A, Corna A, George R, et al. 2020 Sci. Rep. 10 2590
[14] Qin M, Lai Q, Wang H, et al. 2025 Chaos 35 023123
[15] Boya B F B A, Babenko L K, Rangel-Magdaleno J D J, et al. 2025
Neural Netw. 196 108333
[16] Yang F, Song X and Yu Z 2024 Chaos Solitons Fractals 188 115496
[17] YuH, Wang J, Du J, et al. 2015 Cogn. Neurodyn. 9 93
[18] Anderson P A 1985 J. Neurophysiol. 53 821
[19] Yao Z, Wang C, Zhou P, et al. 2021 Commun. Nonlinear Sci. Numer.
Simul. 95 105583
[20] Liu Z, Zhou S, Zhu R, et al. 2025 Chaos Solitons Fractals 191 115918
[21]1 LiZ, Xue W, Xu Q, et al. 2025 Chaos Solitons Fractals 197 116545
[22] YaoZ,Mal, Yao Y, et al. 2019 Nonlinear Dyn. 96 205
[23] WuF, Guo Y and Ma J 2022 Nonlinear Dyn. 109 2063
[24] Yao Z, Sun K and He S 2023 Nonlinear Dyn. 111 19411
[25] Chen S, Zhang T, Tappertzhofen S, et al. 2023 Adv. Mater. 35 2301924
[26] Lee Y and Lee T W 2019 Acc. Chem. Res. 52 964
[27]1 Wang F Z 2023 Micromachines 14 486
[28] Dinavahi A, Yamamoto A and Harris H R 2023 Sci. Rep. 13 1817
[29] LiC, Zhang X, Chen P, et al. 2023 iScience 26 106315
[30] ZhangJ, Yang L, ZuoJ, et al. 2025 Chaos Solitons Fractals 199 116662
[31] Ding X, Fan W, Wang N, et al. 2025 Chaos Solitons Fractals 199
116658

[32] Shi F, Cao Y, Banerjee S, et al. 2024 Chaos Solitons Fractals 189
115723

[33] Yan X, LiZ and Li C 2024 Chin. Phys. B 33 028705

[34] Ma M, Xiong K, Li Z, et al. 2024 Chin. Phys. B 33 028706

[35] MoulJ, Cao H, Zhou N, et al. 2024 IEEE Trans. Cybern. 54 7333

[36] Cao H, Wang Y, Banerjee S, et al. 2024 Chaos Solitons Fractals 179
114466
[37] Ding D, Niu Y, Zhan H, et al. 2024 Chin. Phys. B 33 050503

060503-10


http://dx.doi.org/10.1109/TCT.1971.1083337
http://dx.doi.org/10.1038/nature06932
http://dx.doi.org/10.1038/453042a
http://dx.doi.org/10.1109/JPROC.2009.2021077
http://dx.doi.org/10.1016/j.neucom.2008.01.019
http://dx.doi.org/10.1631/jzus.A2200469
http://dx.doi.org/10.1109/TCYB.2021.3071110
http://dx.doi.org/10.1109/TCSI.2024.3355120
http://dx.doi.org/10.1109/TCSI.2024.3355120
http://dx.doi.org/10.1038/nrn3708
http://dx.doi.org/10.1007/s11071-023-08844-6
http://dx.doi.org/10.1016/j.chaos.2025.116863
http://dx.doi.org/10.1007/s11071-018-4134-0
http://dx.doi.org/10.1038/s41598-020-58831-9
http://dx.doi.org/10.1063/5.0248515
http://dx.doi.org/10.1016/j.neunet.2025.108333
http://dx.doi.org/10.1016/j.neunet.2025.108333
http://dx.doi.org/10.1016/j.chaos.2024.115496
http://dx.doi.org/10.1007/s11571-014-9310-4
http://dx.doi.org/10.1152/jn.1985.53.3.821
http://dx.doi.org/10.1016/j.cnsns.2020.105583
http://dx.doi.org/10.1016/j.cnsns.2020.105583
http://dx.doi.org/10.1016/j.chaos.2024.115918
http://dx.doi.org/10.1016/j.chaos.2025.116545
http://dx.doi.org/10.1007/s11071-019-04784-2
http://dx.doi.org/10.1007/s11071-022-07533-0
http://dx.doi.org/10.1007/s11071-023-08844-6
http://dx.doi.org/10.1002/adma.v35.37
http://dx.doi.org/10.1021/acs.accounts.8b00553
http://dx.doi.org/10.3390/mi14020486
http://dx.doi.org/10.1038/s41598-022-24914-y
http://dx.doi.org/10.1016/j.isci.2023.106315
http://dx.doi.org/10.1016/j.chaos.2025.116662
http://dx.doi.org/10.1016/j.chaos.2025.116658
http://dx.doi.org/10.1016/j.chaos.2025.116658
http://dx.doi.org/10.1016/j.chaos.2024.115723
http://dx.doi.org/10.1016/j.chaos.2024.115723
http://dx.doi.org/10.1088/1674-1056/ad062c
http://dx.doi.org/10.1088/1674-1056/aceee9
http://dx.doi.org/10.1109/TCYB.2024.3471644
http://dx.doi.org/10.1016/j.chaos.2024.114466
http://dx.doi.org/10.1016/j.chaos.2024.114466
http://dx.doi.org/10.1088/1674-1056/ad322b

	1. Introduction
	2. Meminductor-based HR–FHN neuron model
	2.1. Model of the meminductor
	2.2. Coupled HR–FHN model
	2.3. Equilibrium point analysis

	3. Dynamical characterization of the HR–FHN model
	3.1. Dynamics with respect to coupling strength km
	3.2. Dynamics with respect to R
	3.3. Dynamics with respect to the initial conditions
	3.4. Phase synchronization

	4. DSP implementation of the coupled HR–FHN model
	5. Conclusion
	References

